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Abstract

This paper studies the origin of Piketty’s inequality between the profit rate (z)
and the growth rate of the national income (g) by focusing on the growth rate

(p) of the L ratio in an economy that grows gradually along a succession of

production cycles. It is shown that, given a succession of three production
cycles, the value of y in the last cycle is determined by the equation
1+y=(1+v)(1+x) where vis the growth rate of the profit share (a) in the

last cycle while x is a function of three variables: the income/capital ratio of
the last cycle, the values of the savings rate in the first two cycles and those of
the growth rate of the income/capital ratio in the last two. The equation just
presented is also relevant for a succession of more than three production
cycles for which the yearly values of 1, gand a are known. Indeed, in this case
it is possible to calculate the average values of yand vfrom the empirical data,
which then can be used in the equation to determine the average value of x.
Once the three variables are known, it is possible to calculate the parts attri-
butable respectively to the average values of v and x in the determination of
the average value of y. A similar result is obtained regarding the part attribut-
able to the average changes in the savings rate and in the growth rate of the
income/capital ratio, taken together, in the determination of the average value
of k. The paper also identifies those configurations of the relevant variables
where y >0, out of which, when the succession of production cycles is long
enough, results the inequality > g .
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1. Introduction

Piketty [1] documents the presence in modern economies of a tendency towards
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the concentration of income and wealth in the highest socioeconomic strata (see
[1], Fig. 9.8 p. 324 and Fig. 10.6 p. 349). This does not include the period
1910-1950 when, due to the world wars, the tendency was reversed, nor does it
include the period 1950-1970, which was characterized by shares of income and
wealth relatively stable for the top strata. According to this analysis (see [1], pp.
25-27), the main force driving this development is the fact that, as a general rule,
the profit rate (z) is greater than the growth rate of the national income (g). The
importance of Piketty’s work has been widely recognized by the specialized lite-
rature [2] [3] [4] [5] [6] and there have also been critical comments [7] [8] [9].

For the purposes of this study, it is important to mention Benitez [10] and
[11] where both the origin and consequences of the inequality » >g are dis-
cussed using a linear production model. Indeed, as indicated ahead, in Section 7,
the first paper exposes certain results closely related to those that are established
here by simpler ways within a more general framework. The second paper,
which contains some errors corrected in Benitez [12], explores the effects of the
inequality 7> g on the reproduction of economic elites. In this respect, it con-
siders the existence of quasi-feudal renters, which constitute an important social
category not previously discussed in the specialized literature, as far as I know. It
also underscores the fact that the effects just mentioned can take place even
when the profit rate of a fraction of the national capital in a country, but not that
of the national capital, is greater than the growth rate of the national income.

This paper studies the origin of the inequality »>g by focusing on the

growth rate () of the L ratio in an economy that grows gradually along a

succession of production cycles. It establishes the following eight main results of
which the odd-numbered and even-numbered results refer to successions of
three and more than three production cycles, respectively.

First, the value of y in the last cycle is determined by the equation
1+y=(1+v)(1+x) where vis the growth rate of the profit share in the last
cycle while « is a function of the income/capital ratio of the last cycle and of two
other variables that, to simplify, will be referred to as the two « variables: on the
one hand, the values of the savings rate in the first two cycles and, on the other
hand, those of the growth rate of the income/capital ratio in the last two. Each
one of the variables v and « can be greater than, equal to or less than zero with
independence of the value of the other variable and, as a consequence of this, y
can adopt the same values.

Second, if the yearly values of the profit rate, the growth rate, and the profit
share are known, they can be used to calculate the averages values of y and v
and, once they are obtained, substituting by these values the corresponding va-
riables in the equation presented in the precedent paragraph, the average value
of x can be determined. In turn, this set of results allows us to calculate the part

»
of the change in the — ratio attributable, respectively, to the average values of
g

vand x.
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Third, if the values of the savings rate in the first two cycles (s) and those of
the growth rate of the income/capital ratio in the last two (#) are constant, then
2
K= S
sE+ f

where E is the income/capital ratio of the last cycle while the sum sE+ f is
equal to the growth rate of the national income in the same cycle. Because this
rate is, by hypothesis, greater than zero, x>0 whether the income/capital ratio
increases or decreases.

Fourth, the average values of the variables involved can be used in the equa-
tion just presented to calculate the average value of x. Then, comparing the out-
come with the estimation of xindicated in the second result, it becomes possible
to have an idea of the part of this estimation due to changes in the two x va-
riables taken together.

Fifth, if the two x variables are not constant, which is generally the case, xis a
monotonous decreasing function of the increase in any of the two x variables
with respect to its corresponding initial value within the succession.

Sixth, it follows from the last result that, if the two x variables fluctuate
around their corresponding average values, the increasing and decreasing effects
of these changes over the average value of x tend to cancel out reciprocally. In
this case, if the income/capital ratio changes steadily, whether it increases or de-
creases, the average value of x is greater than zero.

Seventh, due to the continuity of the variables involved, the third and the fifth
results, taken together, imply that x>0 provided that none of the two x va-
riables increase relatively to its corresponding initial value above certain limits.
Under these conditions, y =2v. Thus, yis greater than zero if the profit share
does not decrease and it is less than zero only if the profit share decreases
enough to reduce sufficiently the product of the two factors on the right-hand
side of the equation presented in the first result.

Eighth, the third, sixth, and seventh results present some arguments explain-
ing those cases where y >0, to which it can be added the possibility of an in-
crease in the profit share to compensate the effect on y of a negative value of «.
In all these cases, the inequality 7 > g results as a consequence of the growth of
the é ratio if the succession of production cycles is long enough.

Including this introduction, the paper has 10 sections. Section 2 presents the
model studied here while Sections 3 and 4 define certain relations between some
of its main variables. Sections 5 and 6 establish respectively the first and the
second of the main results and Section 7 establishes the next two. Section 8 es-
tablishes the fifth main result and the remaining three results are discussed in

Section 9. Some final comments are presented in the last section.

2. The Model

I consider a country undergoing a succession of annual production cycles start-
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ing at dates ¢#=0,1,2,--- and, to identify each one of them, I refer to the date
corresponding to the end of the production year. For this reason, a variable in-
dexed with a date ¢is defined for #>0, unless otherwise indicated. The nota-
tions ¥ and K, represent respectively the national income obtained and the
national capital used in cycle ¢ while E, is the corresponding income/capital
ratio. Thus,

E =1

K

t

(1)

For each t>1, g, m,and f denote respectively the growth rates of na-
tional income, of national capital and of the income/capital ratio from cycle

t—1 to cycle t. Therefore,

Y
l+g =—"{, (2)
& Y,
K
l+m, =—-, (3)
thl
E
I+ f =—0. (4)
' E[*l
Equation (1) implies that:
K.E =Y, )

and Equation (5) corresponding to cycle 7-1 is:

K_E =Y,

(6)

Substituting the numerator and denominator on the right-hand side of Equa-
tion (2) respectively by the left-hand side of Equations (5) and (6) gives:
K E

l+g =—=4" (7)
gt thlEtfl

Kt Et
[K—JU ®

Now, substituting on the right-hand side of this equation the first and the

second factor respectively by the left-hand side of Equations (3) and (4) yields:

l+g, =(1+m)(1+ ;). 9)
From this equation it follows that:
g =m 1+ 1)+ /. (10)

This equation will be used in Section 4.

3. Income Distribution

For each £, «, denotes the profit share of national income and 7, represents

the profit rate while, for each #>1, v, is the growth rate of the profit share.

Therefore,
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Ly, =2, (11)
o,
and
aY
I, = 1t<t’ (12)

Y

The last result and Equation (1), taken together, imply that:
r=aFE (14)

7t

and Equation (14) for cycle ¢-1 is:
r,=a,_E_. (15)
Dividing term by term Equation (14) by Equation (15) yields:
o, E,

t
= (16)
o E.

a, i
{e)E)

Substituting the first and second factor on the right-hand side of Equation

t-1

(17) respectively by the left-hand side of Equations (11) and (4) gives:

|

=(1+v,)(1+1,). (18)

Y

-1

This equation will be used in Section 5.

4. Savings and Investments

The national income is partitioned between the fractions s, and 1-s, des-
tined respectively to savings and consumption. For this reason, for each >1,
the national capital of cycle ¢ increases in the amount s,_,Y_, with respect to
that employed in the previous cycle. Thus, the growth rate of national capital is

determined by the formula:

m = =171 (19)

Y
= St—] (K_j . (20)

This result and Equation (1) corresponding to cycle 7-1, taken together,
imply that:
m,=s, E_,. (21)

Substituting m, in Equation (10) by the right-hand side of Equation (21) re-

sults in:

g =s,E, (1+ft)+fz- (22)
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Equation (4) implies that E,_, (1+ f,)=E,. Substituting £, (1+ ;) in Equ-
ation (22) by E, yields:

g =s_E +f. (23)

I assume that, for every ¢ >1, the national income increases with respect to its

value in the previous cycle. This assumption and the last equation, taken togeth-

er, imply that:

s E + f,>0. (24)
Furthermore, Equation (23) corresponding to cycle 7—1 is:
8 =SB+ [ (25)
Equation (4) implies that E, | = I tf . Substituting E, , in Equation (25) by
+ t
E,
—— yields:
1+,
E
8- :St2(1+tﬁ]+ﬁ1~ (26)

Multiplying and dividing the second term on the right-hand side of this equa-
tion by the denominator of the first term and simplifying, results in:

. sE + 1 (1 + ft)

. 27
81 14/ 27)
Dividing term by term Equation (27) by Equation (23) yields:
|:512Et + f;—l (1 + f; ):|
81 _ I+ /. (28)
gt StflEt + f;
|:St2Et+f;l(1+f;):| 1
_ 1+f; Sz—lEt +ft (29)
St—lEt + J{t ;
soE + f,
_ St—ZEt + f;—l (1 + -f;) (30)

(1 1) (siB + 1)

This equation will be used in the next Section.

5.The — Ratio in a Succession of Three Production Cycles
4

For each ¢>2,let y, be the growth rate of the L ratio from cycle t—1 to

cycle t. Then,

I+y, = (31)
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gy
8 )\ 11
R
T &;

Substituting on the right-hand side of this equation the first and the second

factor respectively by the right-hand side of Equations (18) and (30) yields:

IO [t

Eliminating the factor 1+ f, from both the first factor between square brack-

(34)

ets and the denominator of the second one, we obtain:

1+y,=(1 +vt)[sf‘2E; +£’1}ﬁ‘1f’ j (35)

For any given succession of three production cycles 1—2, -1 and ¢ this
r
equation determines the growth rate of the — ratio from cycle #-1 to cycle &
4
It expresses this rate as the product of two factors of which the first one is the
quotient of the profit shares and the second one is the quotient of the in-
come/capital ratios divided by the quotient of the growth rates, in each quotient
the value corresponding to cycle -1 divides that of cycle ¢
Furthermore, for each #>2, the residue &, is defined by:
K = S!—ZEI +ft—1 +fr—1fz -1
, .
s, E, + /,

(36)

This variable indicates the increase in the second factor on the right-hand side
of Equation (35) due to changes in the income/capital ratio and in the savings
rate from cycle t—2 to cycle t. With this notation, it is possible to write Equa-
tion (35) as follows:

L+y,=(1+v,)(1+x,). (37)

This result implies that:

Vi =V TK VK. (38)
Therefore, we can formulate the following conclusion.

Proposition 1. The growth rate of the L ratio is equal to the sum plus the
4

product of the growth rate of the profit share and the x, residue.

6. The r Ratio in a Succession of More than Three
g

Production Cycles

Given two dates f, and ¢ such that 1<¢, <f,—2, the period #,—1¢ is the
succession of production cycles starting with 7, and ending with ¢, . Let 7, ,

Vs> Juy»and &, be the values that would correspond respectively to the
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variables y,,v,, f, and «, if they had been constant during the period ¢, —¢,.
For short, I will refer to each one of these constant values as the average value of
the variable concerned.

The set of Equations (31) corresponding to the period ¢, —¢ can be written

as follows:

{ T ](1+}/f| ) zi (39)

841 [

7 7
_h2 (1+7/t1_1):’1_1 (40)
&2 &y

v, v,
ot <1+7t0+2)=’0_*2 (41)
gt0+1 to+2

T, r,

(147 ) = (42)
gto to+1

Iy
Substituting in the penultimate equation the quotient ol by the left-hand
to+l

side of the last equation, then substituting in the antepenultimate equation
7;04-2
gt0+2

and so on, yields:

by the left-hand side of the equation resulting of the first replacement

{r’—"](l+nwl)---(lwﬁ_l)(lm)=i~ (43)

gto gtl

Substituting each one of the variables y, ,,---,7, .7, by 7, , and simpli-

fying, we can write:

¥ 1~ v,
[iJ(H - ) - (44)

81 &,
=
L
X & |1
7t0—t1 == - -1 (45)
Ty % 8y
Similar procedures permit to obtain the following equations:
4=
a, (1 +v, ) =q, (46)
=
_
at] 4=ty
Vi =| — -1, (47)
a,
and
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H—
E (1+f,,) " =E, (48)
=
i
Et1 )
fto*tl = E—to —1. (49)

Moreover, Equations (43) and (44), taken together, imply that:
1,
(1 +Yi0n ) ‘= (1 Vs ) . -(1 +7 )(1 +7, ) (50)

Substituting for each ¢ the factor (1+y,) by the right-hand side of Equation
(37) corresponding to twe get:

(1 V101 )tl_ro = (1+v,0+1 )(1 + K, )(1 +V, )(1 +K, )(1+Vt, )(1 +K, ) (51)

= [(1 V. ) -(1 +v, )(1 +v, )] [(1 + K, )(1 +K, )(1 +K, )] (52)

Now, substituting in Equation (52) each one of the variables Vs s Vo Vs

and "',k .k, respectivelyby v, and &, , we get, after simplifying:

(147,) " =(14v,) " (15, )" (53)

The left-hand side of this equation is the factor that multiplies the L ratioin
g

the passage from date 7, to date # (see Equation (44)). Its right-hand side
shows that this factor is a composite of two other factors the first of which is de-
termined by the average growth rate of the profit share and the second one by

the average «, residue.
It follows from the first conclusion presented in the prior paragraph that,

. . . r L.
when we consider two successive periods f#,—¢# and t —t,, the — ratio is
g

multiplied by (l—k;/t(rt1 )MO in the first period and by (1+;/,17t2 )lrt' in the
second one. Then, in the passage from date ¢, to date ¢,, the L ratio is mul-

tiplied by the factor:

(1 i 7,0,,2 )tz*fn _ (1 + }/,041 )tl—tn (1 + }/trtz )/z—tu . (54)

Substituting each one of the factors on the right-hand side by its correspond-

ing equivalent according to Equation (53) we get:

(1 s )trt” N [(1 Vo4 )tlitﬂ (1 +K, )tlitﬂ } [(1 TV, )rﬁl (1 +K, )rrtl J (55)
B |:(1 + v’o”l )trto (1 + vn—tz )trtl :H:(l + Kto—t] )tﬂo (1 + Ktrtz )tzirl :| (56)

This equation shows that the factor multiplying the L ratio in the passage
g

from date #, to date ¢, is itself a composite of two other factors the first of
which is determined by the average growth rates of the profit share and the second

one by the average values of the «, residues corresponding to the two periods.
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It also must be mentioned that Equation (53) implies:

l+y, . = (1 +v, )(1 + K, ) (57)

=
Viets = Vi + Ko T Vi1 Koot (58)

=
K, = % (59)

o1

If in a given a period #,—¢ of more than three production cycles the yearly
values of the profit rate, the growth rate and the profit share are known, then

Vio-t and v, can be calculated substituting in Equations (45) and (47) each

0~
variable by its value in the period considered. Then, proceeding in a similar
manner in Equation (59), «,

are known, it is possible to establish the proportion of the change in the growth

can be calculated. Once the three average values

r . .
rate of the — ratiodueto v, , and &,  , respectively.
g 01 01
In this regard, because in the Examples presented next the product v,  x, ,
(Unnd S V|

is very small relative to the sum of the two factors (less than 0.5% of the sum), it
will be neglected in the calculation of the proportions just mentioned in order to
simplify. Under this condition, when the sign of both factors is the same, it fol-
lows from Equation (58) that the part of y, , attributable to each variable

V,, and &, isproportional to the magnitude of the corresponding variable.

to—1 —

Thus, they can be calculated respectively by the formulas:

V’O’tl 6
) (60)
vto—tl + Kto—t]
and
K
to—

R S— (61)
V’O’tl + Kt(J’tl

It is also important to indicate that, in the Examples, the choice made of de-
cennial averages instead of yearly values for some variables has the purpose of
reducing the effects of the volatility of these variables. In these cases, the value of
each decennial average is assigned to the date at the middle of the corresponding
decennial period. For this reason, the duration of the period considered in cer-
tain calculations has been reduced in nine years, for instance in Equations (62)
and (64) below. Finally, in the numerical computations, no more than six de-
cimals are taken.

Example 1. Columns [1] and [6] of Table FR.3c by Piketty and Zucman [13]
present the first and the second data of the following pairs of decennial averages:
001000 = 0:004 5 Fgg01000 =0.039 5 o040 =0.014 Ko 104 =0.052 5
ios0-1959 = 0-045 5 Figs1959 = 0.107 5 Z2009.2009 = 0.011, 7095009 = 0.057 . Substi-
tuting each variable on Equation (45) by its value in the period 1900-1949 yields:
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1
0.052x0.004 40
719001949 £0.014x0.039j (62)
=-0.023838 (63)
Proceeding similarly with the data from the period 1950-2009 results in:

1
0.057%0.045 \s0

71950-2009 (0.011X0.107) (64)

=0.015701 (65)

In turn, Column [5] of the same Table presents the following decennial aver-
ages U190 =0.28 5 ggg 9090 =0.14 5 Zjg50195 =023 and 555 5999 =0.26 .

Substituting each variable on Equation (47) by its value in the period 1900-1949

0.14

1
E)m —1=-0.017179 . Proceeding in the same way with the

yields vig5 1049 :(

0.26
0.23

Now, substituting each variable on Equation (59) by its value in the period
1900-1949 we get:

1
50
data from the period 1950-2009 gives V45, 5000 :( )5 —1=0.002455.

—0.023838+0.017179
K1900-1949 = 1-0.017179 (66)

=-0.006774 (67)

Proceeding in a similar manner with the data from the period 1950-2009 yields:
0.015701-0.002455

K = 68
1950-2009 1+0.002455 (68)
=0.013213 (69)
Furthermore, substituting each variable in formula (60) by its value in the pe-
riod 1900-1949 yields —0.017179 =0.717171. Proceeding in the

—-0.017179-0.006774
same way in formula (61) with the data from the period 1950-2009 yields
0.013213
0.002455+0.013213

=0.843331.

Therefore, in the period 1900-1949 the L ratio decreased at an average rate
g

of 2.3838% per year of which 71.7171% was due to the decrease in the profit

share and 28.28287% to changes in the income/capital ratio and in the savings

rate. Afterwards, in the period 1950-2009 the L ratio increased at an average
4

rate of 1.5701% per year of which 84.3316% was due to changes in the in-

come/capital ratio and in the savings rate and 15.6683% was due to the increase

in the profit share.

Moreover, Equation (63) implies that:

(14 71000101 ) = (1-0.023838)" (70)
=0.3066 (71)
DOI: 10.4236/tel.2018.810115 1762 Theoretical Economics Letters
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Hence, during the period 1900-1949, the L ratio was multiplied by the
g

factor 0.3066 which means a loss of about two thirds of its initial value. In turn,
Equation (65) implies that:

(14 71050500 ) = (140.015701)” (72)

=2.507188 (73)

Thus, during the period 1950-2009 the L ratio was multiplied by the factor
g

2.507188. This constituted a substantial recovery but was insufficient to com-
pensate the diminution that took place during the previous period. Indeed, subs-
tituting the first and the second factor on the right-hand side of Equation (54)
respectively by the right-hand side of Equations (71) and (73) we get:

(14 10002000 ) =(0.3066)(2.507188) (74)
=0.7687 (75)

This calculation, as well as the next two, does not include the data corres-
ponding to the year 1950, an omission that simplified the task although it may
have altered slightly the results. Hence, during the period 1900-2009 the L ratio

g
was multiplied by the factor 0.7687 which means a diminution of about one
fourth of its initial value. In this regard, Equation (56) can be used to further
study the role played by the variables v, and x, in this evolution. Indeed,
substituting each variable in the first factor on the right-hand side of this formu-

la by its value results in:
(1+ Viogoom0 ) (1+ Vigsoa009 ) = (1-0.017179)" (1+0.002455)”  (76)

(0.427797)(1.155655) (77)
=0.494386 (78)

Proceeding similarly with the variables in the second factor yields:

(14 Kron010m ) (1+ Kiosoa000 ) = (1-0.006774)"” (1+0.013213)”  (79)
=(0.716695)(2.169487) (80)
=1.554860 (81)

’
The last two results show that the main cause of the decline of the — ratio
g

during the period 1900-2009 was the reduction of the profit share that took place
during the period 1900-1949. In this respect, it is important to mention that
during that half century the profit share attained its lowest level of the period
1820-2010 (Piketty [1], Figure 6.2, p. 201). The «, residue also contributed to
the decline of the — ratio with a reduction during the same period that was
g
half of the one affecting the profit share. However, the reduction of the «, re-
sidue was compensated by its increase during the period 1950-2009 while, al-
though the profit share also had an increase in this period, it was not enough to

compensate its previous reduction.
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Finally, to understand the behavior of the profit share, it is useful to consider
that it is the complement to unity of the labor share. Indeed, the labor share is
equal to the (real labor income)/(productivity of labor) ratio (see [14], p. 8). For
this reason, the changes of the profit share in the French Economy during the
periods 1900-1949 and 1950-2009 can be viewed, in a first approximation, as re-
sulting from the increase of the real labor income relative to the productivity of
labor in the first period and by its decrease in the second one. I intend to study
these relative changes in a separate paper that will follow this one. The next two

sections present some propositions concerning the residue x.

7.y and the Residue xWhen the Two xVariables Are
Constant

Let us assume that in a succession of three production cycles the savings rate (s)
and the income/capital ratio growth rate (£) are constant. Then, for given values
of the income/capital ratio (£) and of the growth rate of the profit share (v), Eq-
uation (35) can be written as follows:

B SE+f+f°

1+7, —(1+v)[—sE+f ] (82)
_ /:
_(1+v)[1+sE+fj. (83)

Inequality (24) implies that the second factor on the right-hand side of Equa-
tion (83) is greater than one either if >0 or f <0 whileitis equal to one if
f =0, proving the following conclusion.

Proposition 2. If the savings rate in cycles t—2 and #-1 as well as the

growth rate of the income/capital ratio in cycles ¢-1 and fare constant, then:

Y, 2V, (84)

In this relation, there is equality if the income/capital ratio keeps constant.
Otherwise there is inequality whether this ratio increases or decreases.

Under the conditions of Proposition 2, the é ratio increases whenever the
income/capital ratio changes unless there is a sufficient decrease in the profit
share.

Corollary to Proposition 2. If the profit share is constant, the value of y, is
equal to zero if the income/capital ratio keeps constant and it is greater than zero
if this ratio changes whether it increases or decreases.

A similar result was established in Benitez [10], the difference being that, in that
case, it refers to the growth rate of production as a whole (national income plus
capital depreciation) while here it refers to the growth rate of the national income.

It is also important to present the following four comments.

Remark 1. Equations (36) and (83), taken together, imply that:

2
= SEf+ A

(85)
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This formula is useful for the study of a period f,—¢ of more than three
production cycles. Indeed, under the assumption that the conditions indicated in
Proposition 2 are satisfied in an average year, substituting each variable on the
right-hand side of Equation (85) by its corresponding average value permits to
calculate the residue «, , . Then, comparing the result with the average value of
the residue calculated using Equation (59), it becomes possible to have an idea of
the part of the last value that is attributable to the fact that the conditions just
mentioned have not been satisfied.

Example 2. Column [1] of Table FR.6e by Piketty and Zucman [13] presents
the decennial averages of the (national capital)/(national income) ratio in France
during the period 1870-2010. It follows from these data and from Equation (1)

1 1 1 1
that E1900_1909 :ﬂ S E1940_1949 :5 y 1950-1959 = 08 and Ezooo-z()Og = 5.03 .

Substituting each variable on Equation (49) by its value in the period 1900-1949

1
yields  £900-1040 :(2]40 —1=0.020123. Proceeding in the same way with the

32

2.98
5.03
Concerning the income/capital ratio in the period 1900-1949, I equate £, 445 104

1
50
data from the period 1950-2009 we get f450 2000 :( js -1=-0.010415.

to the average value of the decennial averages of the income/capital ratio at the
1 1

+7
beginning and the end of the period. Thus, E 4 04 =L23‘2=0.226672.

Proceeding in a similar manner for the following period gives
1 1

E1950-2009 =%= 0.267188 . Furthermore, it follows from Column [13]
of Table FR.3¢ from Piketty and Zucman [13] that the average rate of savings for
both periods 1900-1950 and 1950-2010 was 12%.

Substituting each variable in Equation (85) by its value in the period
1900-1950 results in:

(0.020123’ (86)
K =
10019 7(0.12)(0.226672) +0.020123
=0.008556 ®7)

This would have been the value of x4y 45, if the growth rate of the in-
come/capital ratio and the savings rate had been constant during the period
1900-1949. Therefore, the value obtained in Example 1 (see Equation (67)) is at-
tributable to the instability of the variables just mentioned during that 50 years
period.

Proceeding in a similar manner with the data corresponding to the period
1950-2009 yields:

(~0.010415)°
K =
1950-2009 (0.12)(0.267188)—0.010415

(88)
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=0.005011 (89)

This would have been the value of 45,0 if the growth rate of the in-
come/capital ratio and the savings rate had been constant during the period
1950-2009. The difference between this value and the one obtained in Example 1
(see Equation (69)) is attributable to the instability of the variables just men-
tioned. Thus, the fraction

0.013213-0.005011
0.013213

=0.620667,

that is to say 62.0667% of the value of &4, 500 Calculated in Example 1, can be
attributed to that instability and 37.9247% to the average values of the variables
involved. The next section presents further analysis of the general effects on the
residue «, of changesin the two x variables and, in particular, of their effects
in the two cases studied in this example.

Remark 2. For any 0 #0 and such that sE+0 >0, the value of y, ob-
tained in Equation (79) with f :—|5| is greater than the one obtained with
f= |5| . This means that, for any given absolute value of the income/capital ratio
growth rate satisfying condition (24), the rate y, is greater when the in-
come/capital ratio decreases than when it increases.

Remark 3. The rate y, is an increasing function of the absolute value of the
income/capital ratio growth rate.

The derivative of the second factor on the right-hand side of Equation (85)
with respect to fis:

2f (SE+ /)17 _2fE+2f*

> > (90)
(sE + f) (sE + f)
:—f(‘ZSEJr{). (91)
(sE+ f)

This result and inequality (24), taken together, imply that the sign of the de-
rivative is equal to that of £ For this reason, y, is an increasing function of fif

f >0 and a decreasing function of fif f <0 proving the remark.

8. Effects on the Residue k of Changes in the Two k
Variables

In order to study the effects on the residue «, of changes in the two x va-

riables, it is useful to introduce the following two variables defined for ¢>2:

AS, =8, =5.,, (92)

and
A= fi = fia- (93)

Substituting s,, by s,,+As,, and f, by f  +4Af, in Equation (36)
yields:

K = S B+ S+ S (S +8) -1. (04)

l (St—Z +AS:—1)Ex + fa + 4,
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In this formulation, it can be readily appreciated that the residue x, increases
monotonously if As,, decreases and vice versa. Regarding Af,, it is useful to
multiply and divide the second term on the right-hand side of this equation by
the denominator of the first term. After simplifying, results in:

o = SoE A+ fi+ [ (fH + Af;)_(st—Z + Mt—l)Et —fia =4,

: (95)
(55 +As ) E + [, + 4,
i+ 8) =85 B -, 6)
(5,5 +As, ) E, + [ + A,

_ A SO A E - b, 97)

(5,5 +As ) E, + fi, + A,
_ f:I +4/, (ft—l - 1) —As L E, . (98)

(5, +As ) )E, + [, + A,

For each f>1,1assume that:

f,—1<0, (99)

which I find justified because, as far as I know, the income/capital ratio changes
from one year to the next at rates much lesser than 100% (see Examples 2 and 3).
Under this condition, the numerator and denominator on the right-hand side of
Equation (98) respectively increase and decrease monotonously if Af, decreas-
es and, inversely, they decrease and increase monotonously in the opposite case.
Therefore, the residue x, increases monotonously if Af, decreases and vice
versa. This result, taken together with the remark presented just below Equation
(94), permit us to formulate the following conclusion.

Proposition 3. The residue «x, is a monotonous decreasing function of the
increase, from one production cycle to the next, of both the savings rate and the
growth rate of the income/capital ratio.

Example 3. Column [4] of Table FR.5b by Piketty and Zucman [13], presents
the yearly values of the (national capital)/(national income) ratio in France dur-
ing the period 1870-2010. It follows from these data and from Equation (1) that:

1 1 1 1 1
E\gp0 = ﬁ s Eigg _m s Eigy = ﬁ > 1949 = m > 1950 :m >
1 1
E,,=—, =—— and E,,=—— . Substituting each variable on
1959 =347 2000 = 3 g5 2000 = S g0 g

Equation (49) by its value in period 1900-1909 gives:

6.71

1
—T —1=-0.004215.
6.97

J1900-1009 = (

Proceeding in the same way with the data from the periods 1940-1949,
1950-1959 and 2000-2009 yields respectively:

3.58
2.56

1 1
5 , 261
~1=0.037964, fios105 =| —— | —1=-0.029269

Jroa0-10a9 :( 341

3.95

and 0002000 :(

1
]9 —1=-0.045032.
5.98

DOI: 10.4236/tel.2018.810115 1767 Theoretical Economics Letters


https://doi.org/10.4236/tel.2018.810115

A. Benitez Sanchez

It follows from these results that:

0.037964 —(~0.0042151)
40

—-0.045032 - (—0.029269)
and A 9502000 = 50 =-0.000315.

=0.001054

Afwoo-mo =

Moreover, Column [13] of Table FR.3c by Piketty and Zucman [13] presents
the following decennial averages:  S;9004000 =0.12 »  Sjos0. 100 =0.14

S1950-1050 = 0.14 and 85000500 = 0.11. Therefore,

0.14-0.12 0.11-0.14
A51900_1949 = T =0.0005 and AS1950_2009 = T =-0.0006.

Substituting in Equation (98) each variable by its corresponding average value
during the period 1900-1949 yields:

(0.020123)" +(0.001054)(0.020123 — 1) —(0.0005) (0.226672)

Fiomwo = (0.12+0.0005)(0.226672) +0.020123 +0.001054 (100)
_ 0.000404 -0.001033-0.000113 (101)
0.027313+0.021177
_ —0.000741 (102)
0.048491
=-0.015292 (103)

This result permits to conclude that the difference between the values of
Kiooo.1040 ODtained in the first and second Examples is due to the fact that the
second one does not take into consideration the increase in the two x variables
that took place during that period. In turn, the difference between the values of
Kig00-1020 Obtained in the first Example and in this one is probably due mainly to
the fact that here it is assumed that the increases indicated where constant along
the period, which was not the case.

Proceeding in a similar manner with the data corresponding to the period
1950-2009 yields:

(~0.010415)” +(~0.000315)(~0.010415 ~1) - (~0.0006) (0.267188)

Fioso200 = (0.12-0.0006)(0.267188) —0.010415—0.000315 (109
_ 0.000108+0.000318+0.000160 (105)
0.032222-0.010730
_ 0.000679 (106)
0.021492
=0.031613 (107)

This result permits to conclude that the difference between the values of
Ki9s0.2000 Obtained in the first and second Examples is due to the fact that the
second one does not take into consideration the decrease in the two x variables
that took place during that period. In turn, the difference between the values of
Ki9s0.2000 Obtained in the first Example and in this one is probably due mainly to
the fact that here it is assumed that the decreases indicated where constant along

the period, which was not the case.
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The analysis developed in the three Examples permits to explain the evolution
of the y, , rate in the French Economy during the periods 1900-1949 and
1950-2009. Indeed, during the first period, the profit share decreased while the
two « variables increased. The combined effect of these two negative factors over
the #,000.1040 rate nullified the positive effect on the rate due to the steady in-
crease of the income/capital ratio. In the second period, the profit share in-
creased and the two x variables decreased. The combined effect of these two pos-
itive factors over the #4509 rate added up to the positive effect on the rate
due to a steady decrease of the income/capital ratio.

However, it is important to add that the examples are intended mainly to illu-
strate the theoretical conclusions by means of some rough calculations. For this
reason, the choice made of certain empirical measurements among several—for
instance that of the profit share before taxes instead of the profit share after tax-
es—, does not imply a special need to use that particular measurement. The dis-
cussion of the advantages and disadvantages of using the different measure-

ments disposable for each variable is a task beyond the scope of the present pa-

per.

9. The r Ratio and the Inequality r>g
4

A given succession of production cycles 7, —# may or may not satisfy the con-
dition:
Vo >0, (108)

If it does, Piketty’s inequality » > g results as a consequence of the gradual
increase of the é ratio when the succession of production cycles is sufficiently
long although, in certain cases, reaching that result might require too many
cycles (see Benitez [10], p. 1049).

Furthermore, Condition (108) is satisfied when both v, , and «, , are
greater than zero. Also, when one of the two variables is smaller than zero, if the
other one is big enough to compensate this fact. Next, some cases corresponding
to the second possibility are further discussed.

Proposition 4. When the income/capital ratio changes steadily, whether it in-
creases or decreases, the inequality in relation (84) is true excepts if either the
savings rate in cycle 7-1, the growth rate of the income/capital ratio in cycle ¢
or both increase above their respective previous values surpassing certain limits.

Indeed, Propositions 3 implies that the inequality in relation (84) is true either
if the last two variables indicated are constant or if they decrease. Due to the
continuity of the functions involved, the inequality is also true if the variables do
not increase surpassing certain limits, which depend on the numerical values of
the other variables present in the second factor on the right-hand side of Equa-
tion (35). Hence, it is possible to formulate the following conclusion.
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Corollary to Proposition 4. If the conditions of Proposition 4 are satisfied,
inequality (108) is true unless the profit share decreases enough to compensate
the increase of the second factor on the right-hand side of Equation (35).

Finally, considering a succession of production cycles where each one of the
two x variables fluctuates around a particular value, it follows from Proposition
3 that the increasing and decreasing effects of these changes over y, , will tend
to cancel reciprocally. Therefore, also in these cases, if the income/capital ratio
changes steadily either increasing or decreasing, as a general rule, y, , will

satisfy inequality (108) unless there is a compensatory decrease in v, _, .

10. Conclusion

The preceding analysis presents the two factors that determine the evolution of

r
the — ratio, which depend respectively on the variables vand x. Also, it identifies
g
another three variables which, in turn, determine #; that is, the income/capital ra-
tio and the two x variables. As a result of the difference in the possible configu-
rations of the variables involved, the product of the two factors can mean a
r
decrease, stagnation, or an increase in the — ratio and no reason was identified
g
for the preponderance of any of the three possibilities. Therefore, the analysis
allows us to explain the origin of the inequality »>g as a long term product
r
of the growth of the — ratio, which in turn results in each empirical case
g
from one particular configuration of the variables involved, but it does not show
that there is a general trend towards this inequality within the studied model.
From a different angle, Example 1 shows that the decrease in the profit share
taking place in France during the period 1900-1949 was the main cause of the
r
decrease of the — ratio during that period and, as a consequence, also in the
g
period 1900-2009. Since the profit share in France reached exceptionally low le-
vels during the first half of the last century, the fact could be that the decrease of

r . . . .
the — ratio just mentioned was also an exception on the long term evolution
of this variable. For this reason, we can expect that identifying the periods of

-
growth and decline of the — ratio in different countries as well as the configu-
g

rations of the relevant variables in each case, will permit us to advance in the ex-
planation of the inequality » > g as a general trend of modern economies.
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