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Abstract 
This paper presents a dynamic mathematical model of optimal leasing allocation of satellite band- 
width and services in terms of expected revenues and associated risk. This tool meets the need of 
a Satellite Operator to determine the optimal leasing policy of the available bandwidth. A metho-
dology and a tool for techno-economic evaluation of satellite services are developed. The output of 
the tool enables the policy decisions to be customized by the attitude toward risk that the compa-
ny wants to apply at each time period. The study is based on inputs concerning data and services 
from an existing Satellite Operator and addresses a real situation. Demand and pricing data have 
been gathered from the international market. The decision making tool is given in the set-up of a 
decision tree presenting quantified alternative leasing policies and risks. Sensitivity analysis is 
also performed to measure the efficiency of the model. 

 
Keywords 
Decision Making Tool, Dynamic Model, Satellite Services, Techno-Economic Evaluation 

 
 

1. Introduction 
The evolutionary penetration of the satellite services and demand in the telecommunication market during the 
last decades has created the need for decision making tools for a satellite operator [1] [2]. There is still an incre-
mental growth to the telecommunication applications and services [3] [4]. A number of studies have proposed me-
thodologies and tools for the techno-economic evaluation of different aspects of satellite communication dealing 
with physical, operational, design performance and risk parameters [5]. The need for in-depth analysis of the 
economic feasibility of new telecommunication solutions that take into account both technological and econo-
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metric characteristics of the applications, has become obvious, both in industrial and academic community. This 
study deals with the creation and assessment of an optimal business policy of a Satellite Operator. The ability of 
real time decisions has a significant effect to the viability and profitability of the company in the growing and 
competitive satellite market. The decision making model presented here is an applied tool for assessment purposes, 
which deals with real problems and can be used as such, by any Satellite Operator. Limited work has addressed the 
revenue modeling [6] in terms of market penetration, expected profits and risks, in order to provide a quantita-
tive estimation to the Satellite Operator (after the launching) for the optimal business decision making.  

The problem of determining the optimal leasing policy for satellite services, at different time periods is simi-
lar to an inventory control problem, with evolution in time, incorporating dynamic and stochastic elements [7] 
[8], modified accordingly to address the specific application [9]. The purpose of our work is to model and quan-
tify this problem, using heuristic techniques, as well as to evaluate the outcome. The validation of this work re-
sults from its usage by the Greek Satellite Operator in the last five years and the development of a new metho-
dology based on stochastic dynamic optimization, presented in [10] with similar results. 

We present a model that compares different scenarios of combinations of customers asking to hire satellite 
capacity. There is a variety of services that a satellite can support. For each of these services requested by a cus-
tomer, there is a different bandwidth demand, duration of lease, and a different price. The purpose of this work 
is to find the most profitable case for the incumbent operator. Each scenario leads to a decision tree. This max-
imization problem is described in terms of real and expected revenues, along with the corresponding probability 
of getting them. The final outcome leads to optimal enterprise steps that maximize revenues and enable the 
evaluation of different contingency plans. The decisions are taken successively in a time horizon and thus the 
presented tool incorporates time evolution. Consequently the model is dynamic.  

At the first stage of the work, demand and pricing data have been gathered from the international market. 
These data provided by the operating Satellite firm i) are statistically processed to produce mean values and 
standard deviations for each service and each bandwidth demand when needed, and ii) are integrated into a ma-
thematical model, implemented at the second stage, and taking into account all possible states and stages [11]. 
The model evaluates all probable revenues, along with their associated risks that could result from each alterna-
tive decision branch. The concept of the tool gives the benefit of accessing alternative courses of action, to the 
decision maker. Depending on the company policy at each time period, variant enterprise steps could be fol-
lowed. Sensitivity analysis is included, in order to determine the impact of small errors in parameters estimates 
to the final decision. It is performed using both mathematical calculation of the shadow prices and heuristic cal-
culation, providing consistent results.  

The paper is organized as follows: Sections 2 and 3 describe the stages of work followed and the main con-
cept of the model. Section 4 formulates the mathematical model and Section 5 presents the sensitivity analysis 
of the proposed model. 

2. Stages of Work 
The first stage of this study involves the recording and the evaluation of the pricing data coming from the inter-
national market of leasing satellite capacity as well as their statistical processing. Some charging schemes have 
been proposed for broadband networks while this work involves real pricing data [12]. A decision making tool 
that maximizes the profits of a satellite operator, is implemented in the second stage. The goal of the proposed 
model is to enable the decision maker, to determine the best possible scenario for the satellite operator, which is 
the scenario with the larger amount of income.  

The hypothesis that a satellite operator has different lease demands from different customers is made. Each 
customer wants to hire satellite capacity with a specified bandwidth, for a given lease period, which has an asso-
ciated cost. The model output provides guidelines on the combination of customers that is the most profitable for 
the operator. 

A scenario can be customized by entering the characteristics of the customers. These are: 
S : the type of the requested service, 
k : the ascending number of customer [ ]( )1,10 ,k N∈ ⊆  

kw  (MHz): the capacity in MHz that the k -th costumer requires [ ]( )1,36kw ∈ ⊆ ℜ . If the required capaci-
ty is more than 36 MHz, then it can occupy one or more transponders completely. Therefore, for our calculations 
instead of kw  we compute ka , which is the remaining capacity that does not occupy a whole transponder: 

36 ,k kw n a= ⋅ +  
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startk
t : the starting time (month) for which the k-th customer requires the leasing of capacity kw , considering 

a horizon of five years [ ]( )start 1,60
k

t N∈ ⊆ ,  

endk
t : the ending time (month) for which the k-th customer requires the leasing of capacity kw , 

[ ]end 1,60
k

t N∈ ⊆ , and 

kC : the corresponding cost of lease, in Euros, for the k-th customer depending on the type of the requested 
service. 

In the structure of the model, the possibility of beginning the hire in different time periods (different months) 
is included. Table 1 shows an example of the input parameters of the model.  

The indicative cost for each service, is calculated using the data collected from the global satellite market. 
From the gathered data we created a basic classification of the possible services that a satellite operator could 
offer. These services correspond to different bandwidth demands and are presented in Table 2. The statistical 
analysis includes the pricing for the equivalent capacity, per 36 MHz, per month and the duration of lease in 
months. For each service, the mean value, the standard deviation, and the percentage of difference between 
standard deviation and mean value of these measures are determined along with their cross-correlation. Similar 
quantities are calculated for the duration of hire. 

 
Table 1. Input parameters.                                                       

K S  startk
t   

(month) 
endk

t   

(month) 
kt  

(month) 
kw  

(MHz) 
kC  

(KEuros) 

1 A 1 15 15 12 15 

2 B 3 10 8 15 20 

3 C 2 20 19 1 1 

4 D 6 22 17 5 10 

5 E 1 16 16 3 5 

6 F 1 18 18 5 5 

7 G 3 10 8 18 30 

8 H 11 15 5 19 20 

9 I 4 30 27 8 9 

10 J 3 23 21 4 3 

 
Table 2. Types of services.                                                       

s Services 

1 VSAT 

2 Telephony 

3 IP Gateway 

4 Corporate 

5 Broadcast 

6 Video Contribution 

7 Media company 

8 Government 
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3. Concept of the Model 
The underlying concept of the problem of optimal allocation of the available satellite spectrum is based on a 
heuristic approach of the inventory control problem [7]. In the context of the proposed work, the model enables 
the comparison of 10 at most possible incoming customers with maximum required lease duration of 60 months, 
corresponding to a typical level of satellite demand. However, the model can easily be expanded to compare 
more customers requiring satellite capacity, for more than 5 years.  

All the possible combinations of customers are calculated (see Figure 1 Group A), where a description of 
these combinations is given in terms of feasibility to implement or not. Specifically, there is an indication of 
Possible, Not Possible or Negotiable Combination for each combination of customers. 

A Negotiable Combination is the combination of customers that exceeds by 1 MHz at most the highest possi-
ble capacity that a transponder can serve i.e. 36 MHz, which can probably constitute an issue of negotiation be-
tween the provider and the consumer. A Possible Combination is the feasible combination of customers from the 
point of view of the maximum capacity of the transponder and a Not Possible Combination is a not feasible one. 
The proposed tool gives the benefit of sorting by the Description of combination in order to present all the 
Possible Combinations (see Figure 1 Group B). The next step is to extract the Possible Combinations that are 
best to compare, by examining the most promising ones. This is done by selecting the combinations with the 
highest amount of total occupied capacity, which is the sum of the requested capacity by each customer of the 
combination (see Figure 1 Group C). Obviously, the more bandwidth is occupied from a transponder, the more 
profit there will be for the firm. These are the “Real Revenues”. This confines the search for the best case scena-
rio to a small number of possible combinations. 

The next step is to decide which of these combinations, with high occupied capacity, are more profitable. The 
criteria that are used to lead to the optimum combination are: 

a) the amount of Real Revenues, representing the revenues that an operator will gain from hiring the capacity 
to the customers of each combination, 

b) the calculation of Additional Expected Future Profits for the satellite operator, taking into consideration the 
standard deviation of the prices and consequently the corresponding risk. 

Each combination has different time of maximum requested capacity hire. Therefore, in order to properly 
compare different scenarios, it is necessary to reduce them to the same time period i.e. to the same month of 
maximum hiring. We include to our calculations the additional possible income that can be acquired by this left 
over-free capacity that is called the “Remaining Capacity” (C Remaining). It is also possible that at specific 
months, not all the available capacity of the transponder of the satellite will be occupied with each combination. 
This leads to the undesirable effect of not having maximum occupancy of the transponder of the satellite, at each 
month. So the satellite operator could probably hire out this available capacity, to other possible future custom-
ers that are not included in the combination, and gain more revenues. This is called the “Empty Capacity” (C 
Empty). These moreover profits, consist the Additional Expected Future Profits. 

 

 
Figure 1. Possible combinations of customers.                                             

All combinations (Possible, Not Possible, 
Negotiable Combination)

Possible Combinations

Possible Combinations with highest maximum 
occupied capacity

Group C

Group B

Group A
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Let us examine the following example involving two cases that a satellite operator may need to compare and 
decide which one leads to maximum revenues. These are Scenario 1, which includes the combination of the 
customer number 1, 2, 3, 4 and 5 (Figure 2) and Scenario 2, which includes the combination of the customer 
number 6, 7, 8, 9 and 10 (Figure 3), with the characteristics shown in Table 1. 

The sum of the occupied capacity of the transponder by the customers of the combinations in Scenario 1 and 
Scenario 2 are shown in Figure 4 and Figure 5, respectively. These figures represent the profile of the satellite 
transponder occupancy. 

In Scenario 1, the maximum demand on the transponder’s capacity occurs during the 22nd month, while in 
Scenario 2, it occurs during the 30th month. The additional possible income that can be acquired from this left 
over free capacity is calculated. This is the “Remaining Capacity” (C Remaining) and appears at the white re-
gion in Figure 4. 

Each Scenario does not lead to maximum occupancy of the transponder of the satellite at each month. This 
“Empty Capacity” (C Empty) is shown as the lined region of Figure 4 and Figure 5. For instance, in Scenario 1 
(Figure 4) there are 21 MHz of unoccupied capacity during the 1st month, 20 MHz during the 2nd month, 5 
MHz from the 3rd to the 5th month, 0 MHz between the 5th and the 10th month, etc. These expected profits are 
included to our calculations. 

 

 
Figure 2. Scenario 1.                                          

 

 
Figure 3. Scenario 2.                                              
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Figure 4. Scenario 3.                                     

 

 
Figure 5. Scenario 4.                                     

4. Structure of the Tool 
Figure 6 shows the general structure of the model. This was implemented in Microsoft. NET environment in 
order to meet the need for increased computational burden. All feasible combinations of n  objects per n , are 

2
0 1

nn n n
n

     
+ + + =     

     
 , with 

( )
!

! !
n n
r r n r

 
=  − 

. All feasible combinations of 10 customers per 10, starting 

from 2 customers per 2 and more, are 
( ) ( )

! !2 1.048.555
0! 0 ! 1! 1 !

n n n
n n

− − =
− −

. It is meaningless to include cal- 

culations with only one customer, since this will not result to maximization of the profits for the operator. 
The tool starts with the input as shown in Table 1, which is the demand of the customers that arrives to the 

satellite operator. Then all the combinations of customers are being calculated taking into account the evolution 
in time. The possible revenues for each scenario resulting from the leasing of the Remaining and the Empty Ca-
pacity are computed, using demand and pricing Parameters. 
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Figure 6. Structure of the tool.                                                                             

4.1. Calculation of All Combinations of k Customers per k  
All the possible combinations of the customers (PCf), [ ]1,1.048.555f N∈ ⊆  are: 

( )
& & & & & & & & & ,

PCf :
0, else

w w w w w w w w w wα β γ δ ε ζ η θ ι κ α β γ δ ε ζ η θ ι κ> > > > > > > > > 
 
   

{ } [ ], , , , , , , , , 1,10    and   0N wβα β γ δ ε ζ η θ ι κ ∈ ⊆ ≠                         (1) 

where ,  ,  ,  ,  ,  ,  ,  ,  ,  w w w w w w w w w wα β γ δ ε ζ η θ ι κ  are auxiliary parameters for the requested capacity of each 
customer and each combination. We introduce the requirement for non zero value of wβ  in order to avoid the 
calculations of combinations with a single customer. 

For our calculations we specify the following intermediate parameters: 
ijd : the numbered month for which the i-th customer requires the lease of capacity wk, at the j-th month. This 

parameter divides into pieces, with length of one month, and numbers the time interval tk  

[ ] [ ]( )1,60 , 1,ijd N i k N∈ ⊆ ∈ ⊆ . 

ijw : the capacity that the i-th costumer requires, at the j-th month 

start end,    ,

0, else
k kk

ij

w j t t
w

  ∈  =  
  

                                (2) 

We assign 
( )PCfjw , as the total capacity for the (PCf) combination at the j-th month. 

4.2. Calculation of Revenues from C Empty  
For each scenario the possible revenues from the future leasing of the “Empty Capacity” up to the 36 MHz, are 
calculated. 

The Empty Capacity ( )( )PCf ,C Empty j  for each combination of customers (PCf), at the j-th month is: 

( )

( )
( )

( )

{ }

end

PCf
start

PCf

endPCf

PCf ,
start end

end

36  , max , , , , , , , , , ,
C Empty ,     

, .
0 , max

t i

k
i a

i

i i

k

ij

j t
j

w t t i

j t t
t t

κ

α β γ δ ε ζ η θ ι κ=
=

 
  − <   ∈   =    ∈     >  

   

∑
         (3) 

OutputAll Combinations Time FragmentationMain 
Input

C Remaining

C Empty

Parameters
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where 
( )PCfijw  is the capacity of the i-th customer of the f-th combination (PCf) at the j-th month, and 

( )PCf
endmax

k
t 
 
 

 is the maximum ending month of each combination (PCf) which coincides with the 
( ){ }PCf,max i jd . 

This calculation is categorized depending on the amount of bandwidth that is not used each month by the 
customers of each combination. This “Empty Capacity” could potentially be hired out and generate revenues. 
The selected ranges of capacity in MHz are shown in Table 3, resulting from the gathered data. 

We are considering nC  { }( )0,8n N∈ ⊆  as the central value of capacity for each range of the unused 

bandwidth, corresponding to a certain probability 
nCP , a mean value 1nm  and a standard deviation 1nσ . Each 

range, has a bandwidth of 1 1
1 ,

2 2
n n n n

n n
C C C C

C C− +
−

− − + +  
, in MHz. The initial value for 0n =  corresponds  

to a capacity 0 0 MHzC =  and the ending value 8n =  corresponds to the highest possible capacity of the 
transponder, 8 36 MHzC = . 

We use the notation: 
1nm : the mean value price, per MHz, per month, asking for the n -th range of bandwidth,  
1nσ : the standard deviation of the value price, per MHz, per month, asking for the n -th range of bandwidth,  

nCP : the probability of appearance of a customer asking for the n -th range of bandwidth, and 
AP : the probability of appearance of a customer asking for satellite services.  

The selected capacity ranges along with the corresponding probability of appearance of a new incoming cus-
tomer, have been statistically computed by the available gathered data (Figure 7), and constitute the Parameter 
data set (Figure 6). 

A decision tree arises for each scenario, as shown in Figure 8.  
 

 
Figure 7. Pricing schemes (mean value price, standard deviation per MHz, per month, probability 
of appearance of a customer, in one month) for each range of Empty Capacity.                    

 

 
Figure 8. Revenues from C empty.                 

 
Table 3. Ranges of empty capacity.                                                

n 1 2 3 4 5 6 7 

nC  (MHz) 1.3 4 6 10 18 33 36 

0.230 0.020 0.020 0.030 0.020 0.030 0.270

0
1,000
2,000
3,000
4,000
5,000
6,000
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8,000
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PCn Cn
$
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Theoretical Revenues
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Theoretical Revenues

Theoretical Revenues
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The Expected Values of theoretical income, resulting from the “Empty Capacity” for each combination, de-
pending on the not-leased bandwidth at each time period, are calculated as: 

( ) ( )

60

PCf PCf ,
1

Exp Val C Empty C Empty 1
nA C nj

j
P P m

=

= ⋅ ⋅ ⋅∑                      (4) 

The standard deviation of the Expected Value, for each combination is: 

( ) ( )PCf

60

Exp Val C Empty PCf ,
1

1 C Empty
nA C n j

j
P Pσ σ

=

= ⋅ ⋅ ⋅∑                         (5) 

The probable revenues for each combination, which are called Theoretical Revenues, depending on the num-
ber of MHz that are not used, are calculated as:  

( ) ( )

60

PCf PCf ,
1

The Rev C Empty C Empty 1nj
j

m
=

= ⋅∑                            (6) 

While the standard deviation of the Theoretical Revenues for each combination is: 

( ) ( )PCf

60

The Rev C Empty PCf ,
1

σ 1 C Emptyn j
j
σ

=

= ⋅∑                                (7) 

The Expected Values of Revenues are calculated as intermediate volumes, which are used only for compari-
son purposes among scenarios. Such revenues incorporate the corresponding risk, and measure the monetary 
value of each scenario. The values of Theoretical Revenues are the real amounts of money (in Euros) that can be 
acquired, following each branch of the decision tree. 

4.3. Calculation of Revenues from C Remaining 
We proceed analogously calculating all possible revenues, (Expected Values and Theoretical Revenues) that can 
result from the leasing of the “Remaining Capacity”. This calculation is categorized depending on the type of 
service (s), using the statistically processed data (Figure 9), forming a decision tree (Figure 10 up). 

First, we calculate the remaining time 
( )PCfleftt , which is the time interval for each combination, between the  

maximum requested month of lease by the customers of the (PCf) combination, until the max requested time of 
all compared scenarios. 

( ) { } ( ){ }PCf PCfleft end ,max max
k i jt t d= −                                (8) 

The following variables are introduced: 
BsP : the probability of appearance of a customer, in one month, asking for service s. 

2sm : the mean value price per 36 MHz per month, asking for service s. 
 

 
Figure 9. Pricing schemes (mean value price, standard deviation per 36 MHz, per month, probability of appear-
ance of a customer, in one month) for each service.                                                     
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Figure 10. Output of the model-decision tree.                                                                  

 
2sσ : the standard deviation of the value price, per 36 MHz, per month, asking for service s. 

These variables also constitute the Parameter data set and have been statistically calculated by the available 
gathered data. 

The Expected Values of theoretical income for the Remaining Capacity depending on the type of service are:  

( ) ( )PCfleftPCf ,Exp Val C Rem 2A Bs ss P P t m= ⋅ ⋅ ⋅                           (9) 

The standard deviation of the Expected Value for each combination is: 

( ) ( )PCf , PCfExp Val C Rem left2
s A Bs sP P tσ σ= ⋅ ⋅ ⋅                              (10) 

While the Theoretical Revenues for the Remaining Capacity are: 

( ) ( )PCfleftPCf ,The Rev C Rem 2ss t m= ⋅                               (11) 

and the standard deviation of the Theoretical Revenues for each combination is: 

( ) ( )PCf , PCfThe Rev C Rem left2
s s tσ σ= ⋅                                 (12) 

All the calculations concerning demand as well as the mean values of the prices of lease and standard devia-
tions of prices are based on statistical computation of the real data coming from the international market and 
constitute the Parameter data set. 

4.4. Output Function Formulation 
All of these evaluated data are presented in the form of a unified decision tree (Figure 10), which is the output 
of the model.  

The amount of Total Expected Revenues that will estimate the optimal policy for the firm is the sum of all 
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revenues. This sum consists of the Real Revenues, plus the Expected Value resulting from the leasing of the 
Empty Capacity, plus the Expected Value resulting from the leasing of the Remaining Capacity, including their 
standard deviations, which are the Additional Expected Future Profits.  

The Real Revenues are:  

( ) ( )( ) { }PCf PCf
Real Rev ,     , , , , ,k

k a
C k

ζ

α β γ δ ε ζ
=

= ∈∑                        (13) 

where ( )( )PCfkC  is the corresponding cost of lease, for the k-th customer, of the f-th combination, requested by  

the satellite operator, and belongs to the Input Parameters. An indicative cost, for each service, which applies to 
the international market, has been calculated by the gathered data. These values provide information to the in-
cumbent operator for the current trends of satellite services billing and can be modified accordingly. 

The Total Expected Revenues give a range of values, defining the best and worst case scenario for the reve-
nues of the satellite operator. 

( ) ( )PCfTot Exp ValPCfTotal Expected Revenues Tot Exp Val σ= ±                    (14) 

where: 

( ) ( ) ( ) ( )

( )( ) ( ) ( )PCf

PCf PCf PCf , PCf

60

leftPCf ,PCf
1

Tot Exp Val Real Rev Exp Val C Rem Exp Val C Empty

                        C Empty 1 2 .
n

s

k A C n A Bs sj
k a j

C P P m P P t m
ζ

= =

= + +

= + ⋅ ⋅ ⋅ + ⋅ ⋅ ⋅∑ ∑
      (15) 

and 

( ) ( ) ( )PCf PCf PCf ,Tot Exp Val Exp Val C Empty Exp Val CRem s
σ σ σ= +                        (16) 

The real amount of money, resulting from each brand of the decision tree that will possibly result to the satel-
lite operator is: 

( ) ( )PCfTot The RevPCfTotal Revenues Tot The Rev σ= ±                      (17) 

where: 

( ) ( ) ( ) ( )

( )( ) ( ) ( )PCf

PCf PCf PCf , PCf

60

leftPCf ,PCf
1

Tot The Rev Real Rev The Rev C Rem The Rev C Empty

                         C Empty 1 2 .

s

k n sj
k a j

C m t m
ζ

= =

= + +

= + ⋅ + ⋅∑ ∑
          (18) 

and 

( ) ( ) ( )PCf PCf PCf ,Tot The Rev The Rev C Empty The Rev C Rem s
σ σ σ= +                     (19) 

This gives the opportunity to the satellite provider to determine which combination is the most profitable, for 
the present and in the future. The decision is made using the amount of Total Expected Revenues. This is not the 
real revenue that can be acquired, but it is an intermediate amount, which takes into account the corresponding 
probabilities, and is used for comparison purposes of the scenarios. The Total Expected Revenues is a decision 
quantity that incorporates profits and associated risk. This amount gives an estimate of the extent/worthness of 
the risk. 

The decision making process starts from the identification of the highest Real Revenues, then the possible ad-
ditional revenues are considered with their corresponding standard deviation that measures risk. This result to a  
range of Total Expected Revenues with central value: ( )PCfTot Exp Val , upper limit:  

( ) ( )PCfTot Exp ValPCfTot Exp Val σ+  and lower limit: ( ) ( )PCfTot Exp ValPCfTot Exp Val σ− . 

The final decision depends on the extent of risk that the firm is willing to take and on the particular policy that 
wants to apply. For a risk-loving decision maker the policy generating the highest Total Expected Revenues 
(upper limit) is chosen. A risk-neutral decision maker will take the policy with the central value, whereas for a 
risk-averse decision maker the policy generating the lowest of Total Expected Revenues (lower limit) will be 
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chosen. The real amount of income that will result from each decision is the amount of Total Revenues of the 
corresponding scenario. 

5. Sensitivity Analysis 
Sensitivity analysis is necessary in validating the efficiency of a model. Due to the stochastic nature of the input 
parameters, we calculate the variance to the output of the model, caused by small variation of the input. The sta-
tistical processing of the pricing data gathered from the international market provided us with pricing and prob-
ability parameters. Since these variables may not be very accurate, we study the effect caused by small errors on 
their values. 

These parameters include three categories: 
 pricing and demand (probability) data concerning the Remaining Capacity ( ), 2 , 2Bs s sP m σ  categorized on 

each type of service,  
 pricing and demand (probability) data concerning the Empty Capacity ( ), 1 , 1

nC n nP m σ  categorized on each 
selected range of capacity and  

 the Probability of a new incoming customer asking the Satellite provider for satellite services ( )AP . 
The sensitivity analysis for these input parameters was performed by creating a small perturbation for each 

one of them. The value of each parameter was varied by ±2% and the corresponding change in the output, which 
is the Total Expected Revenues (TER), was measured. The analysis was performed in two different ways: first 
by theoretical calculation of the shadow prices of the input parameters and second using a heuristic technique, 
implemented by immediate application of the input-change to the model and observation of the output. 

5.1. Mathematical Calculation 

The shadow prices of the price parameters 1nm , 2sm where computed as the derivative of the output function 

TER, in the traditional sense of calculus: ( ) ( )d
d

T k
k

T k
S

k
= , where ( )T k  is the objective function and k  is the  

parameter that we would like to examine. 
The Sensitivity of the Total Expected Revenues with respect to the parameter 2sm  is: 

( )
( ) ( ) ( )PCf PCfleft left

dTER 2TER dTER 2 d 2
2 d 2

s
Bs s Bs s

s s

m
S P t m P t m

m m
= = ⋅ ⇒ = ⋅ ⋅              (20) 

The Sensitivity of the Total Expected Revenues with respect to the parameter n1m  is:  

( )
( ) ( ) ( )

60 60

PCf , PCf ,
1 1

dTER 1TER C Empty dTER 1 C Empty d 1
1 d 1 n n

s
A C s A C sj j

j js s

m
S P P m P P m

m m = =

= = ⋅ ⋅ ⇒ = ⋅ ⋅ ⋅∑ ∑     (21) 

We proceed calculating the Bode Sensitivity function for the demand parameters AP , 
nCP  and BsP . The 

Bode Sensitivity of the function ( )T k  with respect to the parameter k  is calculated as:  
( ) ( ) ( )

( )
dln d

dln d
T k
k

T k T k kS
k k T k

= = ⋅ . This normalized sensitivity is more appropriate for the estimations concern- 

ing probabilities parameter, expressing the variation ( )dT k  subject to the standard value of T , in relation to 
the variation dk  subject to the value of the parameter k . 

The Sensitivity of the Total Expected Revenues with respect to the parameter AP  is: 

( )
( ) ( )

( ) ( ) ( )

PCf

PCf

60
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leftPCf ,
1
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leftPCf ,
1

dTER
C Empty 1 2
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P C n Bs sj
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S P m P t m

P

P P m P t m P

=

=

= = ⋅ ⋅ + ⋅ ⋅

⇒ = ⋅ ⋅ + ⋅ ⋅ ⋅

∑

∑
             (22) 

The Sensitivity of the Total Expected Revenues with respect to the parameter 
nCP  is:  
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( )
( ) ( ) ( )

60 60
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1 1

dTER
1 C Empty dTER 1 C Empty d
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n

C n nn
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C
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The Sensitivity of the Total Expected Revenues with respect to the parameter BsP  is: 

( )
( )

( )
( )PCf PCf

TER
left left

dTER
2 dTER 2 d

dBs

Bs
P A s Bs A s Bs

Bs

P
S P t m P P t m P

P
= = ⋅ ⋅ ⇒ = ⋅ ⋅ ⋅            (24) 

All parameters ranges, involved in the calculation of the sensitivity analysis are presented in Table 4, result-
ing by the statistical analysis. Let us note that we consider a time period of 30 months allocated to the Remain-
ing Capacity and 30 months allocated to the Empty Capacity. We calculated the summation of the Empty Ca-
pacity for each combination of customers ( )PCf , over the total time period of 60 months, presume that for the 
months allocated to the Empty Capacity, only the 1/8 of the total available capacity of the transponder will be 
unoccupied. This assumption is compatible with the desirable requirement of choosing combinations of custom-
ers, with maximum occupation of the transponder, for the maximum time period. 

Table 5, summarizes the change to the output (minimum-maximum value) of the model caused by 2% change 
of the price and demand parameters considered. The analysis showed very small sensitivity to the demand pa-
rameter (probabilities AP , 

nCP  and BsP ). On the other hand this mathematical calculation determined a wide 
ranging on the pricing parameters, with higher ranging to the parameter 1nm . In order to derive limits of 
bounds of accuracy to the parameters above, we proceed with the heuristic approach. 

5.2. Heuristic Calculation 
The Sensitivity analysis is now performed by immediate application of the variance of each input parameter, by 
±2%, to the input of the model, and measuring of the output. A case study of six incoming customers, arriving to 
the satellite operator has been evaluated. 

Two cases were considered. The best case scenario, which is the scenario generating the larger amount of ex-
pected revenues. This was identified by choosing for the calculations of the Remaining Capacity those that result 
from the Media Company Service, since it is the one with the highest pricing. The second case considered was 
the worst case scenario. This case accordingly resulted from the choice of Broadcast Service for the calculations 
of the expected revenues of the Remaining Capacity, which is the one with the lowest pricing. For each of these 
cases the calculations were extended to considering the upper limit and the lower limit of the Total Expected 
Revenues. A sensitivity analysis was performed for these 4 cases. 

Using this small variation for each of the input parameters and for each case, we calculated 20 points of the 
output of the decision model, corresponding to different percentages of change of the input parameters between 
the ranges of ±2% of the central value. 

For each change of input, the change of the output was calculated. This change has the form of the percentage 
of difference of the value of the output calculated for each of the 20 points of change to the input, minus the 
value of the output at the central point (11th point, with zero alteration), normalized to this central value. 

 
Table 4. Parameters values ranges.                                                 

Variable AP  
nCP  

BsP  1nm  (K€) 2sm  (K€) 

min 0.62 0.0164 0.015 4.148 125.100 

max  0.270 0.277 6.114 295.834 

 
Table 5. Sensitivity analysis results.                                                

 ( )dTER 2sm  ( )dTER 1nm  ( )dTER AP  ( )dTER
nCP  ( )dTER BsP  

min 0.06% 0.02% 0.0002% 0.0001% 0.0089% 

max 16.63% 45.28% 0.09% 0.02% 0.16% 
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The results of the sensitivity analysis for the best case scenario are shown in Figures 11-14. For each of the 
20 different input sets we calculated the output on the four most profitable combinations of customers. Scena-
rio1, is the scenario with the higher amount of Total Expected Revenues, Scenario 2 is the one with the second 
higher amount of Total Expected Revenues and so on. 

 

 
Figure 11. Sensitivity analysis for Scenario 1.            

 

 
Figure 12. Sensitivity analysis for Scenario 2.              

 

 
Figure 13. Sensitivity analysis for Scenario 3.              
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Figure 14. Sensitivity analysis for Scenario 4.               

 
In Scenario 2 (Figure 12), we observe a zero sensitivity of parameters BsP , 2sm , 1nm . This is happening 

because the amounts of the Remaining Capacity, the 
( )PCfleftt  and the Empty Capacity for this combination of  

customers are zero. 
The calculations were made for all 46 input parameters, categorized as shown in Table 4 and Table 5, ex-

tended to all of the 4 most profitable combinations, for both the best and worst case scenario. The most charac-
teristic ones were presented. The results turned out to be similar.  

The analysis showed very low sensitivity of the output to changes in the input parameters, even to the pricing 
parameters. The outcome using Heuristic calculations for the Sensitivity analysis were consistent with the out-
come from the mathematical calculations. A small change to the pricing and to the demand parameters will not 
significantly change the output of the model. This is a very desirable feature, resulting from the good balancing 
of the proposed model. Even if the parameter data are not very accurate, the decision will not be greatly af-
fected. 

6. Conclusions 
In this paper, we consider the techno-economic valuation of satellite services. The incremental growth of the sa-
tellite market nowadays, makes important the study of the economic feasibility of a satellite operator consider-
ing technological aspects of the application.  

A dynamic mathematical model addressing the decision needs of an operator that provides satellite services 
is created. This decision making tool considers different demands of customers that arrive to the satellite opera-
tor. 

Demand and pricing data have been gathered and statistically processed, from the international market. We 
present a model that compares different scenarios of combinations of customers with different demands, asking 
to hire satellite capacity. The model evaluates all probable revenues, along with their associated risks that could 
result from each decision branch. The tool incorporates all the valuable information that will help the satellite 
operator to determine the most profitable leasing scenario and allows alternative courses of enterprising steps 
depending on the company policy. 

Sensitivity analysis has been included and showed a very small impact of the uncertainty of the input demand 
and pricing parameters to the final decision. This analysis could also be extended on simultaneous changes of 
several combinations of input parameters. This work addresses the real need of optimal satellite business plan-
ning. Other analysis was mainly referred to the economic evaluation to the physical layer of satellite planning. 

The benefits of the model and of the analysis presented here for any satellite operator are clear. The same 
benefits may apply to related areas of activity where leasing of specific volumes to customers is the essence of 
the business enterprise. 

Finally, we are currently extending our work, using the dynamic programming formulation, in discrete time 
and with stochastic elements. 
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Abstract 
Fingerprints are a unique feature for identification and verification of humans. The need to opti-
mise several databases for storing the images of fingerprints is a major concerning issue. Several 
segmentation algorithms have been used in the time past but there are still several challenges 
facing some current segmentation algorithms like computational efficiency. Another challenge is 
that segmentation procedure can be impractically slow, or requires extremely large amounts of 
memory. This paper addresses the challenges by employing watershed flooding algorithm on the 
fingerprint images so as to optimize the sizes of the databases. A pre-processing plug-in that im-
plements this segmentation process is developed using Java. We showed its effectiveness by test-
ing it on fingerprint image dataset and the entropy showed that the segmented images sizes were 
reduced. 

 
Keywords 
Watershed, Transformation, Fingerprint, Segmentation, Entrophy 

 
 

1. Introduction 
Image Segmentation is a fundamental step in analysing and understanding images. It is a process of partitioning 
the image into multiple segments [1] [2]. It is the first important step in many image processing applications like 
image analysis, image description and recognition, image visualization and object based image compression. 
Image segmentation means assigning a label to each pixel in the image such that pixels with same labels share 
common visual characteristics. 

For more than a century, fingerprints were considered to be the identifying mark for the human beings. Fin-
gerprint is a protected human organ and an effective biometric approach to human or personal identification. It 
acts like living passwords for humans as its texture is stable throughout the human life. Fingerprints are an im-
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pression left by the friction ridges of human finger. 
For several reasons, we need to store these fingerprints in a database and among them one of the main reasons 

is they are used for analysis of forensic evidence worldwide. For storing several fingerprint impressions a huge 
database is needed, where the size of the database is also a matter of consideration. A huge database needs a 
huge amount of memory space. If we can reduce the size of the data then we can store more number of data in 
the same memory space. 

Watershed transformation can be applied to human fingerprints segmentation by taking the idea from friction 
ridges of human finger and also with an effective storage capacity for the segmented images. Watershed algo-
rithm depends on ridges to perform a proper segmentation, a property that is often fulfilled in contour detection 
where the boundaries of the objects are expressed as ridges. 

In grey scale mathematical morphology the watershed transform, which was originally proposed by [3] and 
later improved by [4], was the method of choice for image segmentation [5]. When simulating the watershed 
transform for image segmentation, two approaches may be used: either one first finds basins, then watersheds by 
taking a set complement; or one computes a complete partition of the image into basins, and subsequently finds 
the watersheds by boundary detection. 

The basic idea behind watershed algorithm by immersion comes from Geography. It requires that one think of 
an image as a surface; that bright areas are “high” surfaces and dark areas are “low” surfaces. With surfaces, it is 
natural to think in terms of catchment basins and watershed lines. Basins, also called catchment basins (Figure 
1), will fill up with water starting at these local minima, and, at points where water coming from different basins 
would meet, dams are built. 

When the water level has reached the highest peak in the landscape, the process is stopped. As a result, the 
landscape is partitioned into regions or basins separated by dams, called watershed lines or watersheds. 

Finally, this paper is organized in sections. Section 2 explained the related work. Watershed algorithmic defi-
nitions were discussed in Section 3. While the implementation process in Section 4. Lastly, summary and con-
clusion is in Section 5. 

2. Related Work 
Although the research by [5] is the most related to our research, comprehensive reviews of early segmentation 
techniques can be found in [7] and [8]. Some classes of segmentation methods are considered below: Gray level 
thresholding, and region growing/merging techniques. 

Gray level thresholding is a generalization of binary thresholding [9]. Binary thresholding works by deter-
mining the gray level value that separates pixels in the foreground from pixels in the background, and generating 
a “threshold image” where pixels are assigned one of two possible values corresponding to “foreground” and 
“background” depending on whether their gray level is above or below the selected threshold. 

The work of Beveridge et al. [10] offers a good example of a procedure that integrates both gray level thre-
sholding and region merging. In their paper, an input image (which can be either grayscale or colour) is divided 
into sectors of fixed size and fixed location. An intensity histogram is calculated for each sector (and on colour 
images, for each colour channel), and used to produce a local segmentation. For every sector, information from 
its neighbors is used to detect clusters for which there may not be enough local support due to the artificially in-
duced partition of the image. After the local segmentations are complete, the sector boundaries are removed by 
merging together similar regions in neighboring sectors.  

 

 
(a)                                        (b) 

Figure 1. One dimensional example of watershed segmentation. (a) Gray level profile of Im-
age data; (b) Watershed segmentation—local minima of gray level (altitude) yield catchment 
basins; local maxima define the watershed lines (Source: [6]).                              
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The above measure is computed for both the complete regions, and a band that is within a fixed, small dis-
tance on both sides of the boundary. Two regions are merged if the merge score is below a specified threshold 
for both the global and local measure. 

The last step in the segmentation is region merging; this step uses a merge score composed of a pairwise 
comparison of several region features. Since the algorithm can only merge regions, the thresholds used during 
the local, threshold based segmentation stage are selected so that they’ll yield a significantly over-segmented 
image; the merging step is then relied upon to turn the un-segmented image into a reasonable segmentation. Re-
sults presented in [10] show that this algorithm produces good segmentations in parts of the image that are rea-
sonably homogeneous, and over-segmented regions when there is texture, significant intensity gradients, or ob-
jects with non-uniform coloring. The algorithm is not without problems, as there are several thresholds that must 
be chosen carefully depending on the image, and the region boundaries themselves have slight artifacts intro-
duced by the sector-based initial segmentation. Even so, the algorithm illustrates what can be achieved with 
thresholding merging schemes. 

The works in the literature showed that many current algorithms are able to produce reasonable results on 
images of moderate complexity; several of these algorithms are efficient enough that they can be used as a pre- 
processing stage for higher level vision tasks such as recognition and tracking. 

However, there are still several challenges facing some current segmentation algorithms. Computational effi-
ciency is still a concern issue when the processing of large affinity matrices is a part of the segmentation process, 
ultimately, a segmentation procedure can become impractically slow, or require extremely large amounts of 
memory. These have limited the size of the images that can be processed using many recent algorithms. Howev-
er, we expect that the constant increase in computational power and storage capacity of modern computers 
should progressively reduce these limitations. The definition of a good similarity measure for general images 
remains an open issue. There is a general consensus that a robust image segmentation algorithm should combine 
multiple image cues and estimate similarity based on this combination, but so far there are few algorithms that 
use more than a single cue as a similarity measure, and only recently has a significant effort been dedicated to 
designing similarity measures based on the statistics of natural images, and human-generated segmentations. 

The design of a good similarity measure is tied to the robustness of the segmentation algorithm in dealing 
with surface markings, lighting artifacts, and image texture. Evaluating the output of segmentation algorithms is 
still problematic. Therefore, watershed algorithm is adopted in this paper. 

3. Watershed Algorithmic Definition 
The diagrammatic descriptions of watershed lines and catchment basins have been presented in Figure 1. An 
algorithmic definition of the watershed transform by simulated immersion was given by [2]. Consider a digital 
grey value image, :f D →   with minimum value minh  and maximum value maxh  of f . We plunge this 
surface into a lake with a constant vertical speed, with water entering through the holes and flood the surface. 
Define a recursion with the grey level h  increasing from minh  to maxh , in which the basins associated with 
the minima of f  are successively expanded. Let hX  denote the union of the set of basins computed at level 
h . A connected component of the threshold set 1hT +  at level 1h +  can be either a new minimum, or an exten-
sion of a basin in hX : in the latter case one computes the geodesic influence zone of hX  within 1hT + , result-
ing in an update 1hX + . 

Let MINh  denote the union of all regional minima at altitude h . 
Definition (Watershed Transform): Let ( )f C D∈  have a minima { }k k I

m
∈

 for some index set I . The 
catchment basin ( )CB im  of a minimum im  is defines as the set of points x D∈  which are topographically 
closer to im  than to any other regional minimum jm . 

( ) { } ( ) ( ) ( ) ( ){ }, ,
CB :

i ji i jf x m f x m
m x D j I i f m T f m T= ∈ ∀ ∈ + < +  

The watershed of f  is the set of points which do not belong to any catchment basins: 

( ) ( )shed CB
c

i
i I

W f D m
∈

 
= ∩ 

 


 

Let W  be some label, W I∉ . The watershed transform of f  is a mapping { }: D I Wλ → ∪ , such that 
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( )p iλ = , if ( )CB ip m∈ , and ( )p Wλ =  if ( )shedp W f∈ . 
So the watershed transform of f  assigns labels to the points of D , such that i) different catchment basins 

are uniquely labeled, and ii) a special label W  is assigned to all points of the watershed of f . 
We assume, from [11], a geodesic distance ( ),Ad a b  between a  and b  within A  for A ε∈ , with 

dε =   where ( ),Ad a b  is the minimum path length among all paths within A  from a  to b  (in the con- 

tinuous case, read “infimum” instead of “minimum”). If B  is a subset of A , define ( ) ( )( ), MIN ,A b B Ad a B d a b∈= .  

Let B A∈  be partitioned in k  connected components iB , 1, ,i k=  . The geodesic influence zone of the set 
iB  within A  is defined as:  

( ) { } { } ( ) ( ){ }1, , \ : , ,A i A i A jiz B p A j k i d p B d p B= ∈ ∀ ∈ <  

Let B A∈ , The set ( )IZA B  is the union of the geodesic influence zones of the connected components of 
B  [12], i.e., 

( ) ( )
1

IZ
k

A A i
i

B iz B
=

=


 

The definition of ( )IZA B  is used in the construction of a watershed algorithm by immersion. 
Definition (watershed by immersion):  

( ){ }
( ) [ )

min

1

1 min

1 min max

Define the following recursion :
MIN IZ            ,

h

h h

h h T h

X p D f p h T

X X h h h
+

+

+

 = ∈ = =

∈∪



=
 

The watershed ( )shedW f  of f  is the complement of 
maxhX  in D : 

( )
max

shed .hW f D X=  

4. The Implementation Process 
A pre-processing plug-in that implements this segmentation process is developed using Java PL. This plug-in 
would be compatible with an application called Image J [12], a general purpose image-processing and image- 
analysis package. Image J is of choice because it has a public domain licence, it runs on several operating sys-
tem platforms. This application would apply the watershed flooding algorithm which can be interrupted to a us-
er-specified level. Each particle should have a local maximum (or local minimum when the objects are dark) to 
define a catchment basin. 

The Watershed algorithm by immersion is presented in Table 1. 
The SKIZ (skeleton by influence zones) function is the complement of the set ( )IZA B  (defined in Section 3) 

within A , and is defined as: 

( ) ( )SKIZ  \ IZA AB A B=  

So the SKIZ consists of all points which are equidistant (in the sense of the geodesic distance) to at least two 
nearest connected components. For a binary image f  with domain A , the SKIZ can be defined by identify-
ing B  with the set of foreground pixels [11]. 

This approach is being implemented on different fingers, where the segmented results are very clear. Figures 
2-6 presents the application of the approach on the little finger, the ring finger, the middle finger, grooming fin-
ger and thumb finger respectively. In the figures presented, (a) is the original image, (b) is the grey scale image 
of the original one, (c) shows the overlaid basins of the grey scale image, (d) shows the catchment basins, (e) 
shows the composite image and finally one gets the segmented image (f) after applying watershed algorithm. 

From Table 2, the entropy for original images with their segmented results has been measured.   
Entropy is defined as:  

( ) ( ) ( )2logxH x p x p x= −   ∑  

where ( )p x  is the probability that X  is in the state x  and 2logp p  is defined as 0 if 0p = . The joint en- 
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Table 1. Watershed algorithm by immersion.                                                        

Vincent and Soille watershed algorithm by immersion [2] 

1: procedure Watershed by Immersion 
2: INPUT: digital grey scale image G = (D, E, 𝑖𝑖𝑖𝑖) 
3: OUTPUT: labeled watershed image lab on D. 
4: #define INIT −1    (*initial value of lab image*) 
5: #define MASK −2    (*initial value at each level*) 
6: #define WSHED 0    (*label of the watershed pixels*) 
7: #define FICTITIOUS (−1, −1)   (*fictitious pixel D∉ *) 
8: curlab ← 0      (*curlab is the current label*) 
9: fifo_init (queue)  
10: for all p ∈ D do 
11: lab [p]← INIT; dist [p]← 0   (*𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑 is a work image of distances*) 
12: end for 
13: SORT pixels in increasing order of grey values (minimum hmin, maximum hmax) 
14: (*Start the Flooding*) 
15: for h = hmin to hmax do   (*Geodesic SKIZ of level h −1 inside level h*) 
16: for all p D∈  with im [p] = do (*mask all pixels at level h*) 

17: (*these are directly accessible because of the sorting step*) 
18: lab [p] ← mask 
19: if p  has a neighbor q with (lab [q] > 0 or lab [q] = WSHED) then 

20: (*Initialize queue with neighbours at level h of current basins or watersheds*) 
21: dist [p] ← 1; fifo_add (p, queue) 
22: end if 
23: end for 
24: curdist ← 1; fifo_add (FICTITIOUS, queue) 
25: loop     (*extend basins*) 
26: p ← fifo_remove (queue) 
27: if p = FICTITIOUS then 
28: if fifo_empty (queue) then 
29: BREAK 
30: else 
31: fifo_add (FICTITIOUS, queue); curdist ← curdist + 1; 
32: p ← fifo_remove (queue) 
33: end if 
34: end if 

35: for all ( )Gq N p∈  do    (*labeling p by inspecting neighbors*) 

36: if dist[q] < curdist and (lab[q] > 0 or lab[q] = WSHED) then 
37: (*q belongs to an existing basin or to watersheds *) 
38: if lab[q] > 0 then 
39: if𝑙𝑙𝑙𝑙𝑙𝑙[𝑝𝑝] = MASK or lab[p] = WSHED then 
40: lab[p] ← lab[q] 
41: else if lab[p] ≠ lab[q] then 
42: lab[p] ← WSHED 
43: end if 
44: else if lab[p] = MASK then 
45: lab[p] WSHED 
46: end if 
47: else if lab[q] = MASK and dsit[q] = 0 then (*q is plateau pixel*) 
58: dsit[q] ← curdist + 1; fifo_add (p, queue)  
49: end if 
50: end for 
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Continued 

51: end loop 
52: (*detect and process new minima at level ℎ*) 
53: for all p D∈  with im[p] = h do 

54: dist [p] ← 0 (*reset distance to zero*) 
55: if lab [p] = MASK then (*p is inside a new minimum*) 
56: curlab ← curlab + 1; (*create new label*) 
57: fifo_add (p, queue); lab[p] ← curlab 
58: while not fifo_empty (queue) do 
59: q ← fifo_remove (queue) 
60: for all r ∈ N_G (q) do    (*inspect neighbours of 𝑞𝑞*) 
61: if lab [r] = MASK then 
62: fifo_add (r, queue); lab [r] ← cur lab 
63: end if 
64: end for 
65: end while 
66: end if 
67: end for 
68: end for 
69: (*End Flooding*) 

 
Table 2. The entropy for original images with segmented results.                                     

Name of Finger 
Entropy 

Entropy of Original Image Entropy of Segmented Image Percentage of Reduction 

Little Finger 5.491650659963482 0.9847813571240879 82.07% 

Ring Finger 6.147308152748742 0.9960550245994975 83.79% 

Middle Finger 5.924018496000674 0.987188916509631 83.33% 

Grooming Finger 5.739202551639768 0.9866855429259958 82.81% 

Thumb Finger 5.879363918691973 0.9948162715104257 83.08% 

 

 
(a)              (b)           (c)           (d)           (e)            (f) 

Figure 2. Application of this approach on the little finger.                               
 

 
(a)              (b)           (c)           (d)           (e)            (f)  

Figure 3. Application of this approach on the ring finger.                               
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(a)              (b)           (c)           (d)           (e)            (f) 

Figure 4. Application of this approach on the middle finger.                            
 

 
(a)              (b)           (c)           (d)           (e)            (f) 

Figure 5. Application of this approach on the grooming finger.                           
 

 
(a)              (b)           (c)           (d)           (e)            (f) 

Figure 6. Application of the approach on the thumb finger.                                 
 

tropy of variable 1, , nx x  is defined by: 

( ) ( ) ( )
1

1 1 2 1, , , , log , ,
n

n n n
x x

H x x p p x x p x x = −  ∑ ∑     

The performance of segmentation algorithm can be measured with the help of entropy and as in term of visual 
quality of the original image and the resulted image. The image entropy can provide a good level of information 
to describe a given image. 

Low entropy images have very little contrast and large runs of pixels with the same values. An image that is 
perfectly flat will have entropy of zero. Consequently, they can be compressed to a relatively small size. On the 
other hand, high entropy images such as an image of heavily cratered areas on the moon have a great deal of 
contrast from one pixel to the next and consequently cannot be compressed as much as low entropy images. 

Comparison with Related Works 
As depicted earlier, the research by [5] is a good threshold to adjudge the efficiency of our algorithm. In the end, 
the case study images selected is random and entropies also become random. However, the images selected by 
[5] have almost similar entropies to our images and so the percentage of reduction of their original images to 
segmented images is presented in Table 3. 

The difference comparison is shown in Table 4. 
As shown, we can see that the implementation of watershed algorithm in our scheme offers better computa-

tion (and hence, better storage reduction) capacity. 

5. Summary and Conclusions 
This approach has provided an easy method of the segmentation of the human fingerprints based on watershed  
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Table 3. The entropy for original images with segmented results [5].                                  

Name of  
Finger 

Entropy 

Entropy of Original Image Entropy of Segmented Image Percentage of Reduction 

Little Finger 5.4766 1.0281 [(5.4766 – 1.0281)/5.4766 * 100] = 81.23% 

Ring Finger 5.5974 0.9537 [(5.5974 – 0.9537)/5.5974 * 100] = 82.96% 

Middle Finger 5.6865 0.9820 [(5.6865 – 0.9820)/5.6865 * 100] = 82.73% 

Grooming Finger 5.2182 0.9620 [(5.2182 – 0.9620)/5.2182 * 100] = 81.56% 

Thumb Finger 5.4733 0.9969 [(5.4733 – 0.9969)/5.4733 * 100] = 81.78% 

 
Table 4. Comparing our scheme and [5].                                                         

Entropy 

Percentage of Reduction, [5] Percentage of Reduction, Our Scheme Difference in Percentages 

81.23% 82.07% 0.84 

82.96% 83.79% 0.83 

82.73% 83.33% 0.60 

81.56% 82.81% 1.25 

81.78% 83.08% 1.30 

 
transformation. The concept of watershed algorithm has been used for segmentation purpose. In practical appli-
cations, fingerprints are unique feature for identification and verification of humans, and as well as we need to 
maintain several databases for storing the images of fingerprints and the sizes of the databases are a major con-
cerned issue. We can store the segmented images of fingerprints instead of the original images to reduce the size 
of the databases. The final result of segmentation depends upon the quality of scanner and the inkpad which we 
use. 

Thus method is therefore recommended in achieving the aim of optimizing the size of image database. 
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Abstract 
This paper is an attempt to work out a compromise allocation to construct combined ratio esti-
mates under multivariate double sampling design in presence of non-response when the popula-
tion mean of the auxiliary variable is unknown. The problem has been formulated as a multi-ob- 
jective integer non-linear programming problem. Two solution procedures are developed using 
goal programming and fuzzy programming techniques. A numerical example is also worked out to 
illustrate the computational details. A comparison of the two methods is also carried out. 

 
Keywords 
Multivariate Stratified Sampling, Compromise Allocation, Non-Response, Double Sampling Goal 
Programming, Fuzzy Programming  

 
 

1. Introduction 
Often in sample surveys the main variable is highly correlated to another variable called an auxiliary variable 
and the data on auxiliary variable are either available or can be easily obtained. In this situation to obtain the es-
timate of the parameters regarding the main variable the auxiliary information can be used to enhance the preci-
sion of the estimate. Ratio and Regression Methods and double sampling technique are some examples. When 
data are collected on the sampled units of the main variable due to one or the other reason, data for all the se-
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lected units cannot be obtained. This result is an incomplete and less informative sample. This phenomenon is 
termed as “non response”. [1] is the first one to consider this problem. Furthermore, when auxiliary parameters 
are unknown, they can be estimated from a preliminary large sample. Then a second sample is obtained in which 
the main and auxiliary, both the variables are measured. Often a second sample is a subsample of the first. In 
such cases only the main variable is to be measured in the second sample. This technique is called “Double 
Sampling” or “Two Phase Sampling”, [2]-[11] are some who used the auxiliary information in sample surveys. 
[10] has worked on the problem in which ratio estimator has been considered for population mean under double 
sampling in presence of non-response for a univariate population. 

In the present paper, we considered combined ratio estimators of the population means of a multivariate stra-
tified population using double sampling in presence of non-response. Compromise allocations at first and second 
phase of double sampling are obtained by formulating the problems as multi-objective integer non-linear pro-
gramming problems. Solution procedures are developed by using goal programming and fuzzy programming 
techniques. A numerical example is also worked out to illustrate the computational details. A comparison of the 
two methods is also carried out.  

When auxiliary information is available, the use of Ratio method of estimation is well known in univariate 
stratified sampling. Formulae are also available to work out optimum allocations to various strata [12]. In mul-
tivariate case finding an allocation that gives optimum results for all the characteristics is not possible due to the 
conflicting nature of the characteristics. Compromise allocation is used in such situations. Furthermore, if the 
problem of non-response is also there, the situation becomes more complicated. The paper is structured as be-
low: 

In Section 2 of the manuscript combined ratio estimates for the population means of the “p” characteristics in 
presence of non-response using double sampling are constructed. Section 3 formulates the problem of obtaining 
compromise allocations for phase-I and phase-II of the double sampling as an integer nonlinear programming 
problem (INLPP). Sections 4 and 5 show that how these INLPP’s can be transformed to apply the Goal Pro-
gramming Technique (GPT) and the Fuzzy Programming Technique (FPT) to solve the transformed problems. 
Section 6 provides an application of the techniques through a numerical data. In the last Section 8 gives the con-
clusion and the future work trend for interested readers. 

2. The Combined Ratio Estimate in Multivariate Stratified Double Sampling  
Design in Presence of Non-Response 

Consider a multivariate stratified population of size N  with L  non-overlapping strata of sizes 1 2, , , LN N N  

with 1
L

hh N N
=

=∑ . Let p  characteristics be defined on each unit of the population. If 1 2, , , LN N N  are not  
known in advance then the strata weights , 1, 2, ,h hW N N h L= =   also remain unknown. In such situation 
double sampling technique may be used to estimate the unknown strata weights. For this a large preliminary 
simple random sample of size n′  is obtained at the first phase of the double sampling, treating the population 
as unstratified. The number of sampled units ; 1, 2, ,hn h L′ =   falling in each stratum is recorded. The quantity 

h hw n n′ ′=  will give an unbiased estimate of hW . Simple random subsamples, without replacement of sizes 
; 1, 2, , ;0 1h h h hn n h Lµ µ′= = < ≤  are then drawn out of hn′  from each stratum for values of hµ  chosen in 

advance. 
For the jth  characteristics and the hth  stratum denote by 

jhiy  the value of the ith  population (sample) unit of the main variable. 
jhix  the value of the ith  population (sample) units of the auxiliary variable. 

1

1 hN
jh jhii

h

Y y
N =

= ∑  and 1

1 hn
jh jhii

h

y y
n =

= ∑  the stratum mean and the sample mean respectively for the main 

variable.  

1

1 hN
jh jhii

h

X X
N =

= ∑  and 1

1 hn
jh jhii

h

x y
n =

= ∑  denote the same values for the auxiliary variable. 

In double sampling for stratification the combined ratio estimate of the population mean of the jth  charac-
teristics is given as 

( )
1

; 1, 2, ,
L

h jhj CRDS
h

y w r j p
=

= =∑                                  (1) 
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where “CR” and “DS” stand for “combined ratio” and “double sampling” respectively. 
Further, 

ˆ ˆ, jst
jh jst j jst

jst

y
r R X R

x
= =  

1

L

js h jh
h

y w y
=

= ∑  

1

L

js h jh
h

x w x
=

= ∑  

The sampling variance of ( )j CRDSy  is 

( )( ) 2 2

1

1 1 1 1 1
L

yj h rjhj CRDS
h h

V y S w S
n N n µ=

  = − + −  ′ ′   
∑                         (2) 

2
rjhS  in (2) is defined as 

2 2 2 2 2
j jrjh yjh j xjh j x y hS S R S R S= + −                                 (3) 

where jR  are true population ratios given as 

j
j

j

Y
R

X
=  

2 2,yjh xjhS S  are the stratum variances of the jth  characteristics in the hth  stratum for main variable and aux-
iliary variables respectively and 

j jx y hS  are the stratum co-variances of the jth  characteristics in the hth   

stratum for 1, 2, , ; 1, 2, , .j p h L= =   
In the presence of non-response, let out of the hn  units 1hn  units respond at the first call and 2 1h h hn n n= −  

units constitute the non-respondents group. Using [1], a subsample of size * *
2 2 ;0 1h h h hm k n k= < ≤  out of 2hn   

is drawn and interviewed with extra efforts. Where *; 1, 2, ,hk h L=   are fixed in advance. 

An combined ratio estimate ( )
*
j CRDSy  of jY  may be given as 

( )
* *

1

L

h jhj CRDS
h

y w r
=

= ∑                                        (4) 

where 

21 1 2* hh jh h jm
jh

h

n r n r
r

n
+

=  

1jhr , 
2hjmr  are the sample mean of the ratio estimates for respondents (based on 1hn  units) and non-respon- 

dents group (based on 2hm  units) respectively. 
Using the results presented in [12]—Sections 5A.2, 12.9 and 13.6 we get ( )( )*

j CRDSV y  in presence of non-re- 
sponse as 

( )( ) ( )( )
*

* 2
2 2*

1

*
2 2 2

2 2*
1 1

11

11 1 1 1 11

L
h

h rjhj CRDS j CRDS
h h h

L L
h

yj h rjh h rjh
h hh h h

k
V y V y w S

n k

k
S w S w S

n N n n k

µ

µ µ

=

= =

 −
= +  ′  

   − = − + − +    ′ ′ ′     

∑

∑ ∑
              (5) 

where, 
2 2 2 2
2 2 2 22

j jrjh yjh j xjh j x y hS S R S R S= + −  
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2 2
2 2,yjh xjhS S  are the stratum variances of the jth  characteristics of the non-respondents in the hth  stratum 

for main variable and auxiliary variable respectively. 2 j jx y hS  is the stratum co-variances of the jth  characte-
ristics of the non-respondents in the hth  stratum [11]. 

The total cost of the survey may be given 

0 1 11 1 12 2
1 1 1

L L L

h h h h h h
h h h

C c n c n c n c m
= = =

′= + + +∑ ∑ ∑                              (6) 

where, 
0c  is the per unit cost of getting information from the preliminary sample n′ . 
1hc  is the per unit cost of of making the first attempt (Phase I). 
11hc  is the per unit cost of processing and analyzing the result of all the p  characteristics on the 1hn  res-

pondents units in the hth  stratum at Phase I. 
12hc  is the per unit cost of measuring and processing the result of all the p  characteristics on the 2hm  

subsampled units from non-respondents group in the hth  stratum at Phase II. 
Since 1hn  is not known until the first attempt is made, the quantity 1h hw n  may be used as its expected value. 

The total expected cost Ĉ  of the survey is then given as 

( )0 1 11 1 12 2
1 1

ˆ .
L L

h h h h h h
h h

C c n c c w n c m
= =

′= + + +∑ ∑                              (7) 

3. Formulation of the Problem 
In Phase I, we obtain the sample size hn  in each stratum by minimizing variance given in (5) for fixed cost 
given in (7). At Phase II subsample size from non-respondents group has been obtained by minimizing the sam-
pling variance in (5) for given cost in (7). 

3.1. Formulation of the Problem at Phase I  
Expression (5) can be expressed as 

( )( )*

1
; 1, 2, ,

L
jh

jj CRDS
h h

y V j p
n
α

=

= = =∑                                 (8) 

where the terms independent of hn  are ignored 

( )*
2 2

2 2*

11and h
jh h h jh h h jh

h

k
w n S w n S

n k
α

  −
  ′ ′= +
 ′  

  
                          (9) 

The cost constraint (7) becomes 

( )1 1 11 0
1

ˆ
L

h h h h
h

c w c n C
=

+ ≤∑                                     (10) 

where 

0 0 12 2
1

ˆ ˆ
L

h h
h

C C c n c m
=

′= − −∑  

Thus the multi-objective formulation of the problem at Phase I becomes 

( )

1

1 1 11 0
1

Minimize ; 1,2, , simulteniously

ˆSubject to

2
and integers; 1,2, ,

L
jh

j
h h

L

h h h h
h

h

h

h

V j p
n

c w c n C

n n
n h L

α

=

=


= = 


+ ≤ 

′≤ ≤


= 

∑

∑





                      (11) 

(see [11]). 
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3.2. Formulation of the Problem for Phase II 

Ignoring the term independent from 2hm  in (5), substituting *
2 2h h hk m n=  and ,h

h
h

n
v

n
=

′
 for 1, 2, , ,j p= 

expression (5) can be written as  

1 2

; 1, 2, ,
L

jh

h h
jV j p

m
β

=

′ = =∑                                  (12) 

where 
2

2 2 2

1

1 L
h h jh

jh
h h

hw n n
n

S
n

β
=

′

′
= ∑                                  (13) 

The cost constraint becomes 

12 2 0
1

ˆ
L

h h
h

c m C
=

′≤∑  

where 

( )0 0 1 1 11
1

ˆ ˆ
L

h h h h
h

C C c n c w c n
=

′ ′= − − +∑                               (14) 

Then the multi-objective formulation of the problem at Phase II becomes  

1 2

12 2 0
1

2 2

2

Minimize ; 1,2, , ; simultaneously

ˆSubject to .

2
and integers; 1,2, ,

L
jh

j
h h

L

h h
h

h h

h

V j p
m

c m C

m n
m h L

β

=

=


′ = = 


′≤ 

≤ ≤


= 

∑

∑





                   (15) 

4. Formulation as a Goal Programming Problem 
4.1. Phase I 
Let *

jV  be the optimal value of jV  under optimum allocation for the jth  characteristics obtained by solving 
the following integer non-linear programming for all the 1, 2, ,j p=   characteristics separately. 

( )

1

1 1 11 0
1

Minimize

ˆSubject to

2
and integers; 1,2, ,

L
jh

j
h h

L

h h h h
h

h h

h

V
n

c w c n C

n n
n h L

α

=

=


= 


+ ≤ 

′≤ ≤


= 

∑

∑



                           (16) 

Further let  

( )1 2 1, , , L jh
j j L h

h

V V n n n
n
α

=
= = ∑ 

                             (17) 

denote the variance under the compromise allocation, where ; 1, 2, ,hn h L=   are to be worked out. 
Obviously *

j jV V≥  and * 0; 1, 2, ,j jV V j p− ≥ =

  will give the increase in the variances due to not using 
the individual optimum allocation for jth  characteristics. 

Let 0jd ≥  denote the tolerance limit specified for ( )* ; 1, 2, ,j jV V j p≥ =

 . 
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We have * ; 1, 2, ,j j jV V d j p− ≤ =

   

or *; 1, 2, ,j j jV d V j p− ≤ =

  

or *
1 ; 1, 2, ,L jh

j jh
h

d V j p
n
α

=
− ≤ =∑                               (18) 

A suitable compromise criterion to work out a compromise allocation at phase-I will then be to minimize the 
sum of deviations jd . Therefore the Goal Programming problem at phase-I may be given as  

( )

1

*

1

1 1 11 0
1

Minimize

Subject to

ˆ

2
0

and integers
1, 2, , ; 1, 2, ,

p

j
j

L
jh

j j
h h

L

h h h h
h

h h

j

h

d

d V
n

c w c n C

n n
d
n

h L j p

α
=

=

=






− ≤ 



+ ≤ 

′≤ ≤


≥ 



= = 

∑

∑

∑

 

                              (19) 

(See [13]). Where 0; 1,2, ,jd j p≥ =   are the goal variables. 
The goal is now to minimize the sum of deviations from the respective optimum variances. 

4.2. Phase II 
Similarly, at phase II Goal Programming formulation of the problem (15) will be 

1

*

1 2

12 2 0
1

2 2

2

Minimize

Subject to

.ˆ

2
0

and integers; 1,2, , ; 1, 2, ,

p

j

L
jh

j j
h h

L

h h
h

h h

j

h

jd

d V
m

c m C

m n
d

m h L j p

β
=

=

=

′ 



′− ≤ 


′≤ 


≤ ≤ 
′ ≥ 
= = 

′

∑

∑

∑

 

                        (20) 

5. Formulation as a Fuzzy Programming Problem 
5.1. Phase I 
To obtain Fuzzy solution we first compute maximum value kU  and minimum value kL  for each characteris-
tic. where 

( )( ) ( )( )* *
, ,max min ; , 1, 2, ,k j h j k j h jU V n L V n j k p= = = 

                 (21) 

where ( )*
,h jn  denote the optimum allocation for the jth  characteristics and the maximum and minimum are 

for all jV , among their values for a particular j k= . 
The difference of the maximum value kU  and minimum values kL  are denoted by  

; 1, 2, ,k k kd U L k p= − =  . 
The Fuzzy Programming Problem (FPP) corresponding to the (11) at phase I is given by the following NLPP 
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( )

( )

*

1

1 1 11 0
1

Minimize

Subject to

ˆ

2
0

and integers
1,2, , ; , 1, 2, ,

L
jh

k j
h h

L

h

h h h h
h

h

k

h

d V
n

c w c n C

n n
d
n

h L j k p

δ
α

δ
=

=



− ≤


+ ≤ 

′≤ ≤ 

≥ 


= = 

∑

∑

 

                           (22) 

where 0δ ≥  is the decision variable representing the worst deviation level. 

5.2. Phase II 
Similarly, the Fuzzy Programming Problem corresponding to the (15) at phase II is given by the following 
NLPP 

( ) *

1 2

12 2 0
1

2 2

2

Minimize

Subject to

ˆ

2
0

and integers
1,2, , ; , 1, 2, ,

L
jh

k j
h h

L

h h
h

h h

k

h

d V
m

c m C

m n
d

m
h L j k p

δ
β

δ
=

=

′ 

′ ′− ≤


′≤ 

≤ ≤ 

′ ≥ 


= = 

′∑

∑

 

                          (23) 

where 0δ ′ ≥  is the decision variable representing the worst deviation level. 
The NLPPs may be solved by using the optimization software [14]. For further information about LINGO one 

may visit the site: http://www.lindo.com. 

6. A Numerical Example 
The data in Table 1 use are from [15]. A population of size 3850N =  is divided into four strata. Two charac-
teristic 1Y  and 2Y  are defined on each unit of the population. The values of 1X  and 2X  are used as the 
auxiliary information corresponding on the main variable 1Y  and 2.Y  The authors have assumed the values for 

1 1.48R =  and 2 0.843.R =  Table 2 shows the other data. Each stratum is divided into respondents and non- 
respondents as shown in Table 2. 

It is assumed that hv  and *
hk  are known and the preliminary sample size 1000n′ = . 

In the last column of Table 2, 1l =  is for respondents group and 2l =  is for non-respondents group.  
The total cost for the survey is taken as C  3000 units. Out of which 750 units are for the preliminary sample 

n′ , 1900 units are for phase-I and 350 units are for phase-II. 
 

Table 1. Data for four strata and two characteristics.                                                            

 1j =  2j =  

h  hw  hv  *
hk  1hc  11hc  12hc  

1

2

hyS  
1

2

hxS  
1 1

2

hx yS  
2

2

hyS  
2

2

hxS  
2 2

2

hx yS  

1 0.32 0.4 0.5 1 2 3 784 242 341 1444 481 628 
2 0.21 0.5 0.6 1 3 4 576 192 250 676 255 294 
3 0.27 0.6 0.7 1 4 5 1024 341 445 1936 645 842 
4 0.20 0.65 0.75 1 5 6 2916 972 1268 6084 2028 2645 

http://www.lindo.com/
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Table 2. Data for groups of respondents and non-respondents.                                                      

h  Group 
1

2

hyS  
1

2

hxS  
1 1

2

hx yS  
2

2

hyS  
2

2

hxS  
2 2

2

hx yS  
hlw  

1, 2l =  

1 
Respondent 361.06 103.16 157.04 767.82 255.76 333.93 11 0.70w =  

Non-respondent 310.55 88.73 135.07 454.76 151.48 197.93 12 0.30w =  

2 
Respondent 373.79 124.60 162.24 449.92 169.72 195.67 21 0.80w =  

Non-respondent 326.29 108.76 141.62 353.81 133.46 153.88 22 0.20w =  

3 
Respondent 930.15 309.75 404.22 1272.88 424.07 553.60 31 0.75w =  

Non-respondent 560.28 186.85 243.48 1165.98 388.46 507.10 32 0.25w =  

4 
Respondent 2355.98 785.33 1024.48 2690.53 896.84 1169.70 41 0.72w =  

Non-respondent 1013.08 337.69 440.53 2403.55 801.18 1044.93 42 0.28w =  

 
Using estimated values of strata weights the values of ; 1, 2, ,hhn w n h L′ ′= =   are obtained as 

2
1

1 3 4

4
320, 210, 270, 200 with 1000.h

h
n n n n n

=

′ ′ ′ ′ ′= = = = =∑  

6.1. Computation of Compromise Allocation Using Goal Programming Technique (GPT) 
6.1.1. Individual Optimum Allocation (Phase I) 
Using data from Table 1 and Table 2, we compute the individual optimum allocation for each characteristic by 
using NLPP (11) will be the solution to: 

For 1j =  

1
1 2 3 4

1 2 3 4

1

2

3

4

39.16074 13.82271 55.71960 62.80995Minimize

Subject to
2.4 3.4 4 4.6 1900

2 320
2 210
2 270
2 200

and are integers 1,2, ,h

V
n n n n

n n n n
n
n
n
n

n h L

= + + +

+ + + ≤
≤ ≤
≤ ≤
≤ ≤
≤ ≤

= 

 

Using optimization software LINGO we get the optimal solution as 

( ) ( )* *
,1 1159,80,146,144 , 1.236899hn V= =  

For 2j =  

2
1 2 3 4

1 2 3 4

1

2

3

4

109.6218 21.00712 85.26067 151.4584Minimize

Subject to
2.4 3.4 4 4.6 1900

2 320
2 210
2 270
2 200

and are integers 1,2, ,h

V
n n n n

n n n n
n
n
n
n

n h L

= + + +

+ + + ≤
≤ ≤
≤ ≤
≤ ≤
≤ ≤

= 
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Using optimization software LINGO we get the optimal solution as 

( ) ( )* *
,2 2183,69,126,157 , 2.544852.hn V= =  

6.1.2. Compromise Solution Using Goal Programming (Phase I) 
Using data from Table 1 and Table 2 the Goal Programming Problem (19) can be formulated as 

1 2

1
1 2 3 4

2
1 2 3 4

1 2 3 4

1

2

3

4

1 2

Minimize
Subject to

39.16074 13.82271 55.71960 62.80995 1.236899

109.6218 21.00712 85.26067 151.4584 2.544852

2.4 3.4 4 4.6 1900
2 320
2 210
2 270
2 200

0, 0
a

d d

d
n n n n

d
n n n n

n n n n
n
n
n
n

d d

+

+ + + − ≤

+ + + − ≤

+ + + ≤
≤ ≤
≤ ≤
≤ ≤

≤ ≤
≥ ≥

nd are integers 1,2, ,hn h L= 

 

Using optimization software LINGO we get the optimal solution as 
* * * *
1 2 3 4175, 72, 134, 152,n n n n= = = =  

with * *
1 20.79 and 0.603434d d= =  and the optimum value of the objective function * *

1 2 0.0139343.d d+ =  

6.1.3. Individual Optimum Allocation (Phase II) 
As in Section 6.1.1 for the given data the individual optimum allocations for each the two characteristics using 
NLPP (15) are: 

For 1j =  

( ) ( )* *
,1 121,12,19,24 0.7599099hm V ′= =  

For 2j =  

( ) ( )* *
,2 221,9,19,26 1.742418.hm V ′= =  

6.1.4. Compromise Solution Using Goal Programming (Phase II) 
For the given data, as in Section 6.1.2 Goal Programming Problem (20) gives the following optimal solution 

* * * *
12 22 32 4222, 10, 20, 24,m m m m= = = =  

with * *
1 20.002751545 and 0.002866150d d= =′ ′  and the optimum value of the objective function  

* *
1 2 0.005617695.d d′ + =′  

6.2. Computations of Compromise Solution Using Fuzzy Programming Technique (FPT) 
6.2.1. Compromise Solution Using Fuzzy Programming (Phase I) 
To obtain fuzzy solution we first obtained the maximum value and minimum value as given in (21) for each 
characteristic by using individual optimum allocation worked out in Section 6.1.1 

1 1

2 2

1.256605 1.236899
2.58685 2.544852

U L
U L

= =
= =
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and 1 20.019706 0.042954.d d= =  

After computing the optimum allocation and optimum variances for two characteristics the compromise op-
timal solution for the above problem can be obtained by solving the given Fuzzy Programming Problem (FPP) 
of (23)  

( )

( )
1 2 3 4

1 2 3 4

1 2 3 4

1

2

3

4

Minimize
Subject to

39.16074 13.82271 55.71960 62.80995 0.019706 1.236899

109.6218 21.00712 85.26067 151.4584 0.042954 2.544852

2.4 3.4 4 4.6 1900
2 320
2 210
2 270
2 20

n n n n

n n n n
n n n n

n
n
n
n

δ

δ

δ

+ + + − ≤

+ + + − ≤

+ + + ≤
≤ ≤
≤ ≤
≤ ≤

≤ ≤ 0
0

and are integers 1,2, ,hn h L
δ ≥

= 

 

Using optimization software LINGO we get the optimal solution as 
* * * *
1 2 3 4171, 75, 135, 151 with 0.2486958.n n n n δ= = = = =  

6.2.2. Compromise Solution Using Fuzzy Programming (Phase II) 
Similarly, using data from Table 1 and Table 2 the Fuzzy Programming Problem (23) gives the following op-
timal solution 

* * * *
12 22 32 4222, 10, 20, 24 with 0.2423372.m m m m δ ′= = = = =  

7. Summary of the Results 
In the following results obtained using Goal Programming Technique and Fuzzy Programming Technique are 
summarized. 

8. Conclusions 
Table 3 and Table 4 show the values of the variance of the combined ratio estimates of the population means at 
Phase-I and Phase-II respectively, for the two characteristics. The figures show that both the approaches the 
Goal Programming Approach and the Fuzzy Programming Approach give almost same results. However, at 
Phase-I the Goal Programming Approach is slightly more precise in terms of the trace value (See [16]). 

The Goal Programming and Fuzzy Programming technique and some other techniques like Dynamic Pro-
gramming and Separable Programming can be used to solve a wide variety of mathematical programming prob-
lems. These techniques may be of great help in solving multivariate sampling problem also. Like determining  

 
Table 3. Compromise solution at Phase I.                                                                    

Techniques 
Allocations Variances Trace Cost incurred 

1n  2n  3n  4n  1V  2V  1 2V V+  C  

GPT 175 72 134 152 1.244799  2.550886  3.795685  1900 

FPT 171 75 135 151 1.242011  2.555754  3.797765  1900 
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Table 4. Compromise solution at Phase II.                                                                   

Techniques 
Allocations Variances Trace Cost incurred 

12m  22m  32m  42m  1V ′  2V ′  1 2V V′ ′+   

GPT 22 10 20 24 0.7626614  1.745284  2.507945  350 

FPT 22 10 20 24 0.7626614  1.745284  2.507945  350 

 
the number of strata, strata boundaries and compromise allocations in multivariate stratified sampling. Little 
work has been done to solve the above mentioned optimization problems in real life situations. For example 
when the estimates of the population parameters used in formulating the problems are themselves treated as 
random variables with assumed or known distributions. In such cases the formulated problems becomes a mul-
tivariate stochastic programming. Further, apart from a linear cost function, nonlinear functions may be used 
that may include travel cost, labour cost, rewards to the respondent and incentives to the investigators etc. Inter-
ested researchers may expose these situations. 
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