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Abstract

The author resumes a proposal by Frosini of a criterion of choice between probability prospects,
which realizes a suggestion by Allais of taking account, beside the expected utility of the disper-
sion or variability of utilities. The suggested criterion is unidimensional, and is increasing with
expected utility, and decreasing, for most people, who are risk averse, with the absolute deviation
of utilities; a parameter multiplying this dispersion measure allows for risk-averse or risk-prone
behaviour, according to its sign, and also for more or less departure from a certain prospect. This
composite criterion shares practically all desirable conditions of rationality, and allows explaining
all popular paradoxes in the literature about utility theory. Then the author deals with an appar-
ent, but really false paradox, raised by Borch in connection with the representation of probability
prospects in a Markowitz-type plot. This Kkind of analysis is modified from the traditional refer-
ence to points of type (mean, standard deviation) to the reference which replaces the standard
deviation with the mean absolute deviation; no essential change is involved. The paper closes with
some numerical examples which show the correctness of the suggested criterion, as compared to
unaccettable conclusions of the expected utility approach.
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1. How to Include Dispersion of Utilities into a Unidimensional Criterion of
Choice between Prospects

For me it is an utmost and enduring surprise for the fact that many economists and statisticians persist in pro-
posing and defending the so-called Expected Utility (EU) criterion in order to evaluate and compare probabilis-
tic prospects, since the basic criticisms of Allais [1] and many other scholars, who pointed out the fundamental
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weakness of this theory, which simply disregards the dispersion, or spread, of the same prospects. This happens
not withstanding the universal feeling, regularly applied to operational criteria that, between two prospects with
equal utility expectation, the prospect with smaller dispersion must be preferred as less risky. The following
sentence by Allais [1] clearly displays the problem and its possible solution: “L’erreur fondamentale de toute
I’école américaine, c’est de négliger indirectement et inconsciemment, la dispersion des valeurs psycholo-
giques”. This error is responsible for the many paradoxes discovered by Allais and other scholars [2]-[4].

The usual and simplest applications of the choice problem are concerned with monetary outcomes x,---, X, ,

associated with respective probabilities p,, ---, p, (pi >0 Vi; Z p; =1), and a utility u; =u(x;), formally

defined except for an affine transformation. Let U =[u,, p;;---;u,, p,] be the random variable which matches

the utilities with their respective probabilities. Continuous distributions could be employed as well, with no es-
sential modification of the theory. With reference to the case of n finite, von Neumann & Morgenstern [5],
starting from a simple set of axioms about economic behavior, obtained the following criterion in order to estab-
lish preferences among probability prospects

E(U)=u=Yu(x)p @

where E(U) indicates the expected value (or arithmetic mean) of the prospect U . Among two or more pros-
pects, one should choose the one which maximizes the expected utility [6].

As already stressed, complete exclusion from the criterion of choice of any reference to the dispersion of util-
ity values weakens and restricts the possible (reasonable) applications of this criterion. Most scholars express the
opinion that other characteristics (e.g. other moments) of the distribution U should enter the appreciation of a
prospect, hence the comparison between prospects. As far as other moments (outside the mean) are concerned,
the dispersion or variability of U is evaluated of utmost importance; in the framework of Markowitz analysis
[7] [8] directly applied to financial assets x;, the mean represents the average return, whereas variance (or its
positive square root, the standard deviation) represents the risk; moreover “the mean-variance model may be
improved by incorporating higher moments such as skewness and kurtosis” [9].

The mean-variance (MV) approach, following Markowitz and many other scholars, has the advantage of
dealing directly with the portfolio values X, , not subjecting them to problematic utility transformations; how-
ever, from the classical viewpoint of utility analysis, this fact entails rough approximations, and/or a neutral be-
haviour as far as utility is concerned. While most individuals are risk averse, using a linear utility can correctly
be adopted in many cases of neutral, or almost neutral behaviour, such as the behaviour of firms. As deemed by
Yaari [10] “in studying the behaviour of firms, linearity in payments may in fact be an appealing [and simplify-
ing] feature”. As Yaari himself suggests [10], and thoroughly shared by this author, “risk aversion and dimi-
nishing marginal utility of wealth, which are synonymous under expected utility theory, are horses of different
colours”. The fact that practically all individuals have diminishing marginal utility of wealth has nothing to do
with their attitude towards risk for any specified prospect; this contraposition mirrors one of the main weak-
nesses of expected utility theory. For a restatement of risk-neutral, risk-averse and risk-prone behaviour, ac-
cording to this different approach, see Frosini [4].

Starting from a utility function u, the easiest way for constructing a unidimensional criterion which is de-
creasing with increasing risk taking, leads to a function increasing with expected utility and decreasing with a
suitable measure of dispersion (or variability); mainly for reasons of simplicity, such a function should depend
in a linear way on the expected utility and the chosen measure of dispersion. Frosini [4] [11] [12] suggested the
simple criterion

U (U)=0-AMA(U)=T-Aa )
where MA(U ) —also indicated with « = a(U ) in the sequel—is the mean absolute deviation of utilities
MA(U)=a(U)=X|u(x)-Tn

and A is a parameter showing a more or less bent toward risk taking (also by consideration of its sign, which
can be positive or negative). In particular, 4 =0 indicates a neutral behavior, according to the above defini-
tions, whereas A >0 and A <0 are respectively linked with risk-averse and risk-prone behaviour.

For any rational criterion of behaviour Frosini [4] assumes as absolutely requisite the (first) stochastic do-
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minance, namely that the risky prospect d, is preferred to d, when the following inequality takes place be-
tween the distribution function F, of the random variable d, =[uj, p;;---;u,, p,] and the distribution function

F, of the random variable d, =[u,, p;---;u,, p] (U <u;): F(X)<F(x) for —o<x<oo and strict

inequality for some x.

Frosini [4] shows that substitution of « = MA with the more popular standard deviation o is not allowed,
as the condition of stochastic dominance ceases to hold for T in a neighbourhood of zero. On the other hand,
the mathematical treatment of « = MA is much easier than the treatment of the standard deviation o .

Frosini [4] shows that the criterion u, in Formula (2) satisfies the stochastic dominance for |ﬁ| <1/2 (a
condition not particularly restrictive in applications). Subject to this same condition on A, Frosini shows as
well that u, satisfies the independence condition, satisfies the so-called “problem of probabilistic insurance”,
resolves the paradoxes of Allais, Ellsberg and Kahneman & Tversky (paradox of the substitution axiom), and is
compatible with Quiggin’s approach of rank-dependent utility models [13] [14].

A reasonable subjective way towards operatively determining the value of A for a particular prospect

d =[x1, Py Xy pn] consists in confronting u, =0 —Aa with a sure (or certain) prospect d’ such as
Ug (d’):U (i.e. with @ =0). For example, d’ can be evaluated 20 per cent less than d ; in this case, from
U, =U—-Aa=08u, or 0.2U0=Aa, A is immediately obtained as A=0.20/c . In general, if T is dis-
counted by the factor (1-s), and calling C=q/U (with a meaning like the coefficient of variation

CV =o/u), one obtains A =s/C. Note that s and «, aswell as s and C, are strictly connected: s is
an increasing function of « (and C), and its evaluation can take into account some characteristics of the
prospect other than simple dispersion.

2. Some Observations about the Borch Paradox

An old paper by Borch [15], concerned with an apparent paradox, proposed an example which seemed in radical
contrast with the expected utility theory. This example, reported from Johnstone & Lindley [16] and extensively
commented on this same paper, considered two prospects, related to two possible binary assets:

Asset 1 produces payoff vy, with probability p and payoff x with probability (1— p);

Asset 2 produces payoff y, with probability p and payoff x with probability (1— p).

With a view to comment on this choice problem between the two assets within the Markowitz MV
(mean-variance) approach, let us summarize the two assets by means of the couples (M:ffl) and (/42,02), i.e.

with the couples of type (mean, standard deviation). Given these summary statistics, it is possible to go back to
the original probability prospects by means of the equations provided by Borch (also reported by Johnstone &
Lindley, 2012, p. 6)

X = o-liz :ZZ:ul (3)

_ (/‘11_/”2)2 4

PR Y @

y1=/‘ﬁ+o'1(01_—02) 5)
(tul_/uz)

y2:/u2+62M (6)
(= )

According to Markowitz MV approach, a prospect with couple (,ul,al) is dominated by another prospect
with couple (u,,0,) ifandonlyif s, >z and o, <o;,orwhen u, >y and o, <o;. A useful numeri-
cal illustration (provided by Johnstone & Lindley [16]), considers the constant x=-5, y, =25,
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y, =45, p=05; the resulting summary couples are (s, =10, o, =15) and (u, =20, o, =25). Passing

from the first to the second prospect both the means and the standard deviations increase, thus showing a non-
dominated problem, according to the MV approach. As a consequence, Borch derives that it is possible, for
some individual, to be indifferent between the two prospects; however, the indifference condition y, =y, (or
(5) = (6)) implies x, =u, and o, =o,, thus “no indifference curves exist in the ES-plane” [14] (with E =
Expectation and S = standard deviation, or (E,S)=(u,0o)). Unfortunately, Borch runs into a logical slip,
because the first prospect is dominated by the second one in the sense of first order stochastic dominance, as
easily checked, thus they cannot be judged as indifferent by any reasonable subject. Indeed, one must be very
careful in using the MV approach: “the strict application of the M-V rule, by itself, does not distinguish between
the two projects, both of which are efficient in the Markowitz sense” [17].

Another opportune observation relates to the generality of the solutions (3)-(6), as far as the Markowitz
(,u,O') plot is concerned. It is immediately checked that any translation of the values involved (i.e. passing
from x, vy,, y, to x+c, y,+cC, Y,+c) yields MV plots exactly equivalent; the means 4 and g, are
translated to 4 +c and g, +cC; the probability p is not affected by the translation; as well, the standard
deviations o, and o, are not affected by the translation.

Something like, however with some simplifications, happens by replacing the standard deviation o by the
mean absolute deviation « . The defining equations for the summary statistics can be simplified by putting
x=0 (i.e. by subtracting the original x from the original values x, vy,, V,); thus one obtains

t=Yp+x(1-p)=yp ™

=Y, p+x(1=p)=y,p ®)

o =p(Y1=Y:P)+(1-P)yiP=2p(¥, —14) ©)

a, = p(Y, =Y, P)+(1-p)Y.p=2p(Y, — 1) (10)

Solving the system for the values x, vy,, Y,, p,oneobtains x=0 (asalready chosen), and also

V=244 (20~ ) (11)

Yo =2ty [(20 — ;) (12)

p=(2u-a)/(2w) (13)

Of course, as already observed, translation by a value c=0 of all the values x, y,, y, leaves the com-
parisons unaltered in a Markowitz-type plot, as p, ¢, «, remain unchanged, whereas the means z; and
M, aretranslated by c. Also in this case the indifference condition y, =y,, namely

2(/1,1+C)2 _ 2(py+c) (1, +C)
2(m+c)—ay  2(m+C)-y

implies 4 =, and «, = a,, thus we may repeat that “no indifference curves exist in the (u,«) plane”.

For the numerical illustration taken above from Johnstone and Lindley [16], with values x, vy,, y, trans-
lated by ¢ =5, the system (11)-(13) yields y, =30(=25+5), y, =50(=45+5), and

B 2(p+5)— 15 1
2(w+5) 30 2

Another numerical illustration, directly applied for a value x =0, is the following:

Prospect1: y, =30 with p=0.2; x=0 with p=0.8;

Prospect2: y, =50 with p=0.2; x=0 with p=0.38.

The relevant summary statistics are as follows: g =6, 4, =10, o, =96, «a, =16; the system (11)-(13)
yields p=0.2, y, =30, y,=50.

Perhaps the most interesting examples are those showing a definite contrast between the u, criterion and the
EU (Expected Utility) criterion. Let us consider the following two prospects d, and d,:



B. V. Frosini

Prospect1: y, =30 with p=0.5; x =0 with p=0.5;

Prospect2: y, =20 with p=0.5; x,=10 with p=0.5.

The relevant summary statistics are: g4 =4, =15, o, =15, «, =5. The two expectations coincide, while
u,(d,)=15-154, u,(d,)=15-51. Assuming a risk-averse individual, for an average A such as 0.25 the

resultis u,(d,)=11.25<u,(d,)=13.75.
More generally, the comparison between u,(d,) and u,(d,) gives the inequality u,(d,)<u,(d,) for

any A>0 (featuring a risk-averse individual).
It is not a simple matter of calculations; practically all people would choose the prospect d, instead of the
prospect d,, contrary to the EU prescription. As well, one could easily find examples of prospects d, and d,

suchas 4 >u,, o <a,,and u,(d;)<u,(d,).

3. Conclusion

The suggestion by Allais [1] that a criterion of choice between probability prospects should depend both on the
expected utility associated with the prospects and on the dispersion of the same utilities around their means, has
been made operative by Frosini [4] [12] by means of a simple linear function which depends on the expected
utility and on the mean absolute deviation of the same utilities. Such a criterion satisfies the first stochastic do-
minance, the independence condition, and allows explaining the most popular paradoxes encountered in the ap-
plications of expected utility. This same criterion provides a simple way of discussing the so-called Borch para-
dox, recently focused by Johnstone and Lindley [16].

References
[1] Allais, M. (1953) Le Comportement de I’Homme Rationnel Devant le Risque: Critique des Postulats et Axioms de
I’Ecole Américaine. Econometrica, 21, 503-546. http://dx.doi.org/10.2307/1907921

[2] Elisberg, D. (1961) Risk, Ambiguity, and the Savage Axioms. Quarterly Journal of Economics, 75, 643-669.
http://dx.doi.org/10.2307/1884324

[3] Kahneman, D. and Tversky, A. (1979) Prospect Theory: An Analysis of Decision under Risk. Econometrica, 47, 263-
291. http://dx.doi.org/10.2307/1914185

[4] Frosini, B.V. (2012) Realistic Utility versus Game Utility: A Proposal for Dealing with the Spread of Uncertain Pros-
pects. Statistica, 72, 3-22.

[5] Von Neumann, J. and Morgenstern, O. (1953) Theory of Games and Economic Behavior. 3rd Edition, Princeton Uni-
versity Press, Princeton.

[6] Lindley, D.V. (1985) Making Decisions. 2nd Edition, Wiley, London.

[71 Markowitz, H. (1952) The Utility of Wealth. Journal of Political Economy, 60, 151-158.
http://dx.doi.org/10.1086/257177

[8] Markowitz, H. (1959) Portfolio Selection. Wiley, New York.

[9] Liu, L. (2004) A New Foundation for the Mean-Variance Analysis. European Journal of Operational Research, 158,
229-242.

[10] Yaari, M.E. (1987) The Dual Theory of Choice Under Risk. Econometrica, 55, 95-115.
http://dx.doi.org/10.2307/1911158

[11] Frosini, B.V. (1997) The Evaluation of Risk Attitudes: A New Proposal. Statistica Applicata, 9, 435-458.

[12] Frosini, B.V. (2010) Realistic Utility versus Game Utility: A Proposal for Dealing with the Spread of Uncertain Pros-
pects. Dipartimento di Scienze statistiche, Universita Cattolica del Sacro Cuore, Serie E.P.N. 140.
http://dipartimenti.unicatt.it/scienze statistiche_statistiche 2183.html

[13] Quiggin, J. (1982) A Theory of Anticipated Utility. Journal of Economic Behavior and Organization, 3, 323-343.
http://dx.doi.org/10.1016/0167-2681(82)90008-7

[14] Quiggin, J. (1993) Generalized Expected Utility Theory. The Rank-Dependent Model, Kluwer, Boston.
http://dx.doi.org/10.1007/978-94-011-2182-8

[15] Borch, K. (1968) Indifference Curves and Uncertainty. The Swedish Journal of Economics, 70, 19-24.

http://dx.doi.org/10.2307/3438982



http://dx.doi.org/10.2307/1907921
http://dx.doi.org/10.2307/1884324
http://dx.doi.org/10.2307/1914185
http://dx.doi.org/10.1086/257177
http://dx.doi.org/10.2307/1911158
http://dipartimenti.unicatt.it/scienze%20statistiche_statistiche_2183.html
http://dx.doi.org/10.1016/0167-2681(82)90008-7
http://dx.doi.org/10.1007/978-94-011-2182-8
http://dx.doi.org/10.2307/3438982

B. V. Frosini

[16] Johnstone, D. and Lindley, D. (2012) Mean-Variance and Expected Utility: The Borch Paradox. Statistical Science, 28,
223-237. http://dx.doi.org/10.1214/12-STS408

[17] Levy, H. and Sarnat, M. (1969) A Note on Indifference Curves and Uncertainty. The Swedish Journal of Economics,
71, 206-208. http://dx.doi.org/10.2307/3439370



http://dx.doi.org/10.1214/12-STS408
http://dx.doi.org/10.2307/3439370

www.scirp.org

Scientific
Research

Scientific Research Publishing (SCIRP) is one of the largest Open Access journal publishers. It is
currently publishing more than 200 open access, online, peer-reviewed journals covering a wide
range of academic disciplines. SCIRP serves the worldwide academic communities and

contributes to the progress and application of science with its publication.

Other selected journals from SCIRP are listed as below. Submit your manuscript to us via either

submit@scirp.org or Online Submission Portal.

American Journal of | i <
Plant Sciences ( Applied Mathematics

Special Issue on Experimental Design!

Advances in

Bioseience and Biotechnology

. & scand

Agricultural Sciences Food and Nutrition Sciences

Special Issue on Research on Rice

Journal of Computer
and Communications

Journal of
Modern Physics Natsuglaeln -

Editor-in-Chief
Kuo-Chen Chou
s arg e



http://www.scirp.org/
http://www.scirp.org/
http://papersubmission.scirp.org/paper/showAddPaper?journalID=478&utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ABB/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AM/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJPS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AJAC/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/AS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/CE/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ENG/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/FNS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/Health/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JCC/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JCT/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JEP/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/JMP/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/ME/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/NS/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
http://www.scirp.org/journal/PSYCH/?utm_source=pdfpaper&utm_campaign=papersubmission&utm_medium=pdfpaper
mailto:submit@scirp.org

	A General Criterion of Choice, with Discussion of Borch Paradox
	Abstract
	Keywords
	1. How to Include Dispersion of Utilities into a Unidimensional Criterion of Choice between Prospects
	2. Some Observations about the Borch Paradox
	3. Conclusion
	References

