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Abstract 
This paper aims to inquire into an objectively authentic budget constraint in a monetary economy 
through showing two missing problems of the monetary budget constraint and their solutions. To 
start with, we show the first missing problem that money is “missing” if all agents expend their to-
tal budgets under the simple budget constraint. This problem shows that the simple budget con-
straint is inadequate as an objective monetary budget constraint. A deficiency of the simple budget 
constraint exists partly in that it does not reflect money circulation. To improve this deficiency, we 
incorporate the expenditure reflux formula into the simple constraint. The first missing problem 
is partially solved by the application of this reflux budget constraint, but another problem occurs. 
The new problem is that infinite expenditure is permitted under this constraint. This is the second 
missing problem. The second problem appears to be a variation of the solvability problem of the 
money circulation equation. Referring to the proof of the solvability, we incorporate a time irre-
versible disposal into the budget constraint. This irreversibility budget constraint brings us a pro-
visional solution of the missing problems. However, it should not be called a perfect solution. We 
also examine the relationships between our research and two previous studies: the finance con-
straint and the cash-in-advance model. 
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1. Introduction 
Much of contemporary economics is based on optimal decision making under the budget constraint. Since mod-
ern economies are monetary economies, a realistic budget constraint in a modern economy must be a monetary 
constraint. To consider the monetary budget constraint is the purpose of this paper. 
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Some agents may recognize an objectively wrong constraint and make decisions based on this constraint. 
Therefore, when we think about a budget constraint, we need to distinguish between a constraint used by eco-
nomic agents on the occasion of decision making subjectively and a constraint enforced on an agent objectively. 
The purpose of this paper is not to consider the former constraint but to consider the latter constraint in a mone-
tary economy. 

An objective constraint may not be used by agents, but it is worth being researched by the following two rea-
sons. First, it is significant as normative research. If a budget constraint identified in this research is objectively 
valid, we may be able to provide material to improve decision making by agents. Moreover, it is also significant 
as positive research. An optimal solution derived by using an objectively wrong constraint may be unrealizable. 
We will show an example of this in the following section. In this case, a subjective decision which was once 
made must be modified. In order to judge whether the modification is avoidable or not, we should not ignore the 
objective constraint even when considering subjective decision making. 

There are some notable previous studies in connection with the focus of this paper. First, we discuss two 
missing problems of the monetary budget constraint and show their solutions. After this, we will introduce and 
comment on the previous research efforts. 

2. Simple Budget Constraint and the First Missing Problem of the Monetary  
Budget Constraint 

To start with, we will clarify the basic framework of this paper. The framework is basically the same as that used 
by Miura [1] and Miura [2]. 

We decide that the target group of economic agents for description is called the relevant society1. There are 
various kinds of agents, such as individuals, families, corporations, governments, and so on. In economics, the 
budget constraint of consumers is discussed frequently, and that of governments is discussed occasionally2, but 
there is scant reference to the budget constraint of corporations. However, a corporation must expend money, 
thus its budget constraint also exists3. This paper discusses all the budget constraints of these agents, but does 
not consider the differences between types of agents; we treat them merely as agents in the group. We denote the 
relevant society by { }1,2, ,N n=  . 

We decide that the target term for description is called the relevant term. We assume that the relevant term is 
finite length. This assumption is rewritten so that the relevant term always has a beginning and an end. 

The sphere which satisfies both the relevant society and the relevant term is called the relevant space-time. 
Furthermore, we do not distinguish between various types of money transfer, including purchase of commodi-

ties, payment of wages, finance relations, donations, and so on. Also, there are various kinds of money such as 
the dollar, pound, euro, yen, and so on. However, this paper assumes that money in the relevant space-time is of 
only one kind. 

We define expenditure as transferring money to the relevant space-time, and revenue as money being trans-
ferred from the relevant space-time. There is a possibility that money transfer occurs between the relevant so-
ciety and its outside, but transferring money to the outside is not called expenditure and money being transferred 
from the outside is not called revenue in this paper. 

Moreover, we decide that the sources excluding revenue, such as possessions at the beginning of the relevant 
term, production and funds transferred from outside the relevant society, are collectively called the beginning 
money. Also, we decide that the results excluding expenditure, such as possessions at the end of the relevant 
term, disappearance and funds transferred to outside the relevant society, are collectively called the end money. 

Let kX  be the expenditure quantity of Agent k; kY  be the revenue quantity of Agent k; kΨ  be the quan-
tity of the beginning money of Agent k; and kΩ  be the quantity of the end money of Agent k. By their eco-
nomic meaning, they are all non-negative. That is, 0kX ≥ , 0kY ≥ , 0kΨ ≥ , 0kΩ ≥  holds for k N∀ ∈ . 

Miura [1] confirms that the sum of gross source and the sum of gross result are equal in any agent. This prop-
osition is named the law of gross disposal4. Using symbols, the law is denoted as follows: 

 

 

1It is permitted that one element is either one agent or one group of agents, but we call it merely an agent. 
2The idea of the government budget constraint seems to occur in the 1950s. Cf. Christ [3] p. 53. 
3If profit is defined only by money transfer, we may be able to interpret that the budget constraint of corporations is included in the defini-
tion equation of profit. 
4Cf. Miura [1] p. 190. 
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.k k k kX Y+Ω = Ψ +                                     (1) 

Note that the budget consists of the beginning money and revenue. Then, it is disposed only as expenditure 
and the end money. Accordingly, Equation (1) can also be interpreted as a budget constraint. This seems to be 
the most simple budget constraint. 

Suppose that budgets of any agent are all expended under this constraint. In this case, 0kΩ =  holds for
k N∀ ∈ . That is, all portions of the end money of any agent are zeroes. If this supposition is realized, money 

does not disappear and is not transferred to the outside. Therefore, money ought to exist in the relevant space- 
time. Based on common sense, money seems to exist somewhere at the term end in this case, but it is also de-
nied because a zero value for end money is supposed. 

Then, where does money exist? Money in the relevant space-time is all missing. This situation is reasonable if 
all budgets are zeroes, but it also occurs even if some budgets are positive. Such a situation seems to be unrea-
sonable. However, as far as agents expend under the simple budget constraint, this unreasonable situation can 
occur. We call this the first missing problem of the monetary budget constraint. This problem shows that the 
simple budget constraint is incorrect as an objective budget constraint of a monetary economy. 

There is a possibility that all agents subjectively plan to expend their total budgets. However, based on the 
unreasonableness of this, as shown in the discussion of the first missing problem, we cannot believe that all of 
their plans are objectively realized. At least one agent is sure to make a wrong plan and thus be forced to modify 
it. This is an example of why we should not ignore the objective constraint even if we consider subjective deci-
sion making by agents. 

Then, where did we make a mistake? Two possibilities can be assumed. The first possibility is that the simple 
budget constraint does not hold. However, the equality between the sum of gross source and that of gross result 
is a basic fact of a monetary economy, thus we cannot believe it does not hold. Therefore, we should examine 
the second possibility. Even if the simple budget constraint holds, it may not be a unique constraint for expendi-
ture. There remains a possibility that a hidden constraint exists and it may solve the problem of missing money. 

“Hidden” in the sense used here means that the constraint is not reflected in the formalized budget constraint. 
It does not mean that it cannot be observed empirically. If we turn our eyes to an empirical monetary economy, 
we can find that expenditure behavior of economic agents is constrained by various conditions. 

We have to sleep periodically in order to live. It is a basic bodily condition of human beings. While we sleep, 
we cannot expend. Therefore, the bodily condition that we have to sleep is a constraint for expenditure. Fur-
thermore, we have to move some parts of our body to trade. Someone who is incapacitated may have difficulty 
in trading. This is also a bodily condition which constitutes a constraint for expenditure. 

Also, if we want to buy a commodity in a certain store, we must visit the store. It is difficult to buy a com-
modity sold only in a distant store. Not only simple distance, but also the maintenance condition of roads and 
bridges affects the possibility of movement to the store. That is, a geographical condition is also a constraint for 
expenditure. We can also regard climate as one of the geographical conditions. 

Even if a bodily handicap exists or a trading partner is in a distant location, trading is possible when supported 
by the means of communication. But viewed from the opposite side, this highlights a difficulty of trading with-
out these means. Hence, a communication condition is also a constraint for expenditure. 

Further, if commonly intelligible language between agents does not exist, it is difficult to communicate for 
trading and trading is difficult to realize. Thus, a linguistic condition is also a constraint for expenditure. 

Moreover, trading is often blocked by political powers. A political condition is also a constraint for expendi-
ture. 

These constraints proceed from human environments5, thus we can call them collectively environmental con-
straints. Human beings can live and expend money only under these constraints. Nevertheless, they are not re-
flected in the simple budget constraint. The solution to the missing problem may depend on the existence of 
these constraints. 

It is sure that the environmental constraints exist qualitatively, but to quantify them is not an easy work. How- 
ever, the focus of this study is not what kind of constraint exists but what kind of constraint can solve the first 
missing problem. What we have to quantify is a constraint which answers the purpose. Note that most of the en-
vironmental constraints are variable personally or regionally or historically. On the other hand, the impossibility 
of the missing of money seems to be a universal truth of a monetary economy. Therefore, the constraint to pro-

 

 

5If we regard mind as an essence of a human being, body is their first environment. 
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tect it must be universal. Environmental constraints which are valid only in specific situations are not suitable 
for a solution of the problem, thus we do not have to consider them for our purpose. We dedicate ourselves to 
search for a universal constraint for expenditure. 

3. Reflux Budget Constraint and the Second Missing Problem of the Monetary 
Budget Constraint 

Is there a universal monetary truth which is not yet reflected in the simple budget constraint? 
Here, we will consider the essence of a monetary economy. In a monetary economy, revenue included in the 

budget is generated by the expenditure of others. Moreover, if we trace the sources of others’ expenditure, a por-
tion of them comes from their revenue. A portion of the revenue proceeds from the expenditure of the original 
agent. Eventually, part of the money expended by an agent should return as their own revenue. In Miura [2], we 
called this phenomenon the expenditure reflux. 

Note that the simple budget constraint represents a kind of relationship between revenue and expenditure. It 
refers to a flow from revenue to expenditure6, but money cannot circulate only by this flow. In order to circulate, 
a flow from expenditure to revenue is also necessary. The latter flow is nothing but the expenditure reflux. Only 
after incorporating the reflux, the budget constraint can express money circulation perfectly. Nevertheless, the 
simple budget constraint never incorporates it. Therefore, the simple constraint does not reflect money circula-
tion, which is essential to a monetary economy. This is a deficiency of the simple constraint. 

We aim to incorporate the expenditure reflux into the budget constraint to express money circulation with the 
help of the quantification of the reflux shown in Miura [2]. 

Let kjZ  be the separate transfer quantity from Agent k to Agent j. From the perspective of Agent k, it refers 
to the separate expenditure quantity. The following relationship holds between gross expenditure and separate 
expenditure. 

1 2 .k k k knX Z Z Z= + + +                                 (2) 

Furthermore, let khkε  be the expenditure reflux coefficient of Agent k through Agent h. This represents the 
quantity which refluxes as revenue per unit increase of the separate expenditure of Agent k to Agent h. It is de-
fined by the expenditure rate and the expenditure distribution rate of all agents other than Agent k7. The expend-
iture reflux formula, which is a quantification of the expenditure reflux, is as follows8: 

( ).k kk khk kh hh kY Z Zε
≠

= + +Ψ∑                              (3) 

Substituting Equations (2) and (3) in Equation (1), we can derive 

( ).kj k k kk khk kh hj N h kZ Z Zε
∈ ≠

+Ω = Ψ + + +Ψ∑ ∑  

Rearranging this equation, we can derive 

( )1 .khk kh k k khk hh k h kZε ε
≠ ≠

− +Ω = Ψ + Ψ∑ ∑                              (4) 

Equation (4) is a budget constraint which incorporates the expenditure reflux into the simple constraint. We 
call this the reflux budget constraint. This constraint is superior to the simple constraint at the point that it re-
flects both flows of which money circulation consists. Moreover, it includes the end money of the others ( )hΨ  
and the reflux coefficient ( )khkε . The latter is defined by the expenditure rate and the distribution rate of all 
others. Hence, the constraint reflects the situations of the others. This point is also a superiority of the reflux 
constraint. 

The reflux budget constraint seems to be able to solve the first missing problem. We reconfirm that the ex-
penditure reflux coefficient is limited to the following range9. 

0 1.khkε≤ ≤                                            (5) 

 

 

6The preceding paper has stated that the flow from revenue to expenditure is expressed by the circular disposal formula (Cf. Miura [2] p.27). 
This formula is derived from the law of gross disposal and the definition of the expenditure rate. The former is the same as the simple budget 
constraint in this paper, thus the simple constraint and the circular disposal formula are only the things which capture the same phenomenon 
from a slightly different angle. 
7Cf. Equation (21) in Miura [2] p. 30. 
8Cf. Equation (23) in Miura [2] p. 30. 
9Cf. Theorem 3.6 in Miura [2] p. 32. 
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The case 1khkε =  refers to a situation that the separate expenditure of Agent k to Agent h is fully returned to 
Agent k. We have defined this situation as the entire reflux of Agent k through Agent h10. 

Note that the first missing problem occurs when all agents expend their total budgets. Based on this, we sup-
pose that all agents excluding Agent k expend their total budgets. This supposition is the same as assuming that 

0hΩ =  holds for h k∀ ≠ . Miura [2] confirms that this is equivalent to the entire reflux of the gross expendi-
ture occurring on Agent k11. If we substitute this condition in the reflux budget constraint (Equation (4)), we ob-
tain: 

k hh N∈Ω = Ψ∑ 12.                                          (6) 

We can see that if any agents excluding Agent k expend their total budgets, all of the beginning money of the 
whole society concentrates in k. Note that this consequence is valid regardless of the level of expenditure of k. 
When k expends any amounts of money, the end money of k is always equal to the beginning money of the 
whole society. 

This consequence shows that, even if any agents expend their budgets as much as possible, the end money is 
never missing provided that the beginning money exists somewhere in the relevant society. Hereby, the reflux 
budget constraint seems to have succeeded in solving the first missing problem. 

Nevertheless, the problem is not completely solved. Note that the first missing problem was that all portions 
of the end money can be zeroes even if some budgets are positive. Budgets consist of the beginning money and 
revenue. In the case that some beginning money is positive, the problem has certainly been solved. However, in 
the case that any beginning money is zero and some revenue is positive, all of the end money can be zero by the 
assumption of the entire reflux and Equation (6). Hence, the problem has not been solved yet. 

In the latter case, both the beginning money and the end money are equal to zero. This gives the impression 
that money does not exist in the relevant space-time. Nonetheless, revenue is still realized. This situation seems 
strange, but we have not obtained evidence of its impossibility. 

In addition, another missing problem exists. Note that Equation (6) is originally the budget constraint. Never-
theless, this equation does not include expenditure. Therefore, if an agent expend as much as possible under this 
constraint, their expenditure become infinite. 

If we suppose that the beginning money is an infinite quantity, it is a natural conclusion that expenditure is 
also infinite. Or if we put a supposition that the relevant term has an infinite length, infinite expenditure would 
also be no wonder. However, the conclusion is derived without these suppositions. It is not only unnatural but 
also an epistemological aporia because we cannot observe infinite expenditure empirically. 

For the sake of normal recognition of a monetary economy, an upper limit of expenditure must exist, but the ref-
lux budget constraint cannot guarantee the existence of this limit. In the constraint, an upper limit of expenditure is 
missing if the entire reflux occurs. We call this the second missing problem of the monetary budget constraint. 

Looking back to the simple budget constraint based on this recognition, we notice that the finiteness of reve-
nue is not guaranteed even if the beginning money is finite in the constraint. Hence, the finiteness of expenditure 
decided under the constraint is not guaranteed either. We can see that the simple budget constraint is also in-
fected with the second missing problem. 

Then, how can we solve this problem? 
How about assuming that the entire reflux does not occur? If the reflux coefficient is not equal to unity, its 

range is 0 1khkε≤ <  by Equation (5) and the coefficient of expenditure in the reflux budget constraint (Equa-
tion (4)) is positive. In this case, expenditure has its upper limit when the beginning money is finite. Hence, the 
second missing problem does not appear. 

However, can this assumption be justified in a monetary economy? In reality, most economic agents tend to 
retain some money in hand. Therefore, the assumption of the impossibility of entire reflux may be valid in a 
practical economic analysis. But the assumption that all portions of others’ end money are equal to zero seems 
not to be prohibited by any universal law, even though this is a rare case. Given that there is a little possibility of 
this assumption, we should not ignore it. 

Moreover, to deny an occurrence of entire reflux cannot be a sufficient solution to the second missing prob-

 

 

10Cf. Miura [2] p. 32. 
11Cf. Theorem 3.9 in Miura [2] p. 33. 
12This conclusion can also be derived from the framework of Miura [1] by using the law of gross disposal and the law of money conserva-
tion. Cf. Miura [1] p. 190. 
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lem. In Miura [2], we define the transfer from an agent to oneself as the self-transfer13. In the preceding symbols, 
the self-transfer corresponds to kkZ . The reflux budget constraint does not constrain self-transfer, regardless of 
the value of the reflux coefficient14. Self-transfer does not make sense if the constraint is that of an individual 
agent, but it makes sense if the constraint is that of a group of agents. We should not abandon a consideration of 
the latter case. Therefore, as far as the existence of constraints for self-transfer is not shown, it cannot be said 
that the authentic solution of the second missing problem has been obtained. 

Eventually, we should judge that the reflux budget constraint is even incorrect as an authentic monetary 
budget constraint. In what way is the constraint incorrect? 

Here, we should recall the solvability proof of the money circulation equation shown in Miura [1]15. The ex-
istence of a unique solution to the equation means that expenditure can be calculated as a finite value. Then, that 
paper proves the solvability under the disposal irreversibility principle, which stipulates that money is only dis-
posed from revenue of the past to expenditure of the future. Taking a contraposition of this, if expenditure is in-
finite, money is disposed time reversibly. If we apply this finding to the second missing problem, we must con-
clude that the reflux budget constraint permits a time reversible disposal. 

Examining the simple budget constraint (Equation (1)), we tend to interpret that past revenue is disposed to 
future expenditure. Conversely, when we gaze at the expenditure reflux formula (Equation (3)), we tend to in-
terpret that past expenditure refluxes to future revenue. 

However, such interpretations do not have any mathematical basis because any temporal relationships are not 
directly described in the equations. Mathematically, the former constraint still permits a disposal from future 
revenue to past expenditure, and the latter formula still permits a reflux from future expenditure to past revenue. 
Since the reflux budget constraint is derived from the two equations, it also permits a time reversible circulation. 

Here, the essence of the second missing problem becomes apparent. This problem and the solvability problem 
of the money circulation equation seems to be the same problems grasped from different viewpoints. The cause 
of the second missing problem is sure to proceed from the lack of the consideration of time irreversible disposal. 
As is the case for the solvability problem of the money circulation equation, the second missing problem is pre-
sumed to be solved if we incorporate the disposal irreversible principle into the budget constraint. 

Previously, we pointed out a strange situation which can occur in the case of entire reflux. It was a situation in 
which revenue is positive even though the beginning money and the end money are both zero. We guessed that 
this situation shows that revenue can be realized even if money does not exist, but this guess is wrong in the case 
that time reversible disposal is permitted. In this case, money can circulate infinitely in a temporally closed place. 
Therefore, money can exist even if the beginning money and the end money are both zero. We tend to think that 
this situation is strange, but such a tendency is formed because we usually make the subconscious assumption 
that money is disposed time irreversibly16. 

Furthermore, in Miura [1], we have proved that time irreversible disposal causes the space-time openness 
condition for the result direction17. The condition includes that the end money of at least one agent is positive. 
Hence, the first missing problem is also presumed to be solved considering time irreversibility. 

A time reversible disposal of money is substantially the same as supposing that money can travel into the past. 
There are some physicists researching the possibility of time travel, but they only discuss its logical possibility 
at present. Any reliable evidence that this logical possibility can be realistic has never been shown until today18. 

At the end of the preceding section, we have declared that we have to inquire into a universal monetary budg-
et constraint for the solution of the first missing problem. The disposal irreversibility principle can be regarded 
as one of environmental constraints, but it can possibly be a universal constraint differently from other environ-
mental constraints mentioned in the preceding section. A constraint by time irreversible disposal seems to be 
suitable also from this point. 

We have confirmed that the irreversibility budget constraint is a strong candidate for solving the missing 
problems. Then, we aim to construct the solution. 

 

 

13Cf. Miura [2] p. 31. 
14Note that, as mentioned in Miura [2] p. 31, we can interpret that the expenditure reflux coefficient of the self-transfer is always equal to 
unity. 
15Cf. Miura [1] pp. 192-197. 
16The discussion regarding the jinn particle in a physics world may promote an understanding of this issue. Cf. Lossev & Novikov [4], Gott 
[5] pp. 20-24. 
17Cf. Theorem 3.5 in Miura [1] pp. 195-197. 
18Cf. Gott [5], Davies [6], Nemiroff & Wilson [7]. 
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4. Irreversibility Budget Constraint and a Provisional Solution of the Missing 
Problems 

First, we divide the relevant term into t subterms. However, we set the index of subterms such that a smaller in-
dex corresponds to an earlier subterm and a larger index corresponds to a later subterm. Moreover, we express 
the beginning of the relevant term as Subterm 0 and the end of the relevant term as Subterm #. We denote the 
relevant term including the term beginning and the term end as { }0,1,2, , , #T t=  . 

Expenditure in Subterm u is defined as transferring money within Subterm u. Moreover, revenue into Subterm  
u is defined as money being transferred into Subterm u. Let ( )k uX  be the expenditure quantity of Agent k in 

Subterm u, and ( )k uY  be the revenue quantity of Agent k in Subterm u. Money transfer is the quantities defined 

only in the relevant term, thus ( )k uX  and ( )k uY  are defined only in the range 1 u t≤ ≤ . 

The beginning money consists of the term beginning possession, production and being transferred from the  
outside. We decide that ( )0kΨ  denotes the quantity of the term beginning possession, and ( )k uΨ  for 1 u t≤ ≤   

denotes the quantity of production and being transferred from the outside in Subterm u. Further, the end money  
consists of the term end possession, disappearance and transferring to the outside. We decide that ( )k uΩ  for 

1 u t≤ ≤  denotes the quantity of disappearance and transferring to the outside in Subterm u, and ( )#kΩ  denotes  

the quantity of the term end possession. 
We define the disposal as a process from source to result. Let ( )k pqδ  be the disposal quantity that Agent k  

disposed from sources in Subterm p to results in Subterm q. From their economic meaning, they are all 
non-negative. That is, ( ) 0k pqδ ≥  holds for , ,k N p q T∀ ∈ ∀ ∈ . 

The relationships between the disposal quantities and others are summarized in the following disposal table. 
 

         Result 
Source Subterm 1 Subterm 2   Subterm t Term End Sum 

Term Beginning ( )01kδ  ( )02kδ  
  ( )0k tδ  ( )0#kδ  ( )0kΨ  

Subterm 1 ( )11kδ  ( )12kδ  
  ( )1k tδ  ( )1#kδ  ( ) ( )1 1k kYΨ +  

Subterm 2 ( )21kδ  ( )22kδ  
  ( )2k tδ  ( )2#kδ  ( ) ( )2 2k kYΨ +  

              

Subterm t ( )1k tδ  ( )2k tδ  
  ( )k ttδ  ( )#k tδ  ( ) ( )k t k tYΨ +  

Sum ( ) ( )1 1k kX +Ω  ( ) ( )2 2k kX +Ω  
  ( ) ( )k t k tX +Ω  ( )#kΩ   

 
Here, we define the disposal irreversibility principle precisely. It represents that money can be only disposed 

from the sources of the past to the results of the future. By this principle, a disposal quantity from the future to 
the past is naturally zero. Therefore, ( ) 0k pqδ =  holds for ,k N p q∀ ∈ ∀ > . 

We cannot judge whether a simultaneous disposal quantity is positive or zero generally. However, if it is pos-
itive even in the case we divide the relevant term into infinitesimally short subterms, it contradicts the disposal 
irreversibility principle because this principle implies that money cannot be disposed at exactly the same time. 
Therefore, if we divide it into exceedingly short subterms, any simultaneous disposal quantity must be zero. The 
length of this short subterm may be different for different agents. We define a basic-term as this short subterm in 
which simultaneous disposal quantities of all agents are zero. Since the relevant term is finite length, the number 
of basic-terms included in the relevant term is also finite19. 

Let Subterm u be a basic-term. Moreover, let Subterm − be a subterm which is before Basic-term u, and Sub-
term + be a subterm which is after Basic-term u. By the disposal irreversibility principle, the disposal table of 
Agent k is as follows. 

 

 

19In Footnote 11 in Miura [1] p. 195, we have derived the finiteness of the number of basic-terms from the finiteness of the number of dis-
posals. But in this paper, since we have shown the possibility of the infinity of expenditure as the second missing problem, introducing the 
finiteness of the number of disposal beforehand seems to be inappropriate. Therefore, this paper assumes that a basic-term is finite length. 
Due to this assumption, the finiteness of the number of basic-terms is justified because the relevant term, which is the sum of basic-terms, is 
of finite length. 
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              Result 
Source Subterm − Basic-term u Subterm + Term End Sum 

Term Beginning ( )0kδ −  ( )0k uδ  ( )0kδ +  ( )0#kδ  ( )0kΨ  

Subterm − ( )kδ −−  ( )k uδ −  ( )kδ −+  ( )#kδ −  ( ) ( )k kY− −Ψ +  

Basic-term u 0 0 ( )k uδ +  ( )#k uδ  ( ) ( )k u k uYΨ +  

Subterm + 0 0 ( )kδ ++  ( )#kδ +  ( ) ( )k kY+ +Ψ +  

Sum ( ) ( )k kX − −+ Ω  ( ) ( )k u k uX +Ω  ( ) ( )k kX + ++ Ω  ( )#kΩ   

 
Then, we will define hoarding of money based on this framework. Note that usual usage of hoarding includes 

two meanings. One is money which is disposable but is not disposed, and the other is money which is retained in 
the possession of an agent. These two meanings are not usually distinguished because they are regarded to 
represent the same thing. However, considering a time irreversible disposal, they have different meanings. We 
define hoarding based on the former meaning. 

Based on the disposal irreversibility principle, disposable money till Basic-term u is as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0# # .k k k k k u k k k k u k kY δ δ δ δ δ δ δ δ− − − + −− − −+ −Ψ +Ψ + = + + + + + + +  

Among these disposal quantities, ( )0kδ − , ( )0k uδ , ( )kδ −−  and ( )k uδ −  are disposed until Basic-term u. There-

fore, disposal quantities which are disposable but are not disposed till u are ( )0kδ + , ( )0#kδ , ( )kδ −+  and ( )#kδ − .  

Based on this recognition, we define a hoarding quantity of Agent k in Basic-term u as follows: 

( ) ( ) ( ) ( ) ( )0 0# # .k u k k k kH δ δ δ δ+ −+ −= + + +                            (7) 

( )k uH  corresponds to an upper right corner of ( )k uuδ  in the disposal table. It is non-negative because of the  

non-negativity of disposal quantities. 
Further, let ( ); 1k u u+Π  be the quantity of money which is possessed at the end of Basic-term u and at the be 

ginning of Basic-term u + 1. It consists of disposal quantities which are obtained till Basic-term u and disposed 
after Basic-term u + 1. Considering this with the preceding table, the following relation holds. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ); 1 0 0# # # .k u u k k k k k u k u k u k u k uH Yδ δ δ δ δ δ+ + −+ − +Π = + + + + + = +Ψ +            (8) 

Due to Equation (8), we can see that hoarding in this paper is different from the retained money by as much  
as ( ) ( )k u k uYΨ + . 

From the preceding table and the definition of hoarding (Equation (7)), we can derive: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 .k k u k k u k u k k kX X H Y− − − −+ +Ω +Ω + = Ψ +Ψ +                       (9) 

Based on this equation, we derive the budget constraint of each separate basic-term. 
In the case u = 1, Subterm – cannot be defined. Therefore, Equation (9) of the case u = 1 is as follows: 

( ) ( ) ( ) ( )1 1 1 0 .k k k kX H+Ω + = Ψ                                (10) 

Based on the disposal irreversibility principle, ( )0kΨ  is all of disposable budget of the first basic-term. Fur-

ther, ( )1kX , ( )1kΩ  and ( )1kH  refer to the contents of allocation of the budget in the first basic-term. Hence,  

Equation (10) is the budget constraint of Agent k in the first basic-term. 
Next, we think about the case u ≥ 2. We line up Equation (9) of u – 1 and u with embodying the content of 

Subterm – included in them. 

( ) ( ) ( ) ( ) ( )
1 1 2 2

11 1 0 1 .u u u u
k v k v k u k v k vv v v vX H Y− − − −

−= = = =
+ Ω + = Ψ +∑ ∑ ∑ ∑  

( ) ( ) ( ) ( ) ( )
1 1

1 1 0 1 .u u u u
k v k v k u k v k vv v v vX H Y− −

= = = =
+ Ω + = Ψ +∑ ∑ ∑ ∑  
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Subtracting both sides of them and rearranging them, we obtain: 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 .k u k u k u k u k u k uX H H Y− − −+Ω + = +Ψ +                       (11) 

Note that the following equation is satisfied due to Equation (8). 

( ) ( ) ( ) ( )1 1 1 1; .k u k u k u k u uH Y− − − −+ Ψ + = Π  

We can see that the quantity in the right side of Equation (11) refers to the possessed money at the beginning  
of Basic-term u. Based on the disposal irreversibility principle, ( )1;k u u−Π  is all of disposable budget of Ba-

sic-term u. Further, ( )k uX , ( )k uΩ  and ( )k uH  refer to the contents of allocation of the budget in Basic-term u. 

Therefore, Equation (11) is the budget constraint of Agent k in the following basic-term. 
Note that the subterm of revenue and that of expenditure in Equation (11) are different. This is a key point of 

this constraint. If those are simultaneous, the possibility of time reversible disposal cannot be eliminated. By the 
difference of those subterms, the inevitability of a time irreversible disposal is guaranteed. 

We have finished clarifying the budget constraint in every basic-term, and we shall now clarify how the term 
end possession is decided. 

Let Subterm–be the set of basic-terms before Basic-term t. The disposal table considering the disposal irre-
versibility principle is as follows. 

 
                Result 
Source Subterm − Basic-term t Term End Sum 

Term Beginning ( )0kδ −  ( )0k tδ  ( )0#kδ  ( )0kΨ  

Subterm − ( )kδ −−  ( )k tδ −  ( )#kδ −  ( ) ( )k kY− −Ψ +  

Basic-term t 0 0 ( )#k tδ  ( ) ( )k t k tYΨ +  

Sum ( ) ( )k kX − −+ Ω  ( ) ( )k t k tX +Ω  ( )#kΩ   

 
From this table, we can see that: 

( ) ( ) ( ) ( )# 0# # # .k k k k tδ δ δ−Ω = + +                                 (12) 

( ) ( ) ( )# .k t k t k tY δΨ + =                                  (13) 

Moreover, since Subterm + cannot be defined in this case, we obtain the following equation from the defini-
tion of hoarding (Equation (7)). 

( ) ( ) ( )0# # .k t k kH δ δ −= +                                  (14) 

From Equations (12), (13) and (14), we can derive: 

( ) ( ) ( ) ( )# .k k t k t k tH YΩ = +Ψ +                              (15) 

We call Equation (15) the term end settlement formula. 
The irreversibility budget constraint is a set of the budget constraints of all basic-terms and the settlement for- 

mula. If we add up the budget constraints of all basic-terms and the settlement formula, we can derive the fol-
lowing equation: 

( ) ( ) ( ) ( ) ( ) ( ) .k u k u k u k u k u k uu T u T u T u T u T u TX H H Y
∈ ∈ ∈ ∈ ∈ ∈

+ Ω + = + Ψ +∑ ∑ ∑ ∑ ∑ ∑  

Removing ( )k uu T H
∈∑  from both sides of this equation, we obtain: 

( ) ( ) ( ) ( ) .k u k u k u k uu T u T u T u TX Y
∈ ∈ ∈ ∈

+ Ω = Ψ +∑ ∑ ∑ ∑  

This is nothing but the simple budget constraint. We can see that the simple constraint is included within the 
irreversibility budget constraint. 

The irreversibility budget constraint itself is insufficient to solve the missing problems. Suppose that  
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( ) ( )1 0 0k kX = Ψ >  for k N∀ ∈  and ( ) ( ) 0k u k uYΨ = =  for { }, \ 0k N u T∀ ∈ ∀ ∈ . In this case, we can derive 

( ) ( ) 0k u k uHΩ = =  for ,k N u T∀ ∈ ∀ ∈ 20, thus the first missing problem is not resolved. Further, the possibility  

of infinite revenue is not still eliminated, thus expenditure can be infinite in the case that the relevant term in-
cludes plural basic-terms. That is, the second missing problem is not resolved either. 

What is lacking? We should recall the solvability proof of the money circulation equation in Miura [1]. For 
the proof, we required not only time irreversible disposal but also a simultaneous relationship between expendi-
ture and revenue. The reason why the latter relationship is required seems to be that it is necessary to represent 
the effect of money circulation. Also for the solution of the missing problems, we seem to need to consider this 
relationship, too. 

Let ( )ij uZ  be the separate transfer quantity from Agent i to Agent j in Subterm u. Based on the definitions of 
expenditure and revenue, the following relations holds for all agents and all basic-terms. 

( ) ( ) ( ) ( )1 2 .i u i u in u i uZ Z Z X+ + + =
 

( ) ( ) ( ) ( )1 2 .j u j u nj u j uZ Z Z Y+ + + =
 

From these equations, we obtain: 

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 .u u n u u u n uX X X Y Y Y+ + + = + + + 
                    (16) 

We call Equation (16) the law of transfer equality in each subterm21. This law reflects the fact that expendi-
ture and revenue are the same entity grasped from different viewpoints. By considering both this law and the ir-
reversibility constraint, we will show a provisional solution of the missing problems. 

First, we show a provisional solution of the second missing problem. The same as the preceding section, we 
put a premise that the beginning money is finite. 

Lemma 4.1. Expenditure and hoarding in each basic-term is finite. 
Proof. We prove this by mathematical induction. 
By the budget constraint of the first basic-term (Equation (10)) and the non-negativity of ( )1kΩ  and ( )1kH , 

we can see that ( ) ( )1 0k kX ≤ Ψ  is satisfied. Since the finiteness of the beginning money is premised, ( )1kX  is 

also finite. The finiteness of ( )1kH  can be proved by a similar way. 

Next, we think about the case u ≥ 2. Suppose that ( )1k uX −  and ( )1k uH −  are both finite. Based on Equation  

(11), we add up the budget constraints of any agents in Basic-term u. The following equation can be obtained: 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 .k u k u k u k u k u k uk N k N k N k N k N k NX H H Y− − −∈ ∈ ∈ ∈ ∈ ∈
+ Ω + = + Ψ +∑ ∑ ∑ ∑ ∑ ∑  

Considering this with the non-negativity of ( )k uk N∈ Ω∑  and ( )k uk N H
∈∑ , we can see that 

( ) ( ) ( ) ( )1 1 1k u k u k u k uk N k N k N k NX H Y− − −∈ ∈ ∈ ∈
≤ + Ψ +∑ ∑ ∑ ∑                  (17) 

is satisfied. The finiteness of ( )1k uk N −∈
Ψ∑  is guaranteed from the premise of the finiteness of the beginning 

money. The finiteness of ( )1k uk N H −∈∑  is a supposition of mathematical induction. The finiteness of 

( )1k uk N Y −∈∑  is derived from the supposition that ( )1k uk N X −∈∑  is finite and the law of transfer equality in Ba-

sic-term u – 1 (Equation (16)). Therefore, the right side of Equation (17) is finite. From this, the finiteness of

( )k uk N X
∈∑ , which is included in the left side of Equation (17), is derived. Due to the non-negativity of expend-

iture, each ( )k uX  is also finite. The finiteness of ( )k uH  can be proved by a similar way [Q.E.D.]. 

Theorem 4.2. Expenditure in the relevant term is finite. 
Proof. Expenditure in each basic-term is a finite quantity by Lemma 4.1 and the relevant term consists of a 

finite basic-term. The finite sum of finite quantities is finite [Q.E.D.]. 

 

 

20This proposition can be derived by Equations (10), (11) and (15) with a mathematical induction. 
21Cf. Miura [1] p. 194. 



S. Miura 
 

 
97 

By Theorem 4.2, we have succeeded in solving the second missing problem. 
Next, we will show a provisional solution of the first missing problem. For the purpose, we prove the next 

theorem. 
Theorem 4.3. If ,k N u T∃ ∈ ∃ ∈  such that ( ) 0k uΨ >  or ( ) 0k uY >  or ( ) 0k uH > , ,k N v T∃ ∈ ∃ ∈  such 

that ( ) 0k vΩ > . 
Proof. Based on the premise, let Agent k be the agent either whose beginning money or revenue or hoarding 

is lastly positive in the relevant society. Moreover, let Basic-term u be the last basic-term in which the beginning 
money or revenue or hoarding of Agent k is positive22. 

We first examine the case u < t. Due to the budget constraint in Basic-term u + 1 and the definition of Ba-
sic-term u that it is the last basic-term in which the beginning money or revenue or hoarding is positive in the 
relevant society, we can see that: 

( ) ( ) ( ) ( ) ( ) ( )1 1 1 0k u k u k u k u k u k uX H H Y+ + ++Ω + = +Ψ + >                         (18) 

Also from the definition of Basic-term u, ( ) ( )1 1 0k u k uY H+ += =  holds for k N∀ ∈ . Due to the law of transfer 
equality (Equation (16)), ( )1 0k uY + =  for k N∀ ∈  derives ( )1 0k uX + =  for k N∀ ∈ . Eventually, 

( ) ( )1 1 0k u k uX H+ += =  holds for k N∀ ∈ . Applying this condition to Equation (18), ( )1 0k u+Ω >  is derived. 
We next examine the case u = t. Due to the term end settlement formula (Equation (15)), 
( ) ( ) ( ) ( )#k k t k t k tH YΩ = +Ψ +  holds. By the definition of Agent k and Basic-term u = t, the right side of this equa-

tion is positive. Hence, we can derive ( )# 0kΩ > . 
We have proved that ,k N v T∃ ∈ ∃ ∈  such that ( ) 0k vΩ >  in any case [Q.E.D.]. 
The budget in every basic-term consists of the beginning money, revenue and hoarding as shown in Equations 

(10) and (11). Hence, the premise of Theorem 4.3 implicates a positivity of the budget. Then, this theorem con-
cludes that the end money of at least one agent is positive. Hereby, the first missing problem has been solved. 

Note that the budget constraint considering time irreversible disposal is already known under the name of 
finance constraint. It was suggested by Sho Chieh Tsiang inspired by Dennis Holme Robertson23. The concept 
of a “day” used by Robertson is equivalent to the “basic-term” concept used in this paper. Our additional con-
tributions are having given a rigorous foundation for the constraint using the disposal quantity and having shown 
the logical significance of the irreversibility constraint through solving the two missing problems. 

The cash-in-advance model is a more systematic theory which is relevant to the finance constraint24. It is often 
said to have been first suggested by Robert Wayne Clower25, but Mauro Boianovsky reported that it was already 
suggested by Mario Henrique Simonsen in Brazil before Clower26. 

We confirm the basic cash-in-advance model according to Robert Emerson Lucas. Using the symbols used in 
this paper, it consists of the following two constraints: 

( ) ( )# 0 ,k kk k X YΩ = Ψ − +  

( )0 .kk XΨ ≥  

Lucas called the former the standard budget constraint, and called the latter the cash-in-advance constraint27. 
Suppose that the relevant term consists of one basic-term in our framework. Also suppose that production and 

disappearance of money does not occur in the relevant term, and money is not transferred between the relevant 
society and its outside, either. In this case, we can derive the latter cash-in-advance constraint from our budget 
constraint of the first basic-term (Equation (10)) and the non-negativity of hoarding. Moreover, the former stan-
dard budget constraint can be interpreted as our simple budget constraint, which can be derived from adding up 
our budget constraint in each basic-term and our term end settlement formula. Therefore, Lucas’ cash-in-advan- 
ce model can be interpreted as a special case of our irreversibility budget constraint where the relevant term con- 
sists of one basic-term. 

 

 

22The existence of the last basic-term is guaranteed because the relevant term consists of finite basic-terms. 
23Cf. Robertson [8], Keynes & Hawtrey & Robertson [9], Metzler [10], Tsiang [11], Kohn [12], Kohn [13], Laidler [14], Van Eeghen [15]. 
Note that Robertson reported a Spanish pioneer of his idea named Germán Bernácer. Cf. Robertson [16], Boianovski & Dar & Presley & 
Garza [17]. The author owes a knowledge of the finance constraint largely to Ohara [18] and Ohara [19] written in Japanese. 
24Cf. Kohn [13] pp. 5-8 regarding relevance between the finance constraint and the cash-in-advance model. 
25Cf. Clower [20], Lucas [21], Howitt [22], Howitt [23], Walsh [24] pp. 95-118. 
26Cf. Boianovsky [25]. 
27Cf. Lucas [21] pp. 205-206. 
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As pointed out in the preceding section, we have needed the help of the law of transfer equality to solve the 
missing problems. However, Lucas’ cash-in-advance model does not include this law. Hence, it cannot eliminate 
the possibility of causing the first missing problem28. This is a weakness of this model. 

5. Concluding Comments 
This paper has inquired into an authentic monetary budget constraint. First, we show that the simple budget con-
straint cannot avoid the first missing problem. We construct the reflux budget constraint to solve the problem, 
but it has a possibility to cause the second missing problem. Referring to the solvability proof of the money cir-
culation equation, we clarify that the irreversibility budget constraint gives a provisional solution of the missing 
problems. 

The irreversibility constraint can solve the second missing problem, whereas the reflux constraint cannot. 
Therefore, some may think that the former is more valid than the latter. However, we should notice that the so-
lution of the missing problems by the irreversibility constraint depends on the law of transfer equality, which 
exists outside of the constraint. Ideally, the problems should be solved only inside of a constraint. This is a rea-
son why we describe the solution as “provisional”. In order to solve the missing problems perfectly, we must 
show the solution based on a budget constraint which incorporates an effect of money circulation in its inside. 

Note that the reflux constraint reflects money circulation, whereas the irreversibility constraint does not. For 
the perfect solution of the missing problems, we ought to construct a constraint which reflects both time irre-
versible disposal and expenditure reflux. This irreversibility reflux budget constraint is a more authentic con-
straint of a monetary economy. In this constraint, revenue of each subterm has to be denoted as a function of 
expenditure in each subterm. For this purpose, we have to invent a time division type money circulation equa-
tion, in which any quantity is divided into every subterm. However, the author has not invented the equation, 
thus he cannot yet show a general irreversibility reflux budget constraint. 

Nevertheless, note the expenditure reflux formula (Equation (3)) in the case that the relevant society includes 
only one agent: 1 11 1Y Z X= = . This is the same as the law of transfer equality. That is, the expenditure reflux 
formula of the whole society is equivalent to the law of transfer equality. This law directly reflects a fact that 
expenditure and revenue are the same entity, but it can also be interpreted as an expression of the flow from ex-
penditure to revenue grasped from the viewpoint of the whole society. 

Accordingly, the irreversibility reflux constraint of the whole society can be constructed without the time di-
vision type money circulation equation. It can be derived only substituting the law of transfer equality in the ir-
reversibility constraint. The missing problems of this whole irreversibility reflux constraint have already been 
solved because the provisional solution of the missing problems by the irreversibility constraint is obtained by 
considering the law of transfer equality. 

Based on the whole irreversibility reflux constraint, the author will discuss a money circulation optimization 
theory, which synthesizes a mathematical money circulation analysis and an optimization method of human be-
havior, in the near future. 
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