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ABSTRACT

In this paper a procedure is established for solving the Probabilistic Load Flow in an electrical power network, consi-
dering correlation between power generated by power plants, loads demanded on each bus and power injected by wind
farms. The method proposed is based on the generation of correlated series of power values, which can be used in a
MonteCarlo simulation, to obtain the probability density function of the power through branches of an electrical net-

work.
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1. Introduction
1.1. Probabilistic Load Flow

The Probabilistic Load Flow (PLF) analysis consists of
obtaining the system state and power flows in an electri-
cal power network considering the probabilistic nature of
the power injected by generators and consumed by loads.
It was first proposed by Borkowska in 1974 [1], and wi-
dely developed by Allan [2-12]. It has been applied to
management, and also to short-term and long-term elec-
trical network planning.

In order to solve the PLF, analytical and simulation
methods have been proposed since 1974. The first me-
thods to appear were based on the convolution of the PDF
of two variables, in order to obtain the one corresponding
to the sum of both. These processes are based on some
approximations made in the equations that relate power
and voltage in an electrical network, such as those ap-
plied to DC Load Flow [4] or AC Load Flow [6,12], to
obtain the sensitivity coefficients. The problem has been
alternatively solved by means of linearizations around the
operating point [5,6,10,13,14] or even around several of
these [8]. Second order approximations have also been
used [15] or even n-order ones [16]. Lately, the Gram-
Charlier expansion [17,18] was used. However, the
Monte Carlo (MC) simulation is sometimes the proposed
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method [13,19,20], due to additional considerations as the
network configuration, voltage control devices or the ad-
dition of Wind Turbines (WT).

Generally, the probabilistic nature of the injected power
and loads is considered, but sometimes the unpredictabil-
ity of the branch impedances is also taken into account
[14] or the possible network configurations [9,21]. The
correlation between injected powers, loads and also be-
tween injected power and loads due to meteorological or
social factors has also been considered [10,11,13].

The wind power integration has been widely imple-
mented in the PLF [18,19,22-26].

1.2. Correlation between Generation, Loads and
Wind Power

The existence of correlation, or even dependence, be-
tween generation and load (i.e., between injected and
consumed power) is intuitive. But it can be said that it is
completely necessary for the stability of the network.

The generation has to supply the demanded load, so a
full dependence between the sum of all the loads and the
sum of all the generations in a system can be obviously
assumed.

The losses in the network lower this dependence slightly.
Although the consideration of several supply plants and
loads involves this dependence being reduced, it cannot
be avoided, and influences in the results of the PLF.

Dependence between loads operates in a similar way.
Environmental or social factors make them increase or
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fall almost simultaneously. Therefore, there is a certain
degree of dependence between them.

The dependence between the power produced by sev-
eral power plants exists because of the need to balance
the system power. This balance is achieved when several
circumstances are considered such as economic dispatch,
redispatch and load shedding.

The power provided by each power plant depends on
its type. The power generated by the base load units es-
sentially depends on their forced outage rates. The power
generated by intermittent and peaking units depends on
the total system load, on the unit unavailability and also
on the dispatcher activity function.

The dependence shown by wind power is widely
known, and is deduced from the analysis of the depen-
dence between wind speed at different locations, al-
though this dependence is reduced as long as the distance
between them increases [27].

Moreover, the dependence between Wind Farm (WF)
generation and other power plants exists, since they all
have to fulfill the total load demand and as more wind
power is generated, less power is needed from the other
plants. In this case there is an inverse dependence.

The dependence between wind power and loads can be
understood by considering that the wind power, as it is
originally produced by the sun, reaches its higher values
throughout daylight, and its lower ones during the night.
These stages are almost simultaneous with the load vari-
ations.

The correlations explained above are given through the
correlation coefficient. If dependence is assessed in terms
of correlation, then we can say that correlation coefficient
values close to 1 mean strong dependence, close to -1
mean strong inverse dependence, and close to 0 mean
small dependence.

1.3. State of the Art

In [11] the correlation is introduced in the PLF problem,
obtaining Probability Density Function (PDF) for the
correlated variables, and performing the analytical PDF
method based on convolution, which is not correct, be-
cause it does not assure the correlation of the input data,
just the right PDF of each one.

Later, [10] introduces the linear relationship between
correlated variables in order to solve the PLF problem,
utilizing the method of linearization around the expected
value, which can produce good results in case of high
correlation but does not work properly when the correla-
tions are lower.

And [13] utilizes the method proposed in [10], but
adding the multilinearizations, which have the same
drawbacks as before.

Correlation between wind power has been analyzed on
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its own [28] based on methods of simulation of corre-
lated wind speed [29-31], on prediction [32], and also
applied to different fields [26,33,34].

In this paper a method is presented to consider the cor-
relations between generation, loads and wind power,
therefore, correlation data have to be provided or esti-
mated in order to obtain results for the PLF problem.

2. The Proposed Method

The goal of the PLF is to obtain the PDFs or Cumulative
Distribution Function (CDF) of the system state and
power flows in an electrical power network, knowing the
probabilistic nature of the power injected and loads de-
manded, and the correlation between them. Therefore,
the input data will be the probabilistic distribution (PDF
or CDF) of all the power plants, loads and WFs included
in the electrical network and the correlation coefficients
(correlation matrix).

The proposed method consists of the following steps:

1) For each power plant, load and/or WF in the elec-
trical network, a number (N) of samples of power values
are generated, in order to obtain m vectors, considering
the probabilistic nature of the values.

2) These vectors, considering their random origin,
have a correlation matrix that must not be the same as the
one provided. These data are dealt with in order to fulfill
this correlation matrix, but maintaining the features of
the probability distribution of each one of the m vectors.

3) Utilizing these data, the Load Flow is solved for
each one of the N samples of input data, i.e., a MC simu-
lation is performed, generating the PDFs of the bus vol-
tages and power flows.

All these steps are explained in detail in the following
sections.

2.1. Generation of Samples

First, it is necessary to state that the number of vectors
to be generated does not have to coincide with the num-
ber of buses in the electrical network. This number, m,
has to be the sum of the elements whose correlation by
pairs is considered, so m=my +m, +m, —1, where mg is
number of power plants, m, the loads and m,, the WFs.
The slack bus is removed as it is not an input data.
Therefore a correlation matrix of m x m elements has to
be provided as input data.

Each element, power plant, load or WF, has a proba-
bilistic nature relating their power values, although there
are important differences between them, so they are trea-
ted separately.

2.1.1. Power Plant Generated Power
A power plant is made up of several generators, which
can each be described probabilistically by means of a bi-
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nomial distribution considering its forced outage rate.
Therefore, the power plant is described by a multinomial
probability mass function, that can be expressed as a PDF
utilizing the delta of Dirac function, as in (1).

f(Pg)=§ai5(Pg—bi) (1)

Where Py is the power, &; is the probability associated
to power value b;, and r is the number of discrete values
for power.

2.1.2. Load Demand Power
Each load is probabilistically described by a normal dis-
tribution, with a PDF described such as in (2).

f(R)= e 2 )
(R) J(27)o
Where P, is the power, U is the mean value and ¢ is the
standard deviation.

2.1.3. Wind Farm Generated Power

In the WF case, the PDF has to be deduced as explained
in [35] and in most cases can be approximated by equa-
tion (3).

0 P, <0
k k
1+e_[UEOJ —e_[UCC ) 5(P,) P, =0
. 0k
f(PW): k_l.(PWC_,yljk 187(PWC/j 0<P, <Ph

@)

Where P,, is the power, C and k are the Weibull para-

meters of the wind speed in the location of the WF, Ug,,

Ug, Uco, are the parameters of the WTs installed in the

WEF, Pg is n times the rated power of the WTs, n is the

number of WT and C’, k’ and y’ have the values shown

in (4).
2 2
C'= ?Cz'K:E”f:_ %qu )
UR_Um 2 UR_Um

According to [35] if the WF does not fulfill the re-

quirements to be represented by the PDF shown in (3),

another method is proposed. To obtain the PDF of a WF
is beyond the aim of this work.

In order to generate the samples of power injected by a

power plant, load or WF, an MC simulation utilizing

Copyright © 2011 SciRes.

their respective PDFs can be performed, generating N
samples for each of the m elements.

2.2. Correlation between Powers

The values for each correlation coefficient of the m x m
matrix depends on the type of elements involved in each
pair (generation/generation, load/load, wind power/wind
power, generation/load, generation/wind power or load/
wind power) and on the degree of dependence between
them. These values can vary from —1 to 1 and should be
calculated from known data or, in case there are no avai-
lable data, estimated on the basis of the information pro-
vided.

In order to convert the N x m samples generated in the
last step, in N x m samples with the correlation coeffi-
cients set by the m x m correlation matrix, M, maintain-
ing the probabilistic distribution of each vector, one of
the methods to perform this operation should be utilized.

These methods are described in [29-31]. Based on its
simplicity, speed and proper results, the method used here
is the one described in [30], but any of the others can be
used in substitution.

In this method, Spearman rank correlation coefficients
are used instead of the conventional Pearson correlation
ones, so the matrix M has to be provided considering this
feature and the results obtained operate in the same way.
The use of Spearman rank correlation coefficients does
not constitute a problem different from the own use of
this definition for the coefficients instead of other para-
metric definitions, and the method described in [30] gives
better results than those obtained when using Pearson
correlation coefficients [29,30].

This method consists of generating m uniform samples
of N elements and adequately operating them by means
of the Cholesky decomposition of the given correlation
matrix, making it possible for the m uniform samples of
N elements to have the correlation values provided in the
correlation matrix. The m x N uniform samples have
been ordered in the same way as the m x N different-type
of samples generated in the last step of the method, so
they are reordered in that way. The resulting m x N sam-
ples of different types fulfill the correlation matrix M and
maintain the probabilistic distribution of each of the m
vectors of samples.

2.3. Monte Carlo Simulation

Starting with the correlated data, the next step consists of
defining the injected or consumed power on each bus.
For each bus and sample, it is necessary to add the pow-
ers provided by the power plants and WFs at the bus, and
subtracting the power demanded by each load at the same
bus. This step converts the m x N samples in s x N, where
s is the number of buses minus 1.
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After this it is necessary to solve N Load Flows. In or-
der to obtain the desired results, any of the methods uti-
lized in a Load Flow can be valid, the difference lies in
the approximation level.

The method proposed here suggests the DC Load Flow
due to its simplicity, easy implementation and good re-
sults provided. However, the DC Load Flow can be chan-
ged to any of the other known methods (AC Load Flow
in any of its formulations, Newton-Raphson, Gauss-Seidel,
etc.).

The DC Load Flow consists of the calculation of sen-
sitive coefficients, one for each bus (except for the slack
one), which relate the power flow through any branch,
with the power injected/consumed in/by each bus. These
coefficients just depend on the network configuration and
are obtained using (5).

Pe=2 P (5)

where Pj is the power from bus i to bus k, P; is the power
injected/consumed in/by bus j, ¥;; and Y;; are elements of
the inverse matrix Y, defined in (6).
Yig :_1’Yii = i (6)
Xik izk Xik

Once the sensitive coefficients are calculated, the com-
putation is repeated N times, in order to obtain N results
for each line.

The results can be grouped in intervals and their rela-
tive frequencies will be used to constitute a PDF as a final
result.

3. Case Study

The proposed method has been tested in the IEEE 96-
RTS system, having used the values in Tables 1-3 and
IV, and considering two WFs injecting power in the sys-
tem, through buses 107 and 113, both modeled according
to (3) and with rated powers of 100 and 300 MW respec-
tively. The system has been represented in Figure 1.

In Table 1 the composition of each power plant is giv-
en. In Table 2 the features of each unit are provided.
Slack bus is bus 1. The mean values and standard devia-
tion of the loads are given in Table 3. Table 4 provides
branch data.

The proposed method has been implemented with help
of MATLAB software. N has been fixed to 10,000.

Results obtained for power through lines 102-106 and
108-110 have been presented in Figures 2 and 3. In these
figures, the case simulated with no correlation is shown
by a dotted line; high correlation (0.9) between power
plants by means of a dash-dot one; high correlation be-
tween loads by a dashed line; high correlation between
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Table 1. Data of Power Plants at Each Bus in IEEE 96-RTS.

Bus ID Unit Type ID # PG (MW)
101 uU20 1 10
101 u20 2 10
101 u76 3 76
101 u76 4 76
102 uU20 1 10
102 u20 2 10
102 u76 3 76
102 u76 4 76
107 U100 1 80
107 U100 2 80
107 U100 3 80
113 U197 1 95.1
113 U197 2 95.1
113 U197 3 95.1
114 Sync Cond 1 0
115 u12 1 12
115 u12 2 12
115 u12 3 12
115 U12 4 12
115 U12 5 12
115 U12 6 155
116 U155 1 155
118 U155 1 400
121 U400 1 400
122 U400 1 50
122 uU50 2 50
122 U50 3 50
122 U50 4 50
122 U50 5 50
122 us0 6 50
123 U155 1 155
123 U155 2 155
123 U350 3 350
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Figure 1. IEEE 96-RTS schematic drawing.
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Table 2. Unit data for power plants.

Unit Group  Unit Size (MW)  Unit Type  Forced Outage Rate
u12 12 Oil/Steam 0.02
u20 20 OillICT 0.10
us0 50 Hydro 0.01
u76 76 Coal/Steam 0.02
U100 100 Oil/Steam 0.04
U155 155 Coal/Steam 0.04
U197 197 Oil/Steam 0.05
U350 350 Coal/Steam 0.08
U400 400 Nuclear 0.12

Table 3. Bus Loads in IEEE 96-RTS.
Bus Mean Load (MW) Standard deviation (MW)
101 108 10.8
102 97 9.7
103 180 18
104 74 7.4
105 71 7.1
106 136 13.6
107 125 125
108 171 17.1
109 175 175
110 195 195
111 0 0
112 0 0
113 265 26.5
114 194 194
115 317 317
116 100 10
117 0 0
118 333 33.3
119 181 18.1
120 128 12.8
121 0 0
122 0 0
123 0 0
124 0 0
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Figure 2. PDF of the power through line 102-106 in IEEE
96-RTS.
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Figure 3. PDF of the power through line 108-110 in IEEE
96-RTS.

WFs by points; and high correlation between all of them
by a solid line, in order to show the more extreme cases.
First, when no correlation is considered, the result is
the same as a MC simulation with no dependence, and
this constitutes the reference in order to compare the re-
sults with other conventional methods that are utilized
and considered valid. In case of line 102-106 the correla-
tion between power plants has great influence, and in-
creases the probability to have certain values for power
flows; in line 108-110 this correlation does not have
great influence. Again, for load correlation, the power
flow through line 102-106 decreases its probability to
present centered values and almost no influence in line
108-110. When wind power correlation is considered, there
is a slightly modification in the PDF of line 102-106 and
almost no modification in line 108-110. And finally, when
high correlation between all of them is taking into ac-
count, it has great influence in the PDF of the power
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Table 4. Line Parameters of the IEEE 96-RTS.
Frombus  To bus Reis;s:)ince Re?ncgr;ce Sus?ﬁggjnce

101 102 0.003 0.014 0.461
101 103 0.055 0.211 0.057
101 105 0.022 0.085 0.023
102 104 0.033 0.127 0.034
102 106 0.05 0.192 0.052
103 109 0.031 0.119 0.032
103 124 0.002 0.084 0
104 109 0.027 0.104 0.028
105 110 0.023 0.088 0.024
106 110 0.014 0.061 2.459
107 108 0.016 0.061 0.017
108 109 0.043 0.165 0.045
108 110 0.043 0.165 0.045
109 111 0.002 0.084 0
109 112 0.002 0.084 0
110 111 0.002 0.084 0
110 112 0.002 0.084 0
111 113 0.006 0.048 0.100
111 114 0.005 0.042 0.088
112 113 0.006 0.048 0.100
112 123 0.012 0.097 0.203
113 123 0.011 0.087 0.182
114 116 0.005 0.059 0.082
115 116 0.002 0.017 0.036
115 121 0.003 0.025 0.206
115 124 0.007 0.052 0.109
116 117 0.003 0.026 0.055
116 119 0.003 0.023 0.049
117 118 0.002 0.014 0.030
117 122 0.014 0.105 0.221
118 121 0.002 0.013 0.110
119 120 0.003 0.020 0.166
120 123 0.002 0.011 0.092
121 122 0.009 0.068 0.142
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through both lines, making it sharper, which is repeated
for all the lines of the network.

It can be said that the line 102-106 is greatly influen-
ced by any type of correlation whereas line 108-110 is
just influenced is case of full correlation. The reason is
the network configuration, for example, in bus 102 there
are four units connected and in case of high correlation
among them the result may be influenced, in the other
hand, line 108-110 has no units connected so the correla-
tion has less influence in the results.

4. Conclusions

A method has been proposed, for statistically obtaining
the power flow through lines in an electrical network,
given the statistical nature of the injected power, loads
and wind power and considering the correlation between
them. It is based on the MC simulation and applied under
correlated input data conditions.

Previous methods considering correlation do not pro-
vide good results, or their approach is partially wrong, as
shown in Section 1.3.

The main concern about the MC method is the need
for large number of simulations, which is very time-con-
suming. However, the time is reduced utilizing the DC
Load Flow instead of iterative Load Flow methods.

Therefore, the great advantages of this method are its
simplicity, speed, easy implementation and good approx-
imation of the results. It also includes the possibility to
change the procedure of steps 2 and 3 in order to increase
the accuracy of the results, reducing its speed.

Possible applications for this method are the following:

1) Introducing the dependence factor in the PLF, pro-
viding more realistic results. All possible types of corre-
lation are taken into account.

2) Observing the influence of future installation of WFs
in an electrical power network, where correlation is criti-
cal in the PLF problem.

3) Predicting the influence of potential situations where
environmental or social factors can cause synchronized
load demands.

4) As long as the WFs are spread over the land, due to
their dependence on the sun, the total correlation between
injected power and loads is increased. With the proposed
method, it is possible to consider this situation, which is
not with former methods.

In order to schedule long-term maintenance operations,
the influence of disconnect units or power plants from the
network can be calculated considering correlation, which
are more realistic results.
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Although perhaps it is more correct to define it in these
alternative ways:
[o(t)dt=[5(t)dt=1 £>0

[ f(t)s(t-a)dt=t(a) (A2)
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