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Abstract
This paper compares with two conditions of dynamic (in)efficiency, which is “traditional” and
“modified” in overlapped generations (OLG) model with endogenous fertility. We show that both
two conditions of dynamic efficiency have a bliss point which maximizes the utility at steady state
in endogenous fertility.
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1. Introduction
How many is the fertility rate optimal? This question is interesting in both developed and developing countries.
In many advanced countries, they face the aging problem. On the other hand, many developing countries face
the population explosion.
This paper investigates the dynamic (in)efficiency in overlapped generation (OLG) model with endogenous
fertility. At least, we can evaluate the efficiency at steady state by using OLG model. To evaluate it, we show
the two criterions of dynamic efficiency; the one is the “transitional” criteria, which compares with the fertility
rate and interest rate. The other is “modified” one, which compares with whether exceeding of “modified” golden rule capital stock which maximizes the utility at steady state.
As for the model with endogenous fertility, there are several seminal literatures. Golosov et al. [1] and CondeRuiz et al. [2] analyze the efficiency of the overlapped generation model with endogenous fertility. Although
these literatures investigate the efficiency condition, they do not distinguish the difference between the condition
of dynamic efficiency with endogenous fertility and without it. Empirically, Abel et al. [3] show that many advanced countries satisfy the dynamic efficiency. Their discussion, however, does not consider about the fertility
rate which is one of the major factor of determining the return rate of capital because increasing fertility rate in-
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creases the amount of labor and the marginal productivity of capital.
This paper is organized as follows. In Section 2, we introduce the basic model. In Section 3, we evaluate the
condition of dynamic efficiency using two criterions and we state the conclusion in Section 4.

2. The Model
We use the model of Grozen et al. [4] without social security mechanism, and relax the assumption of a small
open economy. Moreover, we introduce capital stock to investigate the dynamic (in)efficiency in later section.
Similar to Grozen et al. [4], the economy is populated by a large number of individuals who live for two periods (young and old generations). When they are young; they inelastically supply one unit of labor. Their gross
wage income (w) is spent on consumption ( c y ) , offspring (n) and is saved for old age (s). That is, we assume
children to be viewed as normal gods. A parent only wants to raise children with a certain level of well-being, i.e.
a child is only joyful for its parents if it is assured to receive a particular number of commodities and services.
This is reflected in the price p of such a “quality of child”, which is constant and equal for all children in our
representative agent model. Moreover, the cost of fertility contains not only price k, but also the opportunity cost
of labor; i.e. τ wt . This cost is come from by the child raising.

2.1. The Households
First (young) and second (old) period consumption at t is restricted by the following individual budget constraints,

cty + pnt =wt − st ,

(1)

(1 + rt +1 ) st ,

(2)

cto+1=
where nt ≡

N t +1
is the gross population growth rate. Therefore, we obtain the lifetime budget constraint,
Nt
cty + pnt +

cto+1
=
wt .
1 + rt +1

We assume a representative individual’s utility function as follows,

(

)

U cty , cto+1 , nt =ln cty + γ ln nt + β ln cto+1 ,

where 0 < β < 1 and γ > 0.
In these settings, we solve the individual’s optimization conditions:
cto+1
= β (1 + rt +1 ) ,
cty

(3)

pnt = γ cty .

(4)

2.2. The Firms
We set the production function as follows,

Yt = K tα N t1−α ,
where K is the aggregate capital stock and α is the share of capital income (0 < α < 1).
Output per capita is written as follows,

yt = ktα
Kt
.
Nt
Then, we obtain the factor price to solve the firm’s profit maximization problem:

where kt ≡

542

rt= α ktα −1 , wt=
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(1 − α ) ktα .

The capital market clearing condition is written as follows:
K t +1 = st N t ⇔ kt +1 =

st
.
nt

(5)

2.3. Solving the Model
Using Equations (1)-(4) and the factor prices, we can obtain the closed forms,

(1 − α ) ktα

cty =

1+ β + γ

,

(6)

nt =

γ (1 − α ) ktα
,
p (1 + β + γ )

(7)

st =

β (1 − α ) ktα
,
1+ β + γ

(8)

cto+1 =

β (1 − α ) ktα (1 + α ktα+−11 )
1+ β + γ

.

(9)

3. Evaluating Dynamic (In)Efficiency
We check whether the model faces dynamic inefficiency a la Diamond [5] and Tirole [6] to compare with the
interest rate and fertility rate which is equal to growth rate. Using above equations, we can obtain the following
condition of dynamic inefficiency at steady state:
1 + r < n ⇔ 1 + α k α −1 <

γ (1 − α ) k α
,
p (1 + β + γ )

(10)

As 0 < α < 1, Equation (10) shows that there is unique value of k GR that satisfies “golden rule”, which
means the gross interest rate (accurately the return of capital stock) is equal to gross fertility rate.
As you can see, however, this condition does not necessary evaluate efficiency with respect to the utility
maximization under endogenous fertility. Then, we re-evaluate the modified condition of dynamic efficiency.
We introduce indirect utility function at steady state with respect to capital stock substituting Equations (6), (8)
and (9):
 (1 − α ) k α
U (k ) =
ln 
 1+ β + γ



 γ (1 − α ) k α
 + γ ln 

 1+ β + γ

(

 β (1 − α ) k α 1 + α k α −1


 + β ln

1+ β + γ



) 



 1−α 
α −1
= ln (1 + γ + β ) 
 + γ ln γ + β ln β + (1 + γ ) α ln k + β ln 1 + α k
1+ β + γ 

(

.

(11)

)

Differentiating Equation (11) with respect to k, we obtain the “modified golden rule” capital stock k MGR as
follow:

(1 + γ ) α α (1 − α ) β k α − 2
0
U ′(k ) = −
=
k
1 + α k α −1

(

)

⇔ (1 + γ ) 1 + α k α −1 = (1 − α ) β k α −1
1

 (1 − α ) β − (1 + γ ) α  1−α
⇔k
=


1+ γ


Using Equation (12), we obtain the following proposition:
MGR
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.

(12)
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Proposition:
The (per worker) capital stock at steady state is dynamically inefficiency (efficiency) if k MGR > ( < )

βp
. That
γ

is, the economy is dynamically inefficiency (efficiency) when;
1

γ  (1 − α ) β − (1 + γ ) α  1−α
p < (>) 
 .
β
1+ γ

We interpret several features in this proposition. First, higher (lower) p widens (narrows) the possibility of
dynamic inefficiency, since the capital per worker mitigate and the return rate of capital increases. Second, on
the other hand, other parameters do not have monotonic relationship about the possibility of dynamic inefficiency.

4. Conclusion
This paper shows that the two conditions of dynamic (in)efficiency using OLG model with endogenous fertility.
We show that both two conditions of dynamic efficiency have a bliss point which maximizes the utility at steady
state in endogenous fertility and clarify that the condition of satisfying Pareto efficiency is not consistent with
the case in the case that the marginal productivity of capital is larger than growth rate (which is equal to the fertility rate in this paper).
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