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Abstract

The main purpose of this paper is to obtain the inference of parameters of he-
terogeneous population represented by finite mixture of two Pareto (MTP)
distributions of the second kind. The constant-partially accelerated life tests
are applied based on progressively type-II censored samples. The maximum
likelihood estimates (MLEs) for the considered parameters are obtained by
solving the likelihood equations of the model parameters numerically. The
Bayes estimators are obtained by using Markov chain Monte Carlo algorithm
under the balanced squared error loss function. Based on Monte Carlo simu-
lation, Bayes estimators are compared with their corresponding maximum li-
kelihood estimators. The two-sample prediction technique is considered to
derive Bayesian prediction bounds for future order statistics based on pro-
gressively type-II censored informative samples obtained from con-
stant-partially accelerated life testing models. The informative and future
samples are assumed to be obtained from the same population. The coverage
probabilities and the average interval lengths of the confidence intervals are
computed via a Monte Carlo simulation to investigate the procedure of the
prediction intervals. Analysis of a simulated data set has also been presented
for illustrative purposes. Finally, comparisons are made between Bayesian and
maximum likelihood estimators via a Monte Carlo simulation study.

Keywords

Pareto Distribution, Finite Mixtures, Constant—Partially ALT, Progressive
Type-II Censoring, Bayesian Estimation, Maximum Likelihood Estimation,
Bayesian Prediction, the Two-Sample Prediction, MCMC

1. Introduction

Accelerated life tests (ALTSs) are used to obtain information quickly on the life-
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time distribution of materials or products. The test units are run at higher-than-
usual levels of stress to induce early failures. A model relating life length to stress
is fitted to the accelerated failure times and then extrapolated to estimate the
failure time distribution under the normal use condition. ALTs are preferred to
be used in manufacturing industries to obtain enough failure data, in a short pe-
riod of time, necessary to make inferences regarding its relationship with exter-
nal stress variables.

According to [1], there are mainly three ALT methods. The first method is
called the constant stress ALT; the stress is kept at a constant level throughout
the life of test products, (see for example [2] [3] [4] [5]). The second one is re-
ferred to as progressive stress ALT; the stress applied to a test product is conti-
nuously increasing in time (see for example, [6] [7] [8]).

The third is the step-stress ALT, in which the test condition changes at a given
time or upon the occurrence of a specified number of failures, has been studied
by several authors. [9] obtained the optimal simple step-stress ALT plans for the
case, where test products had exponentially distributed lives and were observed
continuously until all test products failed; [10] extended their results to the case
of censoring. The optimal step-stress test under progressive type-I censoring,
assuming exponential lifetime distribution was considered by [11]. For more re-
cent research on step-stress ALTs, see [12] [13] [14] [15].

When the acceleration factor cannot be assumed as a known value, the par-
tially accelerated life test (PALT) will be a good choice to perform the life test. In
ALTs, the units are tested only at accelerated conditions (see [5]) whereas in
partially ALTs (PALTs), the units are tested at both accelerated and normal con-
ditions. PALTSs include two types; one is called step PALTs (see [16]) and the
other is called constant PALTSs (see [17]).

From the Bayesian viewpoint, few studies have been considered on PALT such
as [18] used the Bayesian approach for estimating the acceleration factor and the
parameters in the case of step-stress PALT with complete sampling for items
having exponential and uniform distributions. [19] investigated the optimal Baye-
sian design of a PALT in the case of the exponential distribution under complete
sampling. [20] discussed the Bayesian approach to estimate the parameters of
Weibull distribution in step-stress PALT with censoring. [21] considered the Baye-
sian estimates of the Pareto distribution parameters under step-stress PALT with
censored data. [4] considered the Bayesian estimates of the parameters, reliabili-
ty and hazard rate functions by using an approximate form due to Tierney and
Kadane of a mixtures of two Weibull components under ALT. Finally, [22] ob-
tained the Bayesian estimation of Gompertz distribution parameters in the case
of step-stress PALT with two stress levels and Type-I censoring and the appro-
ximation Bayes estimates are computed using the method of Lindley.

Pareto distribution of the second type (also known as the Lomax distribution)
has been widely used in economic studies and to analyze business failure data.
The Pareto distribution has been studied by several authors. According to [23],

the Pareto distribution is well adapted for modeling reliability problems, since
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many of its properties are interpretable in that context and could be an alterna-
tive to the well-known distributions used in reliability. This distribution was
used for modeling size spectra data in aquatic ecology by [24]. [25] considered
order statistics from non-identical right-truncated Lomax distributions and pro-
vided applications for this situation. [26] used the Pareto distribution as a mix-
ing distribution for the Poisson parameter and obtained the discrete Poisson-
Pareto distribution.

[27] investigated the Bayesian estimation of the Pareto survival function.
More recently, [28] discussed some Bayesian inferences based on censored sam-
ples from the Pareto distribution. [29] determined the optimal times of changing
stress level for simple stress plans under a cumulative exposure model using the
Pareto distribution. Finite mixture of distributions has proved to be of consi-
derable interest in recent years in terms of both the methodological development
and multiple applications. Mixture distribution modeling was studied as early as
1890s by [30], see also [31] [32] [33]. [4] [5] used a finite mixture model to study
the effect of a constant stress on the parameters, reliability and hazard rate func-
tions. [8] considers the progressive stress ALT applied to a product whose life-
time under design condition is assumed to follow a mixture of & components
each of which represents a different cause of failure.

A random variable 7' is said to have a Mixture of two Pareto distributions
(MTPD) if its probability density function (PDF) is given by

fio (t): plfll(t’01)+ P, fi (t,@z), (1)
where ©=(6,,6,,p,,p,) andfor j=12,
Y 2(“1’51)’

flj (t;gj ) — ajﬂjij (ﬂj +t)’(0‘j+1) ,

(2)
t>0,(a;, 8 >0), 0< p; <1, p+p, =1.

Also, the cumulative distribution function (CDEF), the reliability function (RF)
and the hazard rate function (HRF) take the forms.

Ry (66;)=1-5 (8 +1) 7, (3)
Ry (to)= 47 (5 +t) . 4)
H,; (t:6;)=a; (5 ”)71' )

f.(
where H,(-)=—" 0) . (2) is a special form of Pearson type VI distribution. In

R ()

life-testing and reliability studies, the experimenter may not always obtain com-

plete information on failure times for all experimental units. Data obtained from
such experiments are called censored data. Saving the total time on test and the
cost associated with it are some of the major reasons for censoring. A censoring
scheme, which can balance between total time spent for the experiment, number

of units used in the experiment and the efficiency of statistical inference based
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on the results of the experiment, is desirable. The most common censoring
schemes are Type-I (time) censoring, and Type-II (item) censoring. The conven-
tional Type-I and Type-II censoring schemes do not have the exorability of al-
lowing removal of units at points other than the terminal point of the experi-
ment. Because of that, a more general censoring scheme called progressive Type-
IT right censoring has been used in this article. Censored data are of progressive-
ly Type II right type when they are censored by the removal of a prospected
number of survivors whenever an individual fails; this continues until a fixed
number of failures has occurred, at which stage the remainder of the surviving
individuals are also removed or censored. This scheme includes ordinary Type II
censoring and complete scheme as special cases. A general account of theoretical
developments and applications concerning progressive censoring is given in the
book by [34] [35].

An important problem that may face the experimenter in life testing experi-
ments is the prediction of unknown observations that belong to a future sample,
based on the current available sample, known in the literature as the informative
sample. For example, the experimenters or the manufacturers would like to have
the bounds for the life of their products so that their warranty limits could be
plausibly set and customers purchasing manufactured products would like to
know the bounds for the life of the product to be purchased. For different appli-
cation areas, the reader can see [36] [37]. The prediction of progressive Type-II
censored data from the Gompertz and Rayleigh distributions has considered,
respectively, by [38] [39]. [40] presented methods for constructing prediction
limits for a step-stress model in ALT. Bayesian inference and prediction for the
inverse Weibull distribution and Weibull distribution under Type-II censored
data are described by [41] and by [42], respectively.

The novelty of this paper is to consider the constant PALT applied to items
whose life-times under design condition are assumed to follow MTPD under a
progressive Type-II censoring and the main aim is to obtain the Bayes estimators
(BEs) and prediction of the acceleration factor and the parameters under consi-
deration using the method of MCMC. The rest of this paper is organized as fol-
lows. In Section 2, a description of the model is presented and the MLEs of the
parameters are derived. In Section 3, Bayes estimates are obtained using the ba-
lanced square error loss (BSEL) function. Bayesian two-sample prediction is
presented in Section 4. Monte Carlo simulation results are presented in Section 5.

Finally, some concluding remarks are introduced in Section 6.

2. Model Description and Basic Assumptions
2.1. Model Description

In a constant-PALT, n, items randomly chosen among n test items sampled

are allocated to use condition and n, =n-—n, remaining items are subjected to

an accelerated condition progressive type-II censoring is performed as follows.
At the time of the first failure tf

simen, 0 Re items are randomly withdrawn

from the remaining n, -1 surviving items. At the second failure tsRZS:mS:nS R,
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items from the remaining n,—2-R_, items are randomly withdrawn. The test
RS

continues until the m, —th failure tg . .~ at which time, all remaining

Ry, =Ny —m, — ZT: ' R,, items are withdraws for s=12. In our study, R,
are fixed prior and m, <n,.

If the failure times of the n_ items originally in the test are from a continuous
population with distribution function F, (X) and probability density function

f; (X) , the joint probability density function for

tst-ms:ns < tsRZS:ms:ns << tSR”S‘s:ms:ns and s=12 isgiven by
2 s Rsi
L(Qyt) = H{A%Hfsﬁ) (tsi:ms:nS )|:Rs® (tsi:ms:nS ):| }’ (6)
s=1 i=1
where t=(t,t,) and,for s=12, t =(t;, -t ) and

A‘s = ns (ns -1- Rsl)(ns -2- Rsl - RSZ)'“(ns _ms +1- Rsl - RSZ T Rs(ms—l))'

It is clear from (6) that the constant PALTs progressively Type-II censored
scheme containing the following censoring schemes as special cases:

1) Type-1I censored scheme when R={0,0,---,0,n, —m}.

2) The complete sample case when R = {0,0,--',0} and n,=m,.

2.2. Assumptions

1) The lifetimes T, =T, i=1---,n of items allocated to use condition, are
independent and identically distributed random variables (i.i.d. r.v.’s) and fol-
lows a mixture of MTP distribution with PDF, given in (1).

2) The lifetimes T,, = X, i=1,---,n, of items allocated to accelerated condi-
tion, are i.i.d r.v.’s.

3) The PDF, RF, CDF and HRF of an item tested at accelerated condition are

given, respectively, by

fZG(X): plel(X;gl)-" P, fzz(X;Qz),
ZG(X): p1R21(X;61)+ szzz(X;92)7
(

X0,)+ P, Fp (X:6,), ¢, ?7)
foe (X
H (0] - 20 [
2 (X) Rzg(x)
where for j=1,2,0; :(aj,ﬂj,/lj), and

H2J(X;aj):ﬂ'jHlj(x’ej):ljaj (ﬂj“‘X)il, (8)
Ry (x:6,) =7 (B, +x) ™, ©)
R (x:6;) =1- g (8 +x)_/1"aj , (10)
f2; (X; Y ) = a4, ('Bj +X)_(ljaj+1) , (11)

where A; isan accelerated factor satisfying 4; >1.
4) The iid lifetimes T; and T,, i=12;--,n; are mutually statistically-

independent.
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2.3. ML Estimation
Let, for s=1,2, T( ++Fons) <T(R51"“'R5ms) <-|—( +Remg )

slimg:ng s2:mg:ng SMg:Mg:Ng denote two progres-

sively type-II censored samples from two populations whose PDFs are as given
by (1) and (2), respectively, with R, = (Rsl,-u, Rsms) being the two progressive
censoring schemes. We denote also the observed values by,
t <t <-e<t . The log-likelihood function

M Mg N
| (a, B, /1|7) =log L(a, B, /1|Y) without normalized constant is then given by
I=InL(B;) =7 MA+Y2 S™Inf, ( . m)

+Zs 1Zm51 RS| In R ( si:mg ng )

Assuming that the parameters P, 4; and J; are unknown and «;, is

sLmg:ng $2:Mg:Ng

(12)

known, the likelihood equations are given, for j=1,2, by

= Z —12 —1‘/’5( si ) zs 1Zm$ Rs.‘//: (tsi ) =0,

E(t, R, P& (ty
a—|=zimfl pjé:J(ZI) +zirr;21 2|pJ§J(2|)=O’ j=12 (13)
aﬂ'i fze (t2i:m2:nz ) R2® (t2i:m2:n2 )
2 5 2 I Rs|p .
A _$5 ) $EReA) oy,
aﬂl s=1i=1 fs@( si:mg :ng ) s=1i=1 Ry (tsi:ms:ns)

where, for j=1,2

!//S (tsi)_ fsl(tsilel)_ fSZ (tsi;gz),
fS@ (tsi:msznS )
. Ry (ti:6,)— Ry, (t::6,)
Vs (tsi ) = ,
RS@ (tsi:msznS )

B afzj (tzi 19]) 2jaj —(ﬁjaj+1) ﬂj 1
S (tzi)—— ,ﬂ ('Bi +t2‘) {In Bi +1, +E

* asz t2i;0j Aiai —Ajaj :B
6 ()=l g i (g 11,) {'ﬁ—t}
] j 2i

5 (t) =%ﬂ9) —a 5 (8, +6) Y (@t )
921(t2i)=—af2"22’9) LB+t ) @2t - ),

o (1) - D) a(;;;e,. ). By (),

i (tzi):%ﬁiﬁj) LB (B + )7(%&]%)' (14)

Equations (13) do not yield explicit solutions for p, 4; and fB;, j=12,
and have to be solved numerically to obtain the ML estimates of the five para-

meters, Newton-Raphson iteration is employed to solve (13).
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3. Bayes Estimation of the Model Parameters

For Bayesian approach, in order to select a single value as representing our “best”
estimators of the unknown parameter, a loss function must be specified. A wide
variety of loss functions have been developed in the literature to describe various
types of loss structures. The balanced loss function which is introduced [43]. [44]

introduced an extended class of the balanced loss function of the form
Loas, (¥(0).6)=QY(0)®(5,,5)+(1-Q)Y(0)®(¥(6),5),  (15)

where Y() is a suitable positive weight function and CD(‘I’(H),5 ) is an arbi-
trary loss function when estimating W (¢) by &. The parameter &, is a cho-
sen prior estimator of ‘P(H) , obtained for instance from the criterion of ML,
least squares or unbiasedness among others. They give a general Bayesian con-
nection between the caseof Q>0 and Q=0 where 0<Q<1.

This section deals with studying the Bayes estimates of the parameters under
consideration using the balanced square error loss (BSEL) function using the
non-informative prior NIP distribution. It follows that a NIP for the acceleration
factor A; is given by

1
ﬂl(ﬁ,-)oc/l—,(ﬂ,- >1). (16)
i
Also, the NIP’s for the scale parameter f; and the parameter p; are, re-

spectively, as

7 (8) o~ (8,>0) (17)
B
”s(p;)“pijv (p, >0). (18)

Therefore, the joint NIP of the three parameters can be expressed by

7(©)=m,(4) 7, (B;)7s(p;) (4, >1.8;.p;>0), (19)

1
cx: - . )

Pi4;iB;
where ®=(pj,/1j,,8j).

It is to be noted that our objective is to consider vague priors so that the priors
do not have any significant roles in the analyses that follow. However, if one uses
the prior beliefs different from (19) and resorts to sample based approaches for
analyzing the posterior, one may use the concept of sampling-importance-re-

sampling without working afresh with the new prior-likelihood setup (see, [45]).

3.1. Bayes Estimation Based on BSEL Function

The symmetric square-error loss (SE) is one of the most popular loss func-
tions. By choosing @(‘P(&),é‘) =(§—‘P(9))2 and Y(6)=1, in (15), the ba-
lanced loss function reduced to the BSEL function, used by [46] [47], in the

form

Lo, (F(0).6)=Q(6-5,) +(1-Q)(5-¥(0)), (20)
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and the corresponding Bayes estimate of the function ¥ (8) is given by
Saws, (1) =Q0, +(1-Q)E(F(0)]t). (21)

Under the BSEL function, the estimator of a parameter (or a given function
of the parameters) is the posterior mean. Thus, Bayes estimators of the para-
meters are obtained by using the loss function (20). The Bayes estimators of a
function U= u(pj,ﬂj,ﬂj ) = P;,4; or B; isgiven by

Ugs :QGML+(1_Q)J.:u”*(pjlﬂ'j!ﬂj|t)d®l (22)

where, U,, isthe ML estimate of u. It is not possible to compute (22) ana-
lytically, therefore, we propose to approximate (22) by using MCMC tech-
nique to generate samples from the posterior distributions and then compute

the Bayes estimators of the individual parameters.

3.2. MCMC Method

The MCMC method is a useful technique for computing Bayes estimates of
the function U= u(pj A B ) A wide variety of MCMC schemes are availa-
ble, and it can be difficult to choose among them. An important sub-class of
MCMC methods is Gibbs sampling and more general Metropolis within-
Gibbs samplers. The advantage of using the MCMC method over the MLE
method is that we can always obtain a reasonable interval estimate of the pa-
rameters by constructing the probability intervals based on the empirical
posterior distribution. This is often unavailable in maximum likelihood esti-
mation. Indeed, the MCMC samples may be used to completely summarize
the posterior uncertainty about the parameters p;, 4, and f;, through a
kernel estimate of the posterior distribution. This is also true of any function
of the parameters. For more detailes about the MCMC methods see, for ex-
ample, [48] [49] [50].

The Metropolis-Hasting algorithm generates sampling from an (essentially)
arbitrary proposal distribution (Ze. a Markov transition kernel). From the
product of Equations (19) and (6), the joint posterior density function of

p;, 4; and f; given the data can be written as

”* ( pj ' /Ij lﬂj |t> = Bl ( pjﬂjﬂj )71 ﬁ{&ﬁ&@ (tsi:msrnS >|:Rs® (tsi:ms:nS )j|RSi }l (23)

s=1 i=1

where
B = [,7(®)L(p; 4. 5 )de.

t= (til,ti2,~--,tirni ) The conditional posterior distribution of the parameters
P;, 4; and f; canbe computed and written, respectively, by
2
1

T ( pj|ﬂj B ,t) oc ple{&ﬁfs@) (tsi:ms:ns )|:Rs® (tsi:ms:ns )TSi }’ (24)

7 (4 |9y Bt) < ﬂ;lﬁ{&ﬁfs@ (tmn ) Reo (i )| } (25)

s=1
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ﬂ* (ﬂ] | pj *ﬂj ’t> oC ﬂjlﬁ{&ﬁfsg (tsiimsins )|:Rs@ (tsi;ms:ns ):|RSi } (26)

The posterior of p;, 4; and f; in (24), (25) and (26) is not known, but
the plot of it shows that it is similar to normal distribution. Therefore to gen-
erate from this distribution, we use the Metropolis {Hastings method ([51]
with normal proposal distribution)}. For details regarding the implementa-
tion of Metropolis-Hastings algorithm, the readers may refer to [52]. To run
the Gibbs sampler algorithm we started with the ML estimates. We then drew
samples from various full conditionals, in turn, using the most recent values
of all other conditioning variables unless some systematic pattern of conver-
gence was achieved. The following algorithm of Gibbs sampling is proposed
to compute Bayes estimators of U=uU ( p; ,/1j ,,Bj )based on BSEL function.

1) Start with initial guess of (pj WA ,,BJ-) say (p?,l;},ﬂ?), respectively.

2) Set i=1.

3) Generate pi from (24) and A' from (25).

4) Generate ﬂi from (26).

5) Set i=i+1.

6) Repeat steps 3 - 5 N times.

7) An approximate Bayes estimator of u under BSEL function is given by

£ (ult)= (YN -v) Zu(p' 2. 5), @)

i=v+l

where v is the burn-in period. So that, the Bayes estimators of u based on

BSEL function is given by

lgs = Qly, +(1-Q)E(ult). (28)

4. Bayesian Two-Sample Prediction

The two-sample prediction technique is considered to derive Bayesian predic-
tion bounds for future order statistics based on progressively Type-II cen-
sored informative samples obtained from constant-PALT models. The cover-
age probabilities and the average interval lengths of the confidence intervals
are computed via a Monte Carlo simulation to investigate the procedure of
the prediction intervals. Suppose that, for S =12, the two sample scheme is
<T,

$2:mg:Ng

<< Tsmszms:nS )

presents an observed informative progressively type-II right censored sample

used in which the informative sample (T re-

sLmg:ng
of size m, obtained from a sample of size n, with progressive CS

R, = (Rs]_"“l Rsms) drawn from a population whose PDFs are as given by (1)
and (7). Suppose also that Y.,,.v.Youn: - Yumn represents a future (unob-
served) independent progressively type-II right censored sample of size M
obtained from a sample of size N with progressive CS R’ :(Rf,---,R,t,l ),
drawn from the population whose CDF is (9). We want to predict any future

(unobserved) Y,, b=12,---,M, in the future sample of size M . The PDF of
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Y,, b=12,---M, given the vector of parameters 6, is obtained as (see [34]):

1

b -
9" (Yo]0) =Cs f20 (Vs )qu [1_ Foo (Yo )Y' , (29)

where

M i— b
=2 (R +1)=N -3 (R} +1), C, , =H7i,
J=l j=i i=
b1
K =]]——Vi#jb>1 and x, =1forb=1
=17 =7
Substituting from (7) and (9) in (29), we have:

9" (%/0)

=C,. (p1f21(y9)+p2f22(y9))z.1 1[ (pl z1(y 3)4‘ P, zz(ye))]yi_l- o

4.1. Maximum Likelihood Prediction When « i Is Known

Maximum likelihood prediction (MLP) can be obtained using (30) by replacing

the parameters 0= ( P, ,Bl,ﬂz,/ll ) b

Gy = Bowy By Bo sy oy 2o )
1) Interval predlctlon
The maximum likelihood prediction interval (MLPI) for any future observa-

tion y,, 1<b<M canbe obtained by
Pry, Zu|t}=j:) g*(yb|é(ML))dyb. (31)

A (1-7)x100% MLPI (L,U) of the future observation y, is given by

solving the following two nonlinear equations
T T
Pr[yb > L(t)|t]=l—5, Pr[yb >U ( HZE' (32)

2) Point prediction:
The maximum likelihood prediction point (MLPP) for any future observation
Y, can be obtained by replacmg the parameters 0 =(p,f,,5,,4,4,) by

Gy = Bowy By Bo sy oy Za o )

9b(ML) = E[yb|t :I: ybg*(yb|é(|v||_))dyb' (33)

4.2. Bayesian Prediction When «; Is Known

The predictive density function of Y,, 1<b<M is given by:
P (yy)t) = :g*(yb|9)7z*(0|t)d0, y, >0, (34)

1) Interval prediction:

Bayesian prediction interval (BPI), for the future observation Y,, 1<b<M,
can be computed using (34) which can be approximated using MCMC algorithm
by the form
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o (v]0)
Y0 ()0 dy,

where €', 1-1,2,---, 1 are generated from the posterior density function (23)

P (o]t) =

(35)

using Gibbs sampler and Metropolis-Hastings techniques.
A (1-7)x100% BPI (L,U) of the future observation Yy, is obtained by

solving the following two nonlinear equations

ZTLJZQ*(Vbe)dyb 1L (36)
Y9 (wld)dy, 2
o9 (%0 )dy, <« (37)
o0 (3]0 )y,

Numerical methods such as Newton-Raphson are necessary to solve the above

two nonlinear Equations (36) and (37),to obtain L and U for a given.
2) Point prediction:
a) Bayesian prediction point (BPP) for the future observation Yy, based on

BSEL function can be obtained using
Yoes) = Woom) +(1-Q)E(%]t), (38)

where )7b(ML) is the ML prediction for the future observation Yy, which can be

obtained using (36) and E ( Yo |t) can be obtained using
E(¥o[t) =, % ¥ (Yolt)dys- (39)

b) BPP for the future observation Yy, based on BLINX loss function can be

obtained using

.1 . .

Vo(or) = —gln [Qexp[—ayb(ML)]+(1—Q)E(e b t)} (40)

where 9b is the ML prediction for the future observation Yy, which can be
obtained usmg (36) and E( g ) can be obtained using

E(e’ayb t) = J';e’aybll’*(ybh)dyb. (41)

5. Simulation Studies

In this subsection, numerical examples are provided to demonstrate the theoret-
ical results given in this paper. All computations were performed using (MA-
THEMATICA ver. 8.0).

To generate progressively type-II censored Pareto samples, we used the algo-
rithm proposed by [34]. The MLEs and Bayes estimates of the parameters are
computed and compared based on Monte Carlo simulation study according to
the following steps:

1) For given values of the parameters, n, and m(1<m <n.), s=12 we
generate type II progressively samples from the MTP distribution as follows:

a) For given values of m_, we generate two independent random samples of sizes
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myand m, from Uniform (0,1) distribution (U aUsUgy ) s=12.

b) For given values of the progressive censoring scheme

Ry,5=12, i=1--,m,, we set Esizl/( w0 SK) where

Si !
s=12,i=1---,m,.
c) Set Vg —UES‘.

d) Set U, =1- H s=1,2,i=1---,m..

K=mg—i+1 SK’ S

e) For given values of P, @;, B;, 4; and ng, m, set:
. (5,1)0[ _ (s—l)a (571)0[ _ (s—l)a
Ug :p[l_ﬂljl H(Bi+ty) g 1]“(1_ p)[l—ﬂ;z 2(Br+ty) E 2]

which is the required progressive Type II censored samples of sizes m, from
MTP distribution under constant PALT.

2) The MLEs of the parameters are obtained by solving the nonlinear equa-
tions (13) numerically.

3) Based on BSEL loss function the Bayes estimates of the parameters are
computed, from (28) according to the above MCMC method.

Simulation studies have been performed using (Mathematica ver. 8.0) for illu-
strating the theoretical results of estimation problem. The performance of the
resulting estimators of the acceleration, shape and scale parameters has been
considered in terms of their average (AVG), relative absolute bias (RAB) and

mean square error (MSE), where

c=(yM) Y o
k=12, :( 1= p,D, :ﬂi’q)?, :}LQv(D4 ::Bl’q)s :ﬁz)l

N
[iN

q)k_q)k
RAB="———,
O]

MSE = (]/M )Z:\:l(é\)S) - D, )2 .

In our study, we have used three different censoring schemes (C.S), namely:

Schemel: R, =n,—-m,R =0 for i=m,

s 1
SchemeIl: R =n,—m,,R =0 for i=1.
Scheme III: R(m+1/z) n,—mg,R =0 for I;t m +1 /2, if m, odd, and

R(ms/Z) -mg,R =0 for |¢( 5/2),1f m, even.

In simulat1on studies, we consider two case separately:

a) The population parameter values
(o, =110,=23=03,8,=07,4,=1571,=2p=05), the sample sizes
(n,=n,=n) and observed failure times (M, =m, =m) the results shown in
Table 1. The progressive censoring schemes used in this case are displaying in
Table 2.

b) The population parameter values

(al =11a,=23 =03 6,=074=151=2p= 0.5), the sample sizes
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Table 1. MLEs and Bayes estimates of the parameters and their MSEs and RABs at
(,=110,=23=03,=0.7,4=151=20=05p=05).

ML method Bayes method
n m C.S Parameters
MLE MSE RAB MLE MSE RAB
0.601454 0.0911552 0.202909 0.460629 0.0232686 0.078743
A 1.9737 0.703832 0.315798 1.80706 0.214357  0.204707
I A, 2.12271 0.516762 0.0613551 1.88423 0.139247 0.0578838
o 0.369676 0.0239581 0.232252 0.477845 0.0365735 0.592818
B, 0.751637 0.0794354 0.0737667 0.72107 0.0199059 0.0300995
0.700854 0.0977859 0.401708 0.518353 0.014129 0.0367053
A 1.95765 0.708308 0.305101  1.82122 0.228966  0.214148
10 5 1II A, 2.21685 0.581832  0.108427 1.95556 0.148177 0.0222217
B 0.378412 0.0360783 0.261372 0.471209 0.0371772 0.570698
B, 0.777305 0.109645 0.110436 0.727977 0.0273527 0.0399674
0.629658 0.09394 0.259317 0.472783 0.0192282 0.0544344
A 2.06651 0.824214 0.377674 1.86251 0.257217  0.241674
111 A, 2.26205 0.60211 0.131027 1.9515 0.135306 0.0242518
B 0.377877 0.0427896 0.259589 0.481326 0.0418398 0.604419
B, 0.826555 0.121951 0.180793 0.757457 0.0300898 0.0820817
0.660453 0.112751  0.320906 0.506635 0.0283939 0.0132703
A 1.85369 0.648571 0.235796 1.74605 0.18166 0.164036
I A, 2.16858 0.744627 0.0842877 1.90422 0.177836 0.0478888
B 0.210994 0.0137477 0.296687 0.401985 0.0114582 0.339951
B, 0.699248 0.134125 0.00107442 0.688608 0.0320385 0.016274
0.537681 0.100897 0.0753617 0.442848 0.029858 0.114304
A 2.2181 0.924725 0.478734 1.92421 0.266521 0.282808
10 7 1II A, 2.03363 0.490193 0.0168168 1.85065 0.149335 0.074674
B 0.459593 0.0958671 0.531976 0.520935 0.0664047  0.73645
B, 0.773434 0.170571  0.104906 0.732026 0.0413834 0.0457511
0.723168 0.151995 0.446336 0.519121 0.0271232 0.0382419
1.85078 0.432858  0.233853 1.746 0.141774  0.164001
II1 A, 2.41489 0.78414 0.207443  2.02639 0.151202 0.0131956
yo 0.375755 0.0283916 0.252517 0.473603 0.0359016 0.578677
B, 0.870039 0.0594453 0.242912 0.780168 0.0127516 0.114525
0.557594 0.0847459 0.115188 0.430601 0.0254593 0.138799
A 1.90065 0.704428 0.267101 1.75898 0.208271  0.172653
20 10 I A, 2.10902 0.498771 0.0545082 1.87512 0.142039 0.0624406
oA 0.362324 0.039027 0.207747 0.474889 0.0411224 0.582964
B, 0.742612 0.101949 0.0608743 0.717371 0.0261471 0.0248159
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Continued
0.669976  0.1211 0.339952  0.490481 0.0242542 0.0190383
A 1.95717 0.68463 0.30478 1.8027 0.206388 0.201803
I A, 2.04906 0.472107 0.0245278 1.85392 0.140938 0.0730379
B 0.3308 0.0168379 0.102667 0.454641 0.0286291 0.515468
50 10 B, 0.787288 0.187934 0.124698 0.733932 0.045068 0.048474
0.632057 0.100993  0.264113 0.47326 0.0224658 0.0534806
1.84788 0.563256 0.231918 1.73577 0.171077  0.157178
III A, 2.02863 0.545136 0.0143147 1.8346 0.167083 0.0826977
B 0.320854 0.017344 0.0695136 0.453179 0.0281525 0.510598
B, 0.750958 0.15458 0.0727968 0.719845 0.0389693 0.0283506
0.550374 0.118694 0.100747 0.497373 0.0349629 0.00525442
1.56948 0.229736  0.046317 1.58626 0.0538567 0.0575068
I A, 1.81417 0.514309 0.0929162 1.71431 0.198039 0.142846
o 0.364483 0.0526832 0.214943 0.477257 0.045402 0.590855
B, 0.739965 0.0820597 0.0570934 0.717426 0.0186836 0.0248949
p 0.548206 0.0601328 0.0964128 0.42714 0.0182459 0.145721
A4 1.84334 0.801833  0.228892 1.69273 0.186019 0.128484
20 15 II A, 2.52571 0.595692  0.262855 2.08784 0.0885475 0.043922
o 0.35615 0.0225767 0.187167 0.474979 0.0349709 0.583262
B, 0.813256 0.0874564 0.161794 0.756249 0.0249578 0.0803555
p 0.549382 0.0478625 0.0987647 0.441121 0.0164724 0.117758
A4 1.75354 0.525229 0.169024 1.69137 0.168108 0.127583
III A, 1.79942 0.472088 0.100288 1.70238 0.207905 0.14881
o 0.354368 0.0425507 0.181226 0.46136 0.0369997 0.537867
B, 0.670072 0.0371572 0.0427541 0.675311 0.010769 0.0352695
p 0.499598 0.104484 0.000803821 0.397832 0.0335915 0.204337
2.15827 0.797189  0.438849 1.89995 0.234899 0.266632
I A, 1.87373 0.398902 0.0631326 1.72948 0.18941 0.135258
yo 0.376413 0.0215011 0.254709 0.48996 0.041951 0.633201
B, 0.779513 0.0489548 0.11359 0.741129 0.0135147 0.0587554
p 0.76084 0.136086 0.521681 0.540043 0.0191063 0.0800852
A 1.78253 0.423387 0.188354 1.71719 0.130948 0.144796
30 15 11 A, 1.78884 0.641888 0.105579 1.74993 0.214919 0.125034
B 0.31688 0.0129736 0.0562653 0.438228 0.0243289 0.460761
B, 0.583023 0.0623007 0.16711  0.644207 0.0155235 0.079704
p 0.57124 0.0459656  0.14248 0.447413 0.0156696 0.105174
A4 1.88525 0.719008 0.256833  1.75951 0.2079 0.173008
III A, 1.705 0.467048 0.147502 1.68106 0.222155 0.159471
o 0.308311 0.014189 0.0277027 0.446638 0.0246022 0.488793
B, 0.632415 0.0380157 0.0965499 0.664642 0.0116061 0.0505112
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0.393203 0.127093  0.213595 0.345447 0.0551168 0.309106

A4 1.59049 0.36839 0.0603245 1.62542 0.106877 0.0836112

I A, 2.26603 0.428951 0.133013 1.96647 0.0839317 0.0167674

B, 0.234789 0.0197048 0.217369 0.411934 0.0212264 0.373113

5, 0.822029 0.08424  0.174326 0.760107 0.02548  0.0858669

0.750849 0.0994436 0.501699 0.527088 0.0112714 0.0541766

A 1.78607 0.344742  0.190715 1.70742 0.108857 0.13828

30 20 1II A, 2.36571 0.719694 0.182853 1.96996 0.163298 0.0150208
B, 0.384138 0.0274193 0.28046 0.466012 0.0325419 0.553373
5, 0.715106 0.097689 0.0215797 0.700472 0.0258527 0.000674698

0.526054 0.113862 0.0521074 0.412145 0.0375391  0.17571

A 1.70714 0.334107  0.138096 1.65264 0.107972  0.10176

III A, 1.85459 0.535046 0.0727042 1.72149 0.217767 0.139256

B 0.272605 0.0108596 0.0913181 0.430056 0.0197156 0.433519

B, 0.698068 0.0602391 0.00276056 0.68964 0.0151716 0.0148004

Table 2. Progressive censoring schemes used in simulation study at n,=n,=n and

m=m,=m.
CS
n m
I 1 111

10 5 R,=5 R =0,i#5 R=5R=0,iz1 R,=5 R =0,i=3
10 7 R, =3, R=0i#7 R =3 R=0,iz1 R,=3,R =0,i#4
20 10 R, =10, R =0, i #10 R =10,R =0, i#1 R, =10, R =0, i#5
20 15 R,=5 R =0, i#15 R=5R=0,iz1 R,=5 R =0, i=8
30 15 R,=15 R =0, i#15 R =15, R =0, i #1 R, =15 R =0, i#8
30 20 R, =10, R =0, i # 20 R =10, R =0, i#1 R,=10, R =0, i#10

(n1 # nz) and observed failure times (m1 # mz) the results shown in Table 3.
Figure 1 and Figure 2 represents the MSE and RAB of the estimates of
0=(p,a;,a,,,,) when the sample sizes (n, =n, =n). While Table 4 gives
the progressive censoring schemes used in simulation study at n #n, and
m #m,.

The ML prediction (point and interval) and Bayesian prediction (point and
interval) are computed according to the following steps:

Generate ' = ( P AL B AL A ) , from the posterior PDF using MCMC al-
gorithm.

Solving Equation (32) we get the 95% MLPI for the b" order statistics in a
future progressively Type-1I censored sample also the MLPP for the future ob-
servation Y, ,is computed using (33).
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Table 3. MLEs and Bayes estimates of the parameters and their MSEs and RABs at
(,=11,0,=23,=03p,=07,4=151=2Q0=05p=05).

C.S Parameters

B
5,

15 9
20 12

B
5,

111 A,

B
B,

B
B,

15 12
20 16 2

B
B,

I A,
B
5

25 15
I 2
30 18

B
B,

ML method

MLE MSE

0.582126 0.0667111

2.14351 1.15743

1.92079  0.366342

0.405359 0.0605374

0.64733  0.0564176

0.690734 0.0901268

1.76961  0.509727

1.873 0.64641

0.306905 0.0121153

0.679614 0.137545

0.701195 0.114975

1.87453  0.434023

2.44222  0.834579

0.298962 0.0067289

0.891142 0.276275

0.436934 0.147934

1.8192  0.729329

1.99231  0.179585

0.278366 0.0164655

0.776163 0.0460672

0.654981 0.0720127

1.75885  0.424684

1.76559  0.736282

0.285547 0.0120893

0.580928 0.0744739

0.729426 0.170489

1.8595 0.41773

2.10522  0.644808

0.290329 0.00288853

0.620031 0.149604

0.624484 0.0707967

2.04136  0.641435

2.6438  0.597395

0.334961 0.0181699

0.853151 0.0425477

RAB

0.164253

0.429006

0.039605

0.351195

0.0752435

0.381469

0.17974

0.0635004

0.0230154

0.0291222

0.40239

0.249685

0.221111

0.00345946

0.273059

0.126133

0.212799

0.0038437

0.0721123

0.108805

0.309961

0.172564

0.117205

0.0481779

0.170103

0.458852

0.239663

0.0526092

0.032236

0.114242

0.248968

0.360909

0.321901

0.116536

0.218787

Bayes method
MLE MSE RAB
0.43802 0.0196126 0.123961
1.83838 0.291516  0.225585
1.76003 0.142649 0.119987
0.493668 0.0497705 0.645561
0.666565 0.0150668 0.0477636
0.508892 0.0109952 0.0177844
1.70937 0.142868 0.139577
1.73129 0.257858 0.134355
0.448829 0.0259015 0.496097
0.678015 0.0336289 0.0314067
0.492905 0.0156311 0.0141904
1.72842 0.129539 0.152283
2.05112 0.155312 0.0255614
0.430867 0.0192125 0.436223
0.784181 0.0686896 0.120258
0.424671 0.0443185 0.150657
1.72476 0.213135 0.149842
1.80985 0.090785 0.0950757
0.442964 0.0253041 0.476548
0.725809 0.0103525 0.0368705
0.485461 0.0107014 0.0290777
1.6856  0.116873  0.123733
1.68275 0.280035 0.158626
0.441627 0.0235345 0.47209
0.626942 0.0211994 0.104368
0.518466 0.0316011 0.0369323
1.70108 0.115046 0.134051
1.89043 0.185788 0.0547844
0.444839 0.0217482 0.482798
0.638284 0.0382819 0.0881652
0.46255 0.0152373 0.0748991
1.84179 0.200086 0.227863
2.17796 0.0846467 0.0889785
0.461212 0.0314131 0.537372

0.77776 0.0131854 0.111086
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0.579907 0.0865519  0.159814 0.431046 0.0231535 0.137909
A 1.71326  0.420802  0.142174 1.65845 0.123108 0.105636
11 A, 2.06298  0.534335  0.03149  1.85569 0.171584 0.0721568
yia 0.35053 0.0256934 0.168434 0.466404 0.0337755 0.554681
25 15 B, 0.692717 0.100299  0.0104043 0.697282 0.0213776 0.00388272
30 18 0.548462 0.117228  0.0969238 0.433495 0.0345365 0.133011
A 1.58744 0.458697 0.0582929 1.60793  0.1446  0.07195
111 A, 2.16086  0.290563  0.0804277 1.92313 0.0779529 0.0384327
B 0.249868 0.0133291 0.167105 0.42914 0.0190754 0.430468
5, 0.793726 0.0741596  0.133894 0.742978 0.0211759 0.0613978
0.566283 0.0899157 0.132566 0.466032 0.0438552 0.067936
A 1.53468  0.39365  0.023117 1.27542 0.0491383 0.149719
I 4, 2.01437  0.740411 0.00718381 1.50366 0.185134  0.24817
B 0.301303 0.011117 0.00434313 0.364586 0.0228807 0.215288
B 0.683733 0.0780066 0.0232389 0.566201 0.0214978 0.191142
0.730676 0.151648  0.461353 0.540285 0.0312658 0.0805702
A 1.62499  0.192889  0.0833271 1.62759 0.0665582 0.0850597
25 20
30 24 U 4, 1.73909 0.418326  0.130453 1.67432 0.202752 0.162838
B 0.285779 0.00779342 0.0474039 0.425446 0.0176157 0.418152
B 0.599221 0.0828184 0.143969 0.642418 0.029898 0.0822602
0.74725 0.119373  0.4945  0.527233 0.0137002 0.054467
A 1.82079  0.28875  0.213863 1.69809 0.0967408 0.132062
111 4, 2.3759  0.669129  0.187952 197417 0.152521 0.0129148
B 0.339932 0.0101032 0.133106 0.45045 0.0272884  0.5015
B, 0.956769 0.23684  0.366813 0.828082 0.05404  0.182975
Table 4. Progressive censoring schemes used in simulation study at n, #n, and
m, # m,.
CcS
n m
I I III
15 9 R,=6 R =0,i%9 R=6R=0,izl . =6,R =0, i#5
20 12 R,=8 R =0, i#12 R =8 R=0,i=1 , =8 R =0,i#6
5 12 R,=3 R =0, i#12 R =3 R=0,izl R,=3 R =0,i#6
20 16 R,=4, R =0,i#16 R=4R=0i#1 R,=4,R =0, i#8
25 15 R, =10, R =0, i #15 R =10, R =0, i #1 R, =10, R =0, i#8
30 18 R, =12, R =0, i 18 R =12, R =0, i#1 R, =12, R =0, i#9
25 20 R, =5 R =0,i#%20 R =5R=0,i#1 R,=5 R =0,i#10
30 24 =6, R=0,i%24 R=6R=0,i=1 R,=6, R =0 ix12
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Figure 1. Mean square error (MSE) of the estimates of ¢ =(Pp,a,,@,,5,,3,) when the sample sizes (n, =n, =n).
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Figure 2. Relative absolute bias (RAB) of the estimates of 6 =(p,a,a,,/3,,/,) when the sample sizes (n, =n,=n).
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Table 5. Point and 95% interval predictors for Y, ,b=1 when N=M =10,R" =0,
i=1,2-M, CSIand (o, =110a,=23/=034=074=151=20=05p=

0.5).
Point predictions Interval predictions
(nI, m, ML Bayes
(n,m, ML BSEL (L, U) (L, U)
Length (CP) Length (CP)
(0.000439728, (0.000472307,
15,9
(15,9) 0.0185867 0.0211427 0.0725284) 0.101625)
(20,12)
0.0720887 (95.66) 0.101153 (96.70)
(0.000315783, (0.000460148,
15, 12
(15,12) 0.0130117 0.0186568 0.0497251) 0.103072)
(20, 16)
0.0494094 (92.49) 0.102612 (96.94)
(0.000495333, (0.000378492,
25,15
230 18; 0.0202449 0.0207763 0.0768623) 0.0922851)
0.076367 (95.93) 0.0919067 (97.13)
(0.000453452, (0.000542946,
25,20
( ) 0.0192247 0.0238478 0.0751992) 0.127486)
(30, 24)

0.0747457 (95.92)

0.126943 (96.73)

Table 6. Point and 95% interval predictors for Y;,bzl, when N =M =10, Ri* =0,
i=12,--\M, CSII and (o, =1.1,=234,=0.3,4,=07,4=151,=2,Q0=057p=

0.5).
Point predictions Interval predictions
(nl,ml ML Bayes
(n,,m, ML BSEL (L, U) (L, U)
Length (CP) Length (CP)
(0.000582895, (0.000431341,
15,9
(15, 9) 0.0242643  0.023783 0.0935202) 0.101425)
(20, 12)
0.0929373 (95.88) 0.100993 (97.15)
(0.000551125, (0.000299128,
15, 12
220 16; 0.0223902  0.0210169 0.0845838) 0.0841044)
0.0840327 (96.00) 0.0838053 (97.30)
(0.000386642, (0.000350237,
25,15
§30 18; 0.0162685  0.0190981 0.0632501) 0.0919707)
0.0628634 (94.87) 0.0916205 (97.37)
(0.00033405, (0.000395425,
25,20
( ) 0.0138337  0.0181426 0.0530935) 0.100244)
(30, 24)

0.0527595 (93.03)

0.0998488 (97.37)

The 95% BPI for the future observation Y, are obtained by solving Equa-
tions (36) and (37).
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Table 7. Point and 95% interval predictors for Y, ,b=1 when N=M =10,R" =0,
i=1,2,-,M, CS I and (&, =1.1a,=23=034,=07,4 =151 =20=05p=

0.5).

Point predictions Interval predictions

(n m) ML

Bayes

(n,m,) ML BSEL (L, U)
Length (CP)

(0.000407008,
(15,9) 0.0627065)
0.0165701  0.0192861 .
(20, 12)
0.0622995 (95.04)

(0.000365933,
15, 12
¢ ) 0.0149446  0.0184964 0.0567025)
(20, 16)
0.0563365 (94.29)

(0.00051196,
25,15
( ) 0.0217064  0.0220789 0.0849101)
(30, 18)
0.0843982 (96.12)

(0.000380291,
25, 20
( ) 0.0152917  0.0188501 0.057271)
(30, 24)
0.0568907 (94.04)

(L, U)
Length (CP)

(0.000430123,
0.0940873)

0.0936572 (97.09)

(0.000349813,
0.0985559)

0.0982061 (97.69)

(0.000369217,
0.0986803)

0.0983111 (97.24)

(0.000342122,
0.101289)

0.100947 (97.77)

The BPP for the future observation Y, , is computed based on BSEL function
using (38) and based on BLINX loss function using (40).

Generate 10,000 progressively Type-II censored samples each of size M
from a population whose CDF is as (7) with Ri*, i=12,---,M, then calculate
the coverage percentage (CP) of Y, . For simplicity, we will consider
Ri* =0, i=12,---,M which represents the ordinary order statistics and
M =N =10.

6. Conclusions

The progressive Type-II censoring is of great importance in planning duration
experiments in reliability studies. It has been shown by [53] that the inference is
possible and practical when the sample data are gathered according to a progres-
sive Type-II censored scheme. This paper dealt with the constant PALT in the
case of progressive Type II censoring. It is assumed that the lifetime of test units
follows the MTP distributions. MLEs and BEs of the acceleration factor and the
parameters under consideration are derived. The BEs were obtained under the
assumptions of BSEL and NIPs. It was observed that the BEs cannot be obtained
in explicit forms. Instead, the MCMC method was used to obtain the Bayesian
estimates. One can clearly see the scope of MCMC based Bayesian solutions which
make every inferential development routinely available.

From the result, we observe the following:

It is noticed from the numerical calculations that the Bayes estimates under

the BSEL function have the smallest MSEs as compared with their corresponding
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MLEs.

In general, for increasing the effective sample size m/n, the MSEs and ARBs
of the considered parameters decrease.

For fixed values of the sample and failure time sizes, the Scheme II in which
the censoring occurs after the first observed failure gives more accurate results
through the MSEs and RABs than the other schemes and this coincides with
Theorem [2.2] by [54].

The MLEs of f, are better than the BEs in general.

In most cases, we observed that when the sample size increased, the MSEs and
RABs decreased for all censoring schemes.

The results in Tables 5-7 show that the lengths of the prediction intervals us-
ing the ML procedure are shorter than that of prediction intervals using the
Bayes procedure.

The simulation results show that the proposed prediction levels are satisfacto-

ry compared with the actual prediction level 95%.
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