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Abstract 
This study presents the measurement of the angular position and acceleration 
during the leg gait and the data fitting using Fourier series to parameterize the 
measurements obtained through accelerometers. The sensor reference is the 
gravity direction for the three axes that is converted into angular position and 
acceleration data. For this study, measurements were made in the femoral area 
of a human leg. The curves were obtained based on Fourier series, and though 
a homologation made to their harmonics, we obtained ordinary differential 
equations (ODEs) that parameterize these curves. The curves were approx-
imated using six harmonics, resulting in six ODEs. The summed solutions of 
the ODEs represent the angular position or inclination of the leg during a 
walk step. The first and second derivative of the ODEs means the velocity and 
the acceleration of the leg movement. These types of tools are required in dif-
ferent research subjects such as health, entertainment, and engineering. 
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1. Introduction 

The kinematics that the human gait considerably changes between different people 
and between two steps of the same person. To study, understand, compare and 
use the bipedal gait of the human body is necessary to quantify the leg move-
ment during walk steps, including the forces involved on the kinematics, and it 
is important to know the forces involved. This paper proposes, through using 
accelerometers, a method of measuring and parameterizing the position and ac-
celeration of human gaits for medical purposes. 

Although there are studies that show the principles and phases present in the 
walk of a person [1] [2] [3] [4], it is affected in every person by numerous fac-
tors, including health [5] [6], age [7] [8] [9], the physical state [10], and gender 
[11]. Being able to measure and quantify the variables involved in the move-
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ments of the human body is justified in three main research categories [12]: physi-
ology and health, computational, and robotics. From the physiological and health 
perspective, the area for which this work was conceived allows us to develop pros-
theses or orthoses to offer better rehabilitation in amputated patients or persons 
with walks disorders [7] [13] [14], to study the progress of certain pathological 
diseases in the walk [15] [16], and to prevent injuries and optimize athletes during 
their activities [17] [18]. The area of computing allows us, for example, to create 
animations based on human movements, while these studies are used in robotics 
to make robots and bipedal exoskeletons for different purposes [19]. 

Several methods are currently used for the recognition and analysis of human 
gaits, and they can be classified into three classes: (i) image processing, (ii) force 
platforms, and (iii) wearable sensors [16] [17] [18] [19] [20]. In general, the first 
two have the same problems in being computationally and economically expen-
sive, and they often require a sophisticated clinical laboratory [21] [22]. On the 
other hand, wearable sensors, e.g., accelerometers (such as those used in this 
work), have the following advantages without losing precision in the measure-
ment: they are small and inexpensive, have low-computational cost, are easy to 
adjust, and can perform measurements in any environment [23]-[28]. 

A code is programmed in this work that can read the data measured by the ac-
celerometer, represent dimensionless acceleration values, translate them in terms 
of angular position or the inclination of the segment measured after processing, 
and calculate the actual acceleration of these in the sagittal plane or the side plane. 
These kinematics data are intended to be parameterized with differential equa-
tions. 

2. Methodology 

This section explains the general procedure to obtain data from acceleration, sen-
sors used, operation, and calibrations to translate the reference values into repre-
sentative values in this report. The mathematical model that consists of an ap-
proximation using Fourier series and a homologation to obtain ordinary differen-
tial equations (ODEs) from the approach is shown. Finally, the expected structure 
of the results is described. 

For this work, a random person was selected and measured, whose specific cha-
racteristics are presented in the results section. 

Figure 1 shows the position in the femoral zone where the sensor was located. 
Figure 2 shows how the angular position in the sagittal (a) and the coronal (b) 

planes are measured in biomechanics [3]. 

2.1. Measurements and Data Processing 

The leg movement is measured using sensors. The sensors have 3 axis accelerome-
ters (x, y, and z) and the selected measurement frequency is 100 Hz. Each sensor 
can take up to 900 measurements at one measurement cycle. The accelerometers 
can sense the direction of gravity, delivering a unique combination of. the three 
directions for each position [27] [28]. 
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Figure 1. Accelerometer position. 

 

 
Figure 2. References systems for angular position in sagital plane (a), and in 
coronal plane (b). 

 
The measured information is received in the computer in a particular format. 

These measurements, referential and dimensionless, have two types of errors, 
noise in the signal and an error in the output value; the errors are corrected 
through the code as follows. 

The noise produced during walking due to the movement and impacts of the 
foot with the ground are eliminated using a low-pass filter, as these phenomena 
are of high frequency. A Gaussian filter is created in the frequency spectrum us-
ing the fast Fourier transform and its inverse [29] [30]. 

For instabilities in the internal structure of the apparatus and changes in tem-
perature, blows, or other components, the output presents a unique and un-
known error for each device, which is called the BIAS error. If it is integrated 
twice to find the position values, as is often done mathematically, it will increase 
considerably. To avoid this, another calibration system is used, as is described 
below. 
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2.2. Calibration 

A database was generated from measurements made on strategic positions. This 
database considers inclinations between 40˚ and 40˚ in the coronal plane and 
from 90˚ to 90˚ in the sagittal plane. The database was also considered for both 
planes with a gap of 10˚ between each measurement. These ranges were selected 
because they are above the maximum values of a passive bipedal walk. 

The calibration curves were generated using the database, and by using these 
curves, the code interpolated each data point by delivering the angular position 
values to the sagittal and coronal plane. 

For measurements in the sagittal plane of the segment, the data was already 
filtered and normalized by an acceleration of 2.932 × 10−2 [m/s2]. 

With the data of angular positions and acceleration obtained, it is possible to 
begin the parameterization of the data. 

2.3. Mathematical Model 

A segment (step) of the measurement was selected on which the model would be 
applied. With the objective to formulate a model, it was not essential to choose 
the segment to study rigorously, since the code operates in the same way regard-
less of the segment chosen. In this study, we chose to select a complete random 
step that was determined by the peaks observed in the measurements before be-
ing filtered. 

Since these are periodic and continuous movements, Fourier series fitting was 
used to fit the selected step. The structure of the Fourier series is similar to the so-
lution of certain differential equations, and a fit is generated to obtain ODEs that 
describe the kinematics variables sought from the measured signals. The two steps 
of the current model are explained in more detail as follows. 

2.3.1. Fourier Series Fitting 
Since any continuous and periodic function can be described by a sum of sines 
and cosines with certain arguments and amplitude constants [31] [32], we used 
Fourier series to present the structure as shown in (1). 

( ) 0
1

2π 2πcos sin
2

n k
n nn

a n nf t a t b t
T T

=

=

   = + ⋅ ⋅ + ⋅ ⋅   
   

∑          (1) 

Equation (1) highlights the sum of trigonometric functions with equal argu-
ments known as harmonics. As the number of harmonics increases, or for high-
er values of k in the series, the approximation is expected to be more accurate. 
Equation (2) shows the structure of the n-harmonic. 

( ) ( )cos cos sinn n n n n nharm a a w t b w t= ⋅ ⋅ ⋅ + ⋅ ⋅            (2) 

Each harmonic, n, corresponds to a sum of one sine and one cosine multiplied 
by amplitude constant, an and bn, respectively. Additionally, they are unique for 
each harmonic, and with an argument, wn·t, they are also unique for each har-
monic but equal for both functions. This argument has the value of the inde-
pendent variable, t, which corresponds in our case to time and the value wn, 
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which represents something similar to the frequency of the harmonic, which is 
given by (3). 

0
2π

nw w n n
T

= ⋅ = ⋅                         (3) 

where: 
• T, period of function, or the time that the full cycle of the selected step takes. 
• n, harmonic number. 
• w0, frequency of the function, or selected step, determined by T. 

The different values of the frequency of each harmonic are multiples. The 
frequency of the first harmonic, w0, and they increase as the value of n increases. 
It is expected that a greater harmonic lowers the incidence in the overall beha-
vior of the approximation. 

Figure 3 exposes the behavior of the series and the effect of increasing the 
number of harmonics present in the series. 

The figure also shows an approximation with 1, 3, 7, and 15 harmonics to the 
function (4): 

[ ]
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x
y

x
 ∈ −=  ∈

                       (4) 

2.3.2. Homologation with Ordinary Differential Equations 
ODEs are those in which a dependent variable—in this case, the angular posi-
tion—interacts with one or more of its derivatives with respect to the indepen-
dent variable, t. There is a second-order type of ODE, shown in (5), that has 
been intensively studied mathematically and has a known solution [33] [34]. 

( ) ( ) 0m x t k x t⋅ + ⋅ =                       (5) 

where 
• ( )x t  represents angular position of the leg as a function of time; 
 

 
Figure 3. Approximation by Fourier series. 
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• k represents the stiffness constant; and 
• ( )x t  represents the second derivative of the dependent variable with respect 

to the time, which the second derivative corresponds to acceleration in this 
case. 
These equations have associated initial position and velocity conditions and
( )0x  and ( )0x  that are determined by the constant values k and m. 

The solution to this ODE is presented in (6) and corresponds to the angular 
position of the leg, in the position measured, as a function of time 

( ) cos sink kx t a t b t
m m

   
= ⋅ ⋅ + ⋅ ⋅      

   
               (6) 

The structure of these solutions is similar to that presented by each harmonic, 
so it is possible to find, or associate, each harmonic of the series of an ODE. Ad-
ditionally, a periodic representation of the selected step can be obtained from a 
sum of the solutions of these ODEs. 

A relation of the constants k and m of the equations that parameterize the va-
riables is useful for manufacturing Prostheses. It normalizes the value of the 
constant k so that it is always equal to 1 and only varies the value of m. 

The amplitude constants for each solution, a and b, are equal to the respective 
amplitude constants for each harmonic n, which means na a=  and nb b=  for 
each n. The constant m is determined by the relation shown in (7), which is ob-
tained after equalizing the arguments of each harmonic with those of the solu-
tion of the corresponding ODE. 

2

0

, with 1km k
w n

 
= = 

⋅ 
                    (7) 

The values obtained of the constants k and m for the ODE model were de-
fined. The sum of the solutions represents the curve of the angular position for 
the selected step and forms a continuous and periodic function as it is repeated. 
Lastly, the sum of the second derivative of these solutions corresponds to the ac-
celeration curve. 

3. Results 

This section shows the results obtained in the femoral area of a subject. Table 1 
shows the characteristics of the person and the conditions under which the mea-
surements were made. 

Figure 4 shows three graphics, one for each axis. Each one presents a curve with 
the original measurement of referential acceleration and another with the filtered 
data. 

In the original data, a series of alterations is seen along the whole signal. It is 
possible to distinguish areas where there are peaks with greater amplitude that 
correspond to the moment when the foot impacts with the floor. As for the filter 
created, it creates a curve that follows the overall behavior of the measurements, 
eliminating the noise and delivering a more continuous and smooth curve. 
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Table 1. Characteristics from measured person and gait conditions. 

Characteristic Value Unit 

Ethnic Caucasian - 

Gender Male - 

Age 25 years 

Weight 76 kg 

Height 169.0 cm 

Hip height 98.0 cm 

Femoral area length 52.0 cm 

Walkins speed 1.1 m/s 

Floor Treadmill - 

 

 
Figure 4. Original and filtered referential data, femoral section. 

 

Figure 5 presents the data already translated using the calibration. The first 
and second graphs provide the inclinations of the segment along the measure-
ment in the coronal and sagittal plane, respectively. The third graph shows the 
actual acceleration of the zone recorder by the sensor. Figure 6 shows the same 
results, but a step on the walk is selected. 

Figure 6 shows how a certain step on walk (corresponding to each step meas-
ured) is repeated on time. It is possible to determine that they are not the same, 
because they have slight differences between them. 

Figure 7 presents two graphs. The first corresponds to the solution of each 
ODE found for the sagittal position. It requires six harmonics to make an ap-
proximation with a quadratic error of 1.7 × 10−4. The second graph corresponds 
to the sum of these solutions. 

Figure 7 shows that it is possible to successfully recognize that Fourier ap-
proximation allows a conversion to an equal number of ODEs. This also re-
creates the step measured periodically over time. These results could be used to 
construct elements such as prostheses, exoskeletons, or bipedal robots, which 
reproduce these curves. 
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Figure 5. Angular position and acceleration, femoral zone. 
 

 
Figure 6. Selected step. 
 

 
Figure 7. ODEs and the sum of them. 
 

The table contains the fitted values of the mass constant and initial conditions 
of the ODEs. 

The desired parameterization is achieved using values of Table 2. 
The results obtained correspond to measurements in the femoral area of a 

person; in this work, measurements have also been made satisfactorily in the 
tibial area (the segment located between the heel and the knee). 
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Table 2. ODE fitted values 

Harmonic, n 
Constants for each harmonic 

m Referential mass ( )0x  Initial position ( )0x  Initial velocity 

1 0.0422 0.0421 0.0451 

2 0.0105 0.1872 −1.3937 

3 0.0047 −0.0369 −1.2984 

4 0.0026 0.0073 −0.3987 

5 0.0017 0.0120 −0.2416 

6 0.0012 0.0007 0.0619 

4. Conclusions 

A model is developed to parameterize kinematic, angular position, and accelera-
tion data of the different areas of a person’s leg. This is done using three-axis ac-
celerometers. Accurate data are obtained and is consistent with the film taken 
during the measurement. 

The parameterization was performed, presenting considerably low-quadratic 
errors (1.7 × 10−4) through a sum of the solutions of second order ODEs. 

A direct application of this study is the possibility to do kinematic measure-
ments at low cost and in any place to obtain accurate and parameterized data. 
This allows the analysis of the progression in diseases, elaborate mechanisms 
that help in the rehabilitation of patients, and robotic motions or animations of 
bipedal walking. 

The main limitation of the work is the calibration. Although making the cali-
bration accurate within the ranges expected for people walking is easy, it can be 
even more accurate (with more reference points and greater accuracy in the in-
clination of the sensors for the measurements for the database), and the calibra-
tion ranges can be expanded to perform measurements in other types; for exam-
ple, in arms. 
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