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ABSTRACT 
Due to the increasing amount of photovoltaic (PV)-based power generation being connected to power systems, issues 
pertaining to the integration of the PV-based generators have attracted intense attention. In this connection, the design of 
a PV-based stabilizer for enhancing power system dynamic stability is examined. The damping action is achieved through 
the independent control of real power flow from the stabilizer and voltage at the point of common coupling between the 
stabilizer and grid system. The stabilizer system is designed based on classical frequency response technique. Robustness 
of the proposed control strategy in enhancing network dynamic stability is demonstrated through computer simulation. 
 
Keywords: PV Damping System, Power Oscillations, Damping Ratio 

1. Introduction 

Due to the increasing energy consumption, diminishing 
fossil fuel-based energy reserve and the concern for the 
environment, development for renewable energy sources 
has progressed at ever greater pace in recent years. In this 
regard, harnessing the energy from the sun using photo- 
voltaic (PV) system has received much support [1,2]. 
Normally, the PV generation system operates under the 
maximum power point tracking (MPPT) mode so as to 
extract the maximum amount of energy from the sun [3-8]. 
Unfortunately, thus far the relatively high cost of the PV 
generation system has acted as a barrier to large-scale 
application of the renewable technology. In order to en-
hance the attractiveness of PV system, one possible way 
would be to extent its functionality so that it can be used 
to serve additional utility functions. 

In pursuing this possibility, one notes that a most funda-
mental challenge to power system control is to suppress 
undesirable system oscillations initiated (for example) due 
to some network switching actions. The scale of the oscil-
lating power component is often small initially, compared to 
the level of the transferred power. However, if no appropri-

ate control action is taken, the undamped oscillations can 
endanger the operation of the network. Networks which 
contain weakly coupled transmission links operating under 
heavy load transfer conditions are particularly prone to this 
type of problem [9-12]. In this regard, the proposed PV 
system to be considered in this paper is intended for pro-
viding the ability to enhance network dynamic stability. It 
will be shown through detailed analysis that the inverter 
within the PV-based stabilizer system can exercise inde-
pendent real and reactive power flow controls which will 
lead to enhanced system damping. 

The paper is organized in the following manner. In Sec-
tion 2, a description of the PV damping system is given. 
The analysis of the PV damping action is described and the 
design of the control system shown in Section 3. Digital 
simulation results, based on PSCAD/EMTDC, are pre-
sented in Section 4 to illustrate the efficacy of the scheme. 

2. Description of the PV Damping System 
Similar in structure to the conventional photo-voltaic 
generator as described in e.g. [5,6], the main hardware 
components of the PV-based stabilizer system includes 
the PV panel, inverter system, filtering reactor, and step- 
up transformer for grid connection. The schematic of the 
PV-based grid-connected stabilizer system is shown in 
Figure 1. The PV panel converts the harnessed solar 

*This work was supported in part by National Natural Science Founda-
tion of China under Grant 50977050 and 50823001 and BP Alternative 
Energy Ltd. 
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Figure 1. Schematic of the PV-based grid-connected stabi-
lizer system 
 
energy directly to electrical power and the outputs DC 
voltage Vdc is converted to AC voltage through the in-
verter system. The inverter system consists of fast 
switching IGBT, usually operating under PWM scheme. 
The switching pattern of the PWM is governed by a con-
troller acting on the input three-phase AC voltages ea, eb, 
ec and currents ia, ib, ic, as shown in the figure. 

The inverter of the PV damping system acts as a voltage 
source converter (VSC). As in a standard VSC, by ad-
justing its modulation index and the phase of the VSC 
terminal voltage with respect to the grid-side voltages, 
real and reactive power outputs of the VSC can be inde-
pendently controlled [13,14].  

The typical V/I characteristics of a solar cell and that 
relating its output power PPV with Vdc are as shown in 
Figure 2 [3,4,6]. The figure shows that there is a maxi-
mum output power (Ppvmax) operating point. Based on the 
PPV – Vdc characteristics, it will be necessary to operate 
the PV damper with its output voltage Vdc within the 
range Vm ~ Voc. In this way, Vdc will then undergo a much 
smaller change when the PV output power PPV changes. 
This is necessary as the PWM converter can only operate 
effectively within a limited Vdc range. The capacitor 
shown in Figure 1 and connected across the DC-link acts 
as an energy storage device so that the voltage Vdc can 
be maintained the range. Furthermore, when the PV 
damper acts to suppress network oscillations, the excur-
sions in PPV would be equally likely to move to either 
side of its steady state value. Hence, it is proposed that 
the PV damper is to operate with its steady-state Vdc set 
to produce an output power Ppv0 = 0.5Ppvmax. In this 
manner, while Ppv0 is only at half of the maximum pos-
sible, this operating state is nevertheless accompanied by 
an attractive PPV swing range which can be used to ad-
vantage in enhancing network stability, as will be shown 
next. 

3. Analysis of the PV Damping Action 
The damping characteristics offered by the PV system can 
be illustrated using the classical lossless single-machine- 
infinite bus (SMIB) power system shown in Figure 3. The  

 
Figure 2. Typical PV current-voltage, voltage-power char-
acteristics and the regulated operating range of the damp-
ing system 
 
corresponding equivalent circuit is shown in Figure 4. The 
use of SMIB example is to facilitate analysis and to dem-
onstrate the beneficial effects of the PV damping system, 
without having to resort to complicated mathematical 
analysis. Note that the PV is connected at an intermediate 
bus M, which divides the transmission link between the 
generator and the infinite bus into two sections. It is as-
sumed that the PV-based stabilizer system contributes 
toward meeting only a small part of the load demand at the 
infinite bus. This is a realistic assumption as one would not 
expect the PV system is the major source to meet the power 
demand at the infinite bus. Instead, it will be more mean-
ingful to examine how the PV system would enhance 
network stability, when the power system is subjected to 
small disturbances. The stabilization function is thus an 
additional benefit that can be extracted from the PV system. 

In Figure 4, δ denotes the rotor angle of the generator 
with respect to the infinite bus, and '

qE  represents the 
generator EMF behind the machine transient d-axis reac 
tance xd’. Hence x1 would be the sum of xd’ and the line 
reactance between the generator terminal and bus M. φ is 
the phase difference between bus M voltage Vm and that of 

'
qE . Pe + j Qe, Ppv + j Qpv and Ps + j Qs are the respective 

real and reactive power flows at the generator, PV and 
infinite-bus terminals. The PV-based stabilizer is rep- 
resented by the inverter which has the output voltage 

vV ∠ ( )δ j + β− . Vs is the voltage of the infinite system bus. 
 

 

M 

PV panel 

pvpv jQP +  

 
Figure 3. A SMIB system incorporated with a PV damping 
system 
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Figure 4. Equivalent circuit of the SMIB system with the 
PV-based stabilizer 
 

A simplified 2nd-order linearized model of the power 
system is used in which the generator excitation and 
governor control actions are neglected [9], viz.: 

0
d δ
dt

ω ω∆ = ∆                (1) 

1 ( )
2 D e

d K P
dt H

ω ω∆ = − ∆ − ∆          (2) 

where δ∆  and ω∆  denote the generator rotor angle 
and speed deviations respectively, H  is the generator 
inertia constant, eP∆  is the deviation of the generator 
electrical output power, DK  is the machine damping 
torque coefficient and ω0 is the synchronous speed. From 
the network equation, Pe is given by   

1

sin
'
q m

e

E V
P

x
φ=               (3) 

Laplace transform (1) and (2) with the operator s, one 
obtains 

2 0( ) ( ) 0
2 2

D
e

Ks s P
H H

ω
δ δ∆ + ∆ + ∆ =         (4) 

Also apply power balance at bus M,             
'

1 2

sin sin( )q m m s
pv

E V V VP
x x

φ δ φ+ = −          (5) 

As the focus of the analysis is on the small-signal re-
sponse of the power system, one could make use of the 
linearized version of (3) and (5) around the nominal op-
erating point to obtain 

' '
0
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1 1
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E V E
P V

x x
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  (7) 

Note that in (6) and (7), symbols with the subscript “0” 
denote the nominal operating states of the variables. From 
(6), ∆ϕ can be expressed in terms of eP∆  and mV∆ , 

01
'

0 00 0

sin
coscos e m

mq m

x
P V

VE V
φ

φ
φφ

∆ = ∆ − ∆       (8) 

Substitute (8) into (7), (7) can be rewritten into the form 

e a pv b m cP C P C V C δ∆ = − ∆ + ∆ + ∆         (9) 

where  
'

2 0
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Equations (1),(2) and (9) can be represented by the 
block diagram shown in Figure 5. In adopting this model, 
Ca, Cb and Cc are constant for a given network condition. 
To improve on the overall dynamic performance of the 
power system, the next task is to design the PI feedback 
control systems to achieve specified objectives through 
the judicious selection of parameters k1-k4, as follows. 

3.1 Design of the Vm Feedback Controller 
In terms of design procedure, one should design the Vm 
feedback loop first because it corresponds to the case 
when Ppv = 0 (case of no solar power input). The design 
problem is therefore to determine the values of k2 and k4 
shown in Figure 5 such that the closed-loop system is 
well-damped. Firstly examine the open loop transfer 
function mV∆δ ∆ . The method is based on the well- 
known frequency response technique. Consider the case 
when the Vm control loop in Figure 5 is opened, as shown 
in Figure 6. 

From Figure 6, the open loop transfer function of δ∆  
referring to mV∆  is: 

 

  ∆ω
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Figure 5. The block diagram of the power system model 
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Figure 6. Open-loop transfer function δ∆ ∆ mV  
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For convenience, denote mVδ∆ ∆  as G(s). According 
to the basic frequency response technique, after adding the 
Vm feedback controller, at the cross-over point cS = jω , the 

desired system open-loop gain should be 4
2( )

kk
S

+
0

( )S G s
ω

 

1=  and the phase angle should be ( 180 PM− +o ),where 
PM is the desired phase margin at the cross-over point. 
Thus, 

( 180 )4
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G

k Sk M e e
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θ
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o
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GM and Gθ  are the gain and phase angle of G(s) at the 
frequency cω= ω . Therefore (11) can be written as 

4
2

0
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cos( 180 ) sin( 180 )

c
G G G

c

jk
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ω
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Separate the last equation into its real and imaginary 
parts, k2 and k4 can be derived  

0
2

sin( )G

c G

PM
k

M
ω θ

ω
−

= , 0
4

cos( )G

G

PM
k

M
ω θ− −

=   (12) 

Generally, a good damping factor ξ  of closed-loop 
system is 0.707, the necessary phase margin PM should be 
approximately 70°. To obtain the desired phase margin, it 
is usual to make the targeted phase margin a few degrees 
higher (say by 5°). This is because the Vm feedback control 
introduces an additional zero to the system. The zero will 
make the final cross-over frequency cω  slightly higher. 
The recommended PM is therefore 75°. 

Once knowing cω , GM and Gθ , (12) permits k2 and k4 
to be readily determined. 

3.2 Design of Ppv Feedback Controller 

Suppose the Vm feedback controller has already been 
designed and is in service. Consider the case when the Ppv 
control loop in Figure 5 is opened, as shown in Figure 7. 

From Figure 7, the open loop transfer function of ∆δ  

referring to pvP−∆  is: 

 0
2

2 0 42 ( )
a

pv D b c b

C
P HS K C k S C C k

∆
=

−∆ + + + +
ωδ

ω
  (13) 

For convenience, denote ( )PvP∆ −∆δ as G’(s). Using 
the same reasoning as before, after adding the Ppv 
feedback controller and at the cross-over point '

cS j= ω , 

the desired system open-loop gain should be 3
1

0

( )
k Sk
S ω

+  

' ( ) 1G s =  and the phase angle should be ( 180 PM− +o ) 
where PM is the desired phase margin at the cross-over 
point. Thus, 

'' ( 180 )3
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θ

ω
     (14) 

GM  and Gθ  are the gain and phase angle of G’(s) at 

the point '
c=ω ω . Separate the above equation into its real 

and imaginary parts, k1 and k3 can be derived 
'

0
1 ' '
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PM
k
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−

=
ω θ

ω
, 

'
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M
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=
ω θ

  (15)  

Based on similar design consideration as that in Sub-
section 3.1, with known '

cω , '
GM and '

Gθ , (15) permits k1 
and k3 to be evaluated. 

4. Illustrative Examples: Response under  
Small Disturbances 

In order to assess the controller design shown in the pre- 
vious section, simulation studies have been carried out. 
  Extensive study has been carried out using the SMIB 
example but in this paper, only the results of a small dis-
turbance is simulated by introducing a 0.05 p.u. step in-
crease of the input mechanical power of the generator at1s 
will be presented. The time response will be studied under 
two modes: 1) Mode 1 corresponds to the case with only 
Vm feedback control loop; 2) Mode 2 represents the case 
with both Vm and Ppv feedback control loops. The study 
will be carried out for the following operating con- 
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Figure 7. Open-loop transfer function ( )PvPδ∆ −∆ , with 
Vm control loop closed 
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(a) 
 

 
(b) 
 

Figure 8. Power system response following a step change of 
the generator mechanical power with Vm feedback control 
 
dition: Pe0 = 0.32 for all 2 modes. 0 0pvP =  for mode 1 
Ppv0 = 0.24 for Mode 2.  

Time response plots of rotor speed variation ∆ω and 
angle variation ∆δ following the disturbance are as shown 
in Figures 8 and 9, corresponding to the system operating 
under Modes 1 and 2 respectively.  

From the results of Figure 8, it is shown that the gen- 
erator rotor oscillations following the power increase 
disturbance have been suppressed when only Vm is con-
trolled under Mode 1, i.e. via the control scheme de-
scribed in Section 3 via (9). This means that the system 
damping is effective even when there is no sunlight, and 
the PV system acts as a conventional STATCOM. Oscil-
lations are damped out even more quickly and effectively 
when both Ppv and Vm are controlled through the feedback 
strategies described in Section 3 via (9) (Mode 2). Thus it 
confirms the PV damping system with the proposed con- 
trol strategy is effective in suppressing power system 

 
(a) 

 

 
(b) 

Figure 9. Power system response following a step change of 
the generator mechanical power with both Vm and Ppv  
feedback control 

 
oscillations. 

5. Conclusions 
Unlike the conventional PV generation system which is 
only intended to harness energy from the sun, the pro-
posed PV scheme has the added advantage for it is de-
signed to provide damping control following disturbance. 
A theoretical analysis is provided in showing how im-
proved damping is achieved. The proposed PV-based 
stabilizer system includes real power feedback and the 
voltage control strategy and is shown to be effective in 
enhancing network dynamic stability. 
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ABSTRACT 
This paper designed the loop-locked SVPWM control system of current source inverter (CSI) in the battery pack 
charging/discharging system. The battery pack is sensitive to the charging/discharging current ripple and orders the 
current posess fast transform speed. Because the battery pack has tiny inner resistance, back electromotive force and it 
acted as a comparative load. This made the system hard to design. The control system aimed at the specialty of the battery 
pack load and put forward a loop-locked control method based on dq coordinate conversion in SVPWM converters. It 
increases the transform efficiency by SVPWM and gets high power factor and high dynamic response quality by dq 
coordinate conversion. 
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1. Introduction 
When the battery pack is tested, it needed to be charged 
and discharged by its testing system converters. There are 
special requirements to the converter when the battery 
pack is tested. First, the battery pack is a sensitive load to 
the converters. When it is charged/discharged, it requires 
the converter of its testing system to output low-ripple 
current which has fast response speed. Second, the power 
grid ordered the converter to be a green grid that validates 
the properties of high power factor and high conversion 
efficiency [1,2]. 

But the inner resistance of the battery pack is very small 
and it has back electromotive force, when the converter’s 
output voltage is applied on the battery pack, even if the 
voltage has very little ripples, the current through the 
battery will be large. Researches showed that both the 
phased-inverter and the PWM inverter have the problem 
of outstand current ripple when they are used in battery 
pack testing [3]. In order to output the regular testing 
current, traditional way is to use linear regulator converter 
[4]. But the linear regulator has many disadvantages, such 
as the low power factor, large power cost et al. With the 
development of battery’s pack-making technique and its 
specific energy, the battery testing system is requested to 
be of high-capacity. Traditional linear regulator mode 
system can’t satisfy the request of the convert-technique. 

This paper bring forward a current source PWM con-

verter structure which suits for charging/discharging of 
battery pack, demonstrating the control strategy of current 
source PWM converter based on dq transformation. It can 
satisfy the request that the battery pack testing ask for 
convert technology. 

2. Converter Structure and Work Theory 
For a long time, the study on CSI is much more less than 
the voltage source inverter (VSI). Most important reasons 
are that the circuit structure needs big inductance for en-
ergy storage and control mode of CSI is more complexity. 
But when we test the battery pack, converter’s output 
voltage is demanded to accommodate the battery pack in a 
range of 0- NU , the voltage source PWM rectifier can 
offer a fixed DC voltage which is higher than the voltage 
of power grid. In some conditions that request output DC 
voltage be lower than power supply, we need a Buck- 
typed circuit. Or else it’s difficult to realize the design of 
rectifier [5]. CSI offers a steady DC current. Its voltage 
can be lower than the voltage of power grid. It also has 
rapid dynamic response when used as DC power, and is 
convenient for running in four quadrants [6]. It shows that 
the CSI is more suitable to the design of the rectifier in the 
battery pack testing system than voltage source PWM 
rectifier. 

According to steady vector connection of AC side of 
voltage source PWM rectifier, if battery is charged through 
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rectifier, the power grid voltage is parallel to the current 
vector and reverse. At this time, power grid side of recti-
fier show a negative resistance, power grid absorb positive 
power, realize the high power factor of battery power to 
feedback to network [7], (see Figure 1.) The CSI can 
change the output voltage polarity, but can’t change the 
flow direction of output current. So it can’t discharge 
battery directly through changing the direction of current 
as voltage source PWM rectifier does. From the above, 
this paper brings forward a current source PWM con-
verter structure which suits to charge/discharge battery 
pack, such as Figure 2. 

1CT ~
4CT  are thyristors which 

are used to realize the battery polarity conversion between 
charging and discharging. In this way, when the battery 
pack is tested, the double-flow of energy is realized. 
When dictate current of space current vector and voltage 
of AC side are in-phase, PWM rectifier is in state of recti-
fication, 

1CT  and 
4CT  are cut over and the battery are 

charged. When dictated current of space current vector 
and voltage of alternating side are in reverse phase, PWM 
rectifier is in state of active conversion, 

1CT  and 
3CT  

conduction are cut over and the battery are discharged. In 
this time, current and voltage of alternating side of con-
vertor are in reverse phase, network absorb positive 
power, battery power is feedback to network of high 
power factor. 

Conventional current space vector distribution is 
showed in Figure 3. 

The three phase current space vector can be described 
as 
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Figure 1. PWM converter stable vector relation of AC side 
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Figure 2. Converter topology of battery pack testing system 
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Figure 3. Current space vector distribution 

 
Three phase CSI current space vector modulation 

equate the composite vector to reference current by ap-
propriate current space vector kI  (k = 1~9). All of the 

reference current *I  in arbitrary sector can be compo-
sited by current space vector on the side of the sector. 

3. Design of Control System 
The primary control purpose of the battery pack testing 
system is that: first, regulate current of DC side to fix the 
tracking parameter; second, gain a demanded power fac-
tor and low harmonic content current. Indirect control 
arithmetic rely on the parameter of CSI main circuit, 
once the parameter change, the control performance of 
the current of AC side must be influenced. Direct control 
of the three-phase CSI current of AC side is through 
network side current’s track trajectory closed loop con-
trol. Then operate the alternating current input dictation 
current number and bring in alternating current feed back 
to follow dictation current through direct control of al-
ternating current. As the closed loop control also have a 
suppression to the disturbance in the control loop, to the 
in DC control, current control of alternating side im-
proved the function of dynamic state and static state by 
using DC control. 

This paper used DC control method which based on the 
three-phase SCR three-valued logic PWM control. PWM 
rectifier adopts the SVPWM control mode, because it 
have a high current efficiency and fast response. Main 
circle and control structure which based on dq coordinate 
conversion to SVPWM converters in the battery pack 
testing system as Figure 4. 

The outer loop is DC current control loop. The output 
*
qi  of outer control loop is positive current dictate of inner 

loop. The meaning of '
ai , '

bi , '
ci  is the Per Unit System 

of AC side. Current ai , bi , ci  which is in three-phase 
staticsymmetric coordinate system. If we take abc-dq0  
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Figure 4. Control structure of current source PWM con-
verter for the battery pack testing system 
 
transform to them, we gain the '

di  and '
ai  in syn-

chronous revolution coordinate system. Comparing the 
'
di  to reactive power component dictate *

di , '
qi  to ac-

tive power component, we will gain the active power 
component and reactive power component dictate 
through regulator. 

When rectifier worked in a unit power factor, the reac-
tive power component dictate is zero, active power com-
ponent output by outer control loop. The order of outer 
control loop is to fix the DC side current dci . The order 
of inner control loop is to ask the current di  and qi  to 
keep up with *

di  and *
qi  and to realize the unit power 

factor and low harmonic current control.  
Now we research the structure of three-phase CSI main 

circuit, for short, we take one phase for example, circuit 
structure is showed in Figure 4 [8,9]. 

According the literature [5], we know network side 
current is formed of two part, one is response to power 
grid voltage ( )sE s , the other is response to AC side 
current. Commonly, PWM equipment can be seen as a 
self-tuning one-order inertial segment. ( )PWMW s ≈  

1
PWM

PWM

K
T S +

, when sT  is small enough, i.e. 1sT <<ω , the 

PWM equipment can be seen as a proportional component 
that gain is PWMK . 

When the switch frequency is outclass the fundamental 
wave frequency in single-phase CSI network, neglect the 
harmonic in AC side current ( )tI s . only take funda-
mental wave into account. System transfer function  

si

se

L

C
cv

ti

+

−
dcv
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Figure 5. Single-phase CSI circuit transfer structure 

 
is single-variable input and single-variable output. When 
the power grid voltage fixed, we can neglect the influence 
that it’s ripple produced to the control system. The simpli-
fied system two-ring deliver fabric is showed in Figure 6. 

3.1 The Design of Current Inner Control Loop 
For the three-phase CSI control system, consider the re-
lation between the variable of single-phase. From Figure 
4, because there are two energy store element L, C, the 
inherent transfer function of the inner loop is [10,11] : 

1 2
1 2

1 1( )
( 1)( 1)1

W s
s sLCs RCs

= =
+ ++ + τ τ

   (1) 

So the inherent transfer function of the inner loop is a 
2-order system. The damping ratio ξ  and oscillating 
angular frequency nω  are,  

2
R C

L
=ξ                   (2) 

 1
n LC

=ω                   (3) 

To design a three-phase CSI control system, first con-
sider one phase. As there are two Energy-Storage com-
ponent in Figure 4, the AC side current inner loop sys-
tem’s static transfer function is  

1 2
1 2

1 1( )
( 1)( 1)1

W s
s sLCs RCs

= =
+ ++ + τ τ

    (1) 

The inner loop system’s inherent transfer function is a 
second-order system, it’s resistance ratio and oscillation 
angular frequency are: 

2
R C

L
=ξ                   (2) 

1
n LC

=ω                (3) 
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Figure 6. Simplified system two-ring deliver fabric 
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Bring the battery’s data to Formula (2), then 0 <  
1ξ < . So this 2-order system is a periodic damping 

system. Its two characteristic roots are,  

2
1,2

0

1

sin( )
n n n d

t

s j j

j Ae t−

= − ± − = − ±

= + = +α

ξω ω ξ ξω ω

α β β ϕ
    (4) 

where 21d n= −ω ξ ω  is the damped oscillation fre-
quency. 
where τ  is little, β  is little, so sin n<<βτ ω , then 
the imaginary part of the characteristic root can be ig-
nored. Only consider the real par, so  

1,2 2
RC

≈τ                  (5) 

Then the inner loop system’s inherent transfer function 
is simplified as 

 1 2
1

1( )
( 1)

W s
s

=
+τ

 ( 1 2 / 2RC= =τ τ )      (6) 

In order to attain a good current follow-up control 
performance for current inner loop, we can set the cur-
rent inner loop control system with simple model 1. 
Aimed at simplified inner loop control system transfer 
function’s inherent bi-inertial sector, inner loop control 

1( )R s  can use PI regulator. 

pi pi
1 pi

pi

( 1)
( ) ( )

K s
R s W s

s
+

= =
τ

τ
          (7) 

Then the open loop transfer function of inner cur-
rent control loop is 

pi pi
1 pi 1 2

pi 1

( 1) 1( ) ( ) ( )
( 1)o

K s
W s W s W s

s s
+

= ⋅ = ⋅
+

τ

τ τ
 

According to the optimal correction method set it to 
be a typical I system. The corrected open loop transfer 
function of inner current control loop is  

1
1

1( )
( 1)oW s

s s
=

+τ
               (8) 

The parameter of inner loop PI controller is 
 pi pi 1K= =τ τ                 (9) 

The transfer function of inner loop is 

1 2
1

1( )
1cW s

s s
=

+ +τ
             (10) 

In the literature [5], the inherent transfer sector of inner 
loop system can be thought to inertia sector. In order to set 
inner loop system to 1 system, we regulate the inner loop 
by integrating device. But if the parameter of integrating 
device is big, the response will be slow; if use PI of PID 

rectifier, can reduce the static deviation and have a fast 
response. So in this paper, we adopt the PI rectifier. 

3.2 Design of Current Outer Loop Rectifier 
According to the transfer function of the inner current 
loop, because the resistance R of AC side is tiny, so 

2
1 2cτ ω << 1 .where 2cω  is the stop frequency of outer 

current loop. The transfer function of the inner current 
loop can be simplified as: 

1
1( )

1cW s
s

=
+

              (11) 

when the power grid voltage is steady, the disturbance 
of power grid voltage Es(s) and DC current EL(s) can 
be neglected. The transfer function from si  to dci  is 

PWM

dc dc

-mK (Ls + R)
L s+ R

, The transfer function of the inner cur-

rent loop is, 

2 2
( )1( ) ( )

1
PWM

o
dc dc

mK Ls+ R
W s R s

s L s+ R
−

= ⋅ ⋅
+

    (12) 

where 2 ( )R s  outer current PI transfer function, m is 
the modulation ratio. 

The outer current control system is set as a typical  Ⅱ
system. 2 ( )R s  is designed by PI controller, its transfer 
function is, 

2

( 1)
( ) ( ) pi pi

pi
pi

K' τ' s
R s W s

τ' s
+

= =      (13) 

where piK' is the proportional gain piτ'  is the lead-
ing time consrant of PI regulator  

The adjusted transfer function of outer current loop is, 

( 1)( 1) 1( )
1 ( 1)

PWMpi pi
2o

dcpi
dc

dc

LmK R sK' τ' s+ RW s Lτ' s s R s
R

− +
=

+ +
  (14) 

when ( ) 1dc dcL / R ω << ,  

2

( 1)( 1) 1( )
1 ( 1)

PWMpi pi
o

dcpi
dc

dc

LmK R sK' τ' s RW s Lτ' s s R s
R

− ++
=

+ +
 (15) 

when L
R

 is little, simplify the system by merging 

little time constant. The transfer function of outer cur-
rent loop is,  

2 2

( ) 1
( )

( 1)

piPWM pi
o

pi dc

Lτ' s-mK RK' RW s
τ' L s s

+ +
≈

+
   (16) 
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Design the outer current loop by typical  system. The Ⅱ
frequency factor h = 5, then h = 5, the transfer function of 
outer current loop is,  

5

(5 )

pi

dc
pi

PWM

Lτ'
R

L LK'
mK R R

 = −

 = − −


       (17) 

4. Research of Emulation 
The testing system charges/discharges the battery pack by 
control of double closed loop emulation designed from 
Figure 4. Parameter of emulation as follows. The phase 
force is 70.7 V. The terminal voltage of the battery is 32 V. 
The energy storage inductance is 3mh. The filter pa-
rameter is designed by 150ω π= , 0.05pA = . the inner 
resistance of the battery is 0.3R =  ohm. the designed 
filter parameter is 1 1.2L = mH, 8800 FC = µ , 2L =  
0.9  mH, the AC side filter parameter 0.3L =  mH, 

880 FC = µ , the step length is 1/51200/20. The PI pa-
rameter of inner current loop is 0.11piτ = , 30piK = . 
The PI parameter of outer current loop is pi' 0.1τ = , 

0.1piK' = . When the instruct current inversed, the polar-
ity of battery inverse, and the current source PWM con-
verter worked at AC inversion state. The battery is dis-
charged and its energy feed back to the power grid. The PI 
parameter of outer current loop is 0.1piτ = , 0.08piK = , 
The PI parameter of inner current loop is 1 0.4piτ' = , 

1 65piK' = , 2 0.4piτ' = , 2 65piK' = . The terminal voltage 
of the battery is 80V, and the other parameter is the same 
with when the battery is charged. 

From the emulation, we can see that whether DC side 
is charging or discharging, there is a low ripple and fast 
response. Through spectrum analysis of testing current, 
we know that the harmonic percent of charging current is 
0.1%, discharging current is 0.05% and this fulfill the 
request of testing current ripple. If network side voltage 
and current are in-phase when charging, network side of 
rectifier show a negative resistance, network absorb posi-
tive power, realize the high power factor of battery power 
to feedback to network. 

5. Experimental Procedure and Discution 
5.1 Experimental Procedure 
In order to validate the correctness of structure and control 
method, this paper have done a sample of current source 
SVPWM convertor based on dq transformation and ex-
perienced with VRLA piles. Main circuit and structure is 
showed in Figure 3. This system used the TMS320F2812 
of TI company as main control CMOS chip and switch 
frequency is 1.6 kHz. The parameter of DC side filter 

 
(a) 
 

 
(b) 

(a) the current and the voltage of the AC side; (b) the current and 
the voltage of the DC side 

Figure 7. Simulation result when the charging current dcI ∗  
= 50A  
 
is same to the emulation parameter. The sample uses a  
9 kW booster to supply voltage. The voltage of piles is 
12.8 V and output voltage of transformer 23.8 V when 
experiencing. It takes use of DL1600 digital oscilloscope 
to observation the result of the experience and copy 
waveform, which was produced by Japanese YOKO-
GAWA Company. The waveform is saved as a *.csv file 
and disposed in MATLAB. The data is analyzed by FFT 
to certify the output performance of the filtering result.  

After filtering, the current harmonic of power gride side 
and DC side are all low, for example, if DC side’s current 
harmonic is beyond 0.5%, corresponding, DC near to 
100%. If we put DC and other harmonic current in the 
same histogram, those whose content is lower than 1% 
will be dimness and difficult to see. So DC’s spectrum 
analysis output neglect the DC 0I  which as a consult as 
to observe the other harmonic’s spectrum distribution. 

From the double closed loop charging test, we can see 
that AC side voltage and current are in-phase when 
charging; DC side output a current who has low ripple and 
fast response. When discharging the voltage and the cur- 
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(a) 
 

 
(b) 

(a) the current and the voltage of the AC side; (b) the current and the 
voltage of the DC side 

Figure 8. Simulation result when the discharging current 
dc 100AI ∗ =  

 
rent out phase, the battery’s energy feed back to the power 
grid with a high power factor. 

5.2 Discussion: Analyze of Error 
Analyzing the experiment, there are two main influence, 
inner resistance of filtering inductance and three-phase 
voltage unbalance. 

1) To measure the inductance in this experiment by 
two-bridge method, it’s resistance is 0.1 ohm. Those 
elements who have wastage will make the transmitted 
function pole of filter move left, so influence the propa-
gation properties. As the literature [6] validate, the wast-
age of inductance will influence the filtering performance 
of filter. This is one of the important reason that make 
deviation between the experiment result and emulation.  

But battery pack testing system need a 500A output 
current of rectiformer. We need an inductance with thick 
diameter, a DC with small resistance and the influence of 
transmitted performance to transformer can be neglected. 
So the filter designed in this paper which has small was-
tage, fast response can satisfy the request of battery pack 
testing system.  

2) There are a lot of 2-order harmonics in the spectru-
mof steady State current. Though the experiment realized  

 
(a) 

 

 
(b) 

 

 
(c) 

(a)voltage and current of the power grid side; (b)the test current and the 
converter outputted current; (c)spectrum analysis for the charging cur-
rent 

Figure 9. 5A battery charging test by current source SVP- 
WM converter controlled by 2-closed loop 
 
to make voltage and current in same phase, the current 
waveform of AC side is not perfect sine wave. Through 
measure the three-phase voltage of power, we find a phe-
nomenon that the power in experiment is Three-Phase Un-
balance and the three-phase voltage have thrice harmonic. 
All this will influence the result of the experiment result. 

Some research [7,8] show that three-phase CSI direct 
voltage will produce 6,12,18 characteristic harmonic and 
2,4,8,10 Non-characteristic Harmonic when three-phase 
unbalance. Direct voltage harmonic lead rectifier to pro-
duce DC current harmonic, in reverse, the DC current 
harmonic influence the waveform of alternating current 
current. That’s to say, after PWM control, three-phaseCSI 
DC side’s harmonic current will produce n + 1 harmonic 
current in AC side of rectifier. 

DC 
current 

DC 
voltage 
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(a) 

 

 
(b) 

 

 
(c) 

Figure 10. 5A battery discharging test by current source 
SVPWM converter controlled by 2-closed loop: (a) voltage 
and current of the power grid side; (b) the test current and 
the converter outputted current; (c) spectrum analysis for 
the charging current 
 

From the result of experiment, after filtering, there are 
very little harmonic after 5 in current spectruma analyze. 
This is because that the design of filter’s stop band fre-
quency is 6 order harmonic. The decay to the harmonics 
that the order is bigger than 6 is 6n dB larger per sound 
interval than the 6-order harmonics. So the harmonic 
after 5 will be suppressed , also, harmonic in pass band 
will be suppressed too such as 2 harmonic just because of 
the DC filter we designed have enactment to the mini- 
mum attenuation. 

When network’s voltage is unbalanced, we can sup- 
press the 2-order harmonic through proper control of 
three-phase CSI. Now there already have some research 
about the suppression of 2 harmonic in voltage source 
PWM DC side [9,10]. This method should be brought 

 
 

 
Figure 11. The voltage and current of power grid in 2A, 4A 
SVPWM discharging test 

 
into the CSI. This paper will make this problem as the 
latter research and discuss deeply. 

3) When discharging, the resistance changed and the 
equivalent resistance of charging/discharging is not the 
same [12]. Though this paper realize the double closed 
control in battery pack, there are some different between 
experiment result and emulation result when discharging, 
for example, a long time for system to Response, response 
speed slower than charging experiment. This is because 
the program is not perfect. So, the parameter of double 
closed loop control should be regulated according to re-
sistance when charging. 

5. Conclusions 
CSI assisted with polar switch circuit can realize regula-
tion of output voltage and current, attain the double-flow 
of energy; Double closed loop control system based on dq 
coordinate conversion to SVPWM converters used in the 
battery pack testing system. It’s advantage of “fast re-
sponse, high efficiency of energy conversion, bidirec-
tional converting, high power factor of power grid side. 
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ABSTRACT 

Hydraulic Air Compressor (HAC) is a device which converts hydraulic energy to energy of compressed air. A better 
exploitation of this hydraulic resource is currently investigated. The aim of the current work is to analyze a low head open 
type HAC in terms of compression ratio and HAC efficiency. The performance of HAC is both experimentally and 
theoretically investigated for various air admission system parameters (air tube length and diameter), downcomer length 
and hydraulic head. The results are both presented and discussed. Variation of the mean diameter of air bubbles in the 
downward flow in the downcomer is both determined and investigated. The losses in the whole system are classified, 
investigated and its impact on HAC is discussed. 
 
Keywords: Experimental, Hydraulic Air Compressor, Performance 

1. Introduction 

A Hydraulic Air Compressor is a device that uses the 
energy of a descending flow of water to compress air by 
entraining the air in the water flow as shown in the work 
by Widden et al., [1]. 

Shapiro [2] described a thermodynamic analysis of 
hydraulic air compressor-gas turbine plant. He conducted 
a comparison between HAC-GT system and reference 
conventional gas turbine and hydroelectric power plants. 
He concluded that the novel system will have higher ef-
ficiency, lower cost, lower pollution production, and in-
creased output compared to existing hydroelectric sta-
tions.  

Bidini et al., [3] presented a numerical model of a HAC 
to perform both an energy analysis of the system and to 
study its capability of exploiting natural hydraulic sites. 
They suggested using of isothermal compression in 
HAC's for an efficient energy conversion in combination 
with widely regenerated GT plants.  

Bidini et al., [4] reported a thermodynamic analysis of 
HAC-gas turbine energy conversion systems and com-
pared their performance to conventional hydro-eclectic 
and gas turbine power plants. They concluded that the 
performance levels of such systems are higher comparable 
to those of combined cycle plants. They suggested per-
forming further technical and environmental investiga-

tions.  
Nishi [5] investigated replacing the compression proc-

ess of a regenerative cycle by an isothermal compression 
process by using a hydraulic air compressor. He stated 
that by assuming conventional operating conditions and 
component characteristics, higher thermal efficiency of 
the new system was proved and that about 1.9 times 
greater output can be produced by the HAC-GT than by a 
conventional hydraulic power plant. In addition, he con-
cluded that this system can be applied to improve the 
performance of existing hydraulic power plants as well as 
in planning new plants. 

Rice and Wood [6] stated that HAC compresses gas at 
the expense of hydraulic energy by means of entrainment 
in a downward moving column of liquid with a subse-
quent separation of the air and liquid at a depth. They 
presented calculated performance for the HAC using the 
flow rate and net head combinations typical at small hy-
dropower sites. 

French and Widden [7] presented a hydropower sys-
tem based on siphons in which the pressure of low-head 
water is converted into air pressure. Their analysis sug-
gested that, with careful design of the flow passages to 
minimize losses, efficiencies of 70% or more should be 
achievable. They stated that the economics of the system 
are likely to be attractive owing to the low capital cost of 
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the system compared with conventional water-turbine 
systems. In addition, they stated that a siphon plant is 
suitable, in single-stage form, for heads up to about 1.7 m 
and that for higher heads, the system can be used in two 
or more stages.  

The purpose of the present work is to carry out ex-
perimental and analytical investigation of low head open 
type HAC. In the current work, variation of mean di-
ameter of air bubbles in the downward flow in the 
downcomer is both determined and investigated. The 
losses in the whole system are classified, investigated and 
its impact on HAC is discussed. The performance is both 
experimentally and theoretically investigated for various 
air admission system parameters, downcomer length and 
hydraulic head. The results are both presented and dis-
cussed. 

2. Experimental Test Rig and Measuring  
Instruments 

2.1 Experimental Test Rig 

The High Institute of Energy open-type HAC test rig 
facility; shown in Figure 1 is used in the present work. 
Two (upper and lower) impoundments (tanks) are con-
nected to stilling chamber via two vertical pipes (down-
comer and raiser). A certain amount of air is introduced 
into the water flow through a suitable intake device (air 
tube). Air is entrained into the water flow by the static 
pressure differential existing between the air at ambient 
condition (Section 0) and at the end of the air tube (Sec-
tion 1). Different air admission device arrangements can 
be adopted to ensure the formation of two-phase flow at 
Section 2, which can be considered to coincide with Sec-
tion 1. The stilling chamber is designed to obtain low 
flow velocity, thus allowing the air bubbles to separate 
from the water. Compressed air then gathers in the upper 
part of the stilling chamber and is supplied to the user. 
Leaving the chamber, water enters the raiser pipe (Sec-
tion 5) and, through (Section 6), reaches the final im-
poundment (Section 7). 

2.1.1. Impoundments 
a) Upper Impoundment 

Figure 1 illustrates schematic drawing and main di-
mensions of testing arrangement. Upper impoundment is 
cylindrical tank of 0.54 m diameter and 0.85 m height. 
The tank is fed by water from filling tank; Figure 1, via 
2"(0.0508m) piping. A 2'' ON/OFF valve (No. 1) is fitted 
between the upper impoundment and filling tank. In ad-
dition, over flow pipes are fitted on the side of the upper 
impoundment. The filling tank is mounted such that its 
base is 0.15 m above the upper overflow valve center to 
keep a constant water level in the upper impoundment. 
Both the upper impoundment and filling tank are sub-

jected to atmospheric pressure. 
b) Lower Impoundment 
It is a cylindrical tank having 0.54m diameter and 

0.85m height. It is connected to the stilling chamber via 
a 6m pipe (raiser). Two over flow pipes; Figure 1, are 
mounted on the side of the tank at 0.32m and 0.67m 
from the base of the tank to sustain specific hydraulic 
head (Hy) between the upper and lower impoundments. 
The hydraulic head between the impoundments is the 
driving force that ensures both air compression and the 
overcoming of concentrated and distributed losses. With 
analogy to the upper impoundment and filling tank, the 
lower impoundment is subjected to atmospheric pres-
sure. 

2.1.2. Downcomer and Raiser 
They are two commercial steel cylindrical pipes, each has 
one inch (0.0254 m) diameter. Longer one;  the down-
comer, has two portions, first portion is that below the 
upper impoundment and it has a fixed length of 8 m. The 
second portion (Ydc); Figure 1, is inside the upper im-
poundment and it has a variable length. Values of Ydc 
times the downcomer diameter; (Ydc /Ddc) used in the 
present work are: 9.84, 11.81, 13.78, 15.75, 17.72, 19.68, 
21.65 and 23.62. The shorter pipe; raiser has a fixed length 
of 6m. Tests are conducted for a fixed length of portion of 
raiser inside the lower impoundment to downcomer di-
ameter ratio (Yr /Ddc) of 12.6. The length of the down-
comer to its diameter ratio (Hdc /Ddc) is variable based on 
the portion of downcomer length inside the upper im-
poundment (Ydc). 

2.1.3 Air Admission System 
PVC tubes of different diameters (Dt) and lengths (Yt); 
Figure 1, are mounted in the upper impoundment. Each 
air tube must be thoroughly adjusted to be concentric with 
the downcomer. 

The diameters of  the air tube to downcomer ratios (Dt 
/Ddc) utilized in the present study are 0.55, 0.59, 0.63, 
0.67 , 0.71 and 0.75 respectively while their lengths to 
downcomer diameter ratios (Yt /Ddc) are 1.59,  2.36 , 3.15, 
3.94 , 4.72 and 5.51 respectively. 

Over flow pipes give the ability to change the hydraulic 
head (Hy); Figure 1, giving hydraulic head to downcomer 
diameter ratios (Hy /Ddc) of 59,65,75,79,81 and 94  re-
spectively. 

2.1.4 Stilling Chamber  
Settling chamber; Figure 1, is an air tight steel tank which 
dimensions are 0.5m × 0.5m × 0.6m. The tank has a Pris-
bex sheet mounted on its side to indicate the level of water 
inside the tank. ON/OFF valve (No. 4) is used to release 
the compressed air gathered in the upper part of the set-
tling chamber via air exit tube having ½" (0.0127 m) 
piping. 
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Figure 1. Schematic drawing and main dimensions of testing arrangement 
 
2.2 Measuring Instruments 

The pressure and flow rate for both air and water are 
measured; Figure 1, to study the HAC performance and 
the characteristics of mixing process. The main features of 
the measuring instruments are described in the following 
section. 

2.2.1 Flow Rate Measuring Instruments 
a) Water Flow Meter 

The water flow rate is measured and indicated using a 
transient-time flow meter (Ultrasonic flow meter), Figure 
1. The flow meter characteristics are specified in Table 1. 

b) Air Flow Meter 
The flow rate of the air is measured using air meter unit. 

H34 H45 
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Table 1. Transient-time flow meter characteristics 

Accuracy 1 - 2 % of indicated flow 

Sensitivity 0.015 m/sec 

Zero drift Less than 0.015 m/sec 

Repeatability Less than 0.5 % 

Response rate (damping) From 0.2 sec to 5 min 

Flow velocity range 12.2 m/sec 

Linearity 0.0009 m/sec 

 
Table 2. Specifications of air meter unit 

Type EXTECH Air 
meter Model 407123 
Measured quan-

tity 
Velocity 

Tem-
perature

Range 0.2 – 20 m/sec 
0 to 

50C 

Accuracy (3% + 1d) rdg or  (1%+1d) FS 
whichever is greater 

0.8C 

Resolution 0.1 m/sec 0.1C 

Response time 200 msec 
2 min-

utes 

 
Table 3. Specifications of Pressure transducer 

Specification Range Specification Range 

Measuring 
range 

–1 to 2.5 bar Accuracy   0.75% o.r

Linearity 
  1%,   1 

digit o.f.r 
Operating 

temp. 
0 to 50 oC 

Hystresis   0.09%   

 
This unit is designed to measure air velocity, flow rate, 

temperature, pressure, humidity and heat flow. It may be 
connected to computer and/or printer for accessing 
stored data and printing it. The specifications of the air 
meter, velocity, and temperature measurement are listed 
in Table 2. 
 
2.2.2 Pressure Measuring Instrument (Pressure  

Transducer) 
Pressure transducer is used to measure the pressure of 
compressed air issuing from the stilling chamber through 
ON/OFF valve No. 4. Specifications of the transducer are 
listed in Table 3. The reading of the pressure transducer is 
displayed on the amplifier display unit. 
3. Mathematical Modeling of the Hac 

An analytical, one-dimensional approach assuming iso-
thermal flow in HAC which allows the simulation of its 
operation and evaluation of the complete energy losses 
and presented in previous work by Bidini et al., [3] is 
utilized in this study. The plant configuration shown 
which is incorporated in this study; Figure 1, is an open 
type HAC. Flow in HAC may be represented by the fol-

lowing intervals: 
3.1 Interval 0-1 

The air entrainment process efficiency is described by the 
air-water mass flowrate ratio; μ. 

a wμ m / m                      (1) 

Equations (2) and (3) are used for mass and energy 
conservation equations:  

  1w w dc t wm ρ A - A V            (2) 

2 2
0 1 11

01 012 2
w w

w w

P V VP
+ gH = + + K

ρ ρ

 
 
 

      (3) 

The irreversibility for the water flow is given by the 
inlet losses, represented by the K01 coefficient. Hence, the 
loss for the water flow can be quantified as 

2
1

01 01 2
w

w w

V
Loss m K

 
  

 
            (4) 

The energy conservation equation for an isothermal flow is 
applied to calculate the air flow loss: 

2
0 1

01
1 2

a
a a

P V
Loss = m RT ln

P

    
  

         (5) 

The total energy loss for interval 0-1; Loss01 , is the sum 
of that of water and air flows in the interval 0-1 

01 01 01w aLoss = Loss + Loss             (6) 

3.2 Interval 1-2 

Interval 1-2 is assumed to be of infinitesimal length; 
nevertheless its limiting sections are characterized by 
different physical meanings. The water and air flow 
cross-sections can then be schematically defined as Aw and Adc 
-Aw  respectively. Pressure and velocity at Section 2 can be 
determined by numerically solving the simultaneous non- 
linear system of equations for mass and momentum; Eq-
uations (7) and (8) respectively.  

  2
2 2 2a dc w w r

P
m = A - A V -V

RT
           (7) 

   1 1 2 2 2

2 1 1

t dc t dc a w r

w w w w a a

P A +P A - A - P A = m V -V

+m V - m V - m V


  

  (8) 

where, Vr is the relative velocity between the air bubbles 
and water. It was stated in previous work by Bidini et al., 
[3] that experimental measurements suggested an initial 
value; Vr2 which equals 0.244 m/s. 

3.3 Interval 2-3 

The two-phase flow for the generic volume between Sec-
tions 2 and 3 is analyzed by means of discretization tech-
nique by applying mass and momentum, conservation 
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equations at small volumes of fluid along the downcomer 
pipe. Hence, the solution at the generic depth z is used to 
determine the pressure and velocity at depth z + dz, having 
the incremental values of pressure and water velocity, dP 
and dVw, as unknown quantities. The model suggested by 
Bidini et al., [3]; is presented by Equations (9), (10).  

  
1
6

2
2 0

w

a dc w w r

w
dc w r

w

Pdm = d A - A V -V
RT

m PP= d A - V -V =
RT ρ V P

 
  

                 



      (9) 

     
     

2

2

w w w w w a w r w r

a w r dc dc a dc w

w
w w w dc

m V + dV - m V + m V -V + d V -V

-m V -V = PA - P+ dP A + ρ A - A gdz

V
+ρ A gdz - f πρ dzD

    

   

(10) 

The variation of bubble-water relative velocity; is:  
1
6

2
2r r

P
V = V

P
 
 
 

              (11) 

Two kinds of irreversibility are present between Sections 
2 and 3; wall friction (Loss23w) and friction between water 
and air bubbles (Loss23b) due to the relative velocity; Vr: 

3

23 8

N
w,i

w w dc
i=1

V
Loss = f ρ πD dz  

& 
2

3
23

N
b,i

b b D w r,i
i=1

D
Loss = N C ρ π V

8       (12) 

where, N is the number of segments determined by: 

23N = H / dz                    (13) 

Nb represents the number of bubbles crossing any 
downcorner section, which is constant with z and is cal-
culated as: 

  3
2 2 2 2

6a
b

a W r b

m
N = dz

ρ V -V πD


            (14) 

The mean diameter of air bubbles at Section 1; Dbi is 
determined by imposing the instantaneous equilibrium 
between the drag force and the buoyancy force. 

23 ri D
bi

V C
D =

4g
                  (15) 

where, CD is drag coefficient for a sphere [8]. 
3.4 Interval 3-4 

The discharge loss occurs at interval 3-4 is calculated as: 
2
3

34 34 2
w

w

V
Loss = m K

 
 
 

                (16) 

3.5 Interval 4-5 

In the stilling chamber, compressed air bubbles easily diffuse 
through the water and gather in the upper part of the stilling 
chamber; with a pressure 4P , from where air is delivered to 

the user. The compression ratio;   is defined as  

4 0β = P / P                       (17) 

At the raiser entry, an inlet loss is located (Loss45), which is 
defined by 

2
5

45 45 2
w

w

V
Loss = m K

 
 
 

                 (18) 

3.6 Interval 5-6 

The only flow loss along the raiser is due to water-wall fric-
tion, and is defined as 

2
5

56 2
w

w r
DC

V
Loss = m f H

D
              (19) 

3.7 Interval 6-7 

At the end of the raiser, the discharge loss (Loss67) is evaluated 
from 

 2
6

67 67 2
wV

wLoss = m K               (20) 

Total losses are the sum of air tube loss; Loss01a, down-
comer water inlet loss; Loss01w , water-air bubble friction loss 
along the downcomer; Loss23b, water-wall friction loss along 
the downcomer; Loss23w, downcomer water outlet loss; 
Loss34, raiser water inlet loss; Loss45, water-wall friction loss 
along the raiser; Loss56 , and raiser water outlet loss; Loss67. 

Hydraulic air compressor efficiency; assuming isothermal 
compression in HAC [3], is defined as 

HAC
y

RTlnβ
η = μ

gH
                  (21) 

4. Results and Discussions 

Figures 2 and 3 illustrate values of mean air bubbles di-
ameters computed along the downcomer for specific air 
tube length, hydraulic head and downcomer lenth for dif-
ferent air tube diameters and air tube lengths respectively. 

Figure 2 illustrates the variation of mean air bubbles 
diameter along the downcomer for different air tube di-
ameters for specific air tube length, hydraulic head and 
downcomer length. It may be remarked from the figure 
that the mean air bubbles diameter decreases along the 
downcomer. This may be relied to that as the depth in-
creases; pressure raises hence compresses the air bubbles 
and decreasing their volume. Consequently, the portion of 
the downcomer available for the water flow becomes 
wider, while the velocity progressively decreases. In ad-
dition, it may be concluded from the above mentioned  



20                            Performance Analysis of Low Head Hydraulic Air Compressor 

Copyright © 2010 SciRes.                                                                                SGRE 

 

Figure 2. Variation of mean air bubbles diameter along the 
downcomer for different air tube diameters; Hdc/Ddc= 415.35, 
Hy/Ddc= 59, Yt /Ddc=3.94 

 

 

Figure 3. Variation of mean air bubbles diameter along the 
downcomer for different air tube lengths; Hdc /Ddc= 417.32 , 
Hy/Ddc= 59, Dt /Ddc= 0.63 

 
figure that the mean air bubbles diameter along the 
downcomer in general increases with increasing air tube 
diameter. This may be relied as follows, for specific air-
mass flow rate, increasing air tube diameter, while keep-
ing other parameters constant, leads to a reduction in the 
air velocity in the downcomer. In addition, increasing air 
tube diameter leads to a reduction in the corresponding 
water area in the downcomer which leads to a subsequent 
increase in water velocity and hence relative velocity. As 
it may be observed from Equation (15), the mean air 
bubbles diameter is proportional to the square of relative 
velocity. Hence, increasing air tube diameter leads to a 
corresponding increase in the mean air bubbles diameter. 
Further, experimental results showed that varying the 
downcomer length, Hdc has no appreciable effect on the 
mean air bubbles diameter. 

Figure 3 illustrates the variation of the mean air bub-
bles diameter along the downcomer for different air tube 
lengths; Yt and specific air tube diameter Dt , hydraulic 
heads; Hy , and downcomer length; Hdc. From the above 
mentioned figure, it is may be concluded that the mean air 

bubbles diameter along the downcomer in general de-
creases with increasing the air tube length. This may be 
relied to the subsequent increase in the pressure along the 
downcomer due to the increase of air tube length. Results 
indicated that varying the hydraulic head does not appre-
ciably affect the mean air bubbles diameter. 

As it was stated in [3], the performance of HAC shows 
a marked dependence on the main operational and design 
parameters. Experimental results proved that the losses 
are air tube diameter dependent. Figures 4 to 6 present the 
variation of HAC total losses, air tube loss and down-
comer water inlet loss as percentages to total loss respec-
tively for various air tube diameters and specific down-
comer length, hydraulic head, and air tube length. It may 
be remarked from Figures 4-6 that up to specific air tube 
diameter ≈ 0.71 downcomer diameter, both downcmer 
water inlet loss and air tube loss and hence total loss in 
general decrease with increasing the air tube diameter. 
Further increase of air tube diameter leads to an increase 
in downcomer water inlet loss, air tube loss and total loss. 
Hence, there is an intermediate range of air tube diameter 
which has low total loss. 

From these figures and forthcoming figures concerning 
HAC efficiency, it may be concluded that the air tube-to-  
 

 

Figure 4. Variation of total loss with air tube diameter; Hy 

/Ddc = 59, Hdc /Ddc= 417.32 , Yt /Ddc= 3.94 
 

 

Figure 5. Variation of air tube loss as a percentage to total 
loss with air tube diameter; Hy/Ddc = 59, Hdc /Ddc= 417.32, Yt 

/Ddc= 3.94 
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Figure 6. Variation of downcomer water inlet loss as a per-
centage to total loss with air tube diameter; Hy /Ddc = 59, Hdc 
/Ddc= 417.32, Yt /Ddc= 3.94 
 

 

Figure 7. Percentages of loss in various intervals; Yt /Ddc = 
3.94, Hy /Ddc = 59, Hdc /Ddc = 417.32 
 
downcomer diameter ratio of 0.71 corresponds to the 
highest HAC performance for the current investigation 
limits. 

Figure 7 illustrates the percentages of losses in dif-
ferent intervals for various air tube diameters and specific 
hydraulic head, air tube length and downcomer length. It 
may be concluded from the above mentioned figure that 
while the friction between water and air bubbles due to the 
relative velocity; Loss23b, represents a minor portion of the 
total losses in the HAC, the water-wall friction loss along 
the downcomer; Loss23w and the water-wall friction loss 
along the raiser; Loss56, represent the major part of the 
total losses in the HAC. This may be attributed to the 
friction between water and downcomer or raiser. Experi-
mental results illustrated that the air tube length; Yt , the 
downcomer length; Hdc and hydraulic head; Hy do not 
have a remarkable effect on the percentage losses in HAC. 

To the best of our knowledge, there are no references 
that treat the effect of air tube length; Yt on HAC per-
formance. Figure 8 illustrates the variation of compres-
sion ratio;  with air tube length; Yt for sample of air tube 
diameters; Dt and specific downcomer length; Hdc and  

 

Figure 8. Variation of HAC compression ratio with air tube 
length; Hdc /Ddc= 417.32, Hy /Ddc= 59 

 

 

Figure 9. Variation of HAC efficiency with air tube length 
for various hydraulic heads; Dt /Ddc = 0.63, Hdc /Ddc = 417.32 

 
hydraulic head; Hy. Continuous lines in the whole figures 
of the current work refer to analytical results, while 
dashed lines refer to experimental results. 

Figure 9 presents the variation of the hydraulic air 
compressor efficiency; ηHAC with air tube length; Yt for-
various hydraulic heads; Hy and specific air tube diameter; 
Dt and downcomer length; Hdc. For short air tube lengths, 
the static pressure at the air admission end section would 
be so near to atmospheric that air entrainment would be 
very difficult, this leads to a low compression ratio and hence 
low hydraulic air compressor efficiency as it may be ob-
served from Figures 8,9. Herein, experimental results 
indicated that β and thus η increase with increasing Yt until 
a value equals approximately equals 4.72 Ddc. This may be 
relied as follows, increasing Yt leads to an increase in 
differential pressure across air tube as may be remarked in 
Equation (3) and a subsequent increase in air mass flo-
wrate and hence compression ratio; β. Beyond that value 
of Yt , a decrease in the air bubbles volume leads to a de-
crease in air-water mass flowrate ratio and a subsequent 
decrease in both β and ηHAC. However, the peak value of 
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compression ratio for analytical results corresponds to air 
tube length equals 3.94 times the downcomer diameter; 
which is shifted from the corresponding value for ex-
perimental results. This may be due to the simplified 
analytical model utilized in the current work. 

It may be concluded from Figures 10 and 11 that the 
compression ratio and HAC efficiency slightly increase 
with increasing downcomer length while holding other 
parameters constant. As indicated in previous work by 
Bidini et al., [3], β increases with increasing Hdc and as 
may be remarked from Equation (21), HAC efficiency 
increases with increasing the logarithm of compression 
ratio (). This fact may be observed Figure 10 in which  
increases with increase of Hdc until a value of Hdc nearly 
equals 417.32 Ddc. With further increase in Hdc a flat por-
tion or slight decrease in β is remarked. This may be relied 
to that: the water-bubble friction loss, together with the 
water-wall friction losses in the downcomer and raiser 
increase with increasing Hdc , because of the deeper posi-
tion of the stilling chamber needed to compress the air.  

It may be remarked from the results that increasing the 
air tube diameter up to 0.71 downcomer diameter leads to 
a subsequent increase in compression ratio. This may be 
relied to increasing of air tube diameter leads to an in-
crease in air mass flow rate and subsequent increase in  

 

 

Figure 10. Variation of compression ratio with downcomer 
length; Yt /Ddc = 3.94, Hy /Ddc= 59 

 

 
Figure 11. Variation of HAC efficiency with downcomer 
length for various hydraulic heads; Dt /Ddc = 0.63, Yt /Ddc  
= 3.94 

pressure inside stilling chamber and hence increase in 
compression ratio. With further increase in air diameter, 
the water velocity increases leading to increase in wall 
friction loss in the downcomer and subsequent decrease in 
compression ratio and HAC efficiency. 

It may be concluded from the above figures that the 
efficiency decreases with increasing the hydraulic head 
when holding the other parameters constant. This may be 
reasoned using Equation (21) which indicates that the 
efficiency is inversely proportional to hydraulic head for 
specific air tube diameter (i.e., air-water mass flow rate 
ratio; μ). The observed difference between the theoretical 
efficiencies and those evaluated experimentally in the 
above figures may be relied to the fact that the efficiency 
depends on the actual configuration of the air intake sys-
tem as indicated in previous work by Bidini et al., [3]. 

Figure 12 shows the relation between hydraulic air 
compressor efficiency and compression ratio for various 
hydraulic heads while holding other parameters constant. 

The quiet low efficiency range estimated in the current 
work; which is in any case lesser than 34 percent, is ap-
preciably low compared to that stated in the literature; 
0.50-0.85 [3]. This may be relied to that the air-to-water 
mass flow rate ratio range (0.29 × 10-4 to 1.04 × 10-4) and 
hydraulic head ( 2.4 m) are appreciably lower than the  
 

 

Figure 12. Variation of efficiency with compression ratio for 
various hydraulic heads; Yt /Ddc = 3.94 and Hdc /Ddc= 417.32 
 

 

Figure 13. Effect of temperature on HAC efficiency Hy /Ddc = 
59, Dt /Ddc =0.71, and Hdc /Ddc = 417.32  
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corresponding values in [3], (4 × 10-4 to 8 × 10-4) and ( 
2.4 m) respectively. 

The range of the hydraulic head used in the current 
work may be more efficiently used in a siphon type as it 
was stated in previous work by French and Widden [7] 
that siphon type is suitable for heads up to 1.7 m. 

Figure 13 illustrates the effect of atmospheric tem- 
perature on theoretical hydraulic air compressor effi-
ciency for the range of air tube lengths utilized in the 
current investigation and comparison with efficiency 
evaluated experimentally at atmospheric temperature of 
30ºC for specific air tube diameter, hydraulic head and 
downcomer length. It may be concluded from Equation 
(21) and the figure that the efficiency is proportional to 
theatmospheric temperature. 

5. Conclusions 

In this work, an analytical and experimental investigation 
of a low head open type HAC is reported to analyze the 
performance of the system and to investigate the effect of 
various non-dimensional parameters. The presented re-
sults suggest that the mean air bubbles diameter decreases 
along the downcomer, increases with both increasing air 
tube diameter and decreasing air tube length and not ap-
preciably affected by the downcomer length, Hdc or hy-
draulic head; Hy. It was concluded that the water-wall 
friction loss along the downcomer; Loss23w and the wa-
ter-wall friction loss along the raiser; Loss56, represent the 
major portions of the total losses in the HAC. It was con-
cluded that compression ratio increases with increasing air 
tube length or diameter up to a certain limit (3.94 and 0.71 
downcomer diameter respectively) and decreases with 
further increase in their values. Air tube diameter has the 
same effect on HAC efficiency. In addition it was found 
that both the compression ratio and efficiency increase 
with increasing downcomer length and that beyond a 
certain limit (417.32 times downcomer diameter), com-
pression ratio curve flattens. Low HAC efficiency re-
ported in the current investigation may be due to the low 

values of both hydraulic head and air-water mass flow rate 
ratio. The range of the hydraulic head used in the current 
work may be more efficiently utilized in a siphon type 
which is suitable for heads up to 1.7 m. Further, it is in-
dicated that the hydraulic air compressor efficiency is 
proportional to the atmospheric temperature. 
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Nomenclature 

A Cross sectional area m2 η Efficiency - 

CD Drag coefficient - μ Air-water mass flowrate ratio - 

CP Specific heat at constant pressure J/kg.K ρ Density kg/m3 

D Diameter m    

f Friction factor - ABBREVIATIONS 

g Gravitational acceleration m/s2 HAC Hydraulic Air Compressor 

H Difference in water level m GT Gas turbine 

K Local loss coefficient -   

m  Mass flow rate kg/s Subscripts 

N Number of segments in interval 2-3 - a Air 

P Pressure N/ m2 b Air bubbles 

R Air gas constant J/ kg.K comp Compression 

T Absolute temperature K dc Downcomer 

V Velocity m/s HAC Hydraulic Air Compressor 

W Work J i Segment counter in interval 2-3 , i =1 to  N 

Y Pipe length m j Section j, j = 0,1,2,…….,7 

z Depth m r Raiser, relative 

Loss Loss of power W t Air tube 

   wall Wall 

Greek letters y Hydraulic 

β Compression ratio -   
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ABSTRACT 

The solid propellant gas generators having high gas capacity are widely used for fast pressurization of elastic shells of 
saving devices of different applications. A typical example of such devices are safety system of automobile (airbags). After 
collision of an automobile with an obstacle the combustion products of gas generator fill the shell during 60 – 100 
milliseconds. However the temperature of combustion products even of “low-temperature” fuel compositions of gas 
generators appears not below 1500К and to reduce of its it is necessary to apply a various types of porous and filling 
granular filters. There are passive and active granular filters. The passive filter can cool of combustion products as a 
result of absorption of heat only. The active cooling is evaporation of the granule material and in this case takes a place 
more intensive cooling of combustion products in the filter. The numerical modeling of cooling process of high- 
temperature combustion products at their movement in bulk of granular filter of active cooling is investigated. As the 
material of granules was used the carbonate of magnesium. At its heating takes a place process of gasification and 
formation of a porous slag shell which sublimates at higher temperature. The physical model of such spherical granule 
can be presented as the central part consisting of the carbonate magnesium surrounded with the porous slag spherical 
shell through which gaseous products of gasification of the central part are filtered. The problem of distribution of heat in 
each granule is Stefan problem when at the given temperature on the surface of sphere there is the front of gasification 
moving inside of the bulk of material. It is assumed that combustion products are the perfect gas moving in the filter. The 
upwind difference scheme of the second order of the accuracy with TVD properties was applied to calculation of the 
movement of gas. The results of calculations at various values of key parameters of the active and passive filters allow to 
draw a conclusion about enough high efficiency of active cooling filters. 
 
Keywords: Mathematical Modeling, Granular Filters, Heat-and-Mass Transfer 

1. Introduction 

The gas generators with a solid-fuel propellant, which 
possess a high gas output, have gained a widespread ac-
ceptance in the devices for a rapid supercharge of elastic 
shells applied in various life saving devices. The devices 
for car safety (air bags) are the typical examples of such 
devices, in which the supercharge of safety cushions 
protecting the driver and the passengers from traumas in 
accident situations must occur during 60-100 milliseconds. 
The temperature of combustion products of even “low- 
temperature” fuel compositions of such gas generators, 
however, proves to be above 1500 К, and to reduce it to 
acceptable values, which do not burn through the material 
of walls of elastic inflated shells, one uses various porous 
and filling granular filters. The filling granular filters with 
a granulated material of the so-called active cooling are 
sufficiently promising for such purposes. In such filters, 

the material of granules may decompose at their heating 
thereby contributing to a more intense cooling of the 
combustion products both at the expense of heat absorp-
tion at the evaporation of granules and at the expense of 
mixing of low-temperature gaseous products of the de-
composition of granules with high-temperature combus-
tion products of the gas generator. At present, the com-
putations of the performance of such filters are carried out 
within the framework of engineering approaches based on 
the use of balance relations closed by various empirical 
dependencies. 

2. Physical and Mathematical Models of the  
Filter Functioning 

The magnesium carbonate was considered as the material 
of granules. A simplified kinetic scheme of such a gran-
ule was accepted as a model of the granule destruction. 
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The magnesium carbonate gasification with the forma-
tion of porous shells was assumed to occur at the gran-
ule heating, and this process occurred during two stages. 
The water steam is at first released, and the first slug 
shell forms according to the scheme: 34Mg(CO ) Mg  

2 2 3 2(OH) 4H O 4Mg(CO ) MgO(solid) 5H O(steam),     

then, at a higher temperature, this slug shell decomposes in its 
turn into a solid residual (the second slug shell) and the car-
bonic acid: 34Mg(CO ) MgO   25MgO(solid) 4CO (gas) . 

The following basic assumptions were made at the 
modeling of processes in the cooling chamber with a 
pouring active filter: 
 The filter represents a porous medium consisting of 

spherical granules of the same size; 
 The gasification of the granule at its heating is gov-

erned by a model of the compressing kernel with a solid 
porous frame. The carbon dioxide and the water steam 
are the gaseous gasification products; 
 The combustion products of a solid-fuel propellant 

of the gas generator are represented by a chemically 
non-reactive perfect gas consisting of the mixture of the 
carbon dioxide (the mass fraction 

2COY 0.8 ) and the 

water vapors (the mass fraction 
2H OY 0.2 ); 

 The gaseous medium in the cooling chamber con-
sists of a mixture of the carbon dioxide, water steam, and 
air, which fills the chamber at the initial moment of time. 
The gaseous mixture motion is unsteady, axisymmetric, 
and is governed by the system of the Navier-Stokes equ-
ations; 
 The filter granules are at rest, the exchanges of the 

momentum and energy between the gas and granules as 
well as the mass supply from the granules due to their 
gasification are considered;  
 The alteration of the gaseous phase composition at 

the expense of a diffusion and transfer of non-reacting 
mixture components is taken into account. 

2.1 Mathematical Model of the Granule  
Destruction 

The physical model of a spherical granule of the filter 
may be presented in the form of a sphere with the central 
kernel (Figure 1) consisting of the magnesium carbonate, 
which is surrounded by two porous slug shells (1,2), 
through which the gaseous decomposition products are 
filtered. The entire granule in its initial state is a kernel. 
In the process of its heating, one can identify three main 
stages. The first stage starts from the granule heating at 
the expense of heat exchange with the carrying gas until 
the temperature on its surface reaches the first tempera-
ture of gasification gT . After that, the second stage 

starts-the formation of the first slug shell (1) and the 

 

Figure 1. Scheme of the granule gasification. 
 
gasification front motion towards the sphere center, if 
the heat flux Q  to the boundary of the granule kernel 

(r R)  exceeds its outflow Q inside the kernel. The 

velocity of the gasification front motion is determined 
from the condition p p pr (Q Q ) / (L )    , where pL ,  

p  are the phase transition heat and the kernel material 

density, respectively. When the temperature on the 
granule surface sr R  reaches the second gasification 

temperature g1T  ( g1 gT T ) the slug shell material also 

starts to be gasified. A new gasification front 1r R  

arises, which also moves to the sphere center and forms 
the second slug shell (2). The motion velocity of the 
second gasification front is determined similarly: 

p1 1 1 p1 p1r (Q Q ) / (L )    , where 1 1 p1 p1Q , Q , L ,    are 

the heat fluxes to the gasification front and from it as 
well as the phase transition heat and the density of the 
material of the first slug shell. This is the third stage of 
the process. The radius of the external shell sR  remains 

constant. When describing the gasification process the 
following main assumptions were made: 

1) The difference of the actual granule shape (for 
example, the cylinder) from the spherical shape is taken 
into account by introducing an equivalent sphere diameter 

1/3
eq grd (6V / )  , where grV  is the granule volume. 

2) The gaseous decomposition products are in a 
thermal equilibrium with slug frames. There are no 
chemical reactions and heat sources.  

3) The gas pressure in porous medium is constant and 
is equal to the ambient pressure.  

4) The porous shells are handled as a continuum with 
unified thermophysical characteristics inside it, which are 
averaged for the gaseous and solid phases. 

The problem is considered in the one-dimensional un-
steady formulation, the heat equation is written in the 
spherical coordinate system separately for the kernel and 
porous shells: 

a) The granule kernel 0(0 r R )   
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p p2
p p p2

T T1
C r ,

t r rr

  
      

       (1) 

b) The spherical layers of porous shells  

0 1 1 s(R r R , R r R ,)       

2av s av s s
av2

(C ) T ((m C) T ) T1
r

t r r rr

             
,   (2) 

where the second item on the left-hand side accounts for 
the heat transfer inside the shell at the expense of gaseous 
gasification products, p p pm r    for the first shell 

and p1 p1 p1 p p pm r r       for the second shell, 

p p1,   are the mass fractions of gaseous products at the 

gasification of shells. 
The description of the above three process stages re-

duces to the formulation of various boundary conditions 
for Equations (1) and (2). At the first stage ( sR R ) , 

Equation (1) is solved under the following boundary 

conditions: p

r 0

T
0

r






; 

s

p
p p

sr R

T Nu
(T T )

r 2R


 
  


, 

where T  is the gaseous phase temperature near the 
granule surface; , Nu  are the thermal conductivity 

coefficient of gas and the Nusselt number, respectively. 

The problem is solved until the condition p gr R
T T


  is 

satisfied. At the second stage, Equations (1) and (2) are 
solved jointly under the following boundary conditions: 

p

r 0

T
0

r






; p s gr R 0r R 0

T T T
  

  .      (3) 

The velocity of the motion of the front of the kernel 
gasification is determined from the condition 

ps
p av p p p

r R 0 r R 0

TT
r ( ) / (L )

r r   


    

 
.   (4) 

The new position of the gasification front boundary is 

found from the solution of equation p

dR
r

dt
  . The boun- 

dary condition at sr R  are specified depending on 

whether there is here a gasification of the shell material (the 
third stage) or there is no gasification. If 

s
s g1r R

T T


  (no 

gasification), then the following condition is specified: 

s

s
av s

sr R

T Nu
(T T )

r 2R

 
  


,           (5) 

otherwise the condition 
s

s g1r R
T T


  is specified. If there 

is gasification here (the third stage) the motion velocity of 

the new gasification front is determined from a condition 
similar to (4), but with its values of thermophysical pa-
rameters. According to the accepted model of compressing 
kernel, the granule radius sR  is set constant, and the heat- 

exchange condition (5) is again specified on the granule 
surface. 

The averaged thermophysical parameters of porous 
shells were determined as follows: av pg g(C ) C     

b b(1 )C    ; av g b(1 )       , where   is the mass 

fraction of gaseous products at the gasification of corre-
sponding shells. Gas parameters in porous shells: 

g
0 s g

p

R T / M
  ; 

2

b b
g

g s

r R
u

R

 
     

; g pg
g

C

Pr


  ; 

b b b br , C , ,   is the motion velocity of the gasification 

front of the corresponding shell and its thermophysical 
parameters; p is the pressure in gaseous phase near the 
granule surface. The dynamic viscosity coefficient 
was determined by the Sutherland formula: g   

6 3/2
s

s

1.503 10 T

T 122

 


. A correction to the Nusselt number, 

which is related to the presence of a transverse blowing 
through the surface of the porous shell at its gasification 
was taken into account within the framework of the 

so-called “film” model [1]: J

J 0

Re Pr
Nu

exp(Re Pr/ Nu ) 1



, 

where 

s

g g s
J

g r R

u 2 R
Re



 



, 0Nu  is the Nusselt num-

ber without considering the blowing ( 0Nu 2  for the 

sphere); Pr is the Prandtl number. In the case when the 
particle shape differs from the sphere the value of the 

0Nu  number is to be determined by comparing the 

computed results with experiment. 

2.2 The Model of Gas-Dynamic Processes 

The diagram of a setup for testing the filling granular 
filters is presented in Figure 2. 

It consists of a solid-fuel gas generator, from which the 
high-temperature combustion products enter the cooling 
chamber filled with the magnesium carbonate granules of 
the same size. Since the investigation of processes in the 
cooling chamber was the main objective of the present 
work, it is sufficient to use the balance (zero-dimensional) 
mathematical model (x0x  0) for computing the 
gas-dynamic parameters in the combustion chamber of the 
gas generator 

dV
(G G )

dt  

  ,    p p bG S r   , 



28                            Modeling of Work of Filling Granular Filter with Active Cooling 

Copyright © 2010 SciRes.                                                                                SGRE 

 

Figure 2. Scheme of the experimental setup 
 

1/22/k (k 1)/k
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2
p

dV E
(G Q G (C T u / 2))
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   , 2
vE C T u / 2   

where p p bS , , r  are the total area of the burning surface 
of the fuel, its density, and the linear combustion velocity; 
V, T, p,   are the free volume of the combustion cham-
ber, which varies as the solid-fuel propellant burns out, the 
temperature, the pressure, and the gas density therein; 

vk, C  are the adiabatic exponent of combustion products 
and their specific heat under a constant volume; E, Q  
are the specific internal energy and the heat of fuel com-
bustion; k kF , p  are the area of the outlet section of the 
combustion chamber and the mean pressure in the cooling 
chamber near its left wall. The subscript refers to the para- 
meters in the outlet section of the combustion chamber.  

Gas flow in the cooling chamber ( b c0 x x , 0 r r    ) 
is governed by the following system of equations: 

p p1

u 1
(r v) J J

t x r r

  
    

  
,         (7) 
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,      (8) 

2 2

2

2 2

CO CO
CO

CO CO
p1

Y uY 1
(r vY )

t x r r
Y Y1

( D ) (r D ) J
x x r r r

  
  

  
  

    
   

,     (9) 

A A
A

A A

Y uY 1
(r vY )

t x r r
Y Y1

( D ) (r D )
x x r r r

  
  

  
  

   
   

,         (10) 

2

g

g g

u u 1 p
(r uv)

t x r r x
u 1 u v

(2 ) (r [ ]) u
x x r r r x

   
    

   
    

       
    

,   (11) 

2
g

g
g g 2

v uv 1 p
(r v )

t x r r r
vv u 1 v

( [ ]) (2r ) 2 v
x x r r r r r

   
    

   
     

        
    

, 

               (12) 

2 2

g
g

g g

sg p(H O) p p(CO ) p1 sg

[u( E p)]E 1
rv( E p)

t x r r
T 1 T

( ) (r )
x x r r r

(T T) (C J C J )T ,

    
    

  
   

      
   

   

     (13) 

2 2

2 2

CO H O A
0 g

CO H O A

Y Y Y
p R T

M M M

 
     

 
, g(1 )     , 

0
p p/    ,  g 1    , 

2 2 2p p(CO ) CO p(H O) P p(A) AC C Y C Y C Y   , 

2 2
VE C T (u v ) / 2   , 

where 0
p pE, ,   are the total internal energy, the number 

and physical densities of particles (granules);  

p VC , C , , D  are the coefficients of the specific heats, 

thermal conductivity and diffusion of gas; 
2COY ,  

2H O AY , Y ,  
2 2CO H O AM , M , M  are the mass fractions of the 

carbon dioxide, water steam, and air, respectively, and their 
molecular weights; sgT  is the tempera ture of the granule 

surface. Its value is found from the solution of the problem 
of the heat propagation in the granule (see Subsection 2.1). 

The values of extra gas supplies in Equation (7) at the gasifi-
cation of granules were found from the following expressions: 

 

1
p p

2
p p

D D 2 p
p

2 1

24 4.4
c 0.42, 0.08;

Re Re

d d | U |4 150
C n | U |, C c 1.75 , 0.45; Re

8 3 Re
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, 0.08 0.45,
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2

p p p pJ 4 n r R    , 2
p1 p1 p1 p1 1J 4 n r R    , 

where n is the number of granules per unit volume (it is 
determined from the filter pouring conditions).  
The drag coefficient   is calculated with the aid of a 

linear combination of the Ergan’s formula and the formula 
for the drag coefficient of a sphere [2]: 
where   is the form parameter accounting for the gran-

ule shape deviation from the sphere; pd  is the granule 

diameter.  
The heat-transfer coefficient   was determined by 

the formula of the work [3]. 

p 0.64 0.33
p

d n
Nu , Nu 0.395Re Pr


   


. 

The boundary conditions were specified for system (7-13) 
as follows. At the impermeable walls of the cooling 
chamber, the no-slip conditions and the conditions for heat 
exchange absence were specified. At x 0  in the inlet 
section of the chamber, through which the combustion 
products are supplied from the gas generator ( kr r ,  see 

Figure 1): ku G / F  , v 0  , 
2H OY 0.2 , 

2COY  

0.8 , AY 0 , T T . 

In the outlet section of the chamber ( b bx x , r r ,   see 
Fig. 1), where the outflow of combustion products may 
occur both in the subsonic and supersonic regime, their 
flow rate was specified, which was computed from the 
known gas-dynamic formulas for adiabatic flow 

1/22/k (k 1)/k

at at

p 2k p p
u

k 1 p pRT

      
            

, 

if 
k /(k 1)

at

p k 1

p 2

   
 

(subsonic outflow); 

k 1

2(k 1)p k 2
u

k 1RT


     

, 

if 
k /(k 1)

at

p k 1

p 2

   
 

 (supersonic outflow), 

where atp  is the atmospheric pressure; k is the adiabatic 

exponent for the mixture of combustion products and 
gasification products. Its value was computed by averag-
ing over the nozzle section of the quantity pk C  

p/(C R) , where R is the gas constant of the mixture. 

The “mild” boundary conditions were specified here for 
remaining flow parameters. The cooling chamber was 
assumed to be filled with air under the atmospheric 
pressure at the initial moment of time. 

The upwind second-order LU difference scheme pos-
sessing the TVD properties, which was close to a scheme 

described in the work [4], was applied for numerical so-
lution of Equations (7-13). The interaction between the 
gas and granules was taken into account on the basis of 
the splitting in terms of physical properties. The differ-
ence grid had the size 200 30  in the (x, r) plane, 
which ensured the computation of flow parameters with 
the accuracy of about 5%.  

3. Some Computational Results 

The computations were carried out for the following 
values of the cooling chamber parameters. The cooling 
chamber diameter is 80 mm; the mass of the filter gran-
ules is 0.6 kg. The temperatures of phase transitions for 
the first and second slug shells are gT = 500 К and g1T = 

653 К, the heats of phase transitions pL = 326 kJ/kg and 

p1L = 644 kJ/kg. The mass fractions of the gasification 

products of granules p p10.2, 0.3    . The equivalent 

diameter of the granule pd = 5 mm. The diameter of the 

outlet section of the cooling chamber bd = 7 mm. The 

temperature of combustion products at the cooling 
chamber inlet amounted to 2290 К. The value of the 
adiabatic exponent in the combustion chamber of the gas 
generator k = 1.25. 

Figure 3 shows a comparison of computed results with 
the results of test-bench tests (black circles) in terms of 
the temperature value in the outlet section of the cooling 
chamber. The value gM [g] is the total mass of the 

formed gaseous products of the decomposition of filter 
granules. A fairly satisfactory agreement in the tempera-
ture values points to the performance of the proposed 
physical and mathematical model of the process. The 
amount of gas supply from the gas generator was insig-
nificant, and the pressure level in the cooling chamber 
exceeded only slightly the atmospheric pressure level. 

 

 

Figure 3. Temperature variation at the cooling chamber 
outlet 
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Figure 4. The pressure and temperature variation at x = 0 
in the cooling chamber 
 

The pressure and temperature behavior at the cooling 
chamber outlet at a higher value of gas supply from the 
combustion chamber of the gas generator is shown in 
Figure 4. The pressure drop after the first peak is related 
to the start of the gas outflow through the outlet section 
(the nozzle) of the cooling chamber. A further pressure 
growth is due to an additional gas supply of the gasifica-
tion products of granules. As the intensity of granules 
gasification reduces this gas supply decreases, which 
results in the appearance of the second peak on the pres-
sure curve and in the pressure decrease after it. As the 
solid-fuel propellant of the gas generator burns out the 
fraction of decomposition products of filter granules 
having a lower temperature increases in the gaseous 
mixture, which maintains the temperature at the cooling 
chamber outlet at a sufficiently low level.  

Figures 5 and 6 show a comparison of the character of 
the variation of similar pressure and temperature curves 
for the active and passive filters. It was assumed in the 
case of the passive filter that its material (the same mag-
nesium carbonate) is not subjected to destruction. A 
nearly linear pressure growth in the passive filter after 
the first peak is due to the use in the gas generator of a 
solid-fuel propellant with a so-called progressive com-
bustion surface whose size increases with time. In the 
active filter, the extra gas supply from granules leads 
already to a nonmonotonous character of the pressure 
variation whose mean level proves to be higher than in 
the passive filter (Figure 5). This circumstance also leads 
to a reduction of the work time of the gas generator be-
cause the combustion velocity of the solid fuel increases 
with the pressure growth, and the solid-fuel propellant 
burns out faster. In the passive filter, the diminution of 
the temperature of combustion products of the gas gen-
erator occurs only at the expense of the heat absorptionby 
the filter granules, which leads to a practically linear 
temporal dependence of the gas temperature at the cool- 

 

Figure 5. Pressure variation in the cooling chamber at x = 0 
for the active (1) and passive (2) filters 
 

 

Figure 6. Temperature variation at the cooling chamber 
outlet for the active (1) and passive (2) 
 
ing chamber outlet. In the active filter, the temperature at 
the chamber outlet proves to be much lower as a result of 
the mixing of low-temperature products of the decompo-
sition of granules with combustion products (Figure 6). 

4. Conclusions 

1) The developed mathematical model describes suffi-
ciently adequately the process of the cooling of high- 
temperature combustion products of solid-fuel propel-
lants of the gas generators in the filters of active cooling. 

2) Numerical modeling results showed a higher effi-
ciency of cooling of combustion products at the use of 
active filters in comparison with passive filters. 
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ABSTRACT 

Decision-making toward prudent energy conservation is a primary issue in the power utility management while 
con-ceiving green environment. Presented in this paper are relevant considerations and prudent ways of decision-making 
thereof. Examples are furnished to illustrate the underlying considerations and are discussed using practical examples. 
Specifically green ambient is considered and the underlying payoff resulting from each combination of strategies adopted 
(or courses of action taken) by the technology-option participants is evaluated. Game-theoretic pursuits are followed. 
 
Keywords: Green Building, Power Utility Conservation, Payoff-matrix, Game-theoretic Formulations 

1. Introduction 

Green environment is an eco-friendly ambient. In modern 
civil and environmental engineering point of view, it 
translates into conceiving a building infrastructure, which 
is eco-friendly. Such green-centric ambient involves 
spaial proliferation of green constructions (sustainable 
buildings) and making the surroundings at large with 
processes that are environmentally responsible and re- 
source-efficient throughout the life-cycle of the green 
entities. Making of a green environment starts from siting 
to design, construction, operation, maintenance, reno- 
vation, and deconstruction efforts with eco-friendly fea- 
tures. Relevant approach expands and complements the 
classical building design concerns of economy, utility, 
durability, and comfort.  

The common denominator in forming green ambient is 
to impact human health preservation. This is accomp- 
lished by: Efficient usage of energy, water, and other 
resources; protecting occupant health against any eco- 
related hazards; reducing waste, pollution and environ- 
mental degradation and developing a congenial ambient 
contributing larger employee productivity. 

Green-building/environment concept envisages using 
natural materials that are available locally. Other related 
topics include sustainable design, green architecture, and 
energy efficient buildings so as to bring in harmony with 
the natural features and resources surrounding the site. 
Among several key steps in designing sustainable build- 
ings and environment, generating on-site renewable 
energy and optimization of power utility are very impor- 

tant. Relevant efforts involve prudent decision-making in 
the underlying engineering. The focus of this paper is to 
exemplify related decision-making analyses. 

2. Green Environment Optimization 

The concept of “green” towards sustainable development 
of environment stems from energy (especially fossil oil) 
utilization concerns. The crisis and the environment pollu- 
tion issues of 1970s posed the niche and desire for more 
energy-efficient and environmentally-friendly constructi- 
on practices as well as looking at integrated and syner- 
gistic designs in new and existing infrastructure.  

Associated conservation emphasizes taking advantage 
of renewable resources, for example, using sunlight 
through passive solar, active solar and photovoltaic tech- 
niques and using plants and trees through green roofs, rain 
gardens, and for reduction of rainwater run-off. Also, 
techniques, such as using packed gravel or permeable 
concrete in lieu of conventional concrete or asphalt to 
enhance replenishment of ground water, are directed to 
realize a green ambient. 

The technological practices in realizing a total green 
environment are still infantile, but are constantly evolv- 
ing. Relevant efforts may differ from region-to-region 
globally but, the diversity is unified on siting plus struc- 
tural design efficiency, energy efficiency, water efficien- 
cy, materials efficiency, indoor environmental quality 
enhancement, operations and maintenance optimization, 
and waste and toxics reduction the essence of green 
building and green environment is an optimization of one 
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or more of the above considerations. Further, related syn- 
ergistic design would yield specific and individual green 
concept technologies that may work together to produce a 
greater cumulative effect. 

3. Green Environment: Smart Energy Grid  
Concept 

Largely, on-site renewable energy generation and utiliz- 
ation is recommended in formulating a green ambient. But 
making a large geography green, in essence would require 
smart and intelligent power generation, transmission, 
distribution and utilization efforts. Relevant distributed 
energy resources technology covers application areas of 
integration of distributed energy resources and their in- 
novative aggregation mechanisms for participation in the 
electric system operation. Distributed energy resources 
for integration encompass distributed generation (in- 
cluding renewable generation such as those derived from 
solar and local wind sources, and non-renewable, en- 
ergy-efficient generation resources on or near the loads), 
storagem (including advanced battery-based and non- 
battery-based storage devices), and demand-side re- 
sources (such as smart appliances, electric vehicles (EVs) 
or plugin hybrid electric vehicles (PHEVs), and electrici- 
ty-using equipment in industrial or commercial applica- 
tions engaging in smart grid functions). Smart grid metrics 
for the technology application areas are: 
 Load participating based on grid conditions: fraction 

of load served by interruptible loads, utility-directed load 
control, and incentive-based, consumer-directed load 
control; 
 Load served by microgrids: fraction of entire load 

served by microgrids;  
 Grid-connected distributed generation (renewable 

and non-renewable) and storage: percentage of all gen-
eration capacity that is distributed generation and storage;  
 EVs and PHEVs: percentage shares of on-road, lig- 

ht-duty vehicles comprised of EVs and PHEVs; 
 Grid-responsive, non-generating, demand-side equi- 

pment: total load served by smart, grid-responsive equip- 
ment (smart appliances, industrial/commercial equipment 
including motors and drivers). 

Considering the underlying transmission and distribu- 
tion (T&D) infrastructure, technology application areas at 
the transmission level include substation automation, dyn 
amic limits, relay coordination, and the associated sens- 
ing, communication, and coordinated action. Distribution- 
level application areas include distribution automation 
(such as feeder-load balancing, capacitor switching, and 
restoration), enhanced customer participation in demand 
response, outage management systems, voltage regula- 
tion, VAR (volt ampere reactive) control, geographic 
information systems, data management, and mobile work- 
force management, and improved power quality to meet the 
range of customer needs. Further, smart grid metrics for the 

T&D technology application areas are: 1) T&D system 
reliability: duration and frequency of power outages; 2) 
automation: percentage of substations using automation; 3) 
advanced metering: percentage of total demand served by 
advanced metered customers; 4) advanced system measure- 
ment: percentage of substations possessing advanced 
measurement technology; 5) capacity factors: yearly aver- 
age and peak-generation capacity factor generation and 6) 
T&D efficiencies: energy conversion efficiency of elec- 
tricity generation, and electricity T&D efficiency. 

Related to the above considerations, addressed in this 
paper are methods of decision-making in conserving the 
power/electrical energy toward green ambient creation. 

4. Decision-Making in Power Conservation 

A major issue in smart power grid management under 
green ambient is to make a prudent decision on exercising 
efficient power conservation. Pertinent to such issues, the 
decision has to be made among possible alternatives with 
all the certainty and uncertainty considerations duly taken 
into account. That is, decisions made are dictated by a 
prescribed set of decision criteria. Evolving such criteria 
and heuristically applying them to the problem is attem- 
pted in this paper with relevant examples. 

Decision-making is a crucial aspect of any goalori- 
ented problem. It refers to making the best rational judg 
ment with minimum risk. In engineering the power grid 
management, it involves prudent managerial steps of 
saving the energy by minimizing losses. Hence, relevant 
steps that are involved largely refer to engineering analy- 
ses on choosing the right efforts worthy of implem enta- 
tion. Further, this decision-making involves critical as- 
pects of making judgment on the proper choice of equip- 
ment and systems (specified by the associated techno- 
logical merits and engineering advantages) that lead to a 
tangible green ambient toward sustained energy conser- 
vation. In reality, it goes without saying that, decision- 
making involves both an optimal choice of engineering 
methods and a pragmatic selection of technology that 
matches the environment in hand. The engineering aspects 
of decision-making are aimed at deciding whether it is 
worthy of trying a particular method of taking into ac- 
count of all the oddities of implications. Typically, such 
efforts are based on what is known as the present worth 
analysis. It refers to a decision-process on outcomes of 
feasible alternatives (with reference to a project proposal) 
with selection criterion being the extent of “green effi-
ciency”. The associated task of prudent decision among 
the alternatives involved is to foresee results with 1) a 
maximized result for a given (fixed) input; 2) a minimized 
input leading to a desired (fixed) output and 3) a maxi-
mized difference between the output and the input under 
the condition that neither the input nor the output is fixed. 
The corresponding present worth (PW) of a contemplated 
effort is decided on the basis of the life-span of the am-
bient (say, a green building) specified within a finite pe-
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riod of time. This finite time-period is known as the 
analysis period. Within this analysis period, the useful life 
could be identical in respect of all the possible alternatives 
indicated for a green project; or, it could be different for 
each alternative. Another situation may correspond to the 
analysis period being of infinite extent. Adjunct to PW 
considerations, the other criteria on decision-making in-
volve other factors, namely, success rate of the project 
and eco-friendliness. 

4.1 Statistical Decisions 

Decision-making is often risky, difficult and complex. 
This is because such decisions may have to be made 
mostly with insufficient information. Lack of or sparse 
information is undesirable but often unavoidable. This 
condition of insufficient information depicts the “positive 
entropy” a measure of uncertainty. Such an uncertain state 
will lead to admitting that, different potential outcomes 
may be recognized without reasonable projections of their 
probability of occurrence. This admission portrays the 
implicit risk in the decision made thereof on the outcomes. 
Risk is the extent of variability among the outcomes as- 
sociated with a particular strategy pursued in a business. It 
exists whenever, there is a range of possible outcomes that 
go with the decision and the statistics of such incomes are 
known (in terms of the probabilities of the outcomes). In 
general, efforts that offer higher expected results involve 
greater risk. Further, the risk is directly linked to the util- 
ity. That is, the utility function that measures the extent of 
satisfaction will respond to the extent of risk involved in a 
specific strategy pursued. If the utility function is plotted 
against the risk (for example, dollar expended on a pro- 
ject), there are three possible scenarios: 

1) If the resulting plot is concave, the utility function is 
risk-averse; 

2) A convex graph means that the utility function is 
risk-seeking; 

3) A linear (straight) relation between the utility func- 
tion versus the risk corresponds to a risk-neutral situation. 
Summarizing. 

Further, whenever utility of an exercised effort is 
greater than the expected utility of the effort, the pursued 
strategy is risk-averse. When utility of effort exercised is 
equal to the expected utility of the effort, the pursued 
strategy is risk-neutral; and, when utility of effort exerc- 
ised is less than the expected utility of the effort, the 
pursued strategy is risk-seeking. 

4.2 Risk management in Green Environment  
Efforts 

Power utilities are responsible to defend and protect a 
critical infrastructure against any failure, however mo-
mentary. The utilities are also responsible for making 
prudent investments and focus on minimizing risk. Such 
responsibilities of the power utility operation can be com-
prehended via smart grid systems. An impediment, how-

ever, does exist to the widespread adoption of smart grid 
tech- nology because smart grid technologies have not 
been extensively proven and the existing utility business 
model does not provide enough economic rewards for such 
cut- ting-edge utilities [1]. 

Still, many corporations have adopted the smart grid 
structures and such companies incorporating smart grid 
technologies have put a unique level of investment in a 
variety of technologies. 

5. Decision-Making under Green  
Environment 

A smart grid is an umbrella term that covers moderniza- 
tion of both the transmission and distribution grids. The 
modernization is directed at a disparate set of goals in- 
cluding facilitating greater competition between provid-
ers, enabling greater use of variable energy sources, es-
tablishing the automation and monitoring capabilities nee- 
ded for bulk transmission at cross continent distances, and 
enabling the use of market forces to drive energy con- 
servation. 

Smart meters, one of the smart grid features, serve the 
energy efficiency goal. The approach is to make it poss- 
ible for energy suppliers to charge variable electric rates 
so that charges would reflect the large differences in cost 
of generating electricity during peak or off peak periods. 
Such capabilities allow load control switches to control 
large energy consuming devices such as hot water heaters 
so that they consume electricity when it is cheaper to pro- 
duce. That is, to reduce demand during the high cost peak 
usage periods, communications and metering technolo- 
gies inform smart devices in the home and business when 
energy demand is high and track how much electricity is 
used and when it is used. 

Intelligence in distribution grids will enable small pro- 
ducers to generate and sell electricity at the local level 
using alternative sources such as rooftop-mounted photo 
voltaic panels, small-scale wind turbines, and micro hydro 
generators. As such there could be several utilities com- 
peting at the local level [1]. 

By reducing peak demand, a smart-grid can reduce the 
need for additional transmission lines and power plants 
that would otherwise be needed to meet the demand [2]. 
The ability to reduce peak demand via smart grid-enabled 
consumer demand response/load management can defer 
or reduce the need to build resources that would be unused 
most of the time. A smart-grid can also defer capital in-
vestments by prolonging the life of existing assets through 
enhanced asset management methodologies that exploit 
additional condition monitoring and diagnostic informa-
tion about system components. Thus there are economic 
benefits to utilities to embrace the smart-grid, and it fol-
lows a competitive power utility market will develop from 
its adoption. 

In competitive technology situations, two or more de- 
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cision-makers are involved. The theory of equality applies 
to presuming that each decision-maker of a competing 
technology vendor is as good, intelligent and rational as the 
decision-makers of other competing units. However, each 
decision-player is confronted with the odds of other deci- 
sion-makers’ ploys. Thus, the decision-makers are players, 
the conflicts they face are games and the rationale of their 
competition is referred to as the game theory [3]. To il- 
lustrate the buried concepts of the game theory, it is nec- 
essary first to define and explain certain terms of rele- 
vance: 

Strategies: Alternative courses of action taken by 
game-players. 

Pure strategy: A player adopting the same alternative at 
every play. 

Game of strategy: A game with the best course of ac- 
tion for a player being dependent on what that player’s 
adversaries can do. 

Optimum strategy: Using one alternative or a mix of 
alternatives (that is, using different alternatives) for suc- 
cessive plays. 

Payoff matrix: In two-person games, for example, the 
rows of the payoff matrix contain the outcomes for one 
player, and the columns contents of the columns carry the 
outcomes for the other player. 

Saddle-point: A saddle-point is identified by an outc- 
ome, depicting both the smallest number in its row and the 
largest number in its column in the payoff matrix. Con- 
sidering a hypothetical payoff matrix indicated in Table 1, 
its saddle-point can be identified as shown. Note that the 
table is constructed with reference to three alternatives 
A(I), A(II), and A(III) and corresponding identified states 
of nature N1, N2, N3, and N4. 

Value of the game: It is the return from playing one 
game depicting the amount that a player nets from 
theensuing outcome. 

Mixed strategy: It is the policy pursued by the players 
in the absence of the saddle-point. That is, different al- 
ternatives are used for a fixed proportion of the plays, but 
the alternative employed for each play is a random choice 
from those available. 

Nash equilibrium: It corresponds to a set of strategies 
such that none of the players can improve their payoff, 
given the strategies of the other players. 

The success of using game theory largely stays with 
applying judicious logic consistent with practical impli- 

 
Table 1. Illustration of a saddle-point in a hypothetical pay-
off matrix 

 N1 N2 N3 N4 
A(I) (9) 10 11 12 
A(II) 1 2 3 4 
A(III) 5 6 7 8 

(The saddle point (9) is the largest in its column and smallest in itsrow). 

cations. The procedure involved includes: Assigning me- 
aningful payoffs, solving the associated matrix, (which is 
usually large), handling multiple players and accounting 
for the possibilities of collusion, conciliation, irrationality 
of players, and nonconformance of traditional game the-
ory principles. 

In essence, the game theory applies to competitive de-
cisions under uncertainty. It covers the following versions 
of game: 1) Zero-sum/two-person game where two op-
ponents are presumed to have the same knowledge of 
outcomes; and, the winnings of one equates to the losses 
of the other. 2) Zero-sum/two-person optimal pure (or 
mixed stra- tegy) that allows selecting a single course of 
action (or randomly mixed actions) constrained by a set of 
proportions maintained, leads to the calculation of the 
value of the game assuring minimum return; 3) Multiple 
player games and 4) Nonzero-sum games. The last two 
games are more involved to-formulate and solve. How-
ever, they carry promising applications in the tech-
noeconomic world.  

The following examples pertinent to power utility serv- 
ice are indicated to illustrate the game theory applications 
and solving approaches. The first example refers to a two 
player/zero-sum case and the second example is concer- 
ned with two player/nonzero-sum problem. 

5.1 Example 1: A Game-Theoretic Approach  
to Smart Grid Utility Pricing Issues 

Supposed a power utility service provider (PSP) has ex-
tended new service in an area where it faces competition 
from an incumbent local producer (ILP). The PSP finds 
that the ILP’s promotional strategy varies from reduced 
price/service charges (C1) of electricity during low de-
mand periods, and promoting the promise of no distur-
bances in power quality and reliability (C2) by designing 
and deploying its own neighborhood electricity circuit 
controlled by on-off switches and protected by circuit 
breakers. In order to competitively attract customers, the 
PSP also comes out with a plan that comprises of:  

1) The new service at a rate (I1) but for peak curtail-
ment, hiked rates for electricity used above a predeter-
mined amount;  

2) deploying in-home displays of power usage (I2); or  
3) offering the ability to accommodate alternative en-

ergy to attract customers who want to go green (I3).  
The PSP and the ILP are equally competitive in their 

promotional efforts but differ in certain aspects of their 
technology-specified expertise. Taking these facts into 
account, the marketing department of the PSP has arrived 
at a payoff matrix depicting the percentage gain (or loss) 
in net revenue for the different outcomes under the service 
plans of PSP and ILP as shown in Table 2. Suppose it is 
required to determine the proportion of PSP’s efforts 
(pertinent to I2 and I3) that can be pursued so as to get a 
advantageous edge on (PSP’s) revenue by providing the 
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Table 2. Payoff matrix on the service plans of the PSP and 
ILP in Example 1 

ILP  
 C1 C2 

I1  3 %  8 % 
I2 + 2 %  6 % PSP 
I3  1 % + 5 % 

 
service plans under discussion. 

5.1.1 Solution to Example 1 
Graphical method: This method corresponds to entering 
the data from the payoff matrix with payoffs on the ordi- 
nates and mixed strategy on the abscissa. The vertical 
scale should be chosen such that, it must accommodate the 
entire range of payoffs involved; and, the horizontal scale 
extends from 0 to 1.  

The subsequent steps are as follows:  
1) Determination of the dominance and reduce the pay 

off matrix to (2  N) size.  
2) Graphical representation of the payoff. (The scales of 

the graph always represent the player with only two al- 
ternatives. The third alternative is removed as a result of 
dominance criterion). Illustrated in Figure 1 is the graphi- 
cal solution under consideration.  

3) Determination of the fractional (proportioned) use of 
alternatives by PSP in a mixed strategy. 

4) Evaluation of value of the game to the PSP. 
The proportioned (mixed) use of I2 and I3 by PSP can 

be determined by knowing the coordinates of the point of 
intersection of the corresponding lines drawn on the graph 
(Figure 1). The coordinates can be either directly read off 
from the graph or by solving the simultaneous equations 
of the lines. The equations for the lines can be determined 
from the geometry as: For I3, [y + 6x = 5]; and, for I2, [y – 
8x = –6]. Hence solving them, the point of intersection is 
(11/14, 4/14). Suppose is the fractional use of I3 and 1) is 
the fractional use of I2. Now, consider the reduced payoff 
matrix shown in Table 3. In terms of it follows that, 
  + (1 – )  (–1)  11/14  (–6   + (1 – )  5], 
solving which yields  = 6/14. Hence, (1 – ) = 8/14 as 
indicated on the reduced payoff matrix (Table 3). This 
leads to the conclusion that, the PSP should adopt 43 % 
effort on I2 strategy (deploying in-home displays of 
power usage) and 57% of effort on I3 strategy (ability to 
accommodate alternative energy). 
If such a mixed proportion of efforts is exerted by the PSP, 
then what is its value of the game? This value refers to 
maximum advantage (gain) to the PSP, should the ILP 
follows optimum strategy. It is an expected value, EV (for 
PSP) and can be deduced (using the reduced payoff matrix 
indicated above) as follows: 

 
EV(PSP) = [6/14  11/14  (+ 2)]  
          + [6/14  3/14  (– 6)]  

           + [8/14  11/14  (– 1)]  
           + [8/14  11/14  (+ 5)]  1.92 % 
 
The above calculation takes into account the mutually 

independent strategies of the PSP and the ILP and how 
their relative (proportionate) efforts weigh the percentages 
of payoff under possible alternatives are adopted. 

Thus, by resorting to the mixed proportion of extending 
I2 and I3 strategies, the PSP is likely to gain a small 
revenue growth of about 1.92 % in the presence of the ILP 
adopting optimal strategy. 

5.2 Nonzero-Sum/Two-Person Game Problem 

The nonzero-sum game refers to situations in which all the 
game-players are either losers or winners in some respect 
or other. Typically, winning a war can be cited as an 
example, in which the reality is that nobody is a winner. 
The victor may apparently look like a winner, by taking 
the overall aspects of war; the victor suffers as much as the 
vanquished. Likewise, in a labor dispute that has been 
solved, both the workers and the management enjoy the 
fruit of victory in their own perspective of the gains re-
sulted from bargaining. The game players in this case  
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Figure 1. Graphical solution to the problem. (I1-alternative 
is not taken into the solution as it has less dominance than 
the other alternatives) 
 

Table 3. Reduced payoff matrix of Table 2 

 ILP 
 

 
C1 C2 

 

I2 +2% 6% 6/14 
PSP 

I3 1% +5% 8/14 
  11/14 3/14  



Green Environment: Decision-Making and Power Utility Optimization towards Smart-Grid Options           37 

Copyright © 2010 SciRes.                                                                                SGRE 

have implicitly colluded (against the consumers) so as to 
get something advantageous to themselves through bar-
gaining. Such games are typically of nonzero strategies 
because any conciliatory measure accepted enforces one 
party to give up one or more of its alternative strategies in 
favor of the other.  

The following example (Example 2) is presented to il-
lustrate the underlying concepts. The nonzero problems in 
general, however, carry no unique solutions because of 
the unspecified chances of alternatives being given up by 
the game-players. 

5.2.1 Example 2: A Non-Zero Sum Two-Person Game  
Problem 

Cogeneration is the use of a heat engine or a power station 
to simultaneously generate both electricity and useful 
heat. Cogeneration captures the by-product heat for do-
mestic or industrial heating purposes. It is most efficient 
when the heat can be used on site or very close to it. 
Overall efficiency is reduced when the heat must be 
transported over longer distances. Suppose an ILP em-
ploying smart-grid technology and a utility using co-
generation (CHP) are competing to extend power to in-
dustrial customers. The CHP is a competitor to the ILP 
and tries to attract industry by offering the following al-
ternatives: 

C1: Reduced rate based on contract length; 
C2: Special discount for an industry agreeing that there 

will be high demand during peak time. 
The ILP also attracts customers by offering the fol-

lowing alternatives: 
I1: Special discount for industrial customers operating 

at night; 
I2: Special discount for industries having distributed 

power available; 
I3: ILP already has an existing smart-grid infrastructure 

for power access to serve some part of the service area in 
which the cogeneration company has no penetration yet 
due to technical reasons. I3 is intended to serve exclu-
sively such areas. 

Both ILP and the cogeneration utility (CHP) deploy 
advertisements on their services with equal competence. 
A market consultant presents the payoff matrix (shown in 
Table 4) on possible gains and losses for each possible 
outcome. The payoffs indicated represent the net change 
in revenue over a specific period resulting from compet-
ing promotional efforts of the competitors.  

Suppose the utility functions uC(P) and uI(P) of the co-
generation-company(CHP) and the ILP versus the payoffs 

Table 4. Payoff matrix proposed by market consultant for 
the problem of Example 2 

  ILP 

  I1 I2 I3 

C1 () $ 1 M $ 0 (+) $ 1 M  
CHP C2 (+) $ 4 M (+) $ 2 M () $ 3 M 

(in millions of dollars) are expressed respectively by the 
following functional relations based on empirical market 
considerations: 

uC(P) = 0.1  P + 0.5 
uI(P) = – 0.0082  P2 – 0.0973  P + 0.6998  (1) 

It is interest to determine and discuss the revenue 
prospects and the related economy of the two competitors 
in reference to the services being marketed. Relevant 
pursuit is as follows: 

5.2.2 Solution to Example 2 
By converting monetary payoffs indicated above into 
“utility payoffs”, one can solve the associated problem. 
The underlying consideration is as follows: The CHP is 
relatively new and franchised to operate in the region 
under discussion. Its utility for the money can be assumed 
to directly proportional to the revenue earned or lost. On 
the contrary, the ILP extends across large regional 
boundaries but traditionally adopts a conservative man-
agement policy. Relevant utility function therefore, relies 
on the organizational policy and its attribution to one set 
of alternatives may not be the same for another set of 
alternatives.  

Often, it is difficult to determine the utility index. It is a 
time-consuming and complex procedure that accounts for 
managerial perspective on a company’s aspiration level 
and expected standard of performance. It may involve 
some generous outlook to gain favor of customers as well 
as, may impose austerity measures to keep the losses a 
minimum. Small companies are flushed with ambition and 
carry the potentials of rapid growth, crash programs and 
diverse products and/or services. The major objective of 
management is to earn prestige and reputation so as to 
remain steady in the market (even at the expense of some 
tolerable losses). Its planning and engineering personnel 
will take the chance to play strategic games (or gamble!) 
in the competitive market. Larger companies, however, 
try to play the same game. 

The utility function should be selected carefully lest the 
consequences of wrong and misconceived translation of 
payoff into utility index would lead to the company’s 
irreversible downfall. The readers may recall recent 
(1998-2001) IT-market scenario and compare the utility 
perspectives and market-attitudes of small start-up dot-
com companies (with poured-in venture capitals) versus 
those of industries that had years of built-up infrastructure 
with large outlays that can be expressed in terms of their 
 

Table 5. Utility payoff matrices of Example 2 

Relative utility 
payoffs of 

CHP 

Relative utility 
payoffs of 

ILP 

ILP ILP 

 

I1 I2 I3 I1 I2 I3 
C1  0.4 0.5 0.6 0.8 0.7 0.6

CHP 
C2  0.9 0.7 0.2 

 

0.2  0.5 0.9
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prominent presence, huge capital (or share worthiness) 
and mammoth work-force values. Perhaps, there was over 
enthusiasm (or wrong horses played the wrong horse- 
play!) on the part of many dotcom industries in projecting 
utility functions, out-of-proportion to the payoffs in-
volved.  

In short, the utility theory governs the value that can be 
attached to an outcome for any alternative and a given 
future. That value can vary among individuals or from one 
business to the other. Utility is very much policy-specific 
and is therefore, ardently unique to any given business or 
industry. It is a response of the business enterprise to the 
anticipated risk in a competitive market environment 
judged from the payoff involved. 

In this problem (Example 2), the utility versus payoff is 
specified in terms of utility functions, uC(P) and uI(P) of 
the cogeneration company and the ILP respectively as: 
[uC(P) = 0.1  P + 0.5] and [uI(P) = – 0.0082  P2 – 0.0973 
 P + 0.6998]. The payoff denotes the fact that the gain of 
one competitor is loss to the other for any given alterna-
tive. Correspondingly, the larger utility perceived by one 
competitor amounts to a lesser utility perceived by the 
competitor (for that alternative). The utility functions 
indicated in the problem reflects this consideration by 
having opposite slopes of the functional relations, u = f(P). 

Using the given utility functions, the payoff matrix can 
be translated into corresponding utility payoff matrices for 
the cogeneration-company and the ILP as shown in Table 5. 

With the utility payoff data (as in Table 5), the next 
step is to construct the (utility) payoff graphs for the co-
generation CHP and the ILP as illustrated in Figures 2(a) 
and 2(b) respectively. As indicated in Example 1, the 
dominance criterion allows I2 alternative not to be con-
sidered in the evaluation. Further, by solving the equa-
tions of the intersecting lines of I1 and I3, the coordinates 
of the points of intersection in the two graphs are deter-
mined (as indicated on Figure 3). These coordinate values 
can be interpreted as follows: Considering the utility 
payoffs for the cogeneration CHP, the company can ex-
pect an average (relative) utility payoff of about 0.51 by 
resorting to its strategy alternative C1, to an extent of 
about 78 % of its time and efforts. The next part of exer-
cise is to determine the fractions of (I1 and I3) that can be 
inferred from the utility graphs of Figure 2 as decided by 
the proportions of utility payoff percentages (C1 and C2) 
set along the abscissa of the graphs. 

The results (obtained via the procedure indicated in 
Example 2) are tabulated in Table 6 (in bold faces). These 
results indicate that, in pursuing the strategy of adopting 
C1 at 78%, the cogeneration CHP compromises about 
0.67 of its value (of the game) be consumed by the ILP, (if 
the ILP chooses to use about 33% of its time and efforts 
towards I1 and about 67% towards I3). 

Using the results as above, if the ILP decides to make 
use of maximum strategy for its own utility payoffs, the 
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Figure 2. Utility payoff graphs of: (a) CHP and (b) ILP 
 
value of the game, namely, EV(CHP) for the cogeneration 
CHP will not alter. This would keep both companies 
pleased and can be verified by the following calculation: 

EV(CHP) = [0.78  0.44 
 (0.4) + 0.78  0.56  (0.6) 
+ 0.22  0.44  (0.9) + 0.22  0.56  (0.2)] 
≈ 0.51 

(2) 

Further, the cogeneration company (CHP) will benefit 
slightly by getting a cash-gain of about $ 0.11 M in the 
game envisaged; and the ILP remains satisfied as a result 
of its high utility payoff (as implied by its utility function). 
Hence the strategies adopted by both sides would help 
maintain a status quo in the competitive market projected. 

For mutually benefiting considerations in the competi-
tive market, pursuance of certain other strategies that are 
based on compromising, collusive and conciliatory meth-
ods is possible. In maintaining the status quo as above, both 
companies may, however, find their approach expensive 
and difficult to manage. As such, the cogeneration CHP 
may wish to avoid competitive pursuit, if the ILP agrees to 
use 70% of its I2 alternative and 30 % of its I3 alternative 
in its implementations. Such an agreement will allow an 
average utility index of about, [0.70  0.70 + 0.30  0.20 = 
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Table 6. Relative utility payoffs of the CHP and the ILP in 
Example 2 

ILP  ILP 
 I1 

0.44 
I3 

0.56 
I1 

0.33 
I3 

0.67 
C1: 
0.78 

0.4 0.6 0.8 0.6 
CHP 

C2: 
0.22 

0.9 0.2 

 

0.2 0.9 

 
Relative utility 
payoff of CHP 

 
Relative utility 
payoff of ILP 

 
0.55] for the cogeneration CHP; and, the corresponding 
utility index for the ILP will be, [0.7  0.5 + 0.3  0.9 = 
0.62]. There is also a compromise solution in which both 
companies may get equal utility payoff. For example, the 
ILP can refrain from using its (I1 and I2) alternatives and 
at the same time the cogeneration CHP should agree to use 
only its C1 strategy. This will yield a compromising so-
lution of identical utility payoffs (of index equal to 0.6) to 
both of them. Thus, there are several ad hoc solutions 
feasible in the game-theoretic approach for bargaining 

dispositions when nonzero-sum situations are encoun-
tered. 

6. Concluding Remarks 

Thus, given a set of technology options, a payoff matrix 
strategy can be adopted to make right decisions as illus-
trated in the above examples. The problems indicated 
refer to a variety of constraints under which optimal 
payoff solutions are made via difference schemes of cri-
teria-specifications.  
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ABSTRACT 

Entanglement due to the interaction of a two level atom with a laser and quantized field is investigated. The role of the 
nonlinearity due to these interactions is discussed. It is found that the nonlinearity changes strongly the behavior of the 
entanglement also the detuning parameters have important role in the structure of the measure of entanglement. 
 
Keywords: Entanglement, Idempotency Defect, Two-Level System, Quantized 

1. Introduction 

Quantum information processing provides different way 
for manipulating information other than the classical one. 
This is related to entanglement, which plays an essential 
role in the quantum information such as quantum com-
puting [1], teleportation [2], cryptography [3], dense cod-
ing [4] and entanglement swapping [5]. Thus intensive 
efforts have been done to understand theoretically and 
experimentally the entanglement in quantum systems. 
For instance, the entanglement between two qubits in an 
arbitrary pure state has been quantified by the concur-
rence [6] and Peres-Horodecki measure [7]. However, 
that of the mixed states is quantified by the average con-
currence over all possible pure state ensemble decompo-
sition. Additionally, the entropic relations are used in 
investigating the entanglement in quantum system. In 
this regard von Neumann entropy (NE) [8], linear en-
tropy (LE) and the Shannon information entropy (SE) [9] 
have been frequently used in treating entanglement in the 
quantum systems. The NE [10] and the LE [11] have 
been applied to the JCM. It is worth mentioning that the 
SE involves only the diagonal elements of the density 
matrix and in some cases it can give information similar 
to that obtained from the NE and LE. 

The paper is prepared in the following order: In Section 
2 we define the system Hamiltonian. In Section 3, we 
derive the time evolution operator and density matrix. In 

Section 4 we investigate the atomic inversion and idem-
potency defect (ID). In Section 5 we summarize the main 
results. 

2. The System Hamiltonian 

The scheme, we are going to discuss exploits the passage 
of a single atom through a quantized cavity [12]. We wish 
to underline the relevance of this aspect from an experi-
mental point of view. Preparing and controlling a single 
atom is certainly much easier to achieve with respect to 
the case when the manipulation of many atoms is re-
quired. In addition, taking into consideration the low 
efficiency of the atomic state detectors today used in la-
boratory, conditional measurement procedures involving 
one atom only instead of many ones, have to be preferred. 
The dynamics of several Hamiltonian models describing 
such systems is exactly treatable and, in most cases, 
testable in the laboratory. The point to be appreciated is 
indeed that, studying such systems, one has the opportu-
nity to induce entanglement and control its evolution in a 
multipartite physical system. In this paper: we study a 
two-level atom injected into a cavity field, where the 
dipole-allowed transitions between the lower level and the 
upper levels are nonresonant with the cavity mode. Fur-
thermore, we assume that the interaction including an 
arbitrary form of nonlinearity of the intensity-dependent 
coupling. In the rotating wave approximation (RWA), the 
interaction of the cavity mode with the injected atom is 
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described by the Hamiltonian ( 1 ): 

,A F AF ALH H H H H           (1) 

where 0A zH S   is the atom Hamiltonian, FH   
†ˆ ˆC a a  is the field Hamiltonian, †

2
ˆ ˆ( )AFH S a a S    

is the atom-field Hamiltonian, and  

( ) ( )( )
2

L L L Li t i t
AL

r
H S e e S  

       

is the atom-laser Hamiltonian. 
The atomic transition frequency is denoted by o, the 

frequencies of the cavity and laser fields are denoted by c 
and L receptivity, and the laser field is assigned by the 

phase L, the operator  †ˆ ˆa a  is the annihilation (crea-

tion) operator of the cavity field and obey the commuta-

tion relation †ˆ ˆ[ , ] 1a a  ,  and r are the coupling constants 

associated with the cavity field and the classically de-
scribed laser field respectively which are assumed real. 
The S operators are the coherence operators for the atom, 
satisfying the following angular momentum commutation 
relations [ , ]ij lm im jl lj miS S S S    where , , , 1, 2,...i j l m   

3. Time Evolution Operator and Density  
Matrix 

To obtain the time evolution operator, we must eliminate 
the explicit time dependence of the previous Hamiltonian 
1), we use the following unitary operator [13] 

†ˆ ˆ( )( )( ) ,L L zi t S a aT t e                (2) 

we redefine the Hamiltonian as : 
†

† †
1

( )
( ) ( ) ( ) .

dT t
H T t HT t iT t

dt
           (3) 

Then the Hamiltonian 1) will be in the following form: 

† †
1 ˆ ˆ ˆ ˆ( ) ( ),

2 2c L z

r
H a a S S a a S S S          


 (4) 

where c c l     and 0l l    , if we consider 

the resonant pumping case 0 l   and rearrange the 

Hamiltonian terms, the Hamiltonian (4) becomes. 

 

  

/ /
1

/ /

ˆ ˆ ˆ ˆ
2

ˆ ˆ
2

z C zH rS a a a a S

a a S S

 


 


   


  


         (5) 

The new atomic operators set  
/ / /( , , )z x z y z yS S S S iS S S iS       

which obey the angular momentum commutation relations 

among themselves. The eigenvector of /
z xS S  is the 

dressed states of the atom in the laser field alone and the 
operators /S  and /S  are the corresponding raising and 

lowering operators. 
To associate the third and the fourth terms of 1H  we 

use the following unitary transformation: 
†

1 ,H P H P                  (6) 

where P is an atomic state dependent displacement op-
erator of the cavity field state which is defined as : 

† /
2

ˆ ˆ( ) zc
a a S

P e  




               (7) 

Then the Hamiltonian 4) takes the following form: 

  
2

/ / /ˆ ˆ ˆ ˆ ,
2 16z C

C

H rS a a a a S v S v  
 

 
     


  (8) 

where  

† 21
2 2 2

ˆ ˆ( ) ( ) †

0 0

( 1)
ˆ ˆ .

2 ! !
c c

n m n
a a m n

n m c

v e e a a
n m

 


 

 

  
    


  

(9) 

We can drop 
2

16 c




 which has no effect in the dynam-

ics of the system. 
This Hamiltonian describes a two level system with 

energy levels separated by r coupled to a single quan-
tized mode of radiation frequency 

c  and there is an 
infinite sequence of probe resonance zones in the neigh-
borhood of the Rabi sub harmonic resonances at  

, 1, 2,....c m
m


      

If we consider of the RWA, the slowly varying terms 
are identified and retained, in the m th resonance zone  

/S  has the zero order time dependence i te   that is ap-
proximately canceled by the zero order time dependence 

c
m

i
e

  of all field operators of the form †ˆ ˆm n ma a  , for any n. 

The Hamiltonian for the thm  resonance zone is: 
†† / / /ˆ ˆ ( )

4eff c z m mH a a rS S f S f


         (10) 

In this case, we recognize as the thm -order multiphoton 
Jaynes Cumming Hamiltonian where we consider  

ˆ( ) m
mf f n a ,  

 
 

2

2

2

2
0

( 1)
ˆ ˆ( )

2 !
c

c

f n e a a
 






  
   


 

 

 
 

destroys m photons of frequency c where effH  can be 

further simplified by means of another rotating wave 
approximation (RWA),( as discussed in detail in [12-14]). 

The time evolution operator is given by: 

††

† †

11 12 ˆ ˆˆ ˆ ( ),( )

21 22

( ) ( ) ( )eff

L

iH

i a ai a a

U t T t Pe P T t

U U
e e

U U







 
  

 


     (11) 

 LLt    

where 
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    (13) 

where 

sin( ) sin( )
cos( ) , , 1, 2j j

j j j
j j

t t
F t i E j    

 
 

 
. 

Also,  

2 2
1 1

2
2 1 1

1
( ) 16 ( ( )) ,

4

( )!
( ) ( ), ( ) ( ) ,

!
m
n

n v n

n k
n n m v n L

n

  

  

 


  

 

where, 2 1

1
( ) ( ), ( )

2 cv n v n m m      , 2G v and 

2( )m
nL   is the Laguerre function. At 0t   the wave 

function of the system can be written as: 

 0 cos sin
2 2

e g
                

    (14) 

where  is the superposition state parameter 
2

exp( ) ,
2 !

n

n

n
n

 
            (15) 

with the mean photon number 
2

n

  , then the wave 

function at any time 0t   is given by 

   

 ˆ ˆ( )( )
12 22

( ) 0

, ,L Li a a

t U t

e U e U g   
 

  

 
      (16) 

In the pure state case it is well known that the density 
matrix of the atom-field interaction can be written as: 

     ρ t t t               (17) 

In order to analyze what happens to the two level sys-

tems interacting with laser and quantized field, we trace 

out field variables from the state (t)ρ


 and get the re-
duced atomic density matrix of the system given by 

     
   

    ,

A F AF AF

ee eg
L

ge gg

t tr t t

L L t e e t e g

t g e t g g



  

 


  

  

 

 

(18) 
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( ) ( )
12 12

( ) ( )
12 22

( ) ( )
22 12

( ) ( )
22 11

,

,

,

.

L L

L L

L L

L L

i n i n
ee

i n i n
eg

i n i n
ge

i n i n
gg

t n e U U e n

t n e U U e n

t n e U U e n

t n e U U e n

   

   

   

   

  

  

  

  

  

  

  

  









 

(19) 

4. Atomic Inversion and Idempotency Defect 

Atomic inversion can be considered as the simplest im-
portant quantity. It is defined as the difference between 
the probability of finding the atom in the exited state and 
in the ground state, the time dependent atomic inversion in 
the thm  resonance c( m )    is given by: 

   ee ggW(t) t t                (20) 

Finally the idempotency defect as a measure of entan-
glement is written as: 

(J)
t f

2
A

2

ee gg eg

Tr { (t)(1 (t)}

1 Tr ( (t))

2 2

 



  

  

 

 

             (21) 

In many cases of quantum information processing, one 
requires a state with high purity and large amount of en-
tanglement. Therefore, it is necessary to consider the 
purity of the state and its relation with entanglement. 

Here we use the idempotency defect, defined by linear 
entropy, as a measure of the degree of purity for a state 

( )t , in analogy to what is done for the calculation of the 

entanglement in terms of von Neumann entropy [15] 
which has similar behavior in the same cases. 

[In all our figures we have plotted the atomic inversion 
W(t) and the entanglement ID 

(J)
t  as a function of the 

scaled time  t for the case of two-photon processes]. In 
Figure 1, we plot the atomic inversion and ID as a func-
tion of the scaled time. It is seen that, when we neglect the 
Laguerre function term, the atomic inversion shows fast 
Rabi oscillations, and the periodic behavior of the ID is 
seen. In this case the usual two-photon features are ob-
served. Once the Laguerre term is considered the general        
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Figure 1. The evolution of the (a) atomic inversion and idempotency defect against the scaled time rt  for the parameters 
α = 5 , ξ = 0.5,  k = 2  the laser detuning parameter CΔ = 1 , 0   and = 0  
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Figure 2. The evolution of the (a) atomic inversion and (b) idempotency defect against the scaled time rt  for the parameters 
α = 0 , ξ = 0.02  (dotted line), ξ = 0.1  (solid line), k = 2  the laser detuning parameter CΔ = 1 , 0   and = 0  
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Figure 3. The evolution of the (a) atomic inversion and (b) idempotency defect against the scaled time for the parameters 

= 10 , = 0.05  (dotted line), = 0.01  (solid line), k = 2  the laser detuning parameter CΔ = (2n - 0.5)π / t , θ = 0  and 

δ = 0  
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Figure 5. The evolution of the (a) Atomic inversion and (b) Idempotency defect against the scaled time, rt  for the parameters 
α = 10 , = 0.01  (dotted line), = 0.1  (solid line), k = 2  the laser detuning parameter CΔ = 1 , 0   and = 0.1  

 
features of both the atomic inversion and ID are washed out, 
where as the time goes on the atomic inversion shows small 
amplitude of the oscillations and steady state of the ID (see 
Figure 1). As the time increases further the maximum 
entangled state can be obtained, where ( ) 0W t    

( ) ( )ee ggρ t ρ t  at this moment the entanglement reaches 
its maximum value. An interesting case is seemed in Fig-
ure 2, where we have considered small values of the pa-
rameter  . In this case the collapse-revival phenomenon is 
shown. Also, the periodic oscillation occurs each 60  for 
atomic inversion and the zero ID at 15  for  = 0.1. 

Now we shed the some light on the affect of the dif-
ferent parameters on the both of the atomic inversion and 
the corresponding ID. For example the effect of the de-
tuning C  is considered in Figure 3. In this case we see 
that the amplitude of the value of the detuning increased 
as the value of the detuning increased. The ID decreases 
and reaches steady state as C  increases further. 

On the other hand, the detuning of the quantized field , 
plays the opposite role, where the ID shows steady state at 
maximum instead of lowing its value due to the detuning 
of the laser field. 

As  increases further (say  = 0.5) we obtain a long  

lived entanglement, as to show the fixed value of the ID  
( = 0.5). In Figure 5, we see that the collapse-revival 
phenomenon is clearly seen. Also, a perfect correspon-
dence between the atomic inversion revival and the local 
maxima corresponds to the collapse periods. Also, we see 
that the collapse-revival phenomenon is clearly seen. Also, 
a perfect correspondence between the atomic inversion 
revival and the local maxima corresponds to the collapse 
periods. we have plotted the atomic inversion and the 
corresponding field Idempotency for a state of mean 
photon number of the coherent field as n 10 , fixed the 
detuning parameter c 1   and the parameter  = 0 and 
changed the parameter   with values (0.01 and 0.1), 
when  = 0.01, oscillated with period equal t 2000    

and W(t) oscillated with same interval and (J)
t  has a 

long-lived entanglement in each interval. When  = 0.01, 
then (J)

t has a weak oscillation and W(t) oscillated with a 
very small interval between maximum and minimum 
values. 

5. Conclusions 

In the present paper we show that the on idempotency 
defect can be used to quantify entanglement of a two level 

t 

t 
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system interacting with laser and quantized field. We 
obtain the long living entanglement due to the idempo-
tency defects of the field. Our results show that the non-
linearity changes strongly the behavior of the entangle-
ment also the detuning parameters have important role in 
the structure of the measure of entanglement. Also, all the 
interaction parameters play an important role on the be-
havior of idempotency defect. 
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ABSTRACT 

A solar cell or photovoltaic cell is a device which generates electricity directly from visible light. However, their 
efficiency is fairly low. So, the solar cell costs expensive according to other energy resources products. Several factors 
affect solar cell efficiency. This paper presents the most important factors that affecting efficiency of solar cells. These 
effects are cell temperature, MPPT (maximum power point tracking) and energy conversion efficiency. The changing of 
these factors improves solar cell efficiency for more reliable applications. 
 
Keywords: Solar Cell, Efficiency, Cell Factor, Cell Temperature 

1. Introduction 

Solar cells have seen remarkable improvements since the 
first issue of the journal Solar Energy Materials in 1979. 
The photovoltaic (PV) field has given rise to a global 
industry capable of producing many gigawatts (GW) of 
additional installed capacity per year [1]. 

The problems with energy supply and use are related 
not only to global warming but also to such environmental 
concerns as air pollution, acid precipitation, ozone deple-
tion, forest destruction, and radioactive substance emis-
sions. To prevent these effects, some potential solutions 
have evolved including energy conservation through im-
proved energy efficiency, a reduction in fossil fuel use and 
an increase in environmentally friendly energy supplies. 
Among them, the power generation with solar cells sys-
tem has received great attention in research because it 
appears to be one of the possible solutions to the envi-
ronmental problem [2].  

Solar Energy is energy that comes from the sun. The 
energy uses by solar cells that convert sunlight into direct 
current electricity. Solar cells are composed of various 
semi conducting materials. Semiconductors are materials, 
which become electrically conductive when supplied with 
light or heat, but which operate as insulators at low tem-
peratures. 

When photons of light fall on the cell, they transfer their 
energy to the charge carriers. The electric field across the 
junction separates photo-generated positive charge carri-
ers (holes) from their negative counterpart (electrons). In 
this way an electrical current is extracted once the circuit 

is closed on an external load. 
Several factors affect solar cell efficiency. This paper 

examines the factors that affecting efficiency of solar cells 
according to scientific literature. These factors are 
changing of cell temperature, using the MPPT with solar 
cell and energy conversion efficiency for solar cell. 

2. Characterization of Solar Cells 

It is quite generally defined as the emergence of an elec-
tric voltage between two electrodes attached to a solid or 
liquid system upon shining light onto this system. Prac-
tically all photovoltaic devices incorporate a p-n junction 
in a semiconductor across which the photovoltage is de-
veloped. These devices are also known as solar cells. A 
cross-section through a typical solar cell is shown in Figure 
1. The semiconductor material has to be able to absorb a 
large part of the solar spectrum. Dependent on the absorp-
tion properties of the material the light is absorbed in a 
region more or less close to the surface. When light quanta 
are absorbed, electron hole pairs are generated and if their 
recombination is prevented they can reach the junction 
where they are separated by an electric field [3]. 

The photoelectric effect was first noted by a French 
physicist, Edmund Bequerel, in 1839, who found that 
certain materials would produce small amounts of electric 
current when exposed to light [4,5]. The theory of the 
solar cell is the solar effect of semiconductor material. 
The solar effect is a phenomenon that the semiconductor 
material absorbs the solar energy, and then the electron-hole 
excitated by the photon separates and produces electro- 
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Figure 1. A schematic of the layers of a typical PV cell [4] 
 

 

Figure 2. The equivalent circuit of the solar cell [6] 
 
motive force. The I-V characteristic of the solar cell 

changes with the sunshine intensity ( )2S W m  and cell 

temperature t (ºC), that is I = f (V, S, t). According to the 
theory of electronics, when the load is pure resistance, the 
actual equivalent circuit of the solar cell is as Figure 2 [6]. 

LI  is current supplied by solar cell. 

S S
L 0

SH

q(V + IR ) V + IR
I = I - I exp - 1 -

AkT R

  
  

  
    (1) 

where [6], dI , the junction current of the diode  

1S
d 0

q(V + IR )
I = I exp -

AkT

  
  

  
, 

I, the load current 

LI , the photovoltaic current, 

0I , the reverse saturation current  

q, electronic charge, 
k, boltzmann constant, 
T, absolute temperature, A, factor of the diode quality 

SR , series resistance, 

SHR , parallel resistance 

Another important parameter is open circuit voltage 

OCV ; 

ln( 1) ln( )L L
OC

0 0

I IkT kT
V

q I q I
          (2)  

 

Figure 3. Typical I-V characteristic of a crystalline silicon 
module with the variation of power [7] 

 

Figure 3 shows an I-V characteristic together with the 
power curve, to illustrate the position of the maximum 
power point [7]. 

3. Solar Cells Efficiency Factors 

3.1 Cell Temperature 

As temperature increases, the band gap of the intrinsic 
semiconductor shrinks, and the open circuit voltage ( OCV ) 

decreases following the p-n junction voltage temperature 

dependency of seen in the diode factor q
kT

. Solar cells 

therefore have a negative temperature coefficient of OCV  

(β). Moreover, a lower output power results given the 
same photocurrent because the charge carriers are liber-
ated at a lower potential. Using the convention introduced 
with the Fill Factor calculation, a reduction in OCV  results 

in a smaller theoretical maximum power maxP   SCI   

OCV  given the same short-circuit current SCI [8]. 

As temperature increases, again the band gap of the 
intrinsic semiconductor shrinks meaning more incident 
energy is absorbed because a greater percentage of the 
incident light has enough energy to raise charge carriers 
from the valence band to the conduction band. A larger 
photocurrent results; therefore, Isc increases for a given 
insolation, and solar cells have a positive temperature 
coefficient of SCI  (α) [8].  

Figure 4 shows the I-V and P-V characteristics at the 
constant illumination when the temperature changes [9]. 
Temperature effects are the result of an inherent charac-
teristic of crystalline silicon cell-based modules. They 
tend to produce higher voltage as the temperature drops 
and, conversely, to lose voltage in high temperatures. Any 
solar panel or system derating calculation must include 
adjustment for this temperature effect [10]. 

3.2 Energy Conversion Efficiency 

A solar cell’s energy conversion efficiency (η, “eta”), is  
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Figure 4. I-V and P-V characteristics of solar cell module [9] 
 
the percentage of power converted (from absorbed light to 
electrical energy) and collected, when a solar cell is con-
nected to an electrical circuit. This term is calculated 
using the ratio of the maximum power point, Pm, divided 
by the input light irradiance (E, in W/m2) under standard 
test conditions and the surface area of the solar cell (Ac in 
m2) [11]. 

m

c

P
η =

E xA
                 (3)  

The efficiency of energy conversion is still low, thus 
requiring large areas for sufficient insulation and raising 
concern about unfavorable ratios of energies required for 
cell production versus energy collected [12]. In order to 
increase the energy conversion efficiency of the solar cell 
by reducing the reflection of incident light, two methods 
are widely used. One is reduction of the reflection of 
incident light with an antireflection coating, and the other 
is optical confinements of incident light with textured 
surfaces. They showed that the transformation of the 
wavelength of light could significantly enhance the spec-
tral sensitivity of a silicon photodiode from the deep UV 
and through most of the visible region. [13]. 

The solar module has a different spectral response de-
pending on the kind of the module. Therefore, the change 
of the spectral irradiance influences the solar power gen-
eration [14]. The solar spectrum can be approximated by a 
black body of 5900 K which results in a very broad spec- 
trum ranging from the ultraviolet to the near infrared. A 
semiconductor, on the other hand can only convert pho-
tons with the energy of the band gap with good efficiency. 
Photons with lower energy are not absorbed and those 
with higher energy are reduced to gap energy by ther-
malization of the photo generated carriers. Therefore, the 
curve of efficiency versus band gap goes through a 
maximum as seen from Figure 5 [3]. 

3.3 Maximum Power Point Tracking 

Currently, the electricity transformation efficiency of 
the solar cells is very low that reach about 14%. The ef-
ficiency of solar cells should be improved with various 
methods. One of them is maximum power point tracking 

 

Figure 5. Dependency of the conversion efficiency on the 
semiconductor band gap [3] 

 
(MPPT) which is an important method. The MPPT oper-
ates with DC to DC high efficiency converter that presents 
an optimal and suitable output power. 

The resulting I-V characteristic is shown in Figure 5. 
The photo generated current LI  is equal to the current 

produced by the cell at short circuit ( 0V  ). The open 
circuit Voltage OCV  (when 0I  ) can easily be obtained 
as [15]. 

No power is generated under short or open circuit. The 
maximum power P produced by the conversion device is 
reached at a point on the characteristic. This is shown 
graphically in Figure 6 where the position of the maxi-
mum power point represents the largest area of the rec-
tangle shown. One usually defines the fill-factor ff by 
[15]. 

max m m

OC OC l

P V I
ff = =

V V I
              (4)  

where, mV  and mI  are the voltage and current at the 

maximum power point.  
When the output voltage of the photovoltaic cell array 

is very low, the output current changes little as the volt-
agechanges, so the photovoltaic cell array is similar to the 
constant current source; when the Voltage is over a critical 
value and keeps rising, the current will fall sharply, now 
the photovoltaic cell array is similar to the constant volt- 

 

 

Figure 6. The I-V characteristic of an ideal solar cell [15] 
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age source. As the output voltage keeps rising, the output 
power has a maximum power point. The function of the 
maximum power tracker is to change the equivalent load 
take by the photovoltaic cell array, and adjust the working 
point of the photovoltaic cell array, in order that the 
photovoltaic cell array can work on the maximum power 
point when the temperature and radiant intensity are both 
changing [6]. 

4. Conclusions 

This paper examine factors that affecting efficiency of 
solar cells. These are changing of cell temperature, using 
the MPPT with solar cell and energy conversion effi-
ciency for solar cell. 

Temperature effects are the result of an inherent char-
acteristic of solar cells. They tend to produce higher 
voltage as the temperature drops and, conversely, to lose 
voltage in high temperatures. The energy conversion 
efficiency is increased by reducing the reflection of inci-
dent light. The function of the maximum power tracker is 
to change the equivalent load take by the solar cell array, 
and adjust the working point of the array, in order to im-
prove the efficiency. 

Changing of these factors is very critical for solar cell 
efficiency. The optimum factors make it possible to get 
the great benefits of solar electricity at a much lower cost. 
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ABSTRACT 

The sugar cane containing minimum 30% fiber was referred as bagasse and used the generation of power required for the 
operation of sugar mill. The bagasse is fired in the boiler for producing steam at high pressure, which is extracted 
through various single high capacity turbines and used in the process. The installation of high pressure boilers and high 
pressure turbo-generators has provision for the operation of co-generation plant during the off-season also that enhances 
the power generation from 9 MW to 23 MW. The annual monetary benefits achieved are Rs. 204.13 million and this was 
based on cost of power sold to the grid @ Rs 2.548 per unit, sugar season of 219 days and off season of 52 days. This 
required an investment of Rs 820.6 million. The investment had an attractive simple payback period of 48 months. 
 
Keywords: High Pressure Boiler, Co-Generation Plant, Sugar Industries, Steam Turbine, Bagasse, Dc Drives. 

1. Introduction 

The Indian sugar industry by its inherent nature can gen-
erate surplus power, in contrast to the other industries, 
which are not only consumers as well as producer of en-
ergy. This is mainly due to the 30% of fiber content in the 
sugar cane used by the sugar mills. This fibre referred to 
as bagasse, has good fuel value and is used for generation 
of the energy required for the operation of sugar mill [1]. 
The bagasse is fired in the boiler for producing steam at 
high pressure, which is extracted through various back-
pressure turbines and used in the process [2]. The simul-
taneous generation of steam and power commonly re-
ferred to as co-generation. Conventionally, the 
co-generation system was designed to cater to the in house 
requirements of the sugar mill only. The excess bagasse 
generated was sold to the outside market [3-5]. 

In the recent years, with the increasing power ‘Demand 
Supply’ gap the generation of power from excess bagasse 
was found to be attractive. This also offers an excellent 
opportunity for the sugar mills to generate additional 
revenue [6-9]. Co-generation option has been adopted in 
many of the sugar mills, which substantial additional 
revenue for the mills. This also contributes to serve the 
national cause in a small way, by bridging the ‘Demand 
supply’ gap [10,11]. 

A 5000 TCD sugar mill in Tamilnadu operating for 
about 200 days a year had the following equipments: 
 Boilers – 2 numbers of 18 TPH, 12 ATA 
2 numbers of 29 TPH, 15 ATA 
1 number of 50 TPH, 15 ATA 
 Turbines-1 number 2.5 MW 
1 number 2.0 MW  
1 number 1.5 MW 
 Mill drives – 6 numbers 750 BHP steam turbines 
1 number 900 BHP shredder turbine 
The plant had an average steam consumption of 52 %. 

The power requirement of the plant during the sugar- 
season was met by the internal generation (Figure 1) and 
during the non-season from grid (Figure 2) [12,13]. 

In this paper, we have concentrated to develop and in-
stallation of co-generation plant during off-season using 
high pressure boilers and high pressure turbo-generators. 

2. Experiment 

The plant went in for a commercial co-generation plant. 
The old boilers and turbine were replaced with high- 
pressure boilers and a single high capacity turbine. 

A provision was also made, for exporting the excess 
power generated, to the state grid. The mill steam turbines 
were replaced with DC drives. The details of the new 
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Figure 1. Shows that the energy flow diagram of non-sugar 
season 
 

 

Figure 2. Shows that the energy flow diagram of sugar sea-
son 
 
boilers, turbines and the steam distribution are as indi-
cated below: 
 Boilers – 2 numbers of 70 TPH, 67 ATA Multi fuel 

fired boilers. 
 Turbines – 1 number of 30 MW turbo- alternator set 
(Extraction cum condensing type). 
 Mill drives – 4 numbers of 900 HP DC motors for 

mills.  
2 numbers of 750 HP DC motors for mills; 
2 numbers of 1100 kW AC motors for fiber. 
The two high capacities pressure boilers and a 30MW 

turbine were installed in place of the old boilers and 
smaller turbine. While selecting the turbo generator, it 
was decided to have the provision for operation of the 
co-generation plant, during the off-season also. This could 
be achieved by utilizing the surplus bagasse generated 
during the season, as well as by purchasing surplus ba-
gasse from other sugar mills and biomass fuels such as 
groundnut shell, paddy husk, cane trash etc. The shortfall 
of bagasse during off-season was a problem initially. The 
purchase of biomass fuels from the nearby areas and the 
use of lignite solved this problem. The entire project was 
completed and commissioned in 30 months time. 

3. Results and Discussions 

The installation of high-pressure boilers and high-pressure 
turbo-generators has enhanced the power generation from 
9 MW to 23 MW. Thus, surplus power of 14 MW is 

available for exporting to the grid. 
The following operating parameters were achieved: 
 Typical (average) crushing rate = 5000 TCD; 
 Typical power generation; 
 During season = 5,18,231 units/day; 
 During off season = 2,49,929 units/day; 
 Typical power exported to the grid; 
 During season = 3,18,892 units/day (13.29 MW/ 

day); 
 During off season = 1,97,625 units/ day (8.23 MW/ 

day); 
 Typical no. of days of operation = 219 days (season) 

= 52 days (off season). 
The summary of the benefits achieved (expressed as 

value addition per ton of bagasse fired) is shown in below 
Table 1. 

The efficient operation of a co-generation system de-
pends on various factors. This has a direct bearing loss in 
power generation had the power exported to the grid. 

Some of these critical factors affecting the power gen-
eration (quantified as loss in generation per day) are as 
follows: 
 1% drops in bagasse % in cane: 18300 units; 
 1% increase in moisture content in bagasse: 6800 – 

10200 units; 
 1% increase in process steam consumption: 4200 

units; 
 1% drops in crushing rate: 5000 – 7400 units; 
 1 hour downtime: 20600 units. 

The above figures are based on the following opera-
tional parameters: 

 
Table 1. The details of benifits achived after implimentation 
of high pressure boiler system 

Parameter Units 

Previous 
status (low 

pressure boiler 
system) 

Present status 
(high pressure 
boiler system)

Bagasse quantity TPH 1.0 1.0 

Steam quantity TPH 2.1 2.2 

Steam pressure ATA 14 67 

Power generation kW 158 382 

Extra power  
generated 

kW - 224 

Steam quantity 
available for  

process 

TPH 
ATA 

2.1 2.2 

Steam pressure 
available for  

process 
 1.6 2.5 

Steam on cane % 52 45 
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 Crushing rate: 5000 TCD; 
 Steam-bagasse ratio: 1: 2.2; 
 NCV of bagasse (50% moisture): 1804 k Cal/Kg; 
 Bagasse content in % cane: 27%. 

4. Conclusions 

The annual monetary benefits achieved are Rs. 204.13 
million (based on cost of power sold to the grid @ Rs 
2.548 / unit, sugar season of 219 days and off season of 52 
days). This required an investment of Rs 820.6 million. 
The investment had an attractive simple payback period of 
48 months. 
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ABSTRACT 

The electric power market is changing-it has passed from a regulated market, where the government of each country had 
the control of prices, to a deregulated market economy. Each company competes in order to get more cli.e.nts and 
maximize its profits. This market is represented by a Stackelberg game with two firms, leader and follower, and the leader 
anticipates the reaction of the follower. The problem is formulated as a Mathematical Program with Complementarity 
Constraints (MPCC). It is shown that the constraint qualifications usually assumed to prove convergence of standard 
algorithms fail to hold for MPCC. To circumvent this, a reformulation for a nonlinear problem (NLP) is proposed. 
Numerical tests using the NEOS server platform are presented. 
 
Keywords: Electric Power, Stackelberg Game, Nonlinear Programming, Complementarity Constrained Optimization 

1. Introduction 

The electric power market is in transition. Until recently, 
the market was regulated by the government of each 
country, and companies could only sell to a restrict set of 
consumers. 

With the deregularization, electricity industry becomes 
a liberalized activity where planning and operation sch- 
eduling are independent activities which are not constra- 
ined by centralized procedures. On the other side, the 
generator firms take more risk as they become responsible 
for their decisions. 

While in a regulated market the industry goal was to 
minimize the costs - once the price was fixed-now, it is 
also to maximize profit. A competition environment is 
created in order to benefit the consumers through price 
reduction, but ill effects can occur if the level of concen-
tration in the market grows. 

In order to study the interaction of all market partici-
pants and to have a better knowledge of the market con-
ditions, firms and governments need suitable decision- 
support models. The deregularization process is under 
way in many countries. In 1998, the USA has begun their 
transition: California, Massachusetts and Rhode Island 
were the first states, but others will follow them over the 
next years. Nowadays, America’s electric power industry 
is highly fragmented [1]. 

In Europe, the process has started in the decade of 80 in 

England and Wales. In the last years, the market has been 
faced with fusions and merges between companies. The 
directives of European Union for an electric power liber-
ality led up to increasing institutional and physical con-
nections between markets from different countries. Some 
papers about studies in course, related with German, 
French and The Netherlands power markets-see [2-6] for 
more details-have emerged. 

According to [7], there are reasons to consider electric 
power as a special commodity: 

All power travels over the same set of power lines, in-
dependently of the firm that generated it; this difference is 
particularly marked when the networks contains loops and 
there are transmission capacity limits; also electricity has 
unique physical properties, namely Kirchhoff voltage and 
current laws. 

As the electricity is difficult to store, and the quantity of 
power must be instantly adjusted to the demand, the 
companies that lead the market could easily manipulate 
the price, changing it to higher values, especially in peak 
consumption periods. The scientific community try to find 
models to predict how the prices will react to this new 
market structure. 

The organization of this paper is as follows: Section 2 
introduces the Stackelberg game and the related concepts 
and definitions of optimization. In Section 3, it is present 
the formulation of the electric power problem as well as 
its transformation from MPCC into a MPCC-NLP prob-
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lem and also the data specifying the network for the 
computational experiments. Finally, the numerical results 
obtained by a set of solvers are shown and the main con-
clusions are discussed in the last section. 

2. Stackelberg Game and Optimization 

To simulate the decision making process for defining 
offered prices in a deregulated environment, it was used 
the game theory, in particular the Stackelberg game. A 
parallelism between this economic theory and optimiza-
tion is also addressed. 

2.1 Stackelberg Game 

In Stackelberg game there are two kinds of players: the 
leader and the followers. The leader firm has the power 
to manipulate the prices, production and expansion ca-
pacity in order to maximize its own profit and anticipates 
the reaction of the rest of the player firms. The leader 
uses the knowledge of the reactions in order to choose its 
own optimal strategy. The follower decisions are depen- 
dent on the leader strategy. The follower does not have 
the perception how its decisions influence the leader 
resolution. 

Between followers their behaviour act like a noncoop- 
erative Nash game, where all players have the same in-
formation and no one can increase their own profit 
through unilateral decisions [8]. 

A Stackelberg game can be formulated as a bilevel 
programming problem and therefore we introduce the 
reader to it in the next subsection. 

2.2 Bilevel Optimization 

Definition 1 Bilevel Optimization Problem 
A bilevel optimization problem is composed by a 

first-level problem: 

x,y
min  

1( )F x, y  

s.t. ( ) 0g x, y   
(1)

Where y, for each value of x, is the solution of the sec-
ond-level problem: 

y
min  

2 ( )F x, y  

s.t. ( ) 0h x, y   
(2)

with nxx IR , nyy IR , 1 2, : nx+nyF F IR IR , :g  
nx+ny nuIR IR , : nx+ny nlh IR IR . 
The variables x[y] are called as first [second] level 

variable, g(x,y) [h(x,y)] are the first [second] level con-
straints and F1(x,y) [F2(x,y)] are the first [second] level 
objective function. 

A typical bilevel problem is an optimization model 
whose constraints require that certain of its variables (x) 
solve an optimization subproblem that dependents para-
metrically on the remaining variables (y). 

Regarding with careful attention the structure of the 

bilevel problem, it is possible to observe that the 
first/second level of the bilevel problem corresponds to 
the leader/followers players on the Stackelberg game. 

A bilevel problem is convex if F2 and h are convex 
functions in y for all values of x that is to say if the second 
level problem is convex [9]. The problem studied in this 
paper is a convex bilevel problem. The great advantage of 
this property in bilevel optimization is that, under certain 
conditions, the second level problem can be replaced by 
their own Karush-Kuhn-Tucker (KKT) conditions, and 
the resulting problem is one level optimization problem 
with complementarity constraints.  

2.3 Mathematical Program with  
Complementarity Constraints 

Definition 2 MPCC Problem 
Mathematical Program with Complementarity Con-

straint (MPCC) is defined as: 

z
min   F z  

. .s t  

 ic z = 0, i E  

 ic z 0, i I   

1 20 z z 0    

(3)

where  0 1 2, ,z z z z , with the control variable 0z   

nIR  and the state 1 2, pz z IR ; F is the objective func-

tion, ic , i E I   are the set of equality and inequality 

constraints, respectively. The sets E and I are the finite 
sets of indices. The objective function F and the con-

straints ic , i E I   are assumed twice continuously 

differentiable. The constraints related to complementarity 
are defined with the operator   and demand that the 
product of the two nonnegative quantities must be zero, i.e. 

1 2i iz z 0 ,  i 1,..., p . 

The concept of complementarity distinguishes an MP- 
CC from a standard nonlinear optimization problem and is 
a synonymous of equilibrium, reason why this type of 
problem is so popular in optimization (see [8,10,11] for 
some applications in the last years). 

In engineering, the MPCC problems are being used for 
contact and structural mechanic problems, namely in 
robotic [3,12,13], obstacle problems [14], elastohydrodi-
namic lubrification [15,16], process engineering models 
[17] and traffic network equilibrium [18,19]. 

Applications in economics include the general equilib-
rium and game theory from which Nash and Stackelberg 
game are instances [20-22].  

A new field of applications is in ecological problems: 
the questions related with reduction of greenhouse gas 
emission rights, coalition formation and international 
trade in order to negotiate the emission rights between 
develop and developing countries can be also formulated 



56                           A MPCC-NLP Approach for an Electric Power Market Problem 

Copyright © 2010 SciRes.                                                                                SGRE 

as a MPCC problem [23,24]. 
The MPCC problem is nonsmooth mostly due to the 

complementarity constraints. The optimal conditions are 
complex and very difficult to verify. Besides, the feasible 
set of MPCC is ill-posed since the constraint qualifica-
tions - namely, Mangasarian Fromovitz (MFCQ) and 
Linear Independent (LICQ)-which are commonly as-
sumed to prove convergence of standard nonlinear pro-
gramming do not hold at any feasible point of the com-
plementarity constraints [25,26]. This implies mostly that 
the multiplier set is unbounded, the active constraint 
normal are linearly dependent and the linearizations of the 
MPCC can become inconsistent arbitrarily close to a 
solution. 

The violation of constraint qualifications has led to a 
number of specific algorithms for MPCCs, such as 
branch-and-bound [27], implicit nonsmooth approaches 
[28], piecewise SQP methods [8] and perturbation and 
penalization approaches [29]. But the use of specific 
solvers for MPCC is not a real solution at this time, since 
these algorithms still need rather strong assumptions to 
ensure convergence. 

The search of new techniques and algorithms in order to 
solve real problems with large dimension is still an area 
with intense research. Recently, some authors suggested 
solving MPCC problem by an interesting way: reformu-
lated it into an equivalent NLP problem. This formulation 
allows taking advantage of certain NLP algorithms fea-
tures in order to obtain rapid local convergence. Besides, 
it works like a challenge for the NLP solver, because it 
allows testing its reliability and robustness, whereas the 
MPCC problem has specific irregularities.  

A MPCC defined in (3) can be reformulated as an 
equivalent NLP problem: 

Definition 3 NLP formulation of the MPCC problem 

z
min   F z  

s.t.  

  0ic z , i E   

  0ic z , i I   

1 0z   

2 0z   
T
1 2 0z z   

(4)

Recall that the complementarity constraint was re-
placed by a nonlinear inequality, relaxing the problem. 
The transformation from a MPCC problem into a NLP 
problem allows using standard NLP solvers taking to 
advantage of the convergence properties of these solvers. 

One can easily show that the reformulated problem has 
the same properties that the previous one, including con-
straint qualifications and second-order conditions, which 
means that the violation of MFCQ is still a reality. How-
ever, in the last few years, some studies show that strong 
stationarity is equivalent to the KKT conditions of the 

MPCC-NLP problem [30,31]. This fact has advantages 
because strong stationarity is a useful and practical com-
putation characterization, once it is relatively easy to find 
a stationary point in a NLP solver, under reasonable as-
sumptions. 

3. The Electric Power Market Problem 

The problem described in this paper is based on the model 
proposed in [32]. It is a competitive power market, for-
mulated as an oligopolistic equilibrium model.  

There are a number of generator firms, each owing a 
given number of units. These make an hourly bid to an 
Independent System Operator (ISO). The ISO, taking in 
consideration the network, solves a social welfare maxi-
mization problem, announces a dispatch for each bidder 
and possibly distinct prices at each node. It decides how 
much power to buy from generators and how much power 
to distribute to consumers and what prices to charge. All 
these decisions are made with the optimal power flow 
(OPF) in mind. 

In spite of the fact that the ISO expects the bid to be a 
reflex of the true costs, the reality is different: the units, 
generally, increase their own bid, without the knowledge 
of the outside world, as the Figure 1 shows. This strategy 
has as main goal the increase of the units’ profit. 

The leader generator first decides and takes as input all 
the perceptions and information that it could have about 
the market (including predictable bids of the other firms, 
demand and supply functions) and it maximizes its profit 
inside a set of spatial price equilibrium constraints and 
Kirchhoff’s voltage and current laws. The followers firms 
make their own decisions taking into account the leader 
decision. 

3.1 Formulation 

In [32] the electric power market was formulated as a 
bilevel problem. In the first level-the leader level-the 
parameter related with the bid curve corresponds to the 
first level variable. In the second level-the follower level - 
there is a simulation of the conjectures of the market 
promoted by ISO and can be described as a commodity 
spatial price equilibrium problem. The model tries to find 
the optimal bid for each company. 
 

 

Figure 1. Marginal cost and bid curves. 
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Next we introduce the notation used in the mathe-
matical formulation:  

Indices: 
i node in the network 
ij arc from node i to node j 

m 
number of Kirchhoff voltage loops in the net-

work 
Sets: 
N set of all nodes 
A set of all arcs 

Sf 
set of generator nodes under control of leader 

firm f 
P set of all generators nodes 
D set of all demand nodes 
L set of Kirchhoff’ voltage loops m 

Lm 
set of ordered arcs (clockwise) associated with 

loop m 
Recall that, a node can be, simultaneously a generator 

and a consumer, so P and D are not necessarily disjoint 
and their union could be a proper subset of N. The 
uniqueness of the net flow on each arc is ensured by the 
Kirchhoff’s laws in the linearized DC models and, con-
sequently, the number of (independent) loops is #A – #N + 
1 (where #X is the set X cardinality). 

Parameters: 

i ia , b  
intercept and slope of supply function 

(marginal cost) for the generator at node 
i P  

i ic , d  
intercept and slope of demand function for 

consumer at node i D  

iα iα  
upper bound of the bid for the unit at node 

fi S  

iSQ  upper bound of production capacity for the 
unit at node i P  

ijT  
maximum transmission capacity on arc 

ij A  

ijr  reactance on arc ij A  

ijms  

1 corresponding to the orientation of the 
arc ij A  in loop m L  

(+1 if ij has the same orientation as the loop 
m) 

First-Level decision variable 

iα  bid for the unit at node i P  

In this model, it is assumed that the generate firms can 
only manipulate α  (the intercept in the bid function) and 
not the slope b , due to market and optimization as-
sumptions. 

Let iα  be fixed for the competitive firms (i.e. iα  

fixed fi P\ S  ) and variables for the leader firms (i.e. 

iα  variable fi S  ). 

Primal variables in the second-level: 

iSQ

vector defined by quantity of power gener-
ated by the unit at node i 

(
i iS i i SQ a +b Q  if i P  and 0

iSQ   if 

i P ) 

iDQ
quantity of power demanded at node i 

(
i iD i i DQ = c d Q  if i D  and 0

iDQ = if 

i D ) 

ijT  matrix defined by MW transmitted from 
node i to node j 

Dual variables in the second-level 

iλ  marginal cost at node i 

iμ  marginal value of generation capacity for unit 
at node i 

ijθ  marginal value of transmission capacity on arc 
ij 

mγ  shadow price for Kirchhoff voltage law for 
loop m 

Next, it is defined the second-level convex quadratic 
problem. The objective function is related with the 
maximization of social welfare: 

max 2 21 1

2 2i i i ii D i D i S i S
i D i P

c Q d Q αQ b Q
 

        
   

  (5)

This function reports a solution where the firms 
maximize their profits and the consumers maximize the 
utility of the product. 

The following constraints report to a spatial price equi-
librium plus a constraint due to Kirchhoff voltage law. 
 Nonnegative demand variables: 

0,
iDQ   Di  (6)

 Lower and upper bounds for transmission variables: 
0 ,ij ijT T  ij A  (7)

 Minimum and maximum capacity of production: 
0 ,

i iS SQ Q  i P  (8)

 Conservation constraints: 

: :

0
i iD S ij ij

j ij A j ij A

Q Q T T
 

      (9)

 Kirchhoff voltage law: 
0ijm ij ij

ij Lm

s r T


  (10)

If in Equation (8), by economic reasons, the minimum 
production level could not be zero, it is possible to change 
the lower bound and still use the same model. 

The description of the first level of the electric power is 
complete by taking into account that for the follower firms 
the bids are already fixed. The determination of the 
dominant company profit consists in finding a bid vector 

 :f
i fα α i S  , a vector of supplies SQ , a vector of 

demands DQ  and a vector of transmission capacities T, 

by solving the following maximization problem. 

Maximize 2( , )
2

f

i i i

i

i S

f S i S i S S

b
Q Q aQ Q  



    
 

 (11)
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s.t. 0 ,              
i i f

i S      

where SQ , DQ  and T for each value of  :
i

i P   , are 

the solution of the second-level problem (5-10). 
It is provided in [33] that, for each vector  , there 

exists a unique globally optimal solution of the quadratic 
problem above. 

But, solving a bilevel problem is not an easy task. So, 
the approach is to replace the ISO’s lower-level optimi-
zation problem by its stationary conditions that results in a 
system of equilibrium constraints. To write the above 
information into a vector-matrix notation, it is necessary 
to introduce two additional matrices. 

Let   be the matrix which give us the information 
about the pair (node, arc) in the electric network:  

1,

1, or

0,
il

if l ij A for some j N

if l ij A f some j N

other values

   
     



 (12)

Let R be the matrix (arc, cycle) related with the reac-
tance coefficients: 

,

0,
ijm ij m

ijm

s r if  ij L
R

otherwise


 


 (13)

So, the Karush-Kuhn-Tucker (KKT) optimality condi-
tions of the lower problem are: 

0 S SQ Q     0   

0 SQ      0Sλ+ μ+α+diag b Q 

0 DQ      D 0λ c+α+ diag d Q   
(14)

 

0 θ   0T T   
0 T   0T λ+θ+ Rγ   

free   0D SQ Q T     

free   0TR T   

(14)

where μ, θ, λ  and   are the dual variables. The nota-

tion diag(w) represents the diagonal matrix whose di-
agonal entries are the components of the vector w. 

Then, the second-level problem (5-10) can be replaced 
by the KKT conditions (14) and the MPCC problem is 
obtained by joining (11) and (14). 

For computational reasons the objective function needs 
to be reformulated, since it is neither convex nor concave 
due to the term 

ii SλQ . The equivalent objective function 

for solve the maximization of the leader firm profit is: 
 

 f S,Q    2 2

2i i i i
f

i
i D i D i S S

i D i S

b
cQ d Q aQ Q

 

    
 

 

 2

i i i
f

ij ij i S i S i S
ij A i P\S

θ T μQ + a Q b Q
 

     
(15)

3.2 Data 

The electric power network includes a circuit with 30 
nodes, which 6 are nodes with generators-3 for the leader 
firm A and the 3 remaining for the follower firm B-and 21 
are demand nodes. Connecting the nodes there are 41 arcs 
and 12 loops. Figure 2 shows a scheme that provides all 
the necessary information. 

 

Figure 1. Electric Network 



A MPCC-NLP Approach for an Electric Power Market Problem                          59 

Copyright © 2010 SciRes.                                                                                SGRE 

 
The data related with production, demand, transmission 

values are based on [7]. The generator cost function, re-
actance and upper bounds for supply and transmission 
flows values are also given. As a safety measure of the 
network the upper bounds values for the transmission 
capacity are 60% of the values assumed in [8]. 

To solve the dominant firm A problem it is assumed 
that the bids for the units of the company B are equals to 
their marginal costs, which means α= a . 

The demand curve for each costumer node is deter-
mined by 40

ii i DP d Q  where id  is chosen so that iP  

$30 / MWh when 
iDQ  equals the value assumed in 

[34]. 
The code of this problem is in AMPL language and can 

be found in the MacMPEC [35] with the name mon-
teiro.mod. It is a problem with 136 variables, 201 con-
straints where 62 of them are complementarity con-
straints. 

To solve the problem, the MPCC-NLP approach was 
used, meaning that all complementarity constraints were 
reformulated as nonlinear constraints according the defi-
nition (4). 

4. Computational Results and Conclusions 

To solve the electric power problem it were used three 
nonlinear solvers that have distinct characteristics. 

Lancelot [36] is a standard Fortran 77 package for large 
scale nonlinear optimization, developed by Conn, Gould 
and Toint. The software uses an augmented Lagrangian 
approach and combines a trust region approach adapted to 
handle the bound constraints. 

Loqo [37] was developed by Vanderbei and is a soft-
ware for solving smooth constrained optimization prob-
lems. It is based on an infeasible primal-dual interior point  

method applied to a sequence of quadratic approximations. 
It uses line search to induce global convergence and the 
Hessian is exact. 

The Snopt, developed by Gill, Murray and Saunders, is 
a software package for solving large-scale linear and 
nonlinear programs. The functions used should be smooth 
but not necessary convex and it is especially effective for 
problems whose functions and gradients are expensive to 
evaluate. 

The NEOS Server [38] platform was used to interface 
with the selected solvers. NEOS (Network Enabled Op-
timization System) is an optimization service that is 
available through the Internet. It is a large set of software 
packages considered as the state of the art in optimization.  

The numerical results obtained by the used NLP solvers 
are presented in Table 1 where the objective functions 
together with the first level variables are shown. 

Curiously, although it has been reached an identical 
value for all solvers for the objective function, the same 
didn’t happen for the bid variable, which take us to believe 
for the existence of the several local maximum points. 

For the second-level variables the values are also dif-
ferent, as the Tables 2 and 3 expose. 

There are some demand nodes that practically do not 
receive electric power. This may be explained for two 
reasons: economical ones because it is possible that the 
transportation of the energy for these places are too ex 
pensive and by the existence of large demander nodes 
close to the generator units that absorbed all the power 
 

Table 1. Objective function and bid results 

Solver 
Profit function 

( )  
Bid  f  

LANCELOT 37.53 (35.83, 40, 29.80) 
LOQO 37.53 (35.83, 36.09, 20) 
SNOPT 37.53 (35.83, 39.99, 0) 

Table 2. Demanded power 

Node Lancelot Loqo Snopt Node Lancelot Loqo Snopt 

2 44.98 44.98 44.98 17 0 -1.37e-14 0 

3 2.55 2.55 2.55 18 0 -4.54e-15 -2.28e-26 

4 6.87 6.87 6.87 19 0 -4.55e-15 2.94e-13 

5 41.04 41.04 41.04 20 0 -4.71e-15 -5.98e-26 

7 0 -1.43e-14 0 21 0 0 0 

8 10.01 10.01 10.01 23 0 -6.42 2.96e-13 

10 0 -1.26e-14 8.08e-28 24 0 0 0 

12 0 -1.41e-14 1.09 26 0 0 0 

14 0 1.35e-14 0 29 0 0 0 

15 0 -5.71e-15 -2.96e-13 30 0 0 0 

16 1.32e-05 -4.32e-15 5.11e-13     
  

Table 3. Generated power 

Node 1 2 5 8 11 13 

Lancelot 44.30 10.09 41.04 10.01 1.29e-5 0 

Loqo 44.31 10.09 41.04 10.01 1.60e-14 0 

Snopt 44.31 10.09 41.04 10.01 -2-16e-13 0  
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produced. 
It has been shown that MPCC-NLP approach should be 

considered to solve real problems. 
As future work it is proposed the study of this problem 

developed as a nash model, where both firms compete at 
the same level and with the same market information. 
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