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Abstract
Using Dvoretzky’s theorem in conjunction with Bohm’s picture of a quantum particle inside a
guiding quantum wave akin to De Broglie-Bohm pilot wave we derive Einstein’s famous formula E
= mc2 as the sum of two parts E(O) = mc2/22 of the quantum particle and E(D) = mc2(21/22) of the
quantum wave where m is the mass, c is the speed of light and E is the energy. In addition we look
at the problem of black holes information in the presence of extra dimensions where it seems initially that extra dimensions would logically lead to a hyper-surface for a black hole and consequently a reduction of the corresponding information density due to the dilution effect of these
additional dimensions. The present paper argues that the counterintuitive opposite of the above is
what should be expected. Again this surprising result is a consequence of the same well known
theorem on measure concentration due to I. Dvoretzky. We conclude that there are only two real
applications of the theorem and we expect that many more applications in physics and cosmology
will be found in due course.
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1. Introduction
The main purpose of the present paper is to show that Dvoretzky’s theorem is not only pure mathematics but also has profound applications in physics and cosmology. For instance it would be intuitively reasonable to supHow to cite this paper: El Naschie, M.S. (2015) Application of Dvoretzky’s Theorem of Measure Concentration in Physics
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pose that in the case of black holes [1]-[10] with high dimensionality, i.e. extra dimensions [8], the horizon i.e.
the hyper quasi surface of the black hole horizon will also be of higher dimensionality. Therefore it would seem
to follow that the information that resides only on the surface will be, so to speak, diluted because the Bekenstein limit is supposed to remain the same [1] [3]. In other words the net effect is that the information density will
decrease or so it would seem initially [10].
In the present short work however we show that due to the above mentioned well known theorem of Dvoretzky on measure concentration the above conclusion is fallacious [11]-[16]. The said theorem due to the legendary Ukrainian-Israeli mathematician and past time advisor of the Government for armaments and President
of the famous Weizmann Institute, I. Dvoretzky [16] [17] leads to the definite conclusion that in sufficiently
high dimensional Banach-like spaces such as our quantum spacetime [12]-[14], about 96% of the volume resides
on the surface or very near to it while a near to only 4% remains in the deceptive bulk [16] [17]. An almost identical result may be obtained using E-infinity theory [11]-[14] with regard to energy where the 96% energy residing on the surface is identified with the supposedly missing so called dark energy [12] [13]. Consequently
using the Bohm picture or more accurately, the De Broglie-Bohm pilot wave theory of a quantum particle surrounded by a guiding quantum wave we come to a profound conclusion using Dvoretzky’s theorem. Noting the
well know connection between information, entropy and thus thermodynamics and energy [2] [6] [7] we see that
our conclusion has an indirect actual cosmic measurement and observational justification, in fact, confirmation
[11] [12] [17]. In addition we note parenthetically that the Bekenstein wonderful result [1]-[8] upon which we
are basing ourselves still needs an extension to a fractal version [11] by means of which the reduction in the information density will also be excluded [11]-[17]. It is thought that in this form the Bekenstein real limit on information will become topological and measure theoretical universality which dispels the black hole information
paradox [6] [7] [11] [12] in an unheard of simplicity conserving the most important feature of the theory of Steven Hawking and Jacob Bekenstein on the one side and ‘tHooft-Susskind on the other without violating any
fundamental laws of physics [11] [12]. This and more is the consequence of the marvellous theorem of the great
mathematician I. Dvoretzky.

2. Analysis
We will start in the present work with a derivation of Dvoretzky’s theorem and will follow two converging
roads to show the counterintuitive results of measure concentration due to very high dimensionality. The theorem is derived first in a conventional mathematical fashion [16] [17], then we do the same using the Bohm model of the wave-particle duality of E-infinity theory [14].

2.1. Conventional Derivation of Dvoretzky’s Theorem
The moral which we can learn, in fact relearn from this theorem is a well known wisdom from many counterintuitive results of geometry in higher dimensions, namely that we should in general never generalize an obvious
conclusion from a low dimensional space to a higher one [16]. For instance on a flat two dimensional space any
two lines will intersect in a point unless they are parallel. However the spectacular failure of this simple obvious
result in three dimensional space is embarrassingly clear. Now let us start with a Euclidean ball [16]
n


n
2
Bn =
 x ∈ R : ∑ xi ≤ 1 .
1



(1)

Working in the usual way to find the volume of this n dimensional ball we arrive via gamma function and
Stirling formula to [16] [17]
n

 2πe 
Vn  
 .
 n 

(2)

That means for V = 1 the radius is a very large one equal approximately to
n
.
2πe

(3)

Now we proceed to the distribution of the mass, i.e. how the “volume” of this ball is distributed. To do that

12

we estimate first the
[16] [17] is

( n − 1)
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volume of a slice through the center of the unit ball. Since the radius of the ball
1 n)

r = Vn(

then the volume of the slice

( n − 1)

(4)

dimensional ball is given by [16] [17]

 n

 Vn 

(Vn −1 ) ( r n −1 ) = Vn −1 

( n −1)

n

(5)

.

Using the Stirling formula again we find that the slice has the volume e for very large n. The next question is what is the ( n − 1) dimensional volume of a parallel slice? The slice at distance x from the center is an

( n − 1)

dimensional ball with radius

r 2 − x 2 so that the volume of the smaller slice is given approximately

by [16] [17]

 1 − x2 
Vn −1 ( smaller slice ) = e  2 
 r 

( n −1)

2

.

(6)

Since r is approximately [16] [17]

r  n ( 2πe )

(7)

one finds [16] [17]
Vn −1 ( smaller slice ) ≅

( e ) exp ( −πex ) .
2

(8)

That means we obtain “mass” distribution that is almost Gaussian, with variance which surprisingly does not
depend upon n:

var  1 ( 2πe ) .

(9)

That way we conclude the following remarkable result, namely that almost all the “volume” stays within a
flab of fixed width and our result announced in the introduction of the present paper follows that about 96% of
the “mass”, i.e. the volume lies in the slab [16] [17]

1

n 1
 x ∈ R : ≤ x1 ≤  .
2
2


(10)

That means 96% is concentrated near the subspace ( n − 1) which may be regarded as the hyper surface of an
n dimensional black hole. This is a clear failure of our low dimensional intuition to anticipate what happens in
high dimensional cases [16] [17].

2.2. Derivation of Dvoretzky’s Theorem from the E-Infinity Particle-Wave
Duality and De Broglie-Bohm Pilot Wave Model
The second derivation of our theorem is more or less based on physics.
In E-infinity theory the pre-quantum particle as well as the pre-quantum wave follows from the fundamental
equation fixing the invariants of the noncommutative E-infinity spacetime [15]

D= a + bφ
where a, b ∈ Z and=
φ

(

(11)

)

5 − 1 2 . Setting a = b = 0 one finds the absolutely empty set D = 0. By contrast for

a = 0 and b = 1 one finds the zero set D ( O ) = φ which models the particle while its cobordism, i.e. the surface
is nothing but the empty set [12]-[15]
D ( −1) =1 − φ =φ 2

(12)

which models the quantum wave. Transferring this result to Kaluza-Klein “quantum” spacetime we note that the
“inner” volume must be correlated, i.e. intersectional which is appropriate for a volume and leads to [12]-[15]
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V ( O ) = (φ )

5

(13)

where D(Kaluza-Klein) = 5. The outer surface, i.e. the quantum wave on the other hand is additive and noncorrelated so that the union operation is what leads to the volume [12]-[15]
V ( D ) = 5φ 2 .

(14)

In the above we tacitly assumed the validity of the Bohm picture of a quantum particle surrounded by a guiding quantum wave. A typical volume representative for both would be clearly the arithmetic mean

φ 5 + 5φ 2
2

= 1.

(15)

In turn looking at the above as energy density we see that

φ 2 E (O )
V (=
O ) 5=

(16)

φ 2 2 E ( D ).
V=
( D ) 5=

(17)

for m = c = 1 while

In other words E(O) is our familiar ordinary measurable energy density of the quantum particle [12]-[17]

=
E (O )

(φ 2 ) mc
5

2

≅ mc 2 22

(18)

while E(D) is our dark energy density of the quantum wave which we cannot measure [12]-[17]

(

)

E ( D ) = 5φ 2 2 mc 2  mc 2 ( 21 22 ) .

(19)

Adding both together we obtain the celebrated result [12]-[17]
E ( Einstein ) = E ( O ) + E ( D ) = mc 2 .

(20)

Now remembering that energy and information are directly related via entropy, the preceding result is confirmation of what we obtained earlier on using Dvoretzky’s theorem, namely that 96% of the information is
drawn to the surface higher dimensionality rather than “diluted” by it. Needless to say, the preceding results remain valid for a rotating Kerr black hole [18].

3. Discussion and Conclusions
The present work is in the first place a vivid demonstration of the power of pure mathematics, in the present case
the power of Dvoretzky’s theorem of measure concentration, in solving problems in physics and cosmology.
The mathematical literature abounds with examples demonstrating the failure of our low dimensional intuition
to extrapolate from low dimensional results to higher dimensional ones. [16] and we indicated this in a 1997
paper relating the critical paradoxical dimension D = 9 to superstring D = 10 and sphere packing [19]. The holographic boundary and the horizon of a higher dimensional black hole is no exception. Rather than diluting the
density of information, a higher dimensional black hole surface has a higher information density than a lower
dimensional one. The second result reported here may be even able to dig deep into the quantum roots of Einstein’s E = mc2 and explain that way the measure ordinary energy density of the cosmos E ( O )  mc 2 22 and
the corresponding energy density of the so called missing dark energy E ( D )  mc 2 ( 21 22 ) [20]. Having
reached this point one is justified in asking how come a non-quantum special relativity formula such as E = mc2
could account for a quantum relativity formula E ( O ) = mc 2 22 and quantum cosmology formula
E ( D ) = mc 2 ( 21 22 ) . The surprizing answer is classical relativity. Indeed it seems some simple and basic classical notions such as scaling, self reference and the trivial facts that general relativity is valid for all that is relatively large compared to us humans and our laboratory equipment and similarly that quantum mechanics is valid
for all what is relatively extremely small compared to us is what links Newtonian physics with relativity and
quantum mechanics. This should come as a needed boost and a relatively unexpected victory for classical common sense.
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