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Abstract 
This paper contributes to the debate concerning micro-foundations of 
matching functions in frictional labor markets. The focus is on a particular 
matching regime, i.e., the so-called urn-ball process. It is shown that in a two-
sector economy, even in the presence of heterogeneous workers, the assump-
tion of applicants-ranking may be misleading. Instead, the choice concerning 
the adoption of either ranking or no-ranking behavior is endogenous and it is 
affected by both the tightness of the two sectors and the composition of the 
labor force in terms of skills. Moreover it is proved that exogenous shocks 
may change the form of the matching function. This result casts additional 
doubts on the assumption of exogenous matching function often made in em-
pirical works aimed at assessing the effectiveness of policy measures. 
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1. Introduction 

Matching functions represent an important tool that allows labor economists to 
model employment out-flows and in-flows in the presence of frictional labor 
markets (see [1] [2] [3]). In theoretical models, the functional form of matching 
functions has generally been assumed to satisfy some desirable properties such 
as concavity in the arguments and constant returns to scale. Recently, the issue 
of their micro-foundation has attracted some researchers’ attention. Among 
others, [4] and [5] highlight that the assumed function should be consistent with 
labor market behavior of firms and workers. Furthermore, [6] and [7] show that 
agents’ behavior can be affected by labor market policies and institutions so that 
the matching function turns out to be endogenous. 

This work contributes to this issue by modeling a frictional labor market 

How to cite this paper: Rose, G. (2018) 
Endogenous Ranking in the Two-Sector 
Urn-Ball Matching Process. Theoretical Eco- 
nomics Letters, 8, 340-357. 
https://doi.org/10.4236/tel.2018.83024 
 
Received: October 30, 2017 
Accepted: February 9, 2018 
Published: February 12, 2018 
 
Copyright © 2018 by author and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

http://www.scirp.org/journal/tel
https://doi.org/10.4236/tel.2018.83024
http://www.scirp.org
https://doi.org/10.4236/tel.2018.83024
http://creativecommons.org/licenses/by/4.0/


G. Rose 
 

 

DOI: 10.4236/tel.2018.83024 341 Theoretical Economics Letters 
 

where the form of the matching function is endogenous, i.e., it is the result of 
optimal behavior of firms and workers. The focus is on a particular matching 
regime known as urn-ball process analyzed by [8] and [9] among the first and it 
considers specifically the case of applicant-ranking focusing on the rationale of 
its microfunadation. The urn-ball process, that nowadays is a popular mechanism 
among labor economists, has proved to be a convenient instrument to describe 
the labor market when workers are heterogeneous since it makes possible to 
specify individuals’ exit rate from unemployment as a function of their own cha- 
racteristics [10]. This study considers the case of a urn-ball process in the 
presence of heterogeneous workers operating in a perfectly segmented two- 
sector economy. In particular, following [11], the economy is characterized by 
skilled (high-tech) and unskilled (low-tech) sector. Agents are heterogeneous 
and have to decide the sector they want to enter. Once the entry decisions have 
been taken, the pure matching process starts following the lines set out by 
standard matching models. Differently from [11], the present paper does not 
assume ex-ante that firms rank amongst the applications they receive. Instead, 
the ranking decision is left to be determined by agents’ optimal actions. Using 
this framework, it is shown that, although in the presence of heterogeneous 
workers, the assumption of ranking may seem obvious, there can be standard 
economic environments where the specific form of the hiring process results 
from a more complex strategic behavior. The rationale behind this result turns 
out to be straightforward when the issue of sector tightness in terms of labor 
supply and demand is taken into account along with the composition of the 
labor force in terms of productivity. Indeed, firms set the hiring behavior to 
maximize their expected payoff which depends on both the productivity of 
employees and the probability of filling vacancies. Therefore, in the presence of a 
tight market, the adoption of no-ranking may be suitable for firms as far as it 
increases the labor supply and, consequently, the firm’s expected value. 

The main implication of this model is that the resulting form of the urn-ball 
matching function is endogenous and it is shaped by agents’ microeconomic be- 
havior. A corollary of this finding is that exogenous shocks influencing agents’ 
behavior might shape the analytical form of the matching function. This result is 
undoubtedly important for empirical works aimed at evaluating policies affecting 
matching process. In particular, [7] argues that random shocks to matching effi- 
ciency determine the number of matches formed both directly through the 
matching technology and indirectly through firms’ vacancy-posting behavior. 
From an empirical point of view, this means that simple OLS regressions be- 
tween the number of job matches and that of job seekers and vacancies fail to 
account for that endogeneity and deliver misleading predictions. The present 
paper shows that the parameter-bias problem arising when estimating matching 
function elasticities may be even more severe since the entire functional form of 
the matching function can be affected by exogenous policy measures. This 
means that the empirical assessment of the effect of labor policy on job matches 
turns out to be a particularly difficult task requiring appropriate econometric 
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strategies. 
The outline of the article is as follows. In Section 2 a brief summary of the 

existing literature on the urn-ball process is presented. Section 3 sets up the 
theoretical model and Section 4 evaluates the equilibria discussing the endoge- 
neity of the hiring regime. Conclusions are presented in Section 5. 

2. Existing Background 
2.1. The Basic Framework 

In its simplest version, the urn-ball matching function can be described as fo- 
llows. The economy is assumed to have homogeneous firms and workers searching 
for each other in the labor market. There is a coordination failure arising be- 
cause workers simultaneously apply for jobs not knowing where other workers 
send their applications. This implies that some vacancies may remain unfilled, 
while others may get one or more applications. When firms receive more than 
one application they can choose randomly among applicants. As discussed in 
details in [8] and [9] this process can be described as an urn-ball process where 
firms are urns and workers are balls. Hence, by indicating with ( ).a  the 
probability that a worker receives a job offer, it can be shown that this follows a 
Poisson process with: 

( ) 1 expa
λ

λ
λ

−−
=

                        
(1) 

where U Vλ =  indicates the tightness of the labor market given by the ratio 
between the number of workers looking for a job (U) and available vacant jobs 
(V). By indicating with M the number of matches in the labor market, the 
matching function is given by: 

( ) .M a Uλ=                          (2) 

2.2. Extensions 

Equations ((1), (2)) have been enriched in several directions. On the one hand, 
[12] and [13] allow for multiple applications of job seekers. The authors prove 
that, although with multiple applications it is very likely that every vacancy will 
get at least one application, still a coordination failure may arise because of 
competition among firms for single candidates. In fact, an applicant may receive 
more than one job offer and vacancies may remain unfilled because the chosen 
candidate is hired away by a competing firm. As a consequence, allowing for 
more applications per worker may not increase the matching efficiency. On the 
other hand, [10] [11] and [14] model situations in which workers are hetero- 
geneous in terms of their productivity and unemployment experience. This 
implies that when firms receive more than one application, they are not indi- 
fferent among applicants, hence they do not choose randomly. These authors 
assume that firms rank applicants according to their productivity. In this case, 
the probability that a worker receives a job offer is a function of his/her characte- 
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ristics. By indicating with θ the individual productivity and assuming θ distri- 
buted according to a continuous and strictly increasing cumulative distribution 
( )θΓ , whose density function is ( )γ θ , over a support ,θ θ    where 

1 θ θ≤ <  (so ( ) 0θΓ =  and ( ) 1θΓ = ), the probability that a θ-type worker 
receives a job offer can be written as follows: 

( ) ( )1, expa θ λλ θ − −Γ  =                       (3) 

where the probability of receiving the offer increases with individual ability 

(
( ),

0
a λ θ

θ
∂

>
∂

) and if θ θ=  then ( ),a λ θ  has a unit value since θ -types get  

any job they apply for. By integrating ( ),a λ θ  over ,θ θ   , it is possible to 
obtain the unconditional probability of being hired, called ( )λa . Therefore the 
matching function can be written as: 

( ) .M Uλ= a                           (4) 

[11] and [14] present analytical derivations of the previous expressions. [10] 
set out the conditions under which Equation (3) applies in a continuous time 
setting—as that presented in this paper—giving rising to a steady-state unem- 
ployment equilibrium. 

The present paper shows that in a two-sector model the choice between 
Equations ((1) and (3)) should be solved endogenously. It is proved that both 
specifications can be consistent with a profit maximizing behavior conditional 
upon labor market institutions. Furthermore, it is discussed that some policies 
may induce a switch from (1) to (3) and vice-versa, implying instability of the 
matching function. 

3. The Model 
3.1. Overview 

Consider an economy characterized by a continuum of risk-neutral individuals 
and firms matching in the labor market following the lines set out by Diamond- 
Mortensen-Pissarides. Before entering the job-market, it is assumed that these 
agents have to make a choice concerning the sector they want to enter. 
According to [11], there are two sectors in this economy: Skilled (high-tech) and 
unskilled (low-tech) sector. The skilled sector is characterized by workers who 
invested in human capital and by firms with (costly) high technology. 
Conversely, no particular investment is required to firms and workers in order 
to enter the unskilled sector. The mass and the distribution of agents, defined in 
due course, remain constant over time. As discussed in details in the next 
paragraph, individuals are assumed to be heterogeneous with respect to their 
pre-university individual skills which determine their productivity on the job 
and affect the cost of entering the skilled sector.1 From now on, these individual 

 

 

1This assumption is well supported by the existing empirical evidence. Among others, [15] show that 
innate talent, family background, and social environment represent elements that might shape 
schooling results promoting cognitive and noncognitive ability and they have long-run effects in 
terms of labor market outcomes. 
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characteristics are simply defined as ability. On the demand side, each firm can 
post a limited number of vacancies, normalized to 1, and it decides the sector 
where posting the vacancy on the basis of a technological choice. In particular, a 
firm can choose to operate either within the high- or the low-technological 
sector. In order to simplify notation, from now on this paper refers to skilled 
versus unskilled choice for both firms and individuals. However the reader 
should keep in mind that individuals make an educational choice while firms 
take a technological decision. Once the educational/technological choices have 
been made, the pure matching-process starts. As in [11], the two sectors are 
assumed to be perfectly segmented, i.e., skilled and unskilled workers can be 
matched only with high-tech and low-tech firms respectively. 

3.2. Individuals 

Consider a continuum of individuals of mass 1. According to the notation intro- 
duced in Section 2, individuals are characterized by heterogeneous individual 
ability θ . ( )θΓ  and ( )γ θ  are the c.d.f. and p.d.f. respectively and both are 
assumed to be stationary over time. Indicate with { },e s us=  the educational 
choice made by individuals in order to maximize their expected discounted 
utility (s stands for skilled while us stands for unskilled). For the sake of simp- 
licity individuals are assumed to have no income if unemployed (no unemploy- 
ment benefits). As a consequence, once the educational choice has been made, in 
each instant of time the individual’s utility function ( )W e  is given by: 

( )
0 if unemployed

if unskilled and employed
if skilled and employed

us

s

W e w
w


= 

                

(5) 

where usw  and sw  indicate wage for employed unskilled and skilled workers 
respectively. The cost of acquiring education us is normalized to zero while, 
when individuals decide to acquire education s, on top of monetary costs, they  

have to sustain a cost ( ) 0c θ >  related to their individual ability with 0c
θ
∂

<
∂

. 

Monetary costs are assumed to be the same for all individuals, while the effort 
required to achieve a degree qualification is determined by personal ability. 

From now on, 
c
θ
∂
∂

 indicates a measure of the selectivity of the higher  

education sector. In words, the more the cost of education rises when ability 
decreases the more selective may be considered the higher education sector. It 
will be shown that the selectivity of the higher education system shapes the 
tightness of the two sectors and affects firms’ optimal behavior in terms of 
ranking. 

3.3. Firms 

Consider a continuum of firms of mass 1. Indicate with { },T s us=  firm’s 
investment in skilled and unskilled vacancies respectively. The cost of entering 
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the s sector is given by 0δ > . The cost of entering the us sector is normalized to 
zero.2 Firms are assumed to be heterogeneous with respect to the cost they have 
to sustain in order to enter the s sector. In fact, in the growth theory literature, 
the cost of advanced technology has been considered typically related to the 
actual firm’s technological endowment. The closer is a firm to the technological 
frontier the lower is the cost it needs to sustain in order to update its technology 
(see [17]). In the present model, firms are assumed to be distributed according to a 
continuous and strictly increasing cumulative distribution ( )δΦ  whose density 
function is ( )φ δ , over a support ,δ δ    where 0 δ δ< <  (so ( ) 0δΦ =  and 

( ) 1δΦ = ). ( ).Φ  and ( ).φ  are stationary over time. 
Following [18], the production function is given by: 

( )
if and

, ,
if and

y T us e us
y y e T

y T s e us
θ

θ
= =

= =  = =               
(6) 

where 0y >  is a constant. Relation (6) indicates that there is homogeneity in 
the unskilled sector, i.e., when individuals work in the us sector they produce an 
output y  independently on their ability. Conversely, skilled technologies are 
complementary only to skilled workers and the intensity of such complementarity 
is given by individual’s ability θ. In fact, in Equation (6) skill-ability complementary 
technology has been assumed. This conjecture regarding the centrality of the 
positive interaction between technologies and ability is largely consistent with 
the empirical evidence.3 Finally, Q indicates the cost of maintaining a vacancy 

T∀ , and it is assumed that in the steady-state vacancies yield zero profit (free- 
entry condition).4 Once the technological decision has been made, in each 
instant of time each firm realizes a profit ( )TΠ  given by: 

( )
if unfilled vacancy
if filled vacancy
if filled vacancy.

us

s

Q T
T y w Q us

y w Q sθ

− ∀
Π = − −
 − −             

(7) 

3.4. Interaction Process and Bellman Equations 

The interaction process evaluated in this paper consists in the following stages. 
At the first stage, individuals and firms conditional on their own type (ability 
and distance to the frontier) simultaneously decide the sector they want to enter, 
i.e., they choose between skilled and unskilled sectors. Also at this stage, firms 
set out the ranking behavior they want to adopt. Once the educational/techno- 
logical choices have been made and the hiring process has been established, 

 

 

2This assumption may easily be justified by thinking that in order to enter the graduate sector; firms 
are required to have costly technological endowment that should be used by engineers, doctors, in-
vestors, etc.; while low-skills complementary machines are typically less costly. See [16] on this ar-
gument. 
3Among others, [19] find that the education premium in the US over the period 1979-1993 is the re-
sult of an increase in demand for innate ability or other unobserved characteristics of more educated 
workers. 
4We could assume s usQ Q≠ . However, by assuming s usQ Q Q= =  we simplify the notation and, 
because of free-entry condition, this does not affect our main results. 

https://doi.org/10.4236/tel.2018.83024


G. Rose 
 

 

DOI: 10.4236/tel.2018.83024 346 Theoretical Economics Letters  
 

individuals and firms enter the labor market as unemployed and with unfilled 
vacancies respectively, and then the matching process starts. Finally, when a 
match is realized, standard individual Nash-bargaining axiomatic solution is 
applied. 

In order to solve the model, a backward procedure is adopted. Firstly, the 
actual expected value functions for individuals and firms are evaluated using a 
standard dynamic programming method; secondly, by using the obtained results 
the Bayesian Nash Equilibrium (BNE) of the simultaneous game in which agents 
decide, conditional upon their own type, educational level and technological 
contents to maximize their expected steady-state payoffs is established. Then, the 
hiring regime characterizing the BNE is set out. 

3.5. The Frictional Labor Market 
3.5.1. The Matching Functions 
Indicate with eE  the employment level per educational groups ( { },e s us= ) 
and with eM  the number of matches per educational level. The (exogenous) 
quitting rate is indicated by 0b > . By indicating with eU  the number of 
unemployed workers with education e and with TV  the number of posted 
vacancies per sector T, the urn-ball matching function can be written as follows: 

( ) .e e e eM Uλ= a                         (8) 

where ( )e eλa  is the unconditional probability that an individual with 
education e is employed, expressed as a function of the tightness of the e sector 
with e e eU Vλ = . Crucially, it is assumed that the functional form of ( )e eλa  is 
endogenous. In particular, indicate with ( ).ea  the probability that an 
individual with ability θ and education e receives a job offer. This probability is 
given by 

( )
( )1exp if ranking

, 1 exp if no-ranking

e

ee e

e

a

θ λ

λλ θ

λ

− −Γ  

−




=  −

                

(9) 

In the first line of Equation (9) the probability of receiving a job offer 
increases along with individual ability (as in Equation (3)) while, when 
no-ranking applies all workers have the same job finding rate and this is equal to 
the average arrival rate of jobs to workers (as in Equation (1)). Consider the s 
sector. By integrating ( ),s sa λ θ  over ,θ θ∗   , whose lower bound θ ∗  is the 
threshold-ability of individuals in the s sector (it is determined in the BNE), it is 
possible to indicate the unconditional probability of being hired in a s position, 

( )s sλa , as follows: 

( ) ( ) ( ), d .s s s sa
θ

θ
λ γ θ λ θ θ∗= ∫a

                  
(10) 

Mutatis mutandis, in the us sector the unconditional probability of being 
hired is given by: 

( ) ( ) ( ), d .us us us usa
θ

θ
λ γ θ λ θ θ

∗

= ∫a
                 

(11) 
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Now, it is useful to describe the urn-ball process from firms’ perspective. The 
probability that a T firm hires a θ-type individual, indicated with ( ).Tα , can be 
written as follows: 

( )
( )( ) ( )

( ) ( )

1exp if ranking
,

1 exp if no-ranking

e

e

e
T e

θ λ

λ

λ γ θ
α λ θ

γ θ

− −Γ  

−

= 
−           

(12) 

The first line of Equation (12) contains the probability that a T firm does not 
meet any applicant of ability greater than θ times the probability of matching a 
worker with ability θ. In the no-ranking case, the probability of hiring a θ-type 
contains the probability that the firm receives an application times the proba- 
bility that this application is from an individual with ability θ. Consider the case 
of a s firm. When integrating ( ),s sα λ θ  over ,θ θ∗    the unconditional pro- 
bability that a s vacancy is filled is obtained and it can be defined as follows: 

( ) ( ) ( ), d .s s s s
θ

θ
λ γ θ α λ θ θ∗= ∫α

                  
(13) 

Mutatis mutandis, for a us firm the probability of filling a vacancy is given by: 

( ) ( ) ( ), d .us us us us
θ

θ
λ γ θ α λ θ θ

∗

= ∫α
                

(14) 

Having fixed this formalism, it is crucial to point out that the pure matching 
process can be solved as a function of the parameters ( ),e ea λ θ , ( )e eλa , 

( ),T eα λ θ , and ( )T eλα . Put differently, given the sequential structure of the 
interaction process, it is possible to solve the matching part of the model by not 
imposing either ranking or no-ranking behavior. Then, by using the obtained 
payoffs in terms of wages and profits, the educational/technological choices are 
established. Simultaneously, firms’ behavior in terms of hiring process is set out. 

3.5.2. The Value Functions 
The notation for actual expected values is set in Table 1. By indicating with 

0r >  the intertemporal interest rate, the value functions can be written as 
follows. 
• Undergraduate individuals: 

( )E E U
us us us usrV w b V V= − −

                    
(15) 

( )( ), .U E U
us us us us usrV a V Vλ θ= −

                  
(16) 

• Graduate individuals: 

 

 
Table 1. Notation for actual expected values. 

Firms Individuals 
F

sV  ⇒ filled s position E
usV  ⇒ empl. us  individual 

V
sV  ⇒ vacant s position U

usV  ⇒ unempl. us individual 
F

usV  ⇒ filled us position E
sV  ⇒ empl. s individual 

V
usV  ⇒ vacant us position U

sV  ⇒ unempl. s individual 
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( )E E U
s s s srV w b V V= − −

                    
(17) 

( )( ), .U E U
s s s s srV a V Vλ θ= −

                   
(18) 

• Firms with unskilled job-positions: 

( )F F V
us us us usrV y w Q b V V= − − − −

                 
(19) 

( )( ), .V F V
us us us us usrV Q V Vα λ θ= − + −

                
(20) 

• Firms with skilled job-positions: 

( )F F V
s s s srV y w Q b V Vθ= − − − −

                
(21) 

( )( ), .V F V
s s s s srV Q V Vα λ θ= − + −

                 
(22) 

Notice that relations above represent standard value functions for two-sector 
matching models. 

4. The Equilibria 
4.1. Equilibrium Wages 

In order to set the equilibrium of the model, it is crucial to solve the last stage of 
the interaction process, i.e., to establish the payoffs resulting from the matching 
process in the two sectors. Since individual Nash-bargaining solution is applied, 
when a match is realized the generated surpluses for firm and worker must be 
equal conditional upon agents’ characteristics and labor market opportunities. 
Formally: 

E U F V
us us us usV V V V− = −                       (23) 

E U F V
s s s sV V V V− = −                       (24) 

By combining the relative value functions, the following wage expressions for 
unskilled and skilled individuals are obtained: 

( )
( ) ( )

.
.

. . 2 2
us

us
us us

y r b a
w

a b rα
+ +  =

+ + +                   
(25) 

( )
( ) ( )

.
.

. . 2 2
s

s
s s

y r b a
w

a r b
θ

α
+ +  =

+ + +                   
(26) 

As expected-given the perfect segmentation between the two sectors wage 
equations are similar to those of standard matching models. Moreover, since 
skilled workers’ ability is reveled once the match is realized, in this sector the 
wage is expressed as a function of θ. Now it is possible to proceed backward to 
determine the sector-choice for firms and individuals. 

4.2. The Entry Game 

Individuals and firms have to decide, conditional on their ability and distance to 
the frontier, the level of education and the technology they want to acquire 
respectively. In order to solve the game, it is assumed that agents ground their 
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decisions considering the parameters ( ).usa , ( ).sa , ( ).usα , and ( ).sα  as if 
they were at their steady-state values. Put differently, agents choose their strategy 
in order to maximize the payoffs they obtain in the steady-state.5 Once they 
make their choice, they enter labor market(s) as unemployed individuals and as 
firms with unfilled vacancies and then the matching process starts. The 
interaction process is Bayesian since each agent knows his own type (ability/ 
distance to the frontier) and just the distribution of types of player to whom he 
may be matched. Since individual’s ability is revealed only when a match is 
realized, |V

sE V θ   , i.e., the expected payoff of a s firm that matches a s worker, 
need to be evaluated. Notice that this interaction process considers pure 
strategies of firms and individuals that are best responses to each other, 
conditional on the type of player. As a consequence, the evaluation of the BNE 
gives the shares of individuals and firms that acquire higher education and 
invest in skilled positions respectively and it provides a measure of the relative 
tightness of the two sectors in steady-state. 

Proposition 1. It exists a unique BNE in which only individuals with ability 
θ θ ∗≥  set e s=  and only firms with δ δ ∗≤  set T s= .  

Proof. Consider the firm’s choice. Indicate with κ  the probability (it is a 
density) that the individual sets e s= . In this case, a firm invests in s position 
only if: 

[ | ] .V V
s usE V Vδ κ θ≤ −                     (27) 

Given the assumption on the monotonicity of ( ).Φ , it is possible to indicate 
with δ ∗  the cutoff level of distance to the frontier for which relation (27) is 
satisfied. Now, indicate with ω  the probability that a firm set T s=  and 
consider the individual’s educational choice. Setting e s=  is optimal for an 
individual only if: 

( ) ( ) .U U U
s us usc V V Vθ ω≤ + −

                   
(28) 

Given the assumption on the monotonicity of ( ).Γ  and given that 0c
θ
∂

<
∂

,  

it is possible to indicate with θ ∗  the cutoff ability level for which relation (28) is 
satisfied. Hence, the following pair characterizes the BNE: 

( )
( )

1

.

κ θ

ω δ

∗

∗

 = −Γ


= Φ                         

(29) 

Intuitively, a firm invests in a s position only if the associated expected payoff 
is greater than that associated with a us position. Crucially, this depends on the 
distribution of θ within individuals that decide to acquire education s, on the 
relative markets’ tightness, and on firm’s distance to the technological frontier 
(Equation (27)). At the same time, worker’s decision of investing in education s 

 

 

5This assumption allows for the identification of a unique BNE and it is similar to the assumption 
made by [10] in order to discuss the existence of a steady-state in a dynamic urn-ball process with 
ranking, i.e., the economy should operate always around its hypothetical steady-state. 
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is a function of the number of firms that decide to create s positions and of his 
own ability (Equation (28)). Relation (29) contains the shares that are best 
response to each other and these can be considered as the shares of agents that 
represent the only steady-state of the interaction process.6 

4.3. Endogenous Hiring Process 
4.3.1. Analysis of the BNE 
In order to simplify the discussion concerning the hiring process adopted by 
firms, it is worthwhile to undertake an in-depth analysis of the BNE established 
in the previous paragraph. This investigation is particularly useful since it allows 
for the identification of two different types of BNE each of them consistent only 
with a specific hiring regime. Moreover, this analysis is important since it 
considerably eases the assessment of the effect that exogenous shocks may have 
on the form of the matching function discussed in paragraph 4.4. 

As already pointed out, the BNE gives a measure of the tightness of the two 
sectors. By focusing on the cutoff level δ ∗ , i.e., the one that satisfies relation (27) 
as an equality it is possible to describe the BNE. In fact, since the greater δ ∗  the 
larger the share of s firms in the considered economy, δ ∗  approximates the 
share ( )φ δ ∗  of firms creating skilled-complementary positions. To evaluate 
δ ∗  relation (27) has to be spelled out. By combining Equations ((20) and (22)) 
it is possible to write the cutoff level δ ∗  in relation (27) as follows: 

( ) ( ) ( ) ( ) ( )1 . .
|

s us
y yQ AE C

r rA F rD

θ α
δ θ θ θ θ θ

∗

∗ ∗ ∗ ∗
 − Γ     = Γ + ≥ − −   

α
  (30) 

where A, B, C, D, and F summarize strictly positive constants.7 Relation (30) 
gives the best response function in terms of share of firms investing in skilled 
positions. Since the best response δ ∗  is evaluated when the share of skilled 
workers is ( )θ ∗Γ , Equation (30) represents the intersection of the best 
responses and, as a consequence, it describes the BNE of the game. Notice that in 
Equation (30) 

( )
( )

d
|

1
E

θ

θ
θγ θ θ

θ θ θ
θ

∗∗
∗

 ≥ =  −Γ
∫                   (31) 

and 

( ) ( ) ( ), d .s s s s
θ

θ
λ γ θ α λ θ θ∗= ∫α  

Before turning to the discussion of ranking behavior, it is useful to evaluate 
how the share δ ∗  changes in equilibrium as θ ∗  changes. By differentiating 
Equation (30) with respect to θ ∗  using the Leibniz rule for differentiation of 
definite integrals it results that: 

 

 

6See [20] p. 38-39 on the interpretation of BNE as steady-state equilibria. 
7 ( ) ( )2 2 . ;gA r b r b a = + + +   ( ) ( )2 2 . . ;g gB r b aα = + + +   ( );C r b= +   

( ) ( )( ). . 2 2 ;ug ugD a b rα= + + +  ( ) ( ) ( ) ( )2 2 . . 2 2 . . .g g g ugF r b a r b aα α   = + + + + + +     
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α

α
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(32) 

Relation (32) indicates how a variation in the best response in terms of share 
of skilled workers (θ ∗ ) affects in equilibrium the share of firms investing in 
skilled positions. The first two lines indicate that firms’ expectation positively 
depends on θ ∗ : The higher the cutoff ability level, the higher is the expected 
productivity of skilled workers and this induces a composition effect which 
fosters firms’ investment in skilled jobs. Conversely, the bottom line of Equation 
(32) shows the negative effect that a rise in θ ∗  has on firms’ expectation: In this 
case, as the cutoff point θ ∗  rises, the probability of filling a vacancy reduces, 
inducing a tightness effect that limits the creation of skilled-complementary 
positions. Assuming satisfied second order conditions, it is possible to indicate 
with θ ∗∗  the share of skilled workers that ceteris paribus maximizes firms’ 
investments in skilled positions, i.e., the share of skilled workers balancing 
tightness and composition effects: 

0.
θ θ

δ
θ ∗ ∗∗

∗

∗
=

∂
=

∂                         
(33) 

It is important to note that only the appropriate selectivity level 
c
θ
∂
∂

 can  

ensure that θ ∗∗  is actually achieved in equilibrium. If this is the case, the 
resulting steady-state allows for a perfect balance between tightness and 
composition effects (θ θ∗ ∗∗= ). 

4.3.2. The Hiring Process 
In this paragraph, it is shown that the particular case where θ θ∗ ∗∗=  defined in 
Equation (33) separates two different types of BNE. Then, it is proved that these 
two types of equilibria are characterized by different (optimal-)ranking behavior. 
Consider the case wherein θ θ∗ ∗∗> . In words, few individuals have access to the 
s sector and this constrains the creation of skilled complementary jobs. In this  

case, a reduction in the selectivity level of the higher education sector (
c
θ
∂

↓
∂

)  

would induce a rise in the share of skilled workers (θ ∗ ↓ ) that in turn induces an 
increase in the share of firms investing in skilled positions. Put differently, when 
θ θ∗ ∗∗>  the labor market is characterized by a tightness-related scenario. Now, 
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consider the case where θ θ∗ ∗∗< . These equilibria hide a composition problem 
within the s sector: A large number of individuals acquire education s implying a 
low expected productivity of the skilled labor force. This brakes the creation of 
skilled jobs. In this case an increase in the selectivity level of the higher  

education sector (
c
θ
∂

↑
∂

) induces a reduction in the share of skilled workers  

(θ ∗ ↑ ) and this generates an increase in the share of firms investing in skilled 
positions. It is possible to prove that the hiring process adopted in the skilled 
sector depends on the particular scenario faced by firms, i.e., it depends on 
whether firms are in the presence of tightness- or composition-related situations. 

Proposition 2. a) In tightness-related equilibria s firms maximize their actual 
expected value by adopting a no-ranking behavior. b) In composition-related 
scenarios us firms’ maximize their actual expected value by applying ranking 
amongst applicants. c) In all scenarios us firms rank applicants.  

Proof. Part a). Consider s firms. Consider a BNE characterized by a tightness- 
related scenario and, by contradiction, assume that the application of ranking 
among applicants represents an optimal choice for s firms, i.e., it maximizes the 
expected value for a s firm in the steady-state. In the presence of ranking, an 
individual who is at-the-margin, i.e., he has ability just below θ ∗  (θ θ ∗ ) 
decides not to acquire education s. In the Appendix it is shown that the value of 

U
sV  under no-ranking is greater than the value it takes under ranking when 

θ θ ∗ . This implies that the individual at-the-margin would choose to become 
skilled under the no-ranking case, hence θ ∗  would decrease if firms decide to 
switch from the ranking to the no-ranking case. By definition of tightness- 
related equilibria, the reduction of θ ∗  raises ex-ante the expected value of all 
firms investing in s positions, therefore all firms find convenient to adopt the 
no-ranking behavior and this leads to a contradiction. Notwithstanding, firms 
may still apply a dynamic inconsistent behavior deciding to apply ranking ex- 
post, i.e., once matches are realized. Since an infinitely repeated setting is consi- 
dered and agents care about their future payoffs ( 0r > ), by applying the stan- 
dard folk-theorem it would be possible to set a threshold level of the inter- 
temporal discount rate r under which firms do not deviate from a no-ranking 
strategy in order not to lose those skilled workers at-the-margin in the future. 

Part b). Consider s firms. Consider a BNE characterized by a composition- 
related scenario and, by contradiction, assume that the application of no-ranking 
among applicants represents an optimal choice for s firms. By replicating 
mutatis mutandis the argument made above and using the result presented in 
the Appendix, it is easy to show that θ ∗  increases if firms decide to switch from 
the no-ranking to the ranking case. By definition of composition-related equilibria, 
an increase of θ ∗  raises ex-ante the expected value of all firms investing in s 
positions, therefore all firms find convenient to adopt the ranking behavior and 
this leads to a contradiction. 

Part c). Consider us firms. In this sector, since there is no composition effect, 
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firms only care about the share of us workers in the labor market in order to rise 
the probability of filling their vacancies. As a consequence us firms decide their 
matching regime to attract as many us workers as they can. This implies that 
independently on the specific scenario generated by the institutional setting the 
adoption of ranking represents an optimal action for us firms to retain in their 
sector those individuals near to θ ∗ . 

4.4. Discussion 

The intuition behind Proposition 2 is straightforward. Whether the selectivity 
level of the higher education sector limits the availability of skilled workers, 
firms find optimal not to add additional screening since this practice would 
lower the expected value of education for individuals at-the-margin, leading to a 
reduction in the number of skilled workers and to a worsening of the tightness 
problem. Conversely, the ranking process represents an optimal choice when- 
ever firms face composition-related problems since it discourages individuals at- 
the-margin to enter the skilled sector. Notwithstanding, some arguments are 
required at this stage since the result of no-ranking among skilled workers may 
seem, at a first sight, counterfactual. In this respect, it should be remarked that 
in this paper a unique level of selectivity of the higher education sector has been 
modeled and it has been shown that firms’ ranking decisions are conditioned on 
it. In the presence of heterogeneous selectivity levels, i.e., in the presence of 
heterogeneous universities, ceteris paribus firms would ground their ranking 
decision by conditioning on the institution-specific selectivity. Hence, in this 
case we would observe both ranking and no-ranking behavior. This result is 
perfectly in line with the existing empirical evidence reporting that employment 
probability of skilled workers seems to be affected by the characteristics of the 
attended university in terms of admission’s requirements (among others see [21] 
and [22]). 

At this stage, in order to have a complete picture of the model’s results, firms’ 
behavior in the us sector needs to be discussed. The characteristics of the us 
sector in terms of ranking are perfectly in line with the main message of this 
work: When tightness issues are taken into account, the presence of ranking 
could not be easily determined ex-ante by relying only on the presence of 
heterogeneous workers’ productivity. Ranking may be applied even if firms 
operate in a sector characterized by homogeneous workers simply because this 
hiring regime maximizes the availability of workers in this sector and, conse- 
quently, the probability of filling a vacancy. 

A final point that needs to be remarked concerns the relevance that the pre- 
sented results may have for empirical works. Indeed, the analysis presented in 
paragraphs 4.3.1 and 4.3.2 allows for an immediate assessment of this issue. In 
particular, it is easy to figure out that a change of the selectivity of the university 
system may induce a switch from the tightness to the composition scenario 
whenever θ ∗  moves from the RHS to the LHS of θ ∗∗ . This implies that an 
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exogenous variation of the selectivity level of higher education system may 
induce a switch in the matching regime going from the no-ranking to the 
ranking case. Hence, the functional form of the matching function changes too, 
by relying on the top line instead of the bottom line of Equation (9). This 
consideration implies that the matching technology changes with exogenous 
policies and rises concerns about the validity of policy evaluations employing 
exogenous matching functions. Results of models with exogenous matching 
regimes could be biased if modelers do not take into account that the matching 
technology itself may also change with the policy. 

5. Conclusions 

This study enters the debate concerning the endogeneity of matching functions 
by focusing on a particular matching regime known as urn-ball process. In this 
case, either ranking or no-ranking behavior may be adopted by firms when 
choosing among multiple applications. It is argued that the choice of the correct 
modeling strategy is not an obvious one and it does not only depend on workers’ 
heterogeneity in terms of productivity. Using a simple continuous time two- 
sector matching model with endogenous technological and educational choice, it 
has been shown that the specific form of the matching process depends on the 
characteristics of the labor market. In particular, when the two sectors compete 
to attract workers, firms evaluate their optimal actions in the light of the 
tightness of the sector in which they operate. Overall, the study highlights the 
relevance that endogenous matching process may have in order to correctly 
capture labor market dynamics and agents’ behavior. This has important impli- 
cations also for empirical works aimed at evaluating policy measures and their 
effect on workers’ employability since the properties usually imposed on exoge- 
nous matching functions are justified on the basis of agents’ microbehavior. 
Indeed it has been shown that the specific form of the matching process can be 
affected by firms’ behavior resulting from the specific institutional setting. As 
policies are targeted to change agents’ choices, these may very well also affect the 
properties of the matching technology. These aspects should be taken into 
account by policy evaluators in order to avoid misleading predictions on the 
effect of policy measures. 

Finally we remark that the present study considers only a specific matching 
regime and this represents the main limitation of this research. Further studies 
are required in order to evaluate the stability of other matching regimes and to 
assess the empirical relevance of the question at hand. 
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Appendix 

Proof that U
sV  increases if s firms switch from ranking to no-ranking 

when θ θ θ∗ ∗∗>  
In Equation (18) notice that U

sV  is an increasing function of ( ),s sa λ θ . As a 
consequence, I need to show that ceteris paribus the value of ( ),s sa λ θ  in the 
no-ranking case is greater than its value under the ranking scenario when 
θ θ ∗ . Consider the following normalization of individual ability ranking 
among skilled workers, such that when e s=  then θ χ≡  and ,χ χ χ∗ ∈    
with 0χ∗ =  and 1χ = . The Poisson process with ranking gives us the 
probability that an individual with ability χ χ∗′  is employed in a right 
position with: 

( ) ( )11exp exp expss s
λ χλ χ λ

∗− −′− − −= =                  (34) 

Consider now the possibility that all individuals ,χ χ χ∗ ∈    are treated as if 
they were the same individual (no-ranking). This case is equal to a situation in 
which in χ∗  there is a mass point whose share is 1 χ∗− . In this case the 
probability of being employed in a right position for an individual χ χ∗′  is 
equal to that of all other χ-types and it is given by: 

( )( )
( )

( )
( )1 1

1 1 exp 1 1 exp1 exp
1 exp 1

s s
s

s
s

λ χ λ χ
λ χ

λ λχ

∗− − − −
− −

− ∗

 − − − =
 − −
         

(35) 

where the terms in square brackets represent the correction for the Poisson 
probability in the presence of a mass point (see p. 716 in Moen, 1999). Here I 
prove that Equation (34) is always less than Equation (35). By contradiction 
assume that (34) ≥ (35). Hence: 

( )11 expexp
s

s

s

λ χ
λ

λ

− −
− −

≥
                     

(36) 

By taking logs of both sides in the relation above and by applying a first-order 
Taylor series approximation I have that: 

( )1exp logs
s s

λ χ λ λ− −− ≤ −                     (37) 

It can be easily checked that the RHS of relation (37) is less than -1 0sλ∀ > . 
Hence, the LHS must be less than −1 too, which implies that ( )1 0sλ χ− − > . 
Since 0sλ > , and ( )1 0χ− ≥  I have a contradiction. Q.E.D. 
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