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Abstract

Necessary conditions are proved for certain problems of optimal control of
diffusions where hard end constraints occur. The main results apply to several
dimensional problems, where some of the state equations involve Brownian
motions, but not the equations corresponding to states being hard restricted
at the terminal time. The necessary conditions are stated in terms of weak
variations. Two versions of necessary conditions are given, one version in-
volving solutions of variational equations, the other one involving first order
adjoint equations.
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1. Introduction

The purpose of the present paper is to prove necessary conditions for the
optimal control of certain types of control problems involving diffusions where
hard end constraints on solutions occur. The books [1] and [2] contain
introductions to the topic of optimal control of diffusions. Various types of
maximum principles have been proved for problems of control of diffusions in
case of no or soft terminal state restrictions, see e.g. [3] [4] [5] and [6].
Maximum principles for problem with hard terminal restrictions are proved for
certain types of continuous time controlled diffusion problems in [7]. In that
paper only the drift term contained controls. In this paper controls are allowed
to enter also the diffusion term. Singular controls are not discussed, below we
merely consider problems where the controls appearing may be said to be

absolutely continuous with respect to Lebesgue measure. The restriction to such
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controls makes it harder to operate with hard terminal state restrictions. In fact,
the case discussed in detail in this paper is the case where hard terminal
restrictions are only placed on states governed by differential equations not
containing a Brownian motion. The necessary condititions are stated in terms of
“weak” variations, not strong ones (needleshaped ones). Brownian motions will
only appear in differential equations of states unconstrained at the terminal time.
The constrained states are, however, influenced by other states directly
influenced by Brownian motions, so, below, necessary conditions are stated and
proved for such problems. Because the states are stochastic, the state space is
infinite dimensional, so to obtain necessary conditions, one must impose a
condition amounting to demanding sufficient variability of the first order

variations in the problem.

2. The Control Problem and the Statement of the Necessary
Condition

Let T>0 andlet X, be a given point in the Euclidean space R" ,let 7 be
a projection from R" onto R™ , m'<n’, such that zx= (xl,-n,xm,,)
(X - (X11 X )) and let Ube a closed convex subset of a Euclidean space R™ .
The symbol || is used for the Euclidean norm in any Euclidean space R*,
including R', and, applied to matrices, it is the linear operator norm. Furnish
the interval J :=[0,T] with the Lebesgue measure. Let (Q,CD,CDI,P) be a
given filtered probability space, (ie. for te [O,T] , the ®,’s are sub-o-algebras
of the given o-algebra ® of subsets of Q, &, c®, if s<t, Pis a
probability measure on @ ), and assume that (Q,®,P) is complete, that @,
contains all the P-null sets in ® and that &, is right continuous. Let
Lp(J xQ,R”), pe[l,OO), be the set of Lebesgue x® -measurable functions
Z(t,a)) for which EL |Z('[,a))|p dt<oo andlet L, (J xQ,R”) be the subset of
essentially bounded functions in Ll(J XQ,R”). Related to (Q,CD,CDl,P), let
B, be a vector the n’ components of which (denoted B') are independent
one-dimensional Brownian motions all adapted to {CI)t}t , such that
Bj('[)—Bj (S) is independent of @, for all s,t, 0<s<t, and is normally
distributed with mean 0 and covariances (t—S)I, | the identity matrix. In
applications where the B/’s are entities that can be observed, it is natural to take
{CDI}t as the natural filtration generated by the B/’s. There are given functions
f(t,X,u) and &' (t,x,u) j=1---,n", from J xR" xR"" into R" .Let U’
be the set of functions U(t,®) taking values in U such that u (,) , for each ¢,
when restricted to [O,t]xQ , is Borel x®, -measurable (ie. progressively
measurable).

Let ||2 be the L,-normbothon L, (Q,CD,Rk) and on LZ(J XQ,(D,Rk).

The following conditions are called the Basic Assumptions.

A, The functions f(t,x,u) and &’ (t,X,u) have derivatives f,f, and
53 , EUj with respect to x e R", ueR" thatare continuous in (X, u).

A, As a function of # the functions fand &' and their derivatives have
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one-sided limits with respect to ¢

Write & forthe n’xn’-matrix whose columns are &',let & (&) be the
matrix with entries Ein (EUji ), and write Zj 5'dB} =5dB, . Also, write 1;
for the indicator function of the set C.

The following assumptions are called the Global Assumptions.

B, nf, and xf, areuniformly continuousin X,U, uniformly in ¢

B, For some constant A4, for some given X, in R"™ , forall ueU,

sup, | £ (t,%,,u)| <M (1+]u]), sup, |5 (t, %, u)| < M (L+]u]). (1)

B, A constant M ™ exists such that for all (t,x,u)eJxR”*xU,
[f (txu) <M [ (txu)|<M*,|5) (t,x,u)|£M*, EUj(t,x,u)|£M+ vj (2)

B,
75" =0 forall j. (3)
Let Lgmg(J XQ,R") be the set of progressively measurable functions in
Lp(J XQ,(I),R”) S pe[l,OO]. From now on we require that all control

functions U(.,.) belong to U'N Lgmg(J xQ,R”**). The strong (unique)

solution—continuous in #—of the equation
X(L)=%+ [ f(s.X(s.0),u(s,@))ds + [ 5(s.X(s,0),u(s,))dB,  (4)

is denoted x"*) (t, a)) =x" (t, a))
Let aeR" (afixed, #0) suchthat za=0, let <., > denote scalar product,

and consider the problem

u(.)
. L -

subject to
X" (T, @)=y as.where ¥ is fixed in R™ . (6)

Below, u”(.,.)eU'NLI™ (I xQ,®, R"") will be an optimal control in this
problem, assumed to exist. Write x4 () ()=x"(..)-

We have collected a few definitions that are going to be used in the sequel.

For Z() e LZ(J XQ,(D,]R”) , let

2 P T\Y2
o, esso, (€[ et ] e = (€ esom el )
cl, : closure in L (I x, R" ) in the norm .|,
Ly ={z(,) e LI (Ix QR ):[2(.)], <o), (®)
B ={z(.) e Ly:[z(..)], <af, )
Ly i=cly {2(.) e L™ (I <@ R"):[2 ()] <ee). (10)
B ={z(.) e 52, <}, (11)

where « € (O,oo) . Let
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L2 :{jOTz(s.,.)ds :z(.,.)e Lg‘*}, B“ ::{jOTz(s.,.)ds 2(.,.)e B;"*}. (12)
Finally, let

D L T RO RV RO LTS TR

U”:=u"+U",
u, :={u(.,.)e Loros (J xQ,R”“):u(t,w)eu V(t,a))}. (14)

In the subsequent necessary conditions, the following local linear
controllability condition (15) is needed. There exist numbers J, >0, a>0
and Ce[O,T), and a progressively measurable function Z(t,®)e L*zm* such
that for all u, eU ﬂL*nM for which

)—u”( )"2 <é,,
Yo [7()+ B;m*}cl" =cl, {].[C'T]ﬂ'fu ( X ()u())w()w() eU*}. (15)

A more “concrete” condition implying (15) is presented in Remark 3.

Theorem 1. Assume that U'(,.) is optimal in problem (5),(6), that
Assumptions A and B hold (the Basic and Global Assumptions) and that (15) is
satisfied. Then the following necessary conditions hold: For some linear

essup, |u

functional v on L?, bounded on B', and some number A,>0, for all

w(.,.)eur,
(7Q"(T,).,v)+ AE[(a"(T,.).a) ] <0, (16)
where " (t, co) is the solution of
dg" (ta))—f( a))) " (t, w)dt
+fu( *t,a)) w(t, w)dt
+Zj[ax(,x (to).u" (to))q" (te)
+5 (46X (to),u" (to))w(t,) |dB),
with q"(0,®)=0. Moreover, (AO'VlL*m*jio' O

Remark 1. If (15) holds for Z(.,.)ZO, then A,=0. Moreover, when
||u*||: <o, (21) below holds and t— @, is (also) left continuous, then both
Ay#0 and v is a continuous linear functional on L, (Q,@T,Rm*) ((15)
then holds for Z(.,.)=0).

Remark 2. Let s<t<T,andlet C (t S, a)) be the resolvent of the equation

A(tw)=0,(w)+ [ f, (s X (s ®),U" (5,0)) (s, @)dt
+ZI 15X (s),u"(s.@)) (s, ) B!,

(17)

d. () e LZ(Q,CDS,R”*), so C(s,5,@)=1, | the identity map in R" , and

l‘L‘Z *means restriction to L)" .
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q(t,.)=C(t,;s,)0 (). Let v, =¢—>(mp,v)+AE(f,a),
¢e{¢e Lz(Q,q>T,Rn*);;;¢e|_2},For t<T, w()>(C(T.t,)w()w),
vel, (Q,CDUR”*) , is continuous in ||2 -norm and hence can be represented

by an L, -function p’(t,.)eLz(Q,q)t'R"*) , p*(t,w) progressively

(even continuous in this

measurable and right continuous in # a.s. and in | )

manner if t— @, is continuous). Note that if w=0 on [S,T] then (16)
implies 02<qW(T,.),V*>:<C(T,s,.)qw(s,.),v*>= E<qw(s,.), p’(s,.)>.

Let @, be the natural filtration generated by the B/’s, ®, augmented by
the P-null sets in ® . The function p~ (t,a)) , now taken to be a row vector,
then satisfies the following condition: On [O,T), there exist R" -valued,
progressively measurable functions p(t,a)), qj(t,a)), j=1---,n", all row

vectors, p(t ®) continuous in £ such that EH p(t,.)|2 dt<oo,
EI |q | dt<co forall t<T,and such that
dp(t,@)=-p(t,0)f,(t.X (t©),u" (to))d

—;qj (L)) (tX (to)u (t,a)))dt+zj:qj (t,w)dB;

and such that, forall t<T, p~ ('[, W) = p(t, a)) a.s.
In this case, we have that for all ueU, for a.e. £ a.s.

(0800 (1.0 (1) Za (1) (0 (1) (1) (o (1) 0

(19)

(18)

When ||u*||;<oo, t—>®, is left continuous, and (21) below holds, the

following additional properties hold: E IOT|p | dt<oo, E.f |q | dt <o,
the ||2 -limit (and a.s. limit) lim_; p(t,.) exists,
Pr [(AO, lim_; p(t, a))) # OJ >0, and finally

for each component j > m”*, !mT] p(t,.)j =Apa;. (20)

Remark 3 The condition (15), with Z(.)=0, is implied by the following
conditions: ||u*|| <o and for some f; >0, forall (t,x,u),

forany y e R™, forsomeu’ eU, y =z f, (t,x,u)u u',u < Byl (21)

The ||2 -norm (or the norm ||||2 ) used in the formulation of the condition
(15) can have quite strong consequences. Assume for example that m*=n",
and, for some « >0, that |det(;r f, )| >a>0 for all (t,x,u). Then for some
B >0, B(0,8)cxf,(txu)U] for all (txu), if U=B(0,1) and
U=R" (B(O,ﬁ*) and U balls in L,(Q,®,,.)-spaces, t<T), but if U is
strictly smaller than R" it is neither possible to obtain this inclusion nor (15).
When n™ >m" the situation may be different. Consider in particular the case

where the original terminal constraint is, say X; (T)Z ¥, i=1---,m". Using
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auxiliary controls Vv, and auxiliary states zand y; the system can be rewritten as
a system where the end constraints are z(T)>¥,, i=1---,m", by adding new
state equations ¥, =V,, v, >0, i=1---,m", y;(0)=0, and by changing the
first m" state equations to read Z=rxf (t,Z+ y,u)—v: f(t,z, y,u,v) ,
v :(vl,*.*..,vm*), Z(O)z X, Define S; ::{Xe R":x' e [O,ﬁ)} . We assume now
U =S , so the control set in the rewritten system is now U =S} xS . The
control (u* (t, a)),O) is optimal in the rewritten system. Assume that
S;: crf,(t, X,U)Sln** —SS* for some S >0 for all (t, x,u). Then, for some
B., for all (t, x,u), cIB(0,8.)c f(u,v) (t, X,u)[U] , for

U = {(Wv) R xR™ 1120, 20,|(u"v) sl}, B(0,4.) aballin R™ . Then
f(or all )(t, X, u) , cIB(0,a8,)c f(u,v) (t, x,u)[aUJ forall ¢ >0 so forall

t,x,u),

B,(0,4.)NL, (Q,mt, R™ ) c { f(u_v) (txu)[(u.v)]:(w.v)elL, (Q,d)t, R””)

xL, (Q,th, Rm*):ui >0,v, 20,|(u,v)|, Sl}

>

B, (0,,3*) aballin L, (Q,(Dt, R™ ) Hence, for all u,,
Bﬁm ccl, { f(u,v) ( X", U*)[(U,V)] (uv)e U} , where
U= {(u,v) el x L™ iy 20,v, > O,||(u,v)||2 Sl} (Necessary conditions for

systems with inequality constraints are stated in Remark 5 below, the local linear
controllability condition just obtained suffices for the controllability condition in
Remark 5 to apply to the original system).

3. Proof of Theorem 1

The proof consists of three lemmas and six proof steps A.-F., and relies on an
“abstract” maximum principle, Corollary I in Appendix.
Without loss of generality, from now on let x,=0,T =1 and let J :[0,1].

Note that ||x(.,.)[, <[x(...)

solution of
g (ta)):j; fx(s,x” (s,a)),u(s,w))qu'~u (s,0)ds
+ ZJ:LIEX’ (s, X' (s,®),u (s,a)))q“’v“ (s,)dB]
+_[; f, (3. (s,0),u(s,0))[U'(s,@) ~u(s,®) ds
+Zj:f;5uj (X (s,0),u(s,0))[u'(s,0)-u(s,@)]dB.

:. For any U(..),u'(,)eU,, let q"*(t,w) be the

(22)

By general existence results and (1) and (2), g (,) ,and X' (.,.), see (4), do
exist, both unique, strong solutions, continuous in ¢ (both column vectors).

A) Growth properties.
E[ |1 (s,O,u(s,a)))|2 ds<E[M? (1+|u(s,co)|)2 ds

.)eu., , ’
When u(..)eU., by (1) <Efi2M* (L u(s,0)f Jds 2?1+ (.0, ) )
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and, similarly, Ef;|5j (s,O,u(s,a)))|2 ds<2M? (1+(|u(.,.)|2)2). By (2), (4), and

(57) in Appendix, Lemma A, (a consequence of Gronwall’s inequality), with
I(tw)=x"(tw), h="f(txu(te), o/ =5 (txu(tw)), =0, y=0,
B(tw)=—f (S,O,u(s,w)), B; (t,a))z—Ej (t,O,u(t,a))) , a'(tow)=a(tw)=0,
we have, for some constant D* independent of U(.,.)EU* (only dependent
on M), that

X (), <O (1+n)2M[1+]u(..), | (23)

Let u",ueU,. Using (2), and (57) in Appendix, Lemma A, (with Z=x",
y=x", g'=p=0, h=f(txu"(tw)), c.=6, y,=2,=0,
a=1(s,x"(s0),u(s,0))-f(s,x'(s,0),u"(s,0)),
a*=E(S,X“(S,a)),u(s,a)))—E(S,X“(S,a)),u”(s,a))) , for some constant D
independent of u" and u (only dependenton M ™), we get

X () - x! ()"2
< D(Em f (s, X (s,@),u(s, a)))— f (s, X" (s,0),u"(s, a)))‘z dsjﬂ2
+OF (B[] (sx (s0)0(5.0)) - (s (.0 (s 8]

<DM*(1+ n’)|u”—u|z,

(the last inequality by (2)).
Let u,ueU,. As explained below, for some D™ >0, we have

o]
sD**(Ej; £ (5.0 (5,0),u(5,0))(u(5,0)~u(5,0))
+ DZJ:(ELI

_Lf(§,x“(§,a)),u(§,a)))(u'(§,a))—u(§,a}))rd§)1/2 (25)

The inequality (25) follows from (57) in Appendix, Lemma A, together with
@), for 7=0", h(tx)= 1, (t.x (to).u(t))[x],
o) (t,X,a)):Exj (t,xu (t,a)),u(t,a)))[x], y=p=5=0 (z,=Y,=0),and
a(t,w):=f, (t, X’ (t,o),u(t, a)))(u’(t, w)-u(t, a)))
o) (t,o)= o) (t, X’ (t,o),u(t, a)))(u'(t, w)-uf(t, a)))
Similarly?, for u”,u’,ueU,,
*Lemma A applies for h(t,x,»)=f (t X' (t),u(t )[x]+f ( ‘1), u(t))( "(t)-u(t
ol (tx®)=5!(t.x (t,o),u(t,0))[x]+&! (t.x" (t.o),u(t,0))(u'(t)-u(t)), a=0, a =0
f

Z=q", y=q", p=1,(tx (t)u(t))(u(t)-u'(t), B =& (t.x(tw)u(tw))(u(t)-u'(t).
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D" (1+n)M*

g () -9 (... <

u"(§,a))—u’(§,a))|2.

(26)

In (25) and (26), D™ isindependent of u”,u’,u (it only dependson M ™).

We need to prove that

||7z)'(“' (t,.)—zx"(t, )”2 — 0 when ”u, _u"2 —0.

This follows from (24) and (2), because, in a shorthand notation, for all ¢

‘ﬂ'f (t,x“’,u’)—;rf (t,x“,u)2

S‘ﬂ'f (t,x“',u’)—zrf (t,x“,u’)‘2 +‘7rf (t,x“,u’)—ﬂf (t,x”,u)‘2

X! —X

2+M*|u’—u|2

u u

Xl + o -ul,)

<M'DM*(1+ n’)||u’—u||2 +M +||u'—u||2.

SM*(X

We also need:

|a (t.) =z (t,.)], > © when Ju"—u’], >o0.

(27)

(28)

This follows from (26) and (2), because, in a shorthand notation, for

fo="f(tx"u), f,="f(tx"u),foralls
|;rf gt .)+7zf (u"-u)-rf,g"" (t,.)—;rfu(u’—u)|2
<lef (@ (1) -a" 1 ))\+|nf (w-u)l
<M J(d™ () -0 (1), + M

UL+MHW ul,.

"=,

<M*D" (1+n)M

Note finally that, when u, eU,, G,u’ ecl,U™, then

f, (.,x“* (+2).u, ())ﬁ() f (x“()u'())_ f (.,x“* ()u())
and f,(.,x" (.),u.(-..))q" " (...) belong tocl, Ly,

see Remark L in Appendix.
B) Local controllability of the linear perturbations.
Note that, by (2), in a shorthand notation,

”7[ f, (.,x“*,u*)[ﬁ—u*]—nfu (.,x“*,u,,‘)[ﬁ—u*]u2 <M*

(29)

(30)

when ||u*—u*||2Sa/4M* , U,u,eU,. Then, from (15) and (29), when

u, e{u ecl,lU™ :||u—u*||2 <6 = min{l,é*,a/4M+}},

By [ 20+ 837 [ choo iy [, (o )[d-u g U e i,

(31)

where “co” can be omitted due to the concavity of U. To see this, apply Remark

W in Appendix.

Next, let the number ¢'e [C,l) satisfy M*(1+ n’)2[3** (l—c’)l/2 <al6,

D™, see (25)), and let

(for
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. =min{1,5,,a(1-¢)/64M ", (1-c')/64M * (1+0') D" | <5, . Let

u, el = {u ecl,LU” :||u—u*||2 < u*} , SO ||u —u""2 <1.When

ueU®={ueU”u=u"on[0,c)}, then Ju-u| <1, ,<2.
Then, forall ueU®,u, eU;, forall ¢
‘ﬁfx (txu)a" | <a(l-c)/64+L,(t)a/8<af3. (32)

To see this, note that by (25), for all

28 (o (8) . (8)) o ()

<M g (),

<M*M"(1+1') (Ej Ju(t.. (t,.)|2dt)]/2

<M*M*(1+1) {[EJ( |)2dt}
ey R o *<-.->||2)2dt}w}

<M (1+0) D" —u*|2 +1y (DM (1+07) 20" (1-¢')"?
< a(l—c’)/64+1[c,'1] (t)a/6<a/3.

Then, using again Remark W in Appendix and (31), (29), (32), for all
u,el;,

2

Ly 2(2)+ B |
ccl, {l[c,’l] [nfx (_,x”*,u*)qa,u* v an (.,x“*,u*)[ﬁ—u*]]:ﬁ eUd}.

C) Relations between exact and linear perturbations.

(33)

Let u”,u be given elements in U,. Let &' >0 be arbitrarily given. Let us
first prove that for r e(O,l] small enough, for any o e(O,r] , for
U'=6u"+(1-5)u, forall £

67 (" (1) = (8) =80 (1)) <& (34)

Write &,qdB, = 5/qdB/, &,udB, =3 5/udB’. Define, in a shorthand

notation,
& (t,a)):é’l{f (t,xu +5q“"'“,u’)— f (t,x“,u)— f (t, x“,u)&q”"'“

— 1, (t,x“,u)[&(u"—u)]},
t)=[E(_[;§1(s)ds)2T2,

E(tw)=6 {E(tx +69"" ) E(t,x”,u)—&x(t,x“,u)éq“"'“

(t X u)[&(u"—u)]},

o
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& ()= {E(ﬁéz (s)dB, )Z}M _

Forany &">0, thereexistsa 6'€(0,1], such that
&(t)<ég"i=1,2, when 5 e(0,8'], uniformlyint, (35)

by Lemmas B and C in Appendix.

Consider now

57X (1) -x" (1) =59 (1))

:ﬁ&’l{f (s.x,u")=f(s,x",u) = f,(s,x",u) 59" =51, (s,x”,u)(u"—u)}ds
+J';5’1[5(s,x“',u’)—&(s,x“,u)—&x(s,x”,u)&q”"'” -6, (s,x“,u)(u”—u)]st.

By (56) in Appendix, Lemma A, for J € (0,5'] , for some K only dependent
on M*,forall ¢

To see this, in Lemma A let z=x", h=f (txu), y=
(-8 )=p=—f(t,y,u)+f (t,x”,u)+ f (t,x“,u)é)‘q“”'” +f, (t,x“,u)é[u”—u]
o' =a=0, o,=c(t,xUu’),
(-02%)=p =-5(ty.u)+&(t.x" u)+ &, (t.x",u) 69" + &, (t,x",u) 5[u"-u] .
To obtain (34), put &" = e'/lz.

Next, given U",ucU, and assume that ||u" —u|[;<co. Let us prove that for

any &>0 , for I’e(O,l] small enough, for any 6e(O,r] , for
u'=6u"+(1-5)ueU,, we have that

‘ ot [m'(“' — X" — 6" ]
Let

(72 (tw) =) & (tw)= 5’1{7rf (t.x+59" u)-7f(t,x",u)
—xf, (X u)sq -z 1, (1, x”,u)[5(u"—u)}}

5Hx (1) =x (t)-89" ()] <Ke", (36)

<e. (37)
2

Now,

€ (t@)| <57 sup o {7, (X + 500", 0(u' ~u)) 59"

+xf, (tx" +5¢9q“"’”,6’(u’—u))5(u”—u)—7rfX (t,x“,u)&q“"'“
v (t,x“,u)[d(u”—u)m =& (t,0).

Because |g"*"

q
"54(.,.)"2—)0 when §—0 . Next, let 5*=5'1[7r)'(“'—n'>'(“—5ﬂqu"'“] ,

, < and Ju”—ul}, <o, then Lemma J in Appendix gives that

X" —x'-89""| and

E.=nf (t,x”',u')—ﬂf (t,Xu +5q”"'”,u'). Using |§**| <M?

E =L +E weget |&], <M S5
6 — 0, by (36). Hence, (37) follows.

Xu’ _ Xu _5qu”,u

. +||§4||2 ,which -0 when
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D) Continuity of U—>q"" at u".
Let u,u’eU,. Define §(t,@)= g (t,o)- gy (t,®). Let us first prove that
||5()||2 —0 when |u —u*|2 —0. (38)
Now, in a shorthand notation,
5(t):J';{f (s X', u)q“"u + fu(s,x“,u)[u'—u]}ds
_j;{fx(s,x*,u*)q””“* + fy (s,° u*)[u’—u*}}ds
+ﬁ{5 (s.x“,u)q ““+I{ (s u)[ur u]}dB
- ;{Ex(s,x”*,u )q”’“ +o-u(s,x ,u )[u'—u*]}st
= ;[fx(s,x“,u)q“"“ - fx(s,x”,u)q“““*}ds
+ t[fx s,x“,u)—fx(s,x*,u*)}q““”*ds

oL B
+ ;[fu(s,x“,u)—fu(s,x*,u*)}[u’_u]ds

Using the notation in Lemma A in Appendix, we write

)=[.n(s,8)ds+ ], (5,5)dB, + [ ads + [ r,dB, where
h(s,5)_fx(5,x )8, ol(s,6)=5)(s,x" u)s,
a=[h (o)t o o
[f (s.x" u) ( X",U )} [u'=u]+ f, (s,x"u")[u" —u],
ai~[ot .0t
+[5u (s.x" ,u)—au (s.x",u )}[u —u]+& (s, uT)[u" —u],

(Z=5,750, ﬁ=ﬂ*=0).
Then, by (57),

(oot <o (efiet o+ 3 (efleif o]
where
(Ej(:|oz|2ds)y2 S[Ej;(e(s u)lg" )2 ds) (Ej (" (s.u)lu —u|) ds)l/z

+ ( EI;M +2

u* —u|2 ds)
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for
(15 s [ o) 8 o)
and
el o o] efctson o]
+(Ej;|v| & u*—u|2ds)]/
for

e;(s,u)=|o} (s, x",u)-o) (s,x",u*)‘, e =
Consider e.g the term

(EI( (s,u)|a ')*stj (Ef(

S2M+ uLu

&) (s,x",u)-5, (s,x*,u*)‘.

)2 dsj]/2 . Now,

u'u”
ej q

0" e, (IxQR"),

*2—>0 when

|u - u"|2 — 0, Hence, by Remark T in Appendix,

(Eﬁ(ej(s

containing e, e*,e}‘ converge to zero when |u - u*|2 —0.So

U) qu',u ) dsj 0 when |u _u*|2 — 0. Similarly, the terms

(E(supsﬂ 5(5))2)1/2 —0 uniformly in £when |u —u*|2 —0.

Next, assume that ||u’—u*||2 <o, U,uelU,. We want to prove that then &,

satisfies

6. (), > © when Ju—u’|| —>o. (39)

where, in a shorthand notation,
S, (tw)=xf, (t, x“,u)q“"u +rf, (t, x“,u)[u’—u]
(s x*,u*)q““”* +f(t, x*,u*)[u’—u*]

Now,
s, (t,a)):[ﬁfX (tx',u)g"™ - 7f, (t,x“,u)q“"”*J
+[{7er(t,x”,u)—frfx(t,x*,u*)}q“"”q
Lt (x ) -u) = (o) (u-u)
ot (0ot o))
Let us show that the four terms in square brackets have .|, -norms —0
when [u- Ju=u|, >0 Hence, by

Lemma ] in Appendlx the second and fourth square bracket —0 in || ||2

when ”u u ”2 —>0 (recall that ||u —u ”2 <o and [[g""| <o ). Moreover
the first and third square bracket have |.| -norms smaller than
2M*|q¥Y =g’ | and 2M* , respectively. So the |.|, -norms of both
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u'u u'u*

these terms —0 when u—u*”2 — 0, recall that
”u —u*”2 — 0, see (38). So (39) has been proved.

E) Dense subsets of cl,U™

Let uecl, L™ (J xQ,R”**)z ;™" (for this equality see Appendix L). Note
that for each ¢>0, for some u'el’™ JxQ,R”**) , ||u'—u||2 <& . Let
M :essuptyw|u'(t,a))| . For each (t,w), let U"(t,@) be the projection of
U'(t,@) on the line containing 0 and U(t,®). Let u,(t,@)=0 if u"(t,®)
has the opposite direction of U(t,a)) or if U(t,a)):O, let u, (t,a)):u(t,a))
if U"(t,®) islonger than U(t,®) and has the same direction as U(t,®), and
if U"(t,®) is smaller than U(t,@) and has the same direction as U(t,®), let
U,(t,@)=u"(t,®) . Evidently, for some measurable ¢,(t,w)e[0,1] ,
u(tw)=4¢(to)u(t®) , and |¢(t, w)u(t,a))—u(t,w)|S|u'(t,a))—u(t,a))|
L (to)u(t, a))| u’(t, @) |<|u t, a))| (¢, also depends on U, the
notation hides this fact). Evidently, essup, |4, (t,w)u(t,a))| <M and 4 (t,®)
is progressively measurable. Now, for any U,, e cl,,U™, let
U, =iU. +W:We(cI2U ** —u**)ﬂ LPres (J xQ,R" )} ccl,lU™ . We have that

u.

u

ve LProg (J xR )
to the linear space cl,LP™ (J xQ,R" ) ). Then

o, (10)(0(60) .. (.0)~(3(t,0) -u.. (t,0)], < and s0

.. +w=0, <& for

W=, (L0)(A(t @) -u.. (L)) e (el ~u)NL, (IxQR™ ) (clU™ s

convex).

a"-q

—0 when
2

is ||||2 -dense in cl,U™ because if Gecl,U™, for any ¢£>0, for some

(G-u,.)- u'"2 <¢ (G,u,,,and hence, (-u,,,belong

Note finally that if u”,ueU™,then u"=u"+w", u=u"+w for w",weU",
so u"—ul, =[w-w, <[ wl, +[w], <2, in fact

u"ueclU™ =|u"-uf, <2 (40)

F) Final proof steps.
Define

I, =(1-1/2' 1-12" ], i=01,--, (41)
Using Jensens inequality, for an arbitrary function ¢>0 we get

{ Ymeas(1)][ ¢dt} { 1/meas( )Mlqﬁzdt}z. It follows that

73 [E ( | Iiqﬁdt)zjﬂ2 _2 [E (2(”1)f|i¢2dt)T2 o [2*“”) jliE¢2dtT/2

(42)
<2[29], (loL,) ot <(W2)lgl,
For z()eL, (@R ), define I1,(2())=E[2()|®,y,] and
1, (2()) = E[ 2()1®,_, |-E[2()|®, . | i >1. Define
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2|z()| =sup,2' |Hiz(.)|2 forz(.) e LZ(Q,q),]Rm* )
B = {z(.,.) el (@R )iz (), < oo}. (43)
Furthermore, let L? be the subset of LZ(Q,QD,Rm‘) consisting of all
element z(.)e LZ(Q,CD,R"‘*) such that ,|z(.)|:=sup,2'[I;z()|, < and such
that z()=lim,_,, 3, 1z()=lim,_ E[z()|®,_, |. (imit in | -norm,
DL dnz() = [ (), 1/2*})' It is easily seen that elements of the type

Ly(t,a))dt, y(tw)e Lgmg(‘] xQ,Rm*), ||y(,)||2 <, precisely make up the

set L>. To see this, let y(., ) be such a function, and, using Jensen’s
inequality three times (and for any a(t) >0, that
essup, (« (t))]/2 = (essuptoz(t))]/2 ), note that for any interval J’,

(E[E[L,|y<n->|dudaMTJMS(E[E[(Lrlv@-)Idt)z'q%wﬂf
( [meas N v(t |dt]) (meas( ( U| |2dt})m "

< (meas(J’ (j essupE|y(t, | dt)

2

= meas(J’)(essuptE|y(t,.)| )]/2 =meas(J")]y(..)],.
s0, in particular, ‘HlL y(t, .)dt‘2 < ||y(., )"2 This yields also, for j>1, that

I, y(t,.)dt‘z

‘H > j y(t = . j y(t
0<i<w j- 1<|<w 2
(45)
j 1<|<ao |:'[ y dth) 2j:| i l<|<oo |:J- y dth)l ]/2j1:|2
<2 3 Wyl -2 2
) QUJ y t,a) dt < 4||y()||2 < o0, see (43). Moreover, by (44), similarly,
‘jyta)dt—ZHijta)dt
1<j<k 2
=UJyt,a) dt—EUyt,w dt| @, sz o)

:‘Ly(t,a))dt_j My (to)o-e[ ]y w)dtl(l)“/zk]z
<(Z2)y
$0 _[Jy(t,ca)dt isa L, -limit of zlg,-ngJLY(t:w)dt-Hence)

L y(t,@)dt e L* . Note also that essuptyw|y(t,a))| <o =
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essup,, 2" ‘Hi L y(t, a’)dt‘
=essup, 2 ‘Hi J.llfl/zi_l y(to) dt‘
<essup,2' ‘E U;/z.,l y(t,@)dt] D }

+ 2i ‘E |:.[11,1/2i‘1 y(t, (()) dt | q)l—l/Zi_l :|
<dessup,, |y (t, )| <

forall i>1 (holding “the more” for i=1).

Finally, if z(@)eL?, then z(@)=] y(t, a))dt—llmk%.[ 2 7(t,@)dt, for
r(t.)= 2rn2212'f‘1‘[mz(.)1{17]/2m i) (t)=wz(.), (47)
where sup,, 2"|IT,z(w)| =(1/2)essup, , |7 (t. o),
and where "7/(,)"2 <2- 2|Z()| , 7(.,.) progressively measurable. (So the linear
map V¥ satisfies ||‘PZ(.)||2£2~Z|Z(.)| J)
Let ©® be the linear map from B (see (43)) into L, Q,®,R™ | defined
by z( —)I 2(t,w)dt and note that ®¥z(.)=2z(.), z(.)eLl’. In (45) we

have Just proved that ©® has norm <4 for the norms ||||2 and 2|| (or for

. -

Now, let L =1z()el?: Supm|2m mz( )| , let I, be closure in L in
|| -norm, let B (0.8)= { )e L, : |z()| , let
B3 (0.5) —CI(Z)B(2 (0,8), and let 0,) bea || || -ball in
LPreo (J xQR™ )

Now, for z e B(*)(O a /4) we have Z —J (s,.)ds, where

7/(3, a)) _ 2(1_0/)71 Zzinizl[l,(lfc')/zi 1)) eBy (0,06/2). (48)

Hence, by (33), using L™ :CIZLfO”’g(J xQ,]R"'*) and B;(0,a/2)c B;;"Z ,
for u, €U, (for U] and U®, used in a moment, see definitions subsequent to
(31)), we get

[Lzdt+B, (0.2(1-¢')/4)
< [Lzdt+ [ B (0.0/2)dt [ cl,Qdt i, [ Qut,
where
Q={zf,(tx*,u.)g™ +2f,(tx",u)[G-u]:deU”} (49)

(note that »"(.,.) > Jj;/"(S,.)dS is continuous in ||.|, -
Let ueU®, u, eU.. Then

g (1) _ _[:’{”fx (t, XU ,U*)q”*vu* +f, (t, XU U*)(U* —U*)} dt
[t (e u) g s, (6w, ) (u-u, )| dt

Using Remark W, <4, and the fact that the first integrand has a ||||-
norm <o (1-c¢')/64+M*|u’ —u,| <a(l-c')/64+a(1-c)/64=a(1-c')/32
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by (32) (hence the first integral has a 2|| -norm < a(l—c’)/8 , we get from (49)
that

[Lzdt+ B (0, (1-¢')/8) < ol o (2). (50)

Observe that, given uecl,lU™, u"eU, (:>|u”_u|oo

, <®)
by |®| <4 for "”2 - 2|| and (37), for any given £ >0, for re (0,1] small
enough, for any &€ (0,r],

5 | (1) - (L) - omg ™ (1) < (51)

2

And, by (39) and [©]<4, for u'eU . (=u'-u’|
then

|79 (1,)—2g (1)‘ — 0 when |

-u’ , >0 ueclhy (52)

To obtain the conclusion in Theorem 1, we will now apply Corollary I in

Appendix, and for this end, we make the following identifications: Y = cl

200’

y'=u (for u* see below), K/ =2, A=CI2U**, _*_".

,» the norm || on
Y equal to 2|| a=u", é'—u' , &=u, a-=u, A-=U,,
ﬁ(~)—®ﬂx“—®nx qaa: 74", H(a)=E[a-x'(1.)],
q*e [a«q“““( )J, y=0.By (34) and (51) it follows that the property (61)
is satisfied for & =08  +(1-5)a for & e A, (Ju'-ul, <25 by (40)), and (62)
is trivially satisfied by concavity of U both (61) and (62) in the manner required
in Corollary 1. By (50), for 7" = Ll Z(t,.)dt,
B()(Z a 1 c' /8)CC| CO;rqCIZU ( ,.) for ueU;, so for $=a(1—c')/8,
B(z" ,g)cclcoqAacY , aeclB(a,u') ), where w'=up , p defined
subsequent to (31). By |®| <4 and (27)and (24), H and H are continuous.
By (26), (28), and |®| <4, &> qé”f‘ is continuous in A, for any de A, and
by (38) and (52), for é'=u'eAé* =U.. =U™, a—>G"* is continuous at
& =u". The required boundedness of %% is satisfied because of (25).
Evidently, A is complete, see Appendix, Remark M. Hence all conditions in
Corollary I are satisfied. Thus, for some A, >0, some 2|| -continuous linear
functional v on cl, L, (Ag,v) =0, forall uecl,U™,
AE[a-q"" (1,)]+ 7rq " (1)) <0.

By Hahn-Banach’s theorem, v has an 2|| -continuous linear extension to
all L2, also denoted v .

Proof of Remark 1. Let T =1. Note that (50) and Z"=0 gives
B(;)(O,a(l—c')/S)cCI(Z)CO{ﬂqC'ZU**’“* (l)} If A,=0, the necessary condition
(16) implies <C|(2)C0{”qdzu**'u* (1)} ,V> <0 and hence

<B(°§) (0,06(1—0')/8),V> <0=> V|c|(2)L:C =0, a contradiction. So A, #0.

From (16), in a shorthand notation, we get, for weU", and even for
weU :{ﬂu:le,UecIZU*},that

< [ix fuwdt,v> <A, < [E(f0"+ fuw)dt,a>—< j:ﬂfqudt,v>. (53)
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Fixany p(..)e L™ (J x O, R™ ) , such that

18, =1+[f, (t.X (to)u)u" (to)], +

there existsa w' eU'(Ncl, L™ (J X Q,R"ﬁ ) , such that

u*(t,a))"2 =6. By (21) and ”u’“”; <o,

B(to)+xf, (1.X (tw),u" (to))u (to) =71, (t,X (to),u" (to))W(to),
W (t,0)| < A |B(t @)+ £, (X (Lo),u" (to))u* (t.o)|. So
B=xf,(t.X (t,w),u" (t,))w, where w=w-u’,

w(t,o)| < 4| B(Lo)+ 1, (t.X (to).u (to)u" (to) v (te)|.so weU
(W, < o] Bl.. + A6 and [w], < 4| B (t. )], + o

By (25), for some constant K, |essuptqw|2 <K|wl, <K(28,+1)0, so the
absolute value of the scalar products on the right hand side of (53) are smaller
than [aM KW, +M* W, (<60, 0, =|a(M*'K+M")(28,+1)) and

fur| +u|, <(28,+1)6.

|V| . Uolﬂ' fxqwdt‘ , respectively, the last number being small than
2
4]z f,a", < 4[v|M *K|w|, < 4[v|M" (258, +1)6 . Hence, by (53), for
K'=0, +4|v| M*(28,+1), <ﬁﬂdt,v> <K'@. Replacing g by —p, by the

same argument, if |—,6’|2 =6, we get <.|.01—ﬁdt,v>ﬁ K'6. In fact, we have

K Jopaty) Bl,=0.
* 1
Thus, on this subspace of LZ(J xQ,,, R" ), ﬂ—><joﬁdt,v> is |, -

continuous. Hence, by Hahn-Banach’s theorem (see [8]) and a representation
theorem, for some V™ (t,a)) in L,(J xQ,@l,Rm* ),
<J';ﬁ'dt,v> = EJ'01</5’,V**>dt ,forall BelLP™ (J XQ,R”‘*) (in fact on
Lpros (J <O, R™ ) ).
Note that for S e Ut LPres (Q, Q,, R™ ) s

(Bv)= <_[01,Bds,v> = E<.|':ﬂds,v** (s,.)>ds = E<ﬂ,.|':v** (s,.)>ds , which

means that v is ||2 -continuous on Ut LPros (Q,(Dt, R™ ) and has a unique
|.|2 -continuous extension to the ||2 -closure of Ut LProe (Q,CI)I R™ ) , which
equals L, (Q, D, R™ ) (and includes L*) in case of left continuity of t — @, .

Proof of Remark 2.

Let T=1, x=0. Let v,==¢' > (¢ ,v)+AE(#,a) (¢el’) and let
C(l,t,a))* and 7" be the adjoints of z — C(l,t,a))Z and of «.

It is easily proved (using Lemma A in Appendix and |®| <4 for ||||2 -, | | )
that for y(.)e LZ(Q,G)S,R”* ),s <1, 2|7zC (1S)y()| < D|y(.)|2 for some
constant D, see Remark P in Appendix. Hence, for any given s <1, by the ||2 -
continuity of y() — <7zC (1,5,.) y(.),v> on L, Q,(l)s,]R”* , S<1 and hence
of y(.)— <C (1,5,.)y(.),v*>, there exists a L,(Q,®,,R" |-function p’(s,a))
on Q such that for any L, Q,CDS,R”* -function a(a)) , we have
<C(1,S,.)a(.),v*>: E<a(.), p’(s,.)>. The function p_(S,a)) is progressively

<K'0 forall felP™ (J xQ,Rm‘),
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measurable and right continuous in s <1, both a.s. and in L,, see arguments
in Remark Q in Appendix.

Assume now ||u||; <o, (21) and left continuity of t — ®,, which implies
|.|2-continuity of v on all L, Q,CDl,Rm* (by extension). In this case the
argument for ||2 -continuity of t— p- (t,.) for t<1 in Remark Q in
Appendix extends to t=1. Let v,,(.)e LZ(Q,CI)l,R’”*) be a representation of
V andlet y(..)eLl™ (J xQ,R" ) Consider now

<I:ﬂC(1,s,.)y(s,.)ds,v>: E[(xC 1,s,.)y(s,.),v,,*(.)>ds
~Ef(y(s.).ClLs.) 7'v..())ds
- EE[<y )ﬂ*v**(.)> | cbs]ds
- Ej< (s..), [ )*ﬂ*v**(.)|®s]>ds
=E[,(y(s.).p_(s.))ds,

where p_(s,.)= E[C(l,s,.)* ﬁ*v**(.)|(1)s] In this case, we can evidently put
p (s.)=E[C(Ls,)zv.. ()| D, ]+ A, <E[c (1,5,)| @, ] a) and we have

(e @s.)y(s.)sv.) = EJ(y(s.). 7 (5.))ds t <1

In case of "u*"; <00, (21), and left continuity of ®,, by ||2 -continuity of
v, , the two definitions of P~ (S) coincide, because for both definitions we have
<ﬁC(Ls“)y(&)dSJg>::Eﬂ(y(&),p’(&)>ds for all
y(.)e ]'[o,t] LPres (J xQ,R"™ ) , tarbitrary in [0,1). |

Let now ®, be the natural filtration generated by the B'’s, augmented by
the Pnull setsin @ :=®,,and let be[0,1).

Then, consider the pair of equations
dp(t,0) =—p(t.@) f,(t. X' (t,),u" (t,@))dt

=X ') (t.X (t),u" (t,))dt+>q’ (t)dB,

p(b,w)=p~(bw). (55)

By Theorem 2.2, p. 349 in [6], there is a unique progressively measurable
collection p(t,a)),qj(t,w) (te[O,b]), t— p(t,a)) continuous in te[O,b],
satisfying these equations (or more precisely, a.s. the integrated version of these

equations), ‘p(.,.)l[o’b]‘z<oo ‘q ].[Ob‘ <o , with p(t,®) equal to

(54)

p- ('[, a)) -a.s. for each ¢ (see Remark O in Appendix). The uniqueness says that if
two pairs (p,q), (= q',--,q") and (P.§) satisfy the pair of equations, then
Pr[p(t,a)) =p(tw) for all te [O,b] =1 and q(t,w)=G(tw) for ae.
te[O,b]]:l. We can let b=b, T1 when k—>o (k=212,-) and obtain
such functions p, (t,a)),qk (t,@) defined on each [O,bk]. For k'<k, by the
fact that p,.(b.,®)=p (b, @)= p, (b, @) as. and uniqueness, we have that
( pk,(t,a)),qk,(t,a))) = ( p (t@),q, (t,a))) for ae te [0, bk,] a.s. Then,
evidently, there exists a unique pair (p(t,®),q(t,®)) on [0,1) satisfying (54),
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with p(t,a)) a.s. equal to p° (t,co) for any te [0,1) s
‘qj (.,.)1[0@]‘2 <o forall b<1, t— p(t,®) continuous.
Let us show (19). For any s<1, q"(1)=C(1s)q"(s) if w=0 on (s/],
so in this case
0> <qW(l),v*> = <C (1,s,.)qW(s),v*> = E<qw(s), p’(s)> = E<qW(s), p(s)> (a
consequence of (16)).
Define f = f;(t,.):=f, (t,x* (t)u(t)) and f, &;, and o, similarly.
It turns out that

E<p( > E{{ ( )+q( ) (t,.) (t,.)}dt.From this
q“(s

and 0> E< p(s...), . )> it follows that forall ueU,

p(t.) £, (1) (u=u" (1)) +q(t,) & (t)(u—u’ () <0 for ae te[0,s], as,

see Remark S. In fact, this holds for a.e. t€[0,1] because s<1 was arbitrary.

p( ")]'[o,b]‘2 <%,

An informal proof, using Ito’s formula, shows the last equality:

Ed < P, qW> = E< p,dqw>+ E<dp,qw>+ E<dp,dqw>

=E(p, £,q"dt+ f, wat)+ E<p,(o—-;qw + E:w)dBt>
E <— pf, dt —qo,dt +qdB,, qw>+ E [q&jqwdt] +E [q&jwdt]

= E[ pf, wdt + q&jwdt].
So

E<p(s,,.),qw(s,,.)>— E<p(0,.),qw(0,.)> = E<p(s,,.),qw(s,,.)>

=E[ {n(t Jw(t.)+a(t.)a; (t)w(t,.)jdt

Remark 4. (Exact attainability). In Theorem 1, drop the assumption that u’

is optimal (and the optimization problem), so ( x*,u”) is simply a pair satisfying

(4)and 7X°(T,.)=¥ as. Then, for each 2(..)e int(C|2CO{7Z'qu,u* ey }),

z(.,.)ecl,Ll® (J xQ,R™ ) , (cl, and int = interior both corresponding to ||||2

and the space cI(Z)L’;), for all r >0, for some number ye(O,r] and some
control uecl U™, zx'(T,w)= )7+7J-OTZ(t,a))dt a.s. O

Proof of Remark 4. Let T =1, x,=0. Corollary G in Appendix will be
applied. Let Y _cl(z) L, fg=pu,, O'=||.||2, the norm || on Y equal to ,|.
u=a , Uu=a , u=a , a=u , A=cU” , Aa U,
H(a)=zx"(1,.)-zx"(1.), ¢**=79""(1.), R'=2, =7 L (t, )dt
Recall that B(°§)(Z’“,g)c<:lcoq"'a :cl(z)cqu“'2U “(1,.), e=(1-c")a/4 when
ueU; . By (51) it follows that the property (61) is satisfied for
a'=6a"+(1-6)a for a’' €A, and (62) is trivially satisfied. By (27) H is
continuous, by (28), a' > Cf""a is continuous in A4 for any a e A, and by (52),
for a'e A, a— Q> iscontinuousat a' =u".

Assume that B™ +7(.,.)ccl, corgV (1,.) and let E:LT(t,.)dt. For

>

any be B(z) (0,£/2), it was shown earlier that there exists a

z'el_g"’g(JxQ,Rm*) such that b= [ z/(t.)dt,

z’(.,.)"2 <2. 2|5| <z
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(z’(.,.):‘PB ,

and B (b 6‘/2)CC| cozq®™ """ (1,.). Thus, if

<2, 7(.,.)e B;"" ), so B (b g/2)ccl co;rq°'2““'”* (1.

z(...)e int(clzco{ﬁq“'“ ‘ueclU }) , then

b= I )dt e int cl, COﬂqC'ZU“‘“* (1,..). Hence all conditions in Corollary G are
satisfied and the conclusion in Remark 4 follows. O

Remark 5 If it is required that 7z’X(T,.) € C instead of 7Z'X(T,.) =¥, where
Cis a 2|||| -closed convex set in cl (2L and if (15) holds for I' replaced by
r-¥c', Cc'= {Z eC—nx (T ”Z 7zx )”Sl} (for ¥ see (47)), then

(16) again holds, and with <C—7Z'X (1.), >>O In particular, this holds if

C ={Z€C|(2)L; 2>yl oas, j=1---mT<m’, 2 =yl as,

j=m"+1,---, m*} , Y given numbers. In fact, because zx'(T,.)e cI(Z)L

automatically, the results here cover the case where the terminal constraints are

X! (T.)= yloas, j=1--,m", x! (T,)= y'oas, j=mT4l-m’. O
Proof of Remark 5. A proof can be obtained (for T =1) by replacing

A=cl,U" by AxC' and A by AxC', with I:I(é) replaced by
I:I( )—@m'( -@zX —C,and §*® replaced by G**°=0@xg"" —c, keeping
H and G°° as before and letting §=0, ¢"=0. (Then H(a ¢)=0, a=u,
() () (,),CeC,glves

(1)~ ﬂxa)—@x)ym%1»—nwa) ¢(.)=0,ie

() ( )e C). The detalls are omitted.

Remark 6 (The case 76 #0 for some or all J, m"<n"). Let C|H2 be
closure in Lgmg(J xQ,]Rm*) as well as in L, (Q,(DT,]R'“*). For u, eU,, let
Ul = {Weu*l[oyc,)+l[c,v1] _v}. When 76 #0, and &, is the

natural filtration, augmented by null sets as before, the necessary condition of

Theorem 1 can be obtained for v defined and continuous on L, (Q,@T JR™ )
(with A, 20, (AO,V)¢0), if, for some k >0, for some ¢ <1, for some
2,,2,, e Ll (IxQR™ ),

a) for some 0 € (0,1] , B.>0, ZI.[C,J](B2 (z..8.)xB, (Zﬂ)) c Cle D, when

, u, eU,, where

D, =[x ][nf ( " (to)u. <t,w>) (o)
w2, (L0 (Lo).u. (b)) (u(t o) -u. (L)) |
Loy [ 75 ( aw%m@wn ( w)
+15, (6x" (1.0) 0. (L)) (u(t o) -u. (L)) ])u U, |

If z,=2,=0,then A,>0.Thecondition (A), with z, =z, =0, is implied
by
b): For some f° >0, for all (t, X,U) ,forany ye R™,

ye{(7f, (txu)w,z5, (txu)w):weU,|w < 5°[y|}.
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Letting &:=1+K+|u[, ¥ = LZ(Q,CDT,R"‘*), and
A=A =U = {u eU'|u, < g“} , it is here sufficient to operate with the |.|,
-norm instead of 2|| on Y,with & :|.|2 - Note that U, U, so (A) holds
for U:'*,R replaced by U . The set arising by replacing Ué‘,’:lZ by U in D, is
denoted D. Define z" = .[01 z,dt +J;l z,,dB,. The condition (A), so modified,

implies that for some &' >0, B? (Z*,é") c Cl‘A‘ZCO{_[OTadt+_[0deBt :(a,b) IS 5} ,

u, closeto u*,Bf(z',é") aballin LZ(Q,(DT,Rm*),SO
Yo B(z*,&’)cclcodA’é (& close to &"). See Appendix, Remark V for the
next to last inclusion and the implication (B) = (A).

Now, in the manner required in Corollary I, (34) = (61) (with K,: =2¢,
wuel, |u'-ul,=|56(u"~u)|, <5K!), (24) and (26) implies continuity of H

pers

and & — G*%, and (38) implies continuity of d — G*% at &".

4. Conclusion

In this paper, necessary conditions for optimal control of diffusions with hard
end restrictions on the states have been obtained. The main case considered is
the one where the states restricted at the terminal time correspond to differential
equations not containing Brownian motions. Brownian motions only occur in
differential equations for states unconstrained at the terminal time. A removal of

this restriction is discussed in Remark 6.
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Appendix

The appendix contains, among other things, a number of wellknown results,
included for the convenience of the reader. The first one concerns a result on
comparison of solutions. Still T =1.

Lemma A. Assume that H(S, Z,a)) (an n, -vector) and O',,(S,Z,a)) , (a
n,xn' matrix, with columns aj, j=1---,n") are Lipschitz continuous in
zeR™ withrank K and progressively measurable in (S, a)) Assume that six

progressively measurable functions

I(s,0),a(s,0),a"(s,0),¥(s,0), B(s,0) and S (t,0) exist (¢, f nxn'

-matrices), satisfying
2(tw)=7,+[a(s.0)ds+[N(s.2(s,0),0)ds
+ L:a* (s,w)dB, + J.;o; (S, (s ), a))st

and
Y(t.w)=Y,+[ B(s.0)ds+ [ n(s,y(s,0),0)ds
+J'ﬁ sde+I (s.9(s.@),0)dB,,

where Z,,y, €L, (Q,CDO,R”). We assume that the eight integrands belong to
L, (J X Q) -spaces. Then, for some constant D,

sup..|Z(s)-¥(s)|,

< D[Wo -7/, +suPU:ads

+sup

up|[; pu| (56)

f a2 \¥?
B ds)
(applied to matrices the index jindicates columns), and for some constant D",

‘(supsg Z(s)- V(S)Mz
ool

<5 { (s |
oSlehl o e leflaf o]
gfr[~0

-], +(Eflof d§)1/2 EN d§)1/2
+Z( taj 2d§)]/2 +Z(

y2
t ﬁj* 2 d§) :|,
D and D" onlydependenton K.
Proof of (57). We shall use a shorthand notation. Using the algebraic

+Z,:(

d§)]/2 +ZJ:(

ZO|2

2
inequality (Z?‘:Ja i |) <N Zjaf , then for some positive constant &
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t)::|v (t)-z(t)
—zo+jh (s,y ds+2j (s,y)dB;

+jﬁds—jads—jh (s,z)ds

-3 [iol(s.2)dB) - zjadBJ+jﬁdBJ
<klyy~ [ K|y (A(5.9)-(s.2 ))ds‘
kY U (5,9)-0) (s,2)} 8|
+kU0/3ds‘ +kzj“0a]fd3;' +kzj‘joﬂ;‘dBj

The Burkholder-Davis-Gundy inequality yields, for a “universal” constant

[[(c!(s.y)~o! (5,2))ng‘2 <K [E|o!(5.7)-0! (5.2)[ ds .

Similar inequalities hold for the other terms involving B'. Hence (using also

+ k“ ads‘

K, that Esup_,

Jensen’s inequality) we get
V/(t) = E(Supsst ¢(S))
<KE|Y, ~ 2, +kEsup,.,s[[n(s.y)~h(s.2) ds
+KEY. sup.|[. (o (5,)~0)(5.2))dB) 2
J;ps

s 2
jo ad§‘ +KkE sup,.,

+KkE sup,_,

foaiee]

2
+KED sup,, J'So:’f‘ngj +KED sup,,

<KE[Y, ~ 2| +K[ E[n(5,5)~h(s.2) ds
+kKZjI0E|O-* 5,Y) —o;’(s,z)|2d§

josadgr FKEsup,.,|[° ,Hd§r

+KkE sup,_,

<KE|Y, - 2| +k | EK?|y—2["ds + kkn'[ EK?|y - 2| ds
j;ﬂd§

)2
+kR Y E[ '] ds+kR Y E[| 1] ds

<KE|Y, — 2| +kK? [y (5)ds + kKK [y (5)ds
[ pds

)2
+kRY Efl|a[ ds +kRY E[Y| 5[ ds.

Note that, by Gronwall’s inequality, for any functions W(t) , V(t) , if

2
+kE(supSgt josad§‘) +kE(supSst

2
+KE (supsgt _fosad§‘) +KE (supSSI

0<w(t)< v(t)+j;KW(S)dS , and V(t) is increasing, then w(t) < V(t)(1+ eKt) .
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Hence, for K? —k(1+ (1+Kn)),

o]

2
'[Osad§‘) +E (supSst

T}

Using the fact that the square root of a sum of positive numbers is < the sum

w(t)< KZ[EWO —zo|2 + E(supsg

of square roots of the numbers, we get

‘(supSgt y(S)—Z(S)DL
_K[|)70—70|2+ )2+

+ZJ.(KL:E a; 2d§)m+zj(KJ';E B

I:ad§

(sup...|J; s

2ds)]/2}.

Jo x| <sup,., [ || ds < [} ] , and that

)

Note that sup,

t = t = . . - e
.[O|a|ds‘ S.[O|a|2 dS. Using this for the term containing « , and a similar
2

argument for the term containing £, then (57) follows.

Proof of (56).
Using Ito’s isometry,

E|[.o)(s.y)-0! (s.z)aB)[ <

(s,y)-ol (s z)| s,

t 12
E|| «’dB!| =
o 177S

12
E‘j;p’;‘dsg =

Then, again using (Z?‘:l|aj|)2 < szaf and Jensen’s inequality, for some
positive constant %,
7(t) =sup,. Eg(s)
+ksup,., Esj |h y)- ﬁ(f)|2d§

(o) (3) -0} (2))ae|

S S 2
+ksup,., E ‘ [ ad§‘ +ksup,, E Uo ﬂd§‘

<|(E|yo_zo

+ kz sup,., E

2+kz4supsgt E‘.[;,B;‘ng ’
2
<KE|Y, — 2| +ksupS<t E|h (Z)| ds

+k>, supS<t (v)-ol(z )|
o

E joad§‘ +ksup, E
+ ijSUpSS[ EJ‘OS|OC}‘|2 ds + kz i SUP<

+k sup,., E‘jsa}ngi

+ksup,,

*2
| ds

DOI: 10.4236/0jop.2018.71001 25 Open Journal of Optimization


https://doi.org/10.4236/ojop.2018.71001

A. Seierstad

<KE[Y, - 2,|" +k [, EK?|y—z[ ds +kn'[ EK?|y - 2" ds
+ksup,_, E‘J'sad§r +ksup,_, E‘_[S,Bd§r

|ds

<kE|yO—zo| +kKj 5)ds +kK™n'[(s)ds

'\)

+ k(supSgt EU ad§‘) + k(supSSt E

Thus, for K" —k(1+e (“n)),

sup,. E|y(t)-2(t)]

<K™ {EWO - ZO|2 +5Up,., E‘j;ad§‘2 +sup, ., E‘I:ﬂd§‘2

so (56) follows.

Simple results om Gateaux derivatives appear in the next two lemmas.

Lemma B. Let &(t,z):JxR™ — R™ be continuously differentiable in z for
each £ and have one-sided limits with respect to £ and assume |G, (t, Z)| <M,
for all t,z . For each z(.,.)el}™ (J xQ,R”*) , for each “direction”
Z(..)e L2pr°g(.] XQ,R”*) , and for each ¢ Z'('[,a))—>L;&(S,Z'(S,a)))dBs
(z(.,.)e Lg“’g(J xQ,R”*)), has, in the norm |.|2, a bounded linear Gateaux

derivative at z (., ) in direction Z(.,.) , which equals

[.6.(s.2(5,@))Z(s,)dB,. The derivative is uniform in ¢
Proof. By Ito’s isometry,
e[[15° [ (s.2(5.0) +57(5,)) - (5. 2(5,0))
o <s,z(s,w))§z(s,w>]
5 5(s.2(s.0)+62(s,0))-5(s.2(5,0))]
—@(s.z(s,w))z(s,w)rds)
= ()< 5 ()

When & — 0, the term in curly brackets converges to zero for each (S,a))
and is smaller than the L, -function (2M,)’ |Z (s,a))|2 . Hence, Lebesgue’s

dominated convergence theorem gives that 5™ (1) >0 when §—0. O
Lemma C. Let f (t,z):JxR™ — R™ be continuously differentiable in z for

f(t2) <M,

each £ and have one-sided limits with respect to ¢ and assume
forall t,z.Foreach z(.,.)e L3 (IxQ,Z), for each “direction”
Z(.,.)e LB (IxQ, X), and for each ¢, Z'(t,a)) - J.; f(s, Z'(S, a)))ds

(Z'(.,.)e 3™ (IxQ, X)), has, in the norm | , a bounded linear Giteaux

L
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derivative at z (., ) in direction Z (., ) , which in equals
J; fvX (S, Z(S, a))) Z(S, a))ds . The derivative is uniform in ¢
Proof. Define

B (0)=E[[5{F(s.2(5.0)+57(5,0))- T (s.2(s.0))
-, (s.2(s.0))02(s,)}ds]

B (6)=E[ 6 {f(s,2(s,0)+62(s,0)) - T (s.2(s.0))
~1,(s.2(s,0))52(s,)}| ds

Jensen’s inequality yields the inequality A"(t)< ™ (t). The remaining
arguments are as in the preceding proof, they yield
0< g (t)<p"(t)<p"(1) >0 when §—0. O
Below, on product spaces, maximum norms (= maximum of norms) and
maximum metrics are used. In the sequel, the following entities are used:
Yis a normed space, A is a complete pseudometric space with
pseudo-metric p, and a* is a given element in A. The function H(a)
from A into Yis continuous. (58)

Theorem D. (Attainability) Let the entities in (58) be given. Let positive
numbers K,z u', u,ue (O,l) , and an element Z° in Y be given. Assume that
the following properties hold for all ae C|B(a*,,[1) : For all VeY with
|\7— 2*| =4, forall r>0,apair (a,5)e Ax(0,r] exists, such that

[H ()~ H ()-89 < (1-w)o 9l /(|2'| + &) and p(aa)< K. (59)

Then, for all zecIB(H(a*),y;z’[z/4K(|2*|+y')) , there exists a pair
(a,a)e CIB(a*,/};//Z)x[O,/}y/ZK(|2*|+,u')} such that z+a3" = H(a), where
;/::4K(|2*|+,u')‘H(a*)—z‘/,u,u'[z <1.

Corollary E. Assume that w:=inf {|V|:|\7—2*|=y'}>0. Then, in (59),
evidently p(a',a)£§K|\7| can be replaced by the stronger inequality

p(a,a)<SKw. O
(On the other hand, when w > 0, then p(a’,a)s5K|\7| = p(a’,a)s5KW
for K’:(i* +y')K/W.)

Central ideas in the proof of Theorem D stem from the proof of the
multifunction inverse function theorem Theorem 4, p. 431, in [9].

Proof of Theorem D. The property (59) also holds for V in the set
B ::{1\7:1>0,\7€Y,|\7—2* :y'}. To see this, let V'eB" and let r>0.
Then V' =AV for some A>0, some V such that [V—7"

= 4. Now, for all
ae CIB(a*,,&) , there exists a pair (a’, 5) , 0< & <ri, such that the inequalities
in (59) hold. From these inequalities, for &' :=&/4€(0,r], using 6V =6V, it
follows that |H (&)~ H (a) 87| < (1- u) o/ |¥'|/(
p(a’,a) <5'K |\7'| . Hence, (59) holds for V' e B".
Below, write |2*| + ' = k. The following lemma is needed in the proof:
Lemma F. Let ze CIB(H (a*),uy’[z/4K/c) . Assume that the pair

2*

+,u’) and
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(a,4)eclB(a’, 4/2)x[-4/2Kx,0] minimizes
(a,4) > |H (a)+ 42" ~ 2|+ (' /2K k) max{ p(a,a;), |2 - 4| Kx}
in clB(a",1))x[~/1/Kx,0]. Then |H (a)+ 42" -7 =0
Proof of Lemma F. By contradiction, assume [2|>0, Z:=H(a)+42" ~z.
The vector V= 2*—,u'2/|i| satisfies |\7—2*|:y’, o |2|\7:|2|2*—,u'i belongs
to B". Hence, by the extended property (59), there exist an a'€ A and a
< ﬁ/(ZKK|2), 5€(0,1/4'], such that

|H ()= H (a)- (/2|2 - w2)
<(-u 5,u‘ |72 - u'2 ‘/Kﬁ(l—,u)duﬂﬂ.
Moreover, p(a',a,) SéK‘ Z|Z —,u’i)‘é,&/Z,(use the first inequality for &),
which  implies a'e CIB(a*,ﬁ) Define A'=4 —5|f| e[-a/Kk,0]
(5]2| < i/2K k) . Then, using (60), &' <1, and the definition of 2, we get
|H )+ AT —z|—| z+H(a)+H(a')-H(a )+ﬂ.li*—5|2|2*|
)+6(|z| yz)+ﬂjz -52)2 ‘ +(1- )5’ |7
:|—z+H(a1)+ﬂqi*—5y z|+ 1-u)ou'|?]
:|2—5,u'2|+(1—,u)5,u'|2|
<(I-6u')| 2]+ p)ou'|2] = (1- pow')|2).
Using |H )+A'T —Z|S(1—,L15,L1')|2| and l'—ﬂiz—5|f| yields
|z+H )+/1'z*|+(y,u’/2Kr<)max{p(a’,ai),|/1'—ﬂi|Krc}

(60)

_‘—Z+H(

< (1- "))+ (' 1 2K ) max{&K ‘(|2| 5* —,u'f)‘,5|f| KK}
< (1w ) 2|+ o' |21/2 <2]

= |H (a)+ 42" 2|+ (s’ 2Kic)max{ p (a8, ) |4, = 4| Kx},

a contradiction of the optimality of (ai,ﬂl) .
Continued proof of the theorem. Let z e CIB(H (a*),y,u’[z/4Ki<) ,

let » be asin the conclusion of the theorem, and let
$(a,2):=|H(a)+ 12 ~7|. Note that ¢(a’,0):= ‘H (a')- z‘ < i/ 4Kk . Let
the distance between (&,4) and (a",4") be
(4t 2K i) max {p(a, a"), } in the complete space
cIB(a*,ﬁ)x [-/1/Kx,0]. By Aubin and Ekeland (1984, Theorem 1, p. 255),
(Ekeland’s variational principle), there exists a

(apn4y)e cIB(a*,,&)x [-/1/Kx,0] such that
#(a 1) < p(a,2)+ (' 2Kk ) max{p(a.a,), |2 - A| K}

for all (a,/i)ecIB(a*,,[z)x[—,[z/K/c,O] and
#(a, 4 )+ (st [2Kic)max| p(a,2") | 4~ 0| K|
< ¢(a*,0) < u'fy [ 4Kk,

which gives p(a1,a*) <uy/2, |ﬂi| < f1iy/2Kx . By Lemma F,
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|—z+ H (a1)+212*| =0,s0 z+a?" =H(q),for a=-4€[0,/y/2Kk]. O

Below, " isa sort of Gateaux derivative at aof H/(.).

Corollary G. Let >0, Yanormed space, A a complete pseudometric space
with metric o, @ a given element in A, and let H(a):A—>Y be
continuous. For each ae A, let A/ c A be a set dense in A. Assume the
existence of a function ¢**, from AxA into Y and a positive constant K’
such that, for each ae CIB(a*,,[z), forall r>0,all £>0,all a" €A, there
exists a pair (&,5), a'e CIB(a, K'S) , 6€(0,r] such that

[H (a)-H (a)-éa" *| < . (61)
Assume also that forall ae A,
cog™?* < clg™*?. (62)

Assume that & — @** is continuous in A for any ae A, and that a —q**
is continuous at a* for any de Aa* . Assume finally that b is an interior point
in C|C0qA’a* , and that, for some & >0, some z"eY, B(Z*,E)C clcog™® for
all ae CIB(a*,[z) . Then, for some 7 >0 andsome acA,

H (a*)ﬂ?b =H(a).

Proof. Write Q% =clcog™?®, and let B(b,a) Q% for some a>0. Then,
for some k>0, —xz" € B(O,a) c (ja* —b . Define B, :CO{Z,B(Z*,§)+b} .
Evidently, b is an interior point in B, if z=-xz"+b. Then b is an interior
pointin B, evenif z=-xz"+b isonly an approximate equality, in fact there
exist positive numbers p° and & such that B(b,f) cB, for all
Ze CIB(—KZ* +b,p*). Because -xZ" € QNa* —b, by (62) there exists a d€ A,
such that |b—xz" —qa'a*‘ <p"/2, and we can even assume &€ A., by density
of A. and continuity of a&—q™*. By the continuity of a—¢"* in the
corollary, for £ >0 small enough, ‘qé‘a—qé'a*‘ <p'/2 for ae B(a*,ﬂ). We
assume pS<j , B<K//2 . Evidently, |b—KZ* —q** < p” . Hence,
q** eB(-x2"+b,p") for all aeB(a’,f). Thus, for aecclB(a’,f),
B(b,&) Baa = co{q"i'a,clB(z*,é)+b} c co{q"’"""l,(ja +b} cQ*+[0,1]b,
because °?eQ® and Q% is convex. Hence, B(0,¢) < Q? -[0.1]b ,
ae cIB(a*,,B) . It follows that if VeY , |\7| =¢=¢/2 , then, for any
ae CIB(a*,,B) ,by (62), for some a" e A, ye[01],

oo

<g/4 (63)
We can even assume a' €A, by continuity of a—q**. By (61), for
£=¢(1/4), for some a’e A, and some arbitrarily small & €(0,1/2),

‘H(a’)—H(a)—cSqa‘a <5 =(Y4)5, o(a,a)<K's. (64)

Now, by (63), |69° *—5(V+ )/b)‘ <¢5/4 . Then, by (64),
[H(a')—H (a)-5(7+rb)| < (¥2) o5 =(1/2)57]. (65)
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(aeCIB(a*,ﬁ), a’eCIB(a,K'ﬁ) ye[O l]) In Theorem D, replace H(a)
by H(a)-4b, a by (a,4), a" by (a’,0) and 4 by Ax[0.], and let
a=ps, =g, 77=0, u=1Y2, K=K’,
p((a"2").(a 1)) = max{co(a",a),K's|4"~ 4
Theorem D are satisfied when, in (59), (a a, 5) is replaced by
((a,ﬂ),(a’,l’)ﬁ), a' as just constructed, 1A'= 5}/+ﬂe[ ] (6<Y2, for
(a,ﬁ)eclB((a*,O),y), o(aa’)<p,and 21<12 as
K'g|ﬂ|£[1=ﬂg§ K’g/Z ). Thus, we get that, for all >0 small enough,
H a*§+9b=H(a)—)7b for some (a,7)e A><[O,l],or

} . Then the conditions in

H(a")+(7+0)b=H(a).

Remark H. If qa*'a* =0,then 7+6>0 can be taken to be arbitrary small (5
can be replaced by pb forany fe (0,1]). Hence, in this case,
H (a*)+ 7b=H(a) holds for some arbitrarily small 7 > 0.

Corollary I Let Y be a normed space, let 7" >0, let A be a complete
pseudometric space with metric &~ and let Aa, dc A bedensein A.Assume
that & is a given element in A, let H (&) :(I—] (a),H (é)): A>YxR:Y be
continuous. Let G = (qa a g a) cYxR, &,dcA. Assume that (61) and (62)
are satisfies for (H 9%, A ALY, a%a,a,a", i,0, K’) replaced by
(H,qér'a,A,Aé,V,é*,é, é’,éﬂy*,E*,I{;) and also that & » G*? is continuous
at & forany &'e Aﬁt and that & — §®? is continuous for any & e A, with

~a,a

q
I-T(a ) maxae{aeAH( 89 I—v|(~) Assume also, for some £ >0, some Z" eV,
that B(Z g)cclcoqAa for all ae{ae AG (a a )<)/ } . Assume, finally,
Va a
that M: =sup_ ‘a B )s pjleA

=0 forall &.Assume, for some given ¥ e Y, that

<o, Then, for some nonzero continuous

qa

(9*,/1) on YxR, A a number >0, we have

linear functiona
G5, 9" )+ G % <0 forall &' cA.

Proof. Define z* =(Z*/2—2M),and £" =min{e/2,2M}. Define

K? = clco{(qé*ﬁ, G +y):aeAye[-8M ,o]} . Evidently, for
ae{aza*(a,a*)sf ,
B(Z",¢)x {O}cclco{(d“,d“ y):&8ehy=-g"" cK* and

0} x{p: |ﬁ 4M|<4aM} ={0}x(-8M,0) < clco{(**,a** +7): 7 & (-8M,0)}
so B(27,27) < (12)[ B(2",£)x{0} |+ (¥2)[ {0} x(-8M,0) ] < K. Assume by
contradlctlon that (0 ¢ ) belongs to intK® for some ¢ >0 . Define
A=A><[—9M,0],andf0r a= (a a)eA, a'=(<’:~l',a')eA,let

A =Ax[-9M,0], ¢*° —(da ag* a+a'—a) and
o(a,a’)=max{5"(&,a), K//oM}, and let H(a):(l:l(é),ﬂ(é)+a),
a:(é,a). Then, for K'=K/, ii= min{y*,K’/Q} (62) and (61) are evidently
satisfied, (the latter for a'=§a++(1—§)a when a* :(éﬂa*)). Obviously,
B(Z**,g**)cclcoqA'a for each a:(é,a)eCIB(a*,/]) where a”=(a",0) (=
|a|sM = [-8M,0]c[-9M,0]-a = clcog™® > K* ). Hence, by the
preceding corollary, for some 7 >0, n(O,§)+H(a*):H(a) for some
az(é,a)eAx[—QM,O]. Hence, I-](é):l—](ﬁ*):)?, I:|(é)+a:77§+l:|(é*),
or H(a)= H(é")wﬂf —a> H(a*), contradicting optimality. Thus the set
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L={(0,§):§>0} is disjoint from int*Kﬁ* , so the convex set L can be
separated from the convex set int K° by a nonzero continuous linear
functional y* = ()7*,%) such that <K§* , y*> <0< <L, y*> , (O e Ka*) , which
implies 4 >0.

Lemmal]. Let 2(t,0),2(t,0),2(t,®) e L, (I xQR™). Let

f(t,Z) :JxR™ - R™ be continuous in z and measurable in £ Assume that
f,(t,z) exists for all (t,z) and that |f, (t,z)| <M for all (t,z). Let
A (t,z(t,a))+ Z’) be continuous in z’ at z’'=0, uniformly in t,@. Let
essup, |Z(t,.)|, <1, |essup,2(t,.)|, <oo. When 540, then

{f(t2(t)+o2(t.)- T (6 (1)) 2()]

— 0 uniformly in Z(.,.) such that essupt|2(t,.)|2 <1.
Proof. Let an error function E(d) be a nonnegative function on [0,00)
such that e(d) A e(0)=0 when d {0.By continuity of
7> fl (t, z2(t,w)+ Z') , uniformly in t,, there exists an increasing error
function e(d) such that [f, (t,z(t,a))+ Z’)— f, (t,z(t,a)))| Se(|z’|) for all
Zt,wo . Let M ()= {t el:ii(tw)< essupti(t,w)} . Evidently,
Lu((t)dt=1,and forae. s 1, (t)=1 as’
Suppose by contradiction that some & >0 exists, such that, for each
k=1,2,---, there exist (5k VZ, (,)) such that, for
s (Lo)=[{f, (t2(t )+ 6,7, (t.0)- T, (t2(V)}[2(t@)]

essup, |gk (t,.)|2 >, (66)
L) (1)< (t’-)‘z » SO

L) (t)si (t,.)‘2 >g. Let M'= {t |z, (t,.)|2 <essup, |z, (t,.)|2 for all k} :

The set M’ has full Lebesgue measure (meas(M’): meas(J)). Then there

must exist t, € M' such that

essup,
2

and &, <1/k, essupt|Z(t,.)|2 <1. Now for a.e. 4, |gk (t,.)|2 =

essup,

Lu() (t) s (tk")‘z > &/2. (67)

Now,

()= T () (te)si (e, a))‘ < e(5k |Zk (tk'w)|) L o) (t) 2(tk’w)‘
<e(8,]z (1, )|)-essup |2(t, 0) = o (@).

There exists an increasing concave error function €’ (d) 2 e(d ), see Lemma

K below. Evidently, by Jensen’s inequality,
E[e(6 |2 (t o)) | <E[ e (5 ]z (4. @) | <& (6] |2(t )]
<e'(8|z2(t,.),) <€ (dessup [2(t.)], ) <€’ () '

So a subsequence ﬂkj (w) of B = e(5k |Zk (tka))|) converges a.s. to zero, hence

*Note that [ 1, (t)dt=1, forall @,so l=EUJlM(M)(t)dt}=J'JE[1M(M)(t)}dt which implies that

E [me) (t)] =1 fora.e. tand hence, fora.e. £ that 1,  (t)=1 as.
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also oy (@) converges as. to zero (essupl|2(t,a))| is a.s. finite by the
assumption on Z (., ) in the Lemma). Moreover,
(o) <2M 1M(w)(tk)2(tk,a))‘sZI\7Iessupt|2(t,a))|, essup,|2(t,.)| beinga L,-

function by the assumption on Z (,) in the Lemma. By dominated
convergence ‘g“ ki ()‘2 —0 when k ;> and a contradiction of (67) is
obtained. O

Lemma K. Let e(d),d € [0,1] be an increasing error function. There exists
an increasing concave error function € (d) such that € () > 8() .

Proof. Let C = {(]/2””,e(]/2”)) ‘n= 0,1,--~} and let C'= {(0,0)}UC . The
set C' is compact. There is a line through (t,,€)=(1/2,e(1)) with minimal
positive slope touching C’' “to the left of” (ti,el) at some perhaps nonunique
point (t,.e,)= (]/ 2"t ,e(]/Z”2 )) , N, >1. Here, “touching” means that the line
contains a point of C":= C’ﬂ{[O,]/Z)xR} , but no point in C" lies strictly
above the line. We choose n,>n, =0 as large as possible (perhaps n, =).
All points (]/2”*1,e(]/2”)) , 0<n<n,, ly below or on the segment S,
between (tz,ez) and (tl,el). If t, >0, repeat the construction by replacing
(t,e) by (t,.e,). The segment S, so obtained between (t,,e,) and some
(t.8,) = (1/2”3*1 ,e(1/2”3 )) , N;>n,, n, chosen as large as possible, has a slope
strictly larger than the slope of S,, otherwise n, would not be as large as
possible. All points (]/2”*l,e<]/2“ )) » N, <n<ny, ly below or on the segment
S,. Continue this prosess. The points t >0 obtained equals ]/ 2" for some
increasing subsequence n, of 0,1,2,--- Perhaps t, =0 (ni, = 00) for some
i';or t;,>0 for i=12,--- inwhichcase e = e(J/Z”‘ ) — 0. The union of the
segments S; forms the graph of an increasing concave error function e*(d).
We have that the points (]/2"+1 e (]/ 2”*1)) on the segments have the property
that they “dominate” the points (J/ 2””,8(1/ 2”)) in the sense that
e(1/2”) <e’ (]/2”*1) , and for n=n, we have e(:l,/Z"i ) =e’ (]/2”' *l) . Then for
all n>1, n>n+1,for d 6(1/2””,1/2"] ,
e(d)<e(Y2")<e’(1/2")<e"(d) e (2" <e (Y20 ) =e(y2"). (f
t, =0, the segment S, , contains (0,0) as well as (1/2%" e ]/2”"*1)), o
e’(d) is linear on (0,1/2”“*1} and e(d)<e’(d) for d 6(0,1/2“"’”1] ,
e’ (0)=0.)

Remark L (Proof of (29)) Let
2(2)e " ={2(1) e P (IxQR"): (), <cof and et ()], =ar <0,
Let essupt|z(t,a))| =pB(w) andlet M = {w:ﬂ(a)) < N} . Then
ﬂ(w)—ﬂ(a))lMN (@) >0 as. when N > as B(.) is as. finite, because
ES° <a’. Then
essup,|2(t, @)~ 2(t, o)1y, ()| =essup, |2(t,0)[Ly, = B(@)k,, >0 as. and
by Lebesgue’s dominated convergence theorem also in L,.So L (J XQ,R”)
is |.[, -densein L™
LPres (J xQ,R”) < L;*", moreover, as shown, L;"" < cl,LP™ (J XQ,R”) , SO
L' =cl, ;" =cl, L™ (J XQ,R“).

(and then also ||||2 -dense). Evidently,

DOI: 10.4236/0jop.2018.71001

32 Open Journal of Optimization


https://doi.org/10.4236/ojop.2018.71001

A. Seierstad

If uel)™ (J xQ,R"**) , then [x'( ,)"Z <0 by (57) in Appendix. If
u'(.,.) e Lo (J xQ,R"**), u”eU"™, then

(X (U)o % (.,.),u*(.,.))‘
(o (U)o % (.,.),u”(.,.))‘
+‘f (0 (") = (X ()0 (.,.))‘
X () =X () 0" () =U" ()

<

$0 f(.,x”'(.,.),u”(.,.))—f(.,x“*( J.ut (., .))eL2 . Because

(- ()" ()= F (X (v )\ u"(.,.)=u'(...)] then
. x“(,),u"(.,.))—fé. X ) ( )

f(.,X“'(.,.),u’(.,.))—f XY (, ) in || || when (in || || )

u"—>u'ecl L"mg(.] R" ), u"eU , hence

£ (o) ( ()t (s ))eL*n when U'ecl,U™
Now, fu(.,xu*(.,.), f)[u ]e meg(J xQ, R”) when

(
uel”(JxQR" by | u|§|\/| ,andthen

f, (.,X”* (.,.),u*(.,.)) }—) f, ( )[u ] in ||||2 when

u, >u in || ||2 . uechLr (J ><Q ]R" .U, el (IxQR) L so
f, ( ( ]e cl,LPr (J XQ,R”*) when
uecl meg(J ><Q ]R” ) Moreover, by (57) in Appendix, q"* € ;" when

u',u, e LY (I xQ, R"), so
(X () (5@ () € 57 e, (IxQR™ | when
u'u, € L (J xQ,R"

Hence 7zX' (.,.)—ﬂ)'(*(.) as well as 7q"™" (,) belong to
L (JxQ,R™ )= ;™ when u,u, ecl,U™
(=u-u, :u—u*—(u*—u*)eclzLi"Jg(J xQ,}R“M)).

Remark M (Completeness of cl,U™)

Evidenly, L)™(J xQ,R"**) is complete, so a |.|2—Cauchy—sequence z,(.1.)
in clU™ is ||,-convergent to some z(.,.)e Ly (JxQR" |. Then for a
subsequence 7, (..), forae. & ‘z (t, ) (t,.) — 0. From this we get that, for
any & >0, if essup,E
z, (t,.)—z(t,.)|2 <e, so essupE
that clU™ is |.|, -complete.

Remark N (E[ g[®,]] > E[g|®,] in L,-normandas. when tis).

Let gel, (Q ®,R"), and let t; ls. By weak compactness, a convex com-
bination g;:=> 4 "Effq) l: tJ >s, Nj>j, converges in ||2 and also

e @, -measurable 11m1t4 g", the latter convergence by

z (t,.) <e when n,m are large, then for a.e.
2, (t) -2, (t.) g
n(t,.)—z(t,.)| <¢, which means

almost uniformly to so

considering subsequences if necessary. By |.|2—convergence, g" evidently satisfies

¢ =E[g" @, ]=lim, E{Zi}ﬁjE{g |c1>lnij }l(bs]

=lim;[>° 4 E[g]|®,]=E[g| D, ]

“A.s. convergence of the component g* to g*, k=1:--,n, means {w: g™ Za} e®,  for any

given ' (aarbitrary), hence {w: g*> a} € ﬂ j,(1)!“ =0 .
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Let £>0 and &' >0 be arbitrary, let M be a set on which g; converges
umformly P(EM ) < &', and let jbe the smallest jsuch that |g -g | <¢ and
‘1 g,- g}‘ <ée. Let ti=mint, >s. Then, for t<t), s<t, w>q>2,

© ]

using Jensens inequality twice,

L {E[gl@]- g}\

1M{E[zix.ja[gm>tnij }m}E[g*l@J}q
_1M{E[g,.|q>t}-E[g*|a>t]}\qs[E[lmE{lgj—g*llq’t}qu
<(e[nefo,-aTio]] <(J,Jo,-o o] <

For g=2, this holds even for M =Q, yielding ||2 -convergence of

E[g |<I)t] when t s, using ||w =sup, ||q yields almost uniform

convergence.
Remark O. In this remark let “tr” mean tranpose. Note that

E<z(.),p‘(b)>:<C(T b)z()v.)=(2(),C(Tb)v.) (z()ely(Q@,R"))
and that, for y(.)e Z(Q CI)t,R"*), t<b,

870 (t)> ( )y (), V>=<C(T b)C(b Y)Y().v.)
(co)y().C(Tb)v.)=E(C(b:)y(). p (b))
E(y().C(b.1)p >> E(y(), [ ( ) <b>|@f}>.

E

Taking now pf( ) to be a row vector, then (t) satisfies

P
p-(1) =E[C(b)" p(b)" |, ] Lettmg Y(t) ()T, ( ) B, (t) be the
entities on pp. 348-350 in [6], for A(t (fX (1) ) = ( )
O=p ( )tr, T =b, we have that ‘P() (t 0) andthen
Y(t)=C(0.) E[C(b,0)" 0| ®, |=E[C(bt)" 6| ®, | by (220) in that book,
so by (2.9) in that book, for some q( ) (t) ( ) satlsﬁes (54),(55).

Remark P (Proof of continuity of y(. —><ﬂ' (Ls ,v> on
LZ(Q,CDS,R” ) s<T).

Let T=1, X, =0, s<1 and let & be the smallest & such that s<1-1/2*.
Note that if y(.)e LZ(Q,(DS,R”*), then IT1,y(.)=0, for k’>k, and that
Hi|y(.)| <2 |y( )| Hence
|y(.)|2 :Z‘zrl Wy ()‘ <2| a "'( | )|>£ 2|y()| . On the other hand
2|y( )|—Sup 2' IT. y(z <2%2. |y()| . Hence, on LZ(Q,CDS,R”*),the norms ||2
and || are equlvalent (Thus, the spaces L, (Q,@S,Rm* , S<1 are

2

subspaces of L?, in fact of cl() , because L, Q,CI)S,IR”‘*)=|.|2 -closure of

Lx(Q,CDS,Rm ) ) For y= y() (Q(D ]R”) define
f

9’ (t,s,0) = y(@)+ j ( "(s, )u"(§,co))qy 5,5,0)ds

(68)
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Then an application of Appendix, Lemma A gives that
SUP, o5 qy(t,s,.)|2 < D|y |2 for some constant Dindependent of Y(.). Then

L ()ora’ (us )/t <om|y()],.

Because |®| <4 for ||||2 - 2|| , then

2|7zqy(1,s,.)—r:y(.)|
;[%S,l](t)anqy t,s,.) /at}dt‘ (69)
Ly (t)oma’ (. /8t“ <4DM* ()|2

Now, 7y()+[ |1y (t )aﬁqy(t,s,.)/at]dt=7rqy(1,s,.):ﬁC(l,s,.)y(.) , 50
Y(-)|2 2k+1
|<z(.),v>|£7/-2|z(.)| for z()ecl, L, so

(7 (L5.)y()v)| < 47DM [y (), + 72|y (), y()eLo(Qu@, R ).

Remark Q (Proof of ||2 -continuity of t— p- (t) , t<T).

Let T =1, and fix S"E(O,l). By Remark P, y(.)—><7zC(1,S",.)y(.),v> is
|.|2 -continuous in L, Q,(I)S”,R“* , so there exists an L, Q,(DSMR“*) -
function p’(s”,.), such that <ﬂC(l,S”,.)y(.),v>:E<y(.),pi(s”,.)>. Define
p’(s.)=C(s"s,.) p’(s",.), s<s".Note that
C(S",O,a)):C(S",S,a))C(S,O,a)), S0 S—)C(S",S,a)) is continuous because
C(S",S,a)):C(S",O,a))C(S,O,a)fl and S—)C(S,O,a)) is continuous
(compare Theorem 6.14 p. 47 in [6], a similar theorem holds for random
coeffﬁcients) Because |Supsgs”C(s",s,.)|2<oo by Lemma A in Appendix,

<4.

) |7rqy (1s)| <4D" y(.)|2 . For some constant y,

S—)C s",s,. || -continuous. Hence §— pf(S,.) is a.s. and ||2
contmuous
Evidently, for any y(.)elL (Q ®,,R" )

()
<7rC(1s y()v)
=(7C(15".)C(s"5.)y()v) = E(C(s"5.)y(). p(s".))

=E(y().C(s"s.) P (7)) =E(y(). P (5.).

Then, forany y()e L,(Q.®,,R"),

E(y().p.(s.)= <frc(1s )Y()w)=E{y().p(s.))
= EE[(y().P (s} @, J=E(y().E[P:(s.)] @, )
X

From this it follows that p_(s,.)= [ s,.)| @, :l forall se[0,s"].
Let s,s<s" be given. Note that if ¢(.)eL,(Q®,,R" | and t—>d, is
(also) left continuous, then lim_, E[qﬁ(.) | CDS,] = E[¢(.) | (DS] in ||2 and a.s. ,

If s'=s,Ts, this corollary ensures only |.| -convergence of E|:¢|CDSJ to E[¢|®,], but also
of ED¢‘Z |CDSK:| in || (to EU¢‘2 |CDS:| , which means that M — E|:lM E|]¢‘2 |®, ﬂ is
equicontionuous, M e ®, (the countable additivity is uniform). Then E[¢|CDSK ] —>E[¢|®,] in

||, > because 1, (E[¢|®Sk:|)2 <1, E[wz | D, } so M —> E{ ( ‘:¢|<I) ]) } is equicontionuous.
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see Corollary A.9, Appendix Cin [1]*and lim_ E[¢(.) | CDS,] = E[qé(.) | @S] in
|.|2 and a.s., see Remark N in Appendix, or, for both these results, Theorem 6.23
in [10]. Using this for ¢(.)=p’(s.) and p_(§.)= E[pf(§,,.) | (D§] and
continuity of p’ (S,.) yield that s — p_ (S,.) is a.s. and ||2 -continuous, as we
shall see: Fix any s <s". When s’ isclose to s,

p_(s.)= E[pf(s,.) | (Ds] ~ E[pf(s,.) | CDS,J ~ E[pf(s’,.) | d)s,J =p_(s',.) . This
is obvious for the ||2 -norm, and also for a.s.-convergence, once we have shown
that E[ pf(s',.) | d)s,] ~ E[ pf(s,.) | (Ds,] almost uniformly. Note that by
Egoroff’s theorem, p’ (S',.) ->p (S,.) almost uniformly. Let

K =SUPg_y pi(§,.)|2 <o . For any ¢€(0,1), for some set M e®,, with
E(ly )<é® and some >0, [1, (pf(s',.)— pi(s,.))‘w <& when [s'-3[<5.
By almost uniform convergence again, we can find a set M" e @, with
Eltm* <¢ anda & € (0,6] sucE that

[1rv|* E[1, |®S’J_lw E[ 1oy |(D5:I <e/2  when |s'-5|<8" . Defining
M’:{a): E[Ley |d)s]>g} and M"=M"NCM’, we have

Ly E[Ly [ @ J<1y-(6+6/2)=1,-36/2 and 1, E[L, [® ]2L, . &/2
v <L ElLew [ @, ](2/) when [s'~5[< 8" Thus,

o Ellgy 10, 12/}
SE{E[Ly | @, |2/} <(2/2)E{ly, } <2¢

and hence 1M "
EL, - < E{l
when |S'—S| <6". Then,

1,

E[p(s.)- P (s) |, ]
e[t (b (5.) (52 1]
€ [t (P (5.)- (511,
<1,.6+2xL,,. (E[Ly, |@, )"
<1,.6+2x1,,.(35/2)".

<1,.

So we have ‘E[pf(s, J E[p )@y
|S'—S|S§* and seM"=M"NCM’. Now,
CM"=M'UCM" =(M'NM")UCM", and
El(M'mM*)ucM* = El(MnM*)”LElm* <2&+¢ . Hence,

E[pi(s,.)|<b J—)E[ NEMILX ] almost uniformly.

Remark R (Proof of (21)=> (15), with 7(...)=0,when |u| <)

Let z(t,w)=7zf,(t.X" (tw),u, (to))u’ (tw)c Ly . For any y(..)eB™,
there exists a U (t a))eU with |u (t,a))|Sﬁo|y(t,a))+z(t,a))|, u’(.,.)e LZ””
(and with |u(..)], <ﬁ0( )) such that

y(t,w)+z(tw)= 7Z'f( - (t, ) L(t, ))( ) and hence
y(to)=7f,(tx" (to)u(to))(u(te)-u (te)).

Then for 6= ,BO( u’ 2)+||u*||2, we have

<e+ 21((35/2)]/2 when
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07y (t0) = 7f, (t.x" (Lo) u. (L) 07 (v'(to)-u' (Le)],

note that “9’1(u’—u*)uz <1, so (15) holds for =67, Z(.,.) =0.

Remark S. (Proof of (19)). Let ube any given element in [
ﬂ(t,a)) = p(t,a)) f, (t,a))-i-q(t,a))EJ (t,a)), and let be(0,1) be an arbitrarily
given Lebesgue point of t— ﬂ(t,.)(u —u*(t,.)) ) > LZ(Q,(D,R”). Then, for
any ¢e LOC(Q,CI)b,R), 0<¢<1,

5190 (1)) at-06() (0, (u - (0.

when &4 0.We have

02E(p(s.).q"(s.))=E[. " {p(t.) ; (t)w(t.)+q(t.)a; (t.)w(t.)}dt,
when W:¢1[bvb+5](t)(u—u*(t,.)), for 1>s>b+6 . From this and (70) it
follows that

E[#()p(b..) T (b.)(u=u"(b.))+4(.)a(b.)&; (b,)(u-u’ (b,.)) | <0.

Because ¢ was arbitrary, (19) follows for t=b, e fora.e. &

—0, (70)

Remark T. Let (Q',(D', ,u') be a finite measure space. If
h(X,a)): XxQ'— X" (X,X' Euclidean spaces) is continuous in x and @' -
h(x,a))| < a(a)) , a(.) el, (Q’,(D’,,u',]R) , and
X,(®) > x(®) in g -measure, (X,(®) and X(@w) @' -measurable), then
h(xn (a)),a)) - h(x(a)),a)) in L, (Q,(D',,u', X'). This result, which is a special

case of Krasnoselskii's theorem (see p. 20 in [9]), can be proved as follows. By

measurable in @ , sup,

contradiction, assume for some &>0 and for some subsequence n; that
h(xnj (a)),a))—h(x(a)),a))2>8 for all j. A subsequence x, (@)= x"(w)

converges /' -a.e.to X(®). Then, by continuity,
h(xk (a))w) —h(x(®),w) ' -ae and evenin L,, by Lebesgue's dominated
convergence theorem. A contradiction has been obtained.

Remark U. (On %, |[,<,||)

On L2, ||2 < 2|| . To show this, for the component 7! () of Z() , note that

=2 () =E(Zrme )
=E Zk(Hij ())2 +E {E |:Zi,k,i<k2Hizj ()12’ ()] D,y J}
E zk(szj ())2

+E {Zi,k,kkznizj () E[E[Zj 0] Dy iz J

e[ 010, 0 )19, 1, D)
- zkE(szj ())2

|zj ()|2 < Zk|szj ()|2 < Zk(l/Zk)Z" |szj ()|2
<X W20l 0]

Remark V. (Proof of (B) = (A) with z, =2, =0 in Remark 6)
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Let T =1.By Lemma Ain Appendlx for some K >0,

| w',u, t)|2SK( | dt) when W' u, eU, . Let
y=1+n'M"* weu, [max{‘;zf t,x“,u u*‘ ,‘ﬂ&u(t,XU,U)U*Z}J,
let ce[0,1) satisfy (1- ) (4/30 (n) let

Lo =10 ([1-c,1]x,R") andlet |w]; (EJ’ |w| dt) ,

B, ={zell:|7; <af,

UC“ = ]'[c,l]u+(1_]'[c,1] u,,u eU',|u(., u*(.,.)| <8ﬂ07/}. By (B) in Remark 5,
for any u(..)eU,, any V(..)wW(,)eB,, , for some progressively
measurable W"(.,.)EU’, w' =0 on [O,C),for each (t,a)), te[C,l],

(V’(t,a)),w'(t,a)))
= (71, (tX (L) u(t o)W (t0), 75, (X" (t.0).u(t,0)) W (t o)),

where |W" (t, a))| <ﬁ | (t,w),w(t, ))|, S0
abuse of notation, we have that

(ch,;;/ x BC’“4) c {]10,1] (;zfu (t, x“,u)w”,ﬂc?u (t, x“,u)w”) Wel, U,
(o] <05)

2

W”(.,.)|; <84° . Hence, by slight

By the choice of ¢ for WEUCU* ,
) ot )

<M* (jE|qW” |d2') <M*K(1

2

y2
—u,(t)’ dtdz‘)

<M'K(1-c) |w u|; <8M KBy (1- c) <2y/n.
xB™

By Remark W and the previous inclusion, then (Bm o2y

c,2y

)ccl .coD,,
2

where

D, = e (21, ()07 21, (1w

75, (tx",u)g"" + 75, (t,x“,u)w) : WEUQJ*}.

Now, by definition of y,for 6" >0 small, ‘7[ f, (t, X", u)u* and

o, (t,x“,u)u,ﬁ2

B, < By, —L. 7, (t.X",u)u, and B[, < B[, -1 ,5,(tx",u)u,, 0

2

are <y when |u —u*| <6', 80

Bm X Bm c CI‘ . coD°, where
2

D¢ = {1[C’1](7Z'fx (t,x“,u)qw’”* +rf, (t,x“,u)(w—u*),
;zc?x(t,x“,u)qw'“‘ + 75, (t,x“,u)(w—u*)):WeUC“*}.

Hence, (B) = (A) has been proved.
Let @, be the natural filtration, augmented as before. Postulating now (A),

by Ito’s representation theorem,
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L, (Q,d)l,Rm* ) c {v'+I;W'dBt W e L) (J xQR™ ),v’ eR™ } , so by the linear
interior mapping theorem, for some || -ball Bj(0,6") in L, (Q,CDI,]R'"* ) ,

B;'(0,6") < {c’v’+Jjw’dBt W e BC",];,V' eB(0,&)cR™ } . But then

By (0,6") cl"‘zco{j:,(a—z*)dt+jj(b—z**)dBt :(a,b) e Du*}
c cl‘.‘zco{jol(a—z*)dt+j;(b—z**)dB[ :(a,b) e f)}

Remark W. Let /be a set and let X be a normed space. Let the maps vand w
from 7 into X have the following properties. Given &>0, ke(0,1), pe X,
assume that B(p,¢)cclcov(l) and that |Vv(i) —w(i) |< &(1-K) for all i
Then B(p,ek)c clcow(l).

For a proof see p. 327 in [11].

Remark X. (A nonzero continuous linear functional on L* vanishing on all
LZ(Q,Q,R”‘*), t<T)

Let T =1, ®, the natural filtration corresponding to some given B,. For
,= i/(i+1).
Then 2|v*| =1, so V" belongs to the ,|.|-boundary of the |.|-ball ,B(0,1)
in L. Then for some nonzero continuous linear functional x# on L,
<ZB(0,1),,u> S<V*,/1>. Let te[O,l) and let & be any given integer such that
t<1-Y2 . 1 gel(Qo  R] and g, <2*V/(j+1) . then
20| (+g)), <212-2°9/(j+1)<1Y(j+1) for j<k and 2|11 (), =0
for j>k, so 2 Hj(v*i¢)‘zﬁl for all j (= Vv +¢e,B(0,1)). Then the
inequality involving 4 vyields (i¢,,u>£0, ie. u vanishes on L, (Q,CDt,R),
t <1. To show in detail that sucha V" exists, let V, =1y, —Low, >

M, :[81-1/2‘ - 81-1/2‘*1 € [O,oo)] . Then
E[Vi|(Dl_1/2i_l}:P[Mi|(Dl_1/2i_1]—P[EMi|CI)1_1/2i_1J:0,sofor ji<i,

Iy, = E[vi |CI>H/2J}—E[Vi |

simplicity, assume M’ =1. Choose a V" e L® such that 21|H \a

l71/2,;1}:0,andfor i>i,

Iy, = E[vi |CDH/ZJ. J—E[vi |(1)17]/21.,1J =V, -V, =0. Letting

v = 3L 2 (/1) e get

2V =11, (j/(i+1),

= (1/(1+2))E[ L, ~L, 190,y |=E[ L Ty 19, 01 ]

=(J/(] +1))(1M, —1cM,.)=(J'/(j+1))vj

so 2|1 | =(i/(i+D)v,|, = i/(i+1) and [2'mIv| <j/(j+1).

Note that v* belongs to the |.|-boundary of B3 (0.1) ccl, L, and the

00

#'s belong to cl(z)L;, so the arguments above actually yield a nonzero 2|| -
continuous linear functional on cl, L, , vanishing on all L,(Q @ R), t<T.
Remark Y. (L, \cl,L?® (J xQ,R) is nonempty).
On | define y =31 (t)il, (@), where ; are some arbitrarily chosen
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sets such that El, = 1/i?, Qed - Then for all ¢
and yell = {z e L™ (IxQ, R);"Z"2 < oo} . Now
essupy (t, ) > il, (@) forall 4 so |essuplt//(t,.)|w >i forall i

Now y ¢ cl,L? (JxQ,R). Let us show that. Assume by contradiction that
"(Z—l//"2 <1/2 for some aeL?®(JxQ,R). Using the projection of « onto
w as in E. in the proof of Theorem 1, we have for some progressively
measurable ¢ <[0,1], that |¢(t,a))y/(t,a))—y/(t,a))|£|a(t,a))—y/(t,a)) ,
|¢ t,o)y(t,o) |<|a (t,o), essuptyw|a(t,a))|<oo

For all t, |1 )(8(t.)- ilQ )| <1/2 . Then
[, (V)idg, (t.), ~Y2 <1, (1)4(t,.)idg, (t.-), - or
|1Ii (1)L, (t, | -1/2i< |1 (t)¢ Mg, | Then P( ) 1/16i* where
A= {a) 97 (t, ) _1/8} NQ,, otherwise (using ¢ <1)

1, (Ot ()], <[, (03, ()], +‘1,i (1){1, (6) -1, (t0) g(t.)

<1/4i+1/8i% <1/2i

But then, for all ;, €SSup, @y > essup, 1, (t)l (t,o)d(t o)y (t,o)
>essup, 1, (t )(]/8) (to)y(to) ,
>essup, 1, (t)(]/8)1A1 (tw)i>i/8

(1), =10 vl =1

2,

contradicting essup, ¢y <essup, ,, |a(t, a))| <.
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