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Abstract 
In this work, investigation of particle rebound characteristics due to impact 
with surface of a target material is presented. The rebound of a spherical par-
ticle after impact on a planar surface was analyzed in detail. Specifically, the 
coefficient of restitution of the particle under various impact conditions was 
investigated numerically. This study has been conducted by carrying out a se-
ries of FEM-based (finite element method) simulations using ANSYS Au-
todyn software. First, a summary about the state of the art and the theoretical 
models for the elastic collisions were reviewed. Afterwards, the impact of an 
aluminum oxide particle on an aluminum alloy target surface was modeled. 
Using the Autodyn tool, the results were compared and validated by the expe-
rimental results of Gorham and Kharaz [1]. Selection of an appropriate equa-
tion of state (EOS) and a strength model for each material had a strong effect 
on the results. For both materials, the Shock EOS was applied for the final si-
mulations. As the strength model, the Johnson-Cook and the elastic model 
were used, respectively. The agreement of the obtained numerical results with 
the experimental data confirmed that the proposed model can precisely pre-
dict the real behavior of the particle after the impact, when the material mod-
els are properly chosen. Furthermore, the effects of impact velocity and im-
pact angle on the rebound characteristics of the particle were analyzed in de-
tail. It was found that the selection of the exact value of friction coefficient has 
a drastic effect on the prediction of restitution coefficient values, especially the 
tangential restitution coefficient. 
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1. Introduction 

The coefficient of restitution of a particle impacting a target surface is the ratio 
of the particle velocities after and before the impact. This positive real number 
varies from 0.0 to 1.0 depending on the characteristics of the materials used and 
the impact conditions. The coefficient of restitution e, for a normal impact as 
depicted in Figure 1 is defined with the following relation: 

r

i

V
e

V
=                              (1) 

where Vr is the rebound velocity and Vi is the impact velocity. During normal 
impacts, where no tangential component is included between the particle and 
the target surface, there are two ways of losing energy. One way is due to the dis-
sipation of the stress wave propagation and the other one due to the plastic de-
formation. In the case of a colliding sphere, three different kinds of deformation 
can be identified; elastic, elastic-plastic and fully plastic. An elastic shock takes 
place at the beginning of the collision. When the stress is large enough, plastic 
deformation begins to occur in the area of the contact point. This deformation 
depends mainly on the impact velocity and on the material properties of both 
the materials involved, i.e. the particle and target. When the maximum com-
pression is achieved, an amount of elastic energy is stored. At this moment, the 
contact force starts to decrease by releasing some of the energy back to the 
sphere and promoting the rebound of the particle. This restitution phase can be 
considered as elastic because only elastic strain energy is released. If an impact is 
perfectly elastic, energy is dissipated by the propagation of elastic waves. Hunter 
(1957) [2] showed theoretically that this was less than 1% of the initial kinetic 
energy for the impact of a steel ball on a large block of steel or glass. Dahneke 
(1971) [3] calculated that the coefficient of restitution of elastic collisions was in 
the range 98% - 99%, implying that the energy loss by elastic waves is less than 
1% or 2% of the total impact energy. 

2. Theoretical Models 

When analysing elastic impacts, the behaviour of such collisions can be intro-
duced theoretically using Hertz theory (1881) through a quasi-static procedure  
 

 
Figure 1. A normal impact of a particle on a surface. 

https://doi.org/10.4236/ojfd.2017.73020


M. Azimian, H.-J. Bart 
 

 

DOI: 10.4236/ojfd.2017.73020 312 Open Journal of Fluid Dynamics 
 

[4]. When the yield stress Yσ  is reached, one of the two colliding bodies starts 
its plastic deformation. Several investigations and researches had taken place 
during last decades but it has been hard to find a general solution that fits to the 
experimental results. One of the first equations for predicting the restitution co-
efficient e, was proposed by Chang (1992) [5] that used a model realised by 
Chang et al. (1987) [6]. Few years later, Stronge (1995) [7] proposed an equation 
for predicting the coefficient of restitution as given here with Equation (2): 
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                      (2) 

where Vy is the yield point velocity. For Vi = Vy, e = 1.  
For i yV V , the Equation (2) simplifies to: 
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However, Stronge’s Equation (2) predicts e > 1 for 1.59y i yV V V< < , which is 
an impossible condition. Thornton (1997) [8] derived a new equation for the co-
efficient of restitution (Equation (4)). He studied the collision of two spheres 
with each other. The process was divided into four parts: the elastic loading, the 
yield strength, the plastic loading and the elastic unloading. The equation was 
proposed by dividing the problem into a perfectly elastic portion and perfectly 
plastic portion. 
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It satisfies the condition e = 1.0 when Vi = Vy. At high velocities, (Vy/Vi)2 → 0 
and Equation (4) becomes: 
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And finally if i yV V , the following relation for coefficient e is obtained: 
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In the case analysed in Thornton’s work [8], a sphere impacts a plane surface. 
For this particular case the yield velocity Vy, is defined as: 
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For this particular case, by substituting Equation (7) into Equation (6), the 
following expression is obtained: 
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Later, Vu-Quo and Zhang (1999) [9] proposed a model of elasto-plastic nor-
mal force displacement (NFD). The key feature of this model is the additive de-
composition of the radius of the contact area into an elastic part and a plastic 
part. Li et al. (2001) [10] presented a model which can be considered as an evo-
lution of what was done in [11]. In this model, the authors used a more detailed 
pressure distribution function that was based on the FEM results. The model 
presented a better fit for the lower velocities. Gorham and Kharaz (2000) [1] 
provided experimental data on various impact situations to provide quantitative 
support for theoretical models of the collision process. The study is based on the 
impact of the 5 mm aluminium oxide spherical particles on flat plates. The plates 
were made of either mild steel if the elastic case is to be analysed, or of alumin-
ium alloy in the case of a plastic impact. Weir and Tallon (2005) [12] examined 
the theoretical regimes that take part in a normal low velocity impact. They re-
viewed and extended the theory of the coefficient of restitution including the ef-
fect of variable particle size. They [12] have theoretically noted that the coeffi-
cient of restitution for equally sized sphere-sphere contact is about 19% smaller 
than for sphere-plate contact. This statement was also proven experimentally. It 
was also demonstrated that for repeated collisions between two spheres at the 
same point, the restitution coefficient increases and approaches to one, becom-
ing an elastic collision. 

Jackson and Green (2010) [13] presented a different methodology for model-
ing the impact phenomena between elasto-plastic spheres. Recent FEM results 
modeling the static deformation of an elasto-plastic sphere were used in con-
junction with equations for the variation of kinetic energy to obtain predictions 
for the coefficient of restitution. The model predicts that a specific amount of 
energy will be dissipated in the form of plastic deformation such that as the ini-
tial impact velocity increases, the coefficient of restitution decreases. The work 
also derived a new equation for the initial critical velocity, which causes initial 
plastic deformation in the sphere. This is different than the one shown in previ-
ously derived equations and is strongly dependant on Poisson’s ratio. The work 
also compared the prediction between several models that make different pre-
dictions and the results were compared with the experimental data. Moreover, 
the different phases of the shock were well explained based on previous works. A 
new critical velocity was determined as a function of the critical interference ωc. 
Furthermore, the effects of varying material and geometrical properties like the 
yield strength, elastic modulus, Poisson’s ratio and sphere radius were investi-
gated [13]. The model proposed by Chang and Ling [5] predicts that the contact 
becomes fully plastic immediately just after the contact, while the model pro-
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posed by Jackson [13] includes a smoother transition from elastic to elas-
tic-plastic and eventually fully plastic deformation. 

3. Finite Element Method (FEM) Analysis 

The FEM should be understood as a method for finding an approximate solution 
for a simplified model. Numerical treatment reduces the simplified model to a 
form which is solvable by a finite number of numerical operations. This means 
that the approximate solution has to be characterized by a finite number of pa-
rameters, called degrees of freedom. One of the earliest work in the field of par-
ticle impact that used a finite element software was the work done by Lim and 
Strong (1998) [14]. In their work, the energy dissipation during an impact be-
tween hard cylindrical bodies with parallel axes was analysed. An energy analysis 
was realised in every step of the colliding process and it was verified with 
DYNA2D simulations. In the FEM simulation, the cylinder made of steel was 
modelled as a rigid body while the aluminium alloy symmetric half-geometry 
was modelled as behaving in a linearly elastic-perfectly plastic manner. Lim and 
Stronge [14] based their conclusions on the loss of energy. When no deforma-
tion occurs, the energy loss is based on the elastic waves. However, when some 
plasticity appears, the losses due to the elastic waves become so small that can be 
neglected. Furthermore, they concluded that it is important to take into account 
whether the deformation field is two or three dimensional in order to obtain an 
accurate prediction for the coefficient of restitution as a function of normal im-
pact velocity. 

Vu-Quo and Zhang [9] studied two identical spheres in contact and subjected 
only to a normal force. This case, due to symmetry, turned into a single sphere 
contacting a frictionless rigid surface. The mesh had 2141 axisymmetric six-nodes 
triangular elements. The sphere had a radius of 0.1 m with properties of an alu-
minium alloy. Li et al. (2000) [15] conducted a numerical study of the normal 
impact of elasto-plastic spheres with a rigid wall by employing DYNA2D simu-
lation tool. Results regarding the deformation, time evolution of the contact 
force and contact force-displacement relationships during the impact were pre-
sented. Li et al. [15] presented the influence of the material behaviour by analys-
ing three different cases: an elastic material, an elasto-plastic material and finally 
an elastic-perfectly plastic material. The analysed sphere had a diameter of 20 
µm and the mesh was consisted of 1250 four-nodes elements. They [15] com-
pared the coefficient of restitution obtained in their FEM analysis with the mod-
els previously presented by Johnson [11] and by Thornton [8]. 

Zhang and Vu-Quo (2001) [16] discussed the modeling of the coefficient of 
restitution as a function of the impact velocity and compared the results from 
the nonlinear finite analysis, studied with two recent normal force displacement 
models; One created by Thornton [8] and the other one modelled by themselves 
in an earlier work [9]. The relationship among the coefficient of restitution, im-
pact velocity, collision time, contact force and the normal pressure distribution 
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were presented and discussed. The nonlinear FEM code ABAQUS was used. 
Three various meshes having six-node triangular elements were generated to see 
how it influences the output results. In the study of the elastic part, there was a 
close agreement between the simulations and the Hertz theory. When analysing 
the elasto-plastic case, they compared the simulations carried out with their 
three various cases and the models proposed earlier [7] [8] [9]. 

Wu et al. [17] presented the finite element analysis of the impact of a sphere 
with a surface using DYNA2D. Because of geometrical and loading symmetries, 
only half part of the geometries were considered and simulated. For each case, 
they considered a wide range of impact velocities, at which the deformation be-
haviour ranges from elastic to significant plastic deformation. The influence of 
the substrate was also evaluated by changing its size. When the size is varied, 
there is the possibility that the restitution coefficient varies due to stress waves. 
However, in their work, it can be seen that the coefficients of restitution ob-
tained by varying the size of the substrate are close and the maximum relative 
deviation is only about 2% in relatively high initial velocities. They presented the 
equations of the restitution coefficient for the impacts of an elastic sphere with 
an elastic-perfectly plastic symmetric half-space: 

*
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where E* is the normalized elastic modulus and Y is the yield stress. And for the 
impacts of an elastic-perfectly plastic sphere with a rigid wall: 
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The onset of finite plastic-deformation impact has been determined in terms 
of Vi/Vy and E*/Y for different impact configurations. The FEM results showed 
that for the impact of small deformation, the coefficient of restitution is mainly 
dependant on Vi/Vy, which is consistent with those predicted by the theory of 
impact mechanics. While for the impact of finite plastic deformation, the resti-
tution coefficient is also dependent on E*/Y. The conclusion of their work was 
that when finite plastic deformation occurs, the restitution coefficient is propor-
tional to ( ) ( )* 1 2

i yV V E Y
−

 
  . 

In another work, Thornton et al. [18] presented the results of a finite element 
analysis of elastic and elasto-plastic oblique impacts of a sphere with a wall using 
the finite element analysis code DYNA3D. A 3-D finite element model was used. 
Because of the geometrical symmetry, again only the half-space of the model was 
simulated. Three different impact cases for the oblique impact were investigated. 
The sphere was treated as rigid and as an elastic-perfectly plastic body, while the 
target surface was analysed as elastic, elastic-perfectly plastic and as a rigid body. 
The impact was modelled by applying an initial velocity to every node of the 
sphere. The impact angle was varied from 0˚ (normal impact) to 85˚ (close to 
glancing). After the impact, the normal restitution coefficient ( ne ) and the tan-
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gential restitution coefficient ( te ) were analysed. Due to the friction between the 
sphere and the symmetric half-space, an angular velocity component was ap-
peared in the sphere after impact. The following relation was determined for the 
tangential restitution coefficient: 

( )1 1 tant n ie eµ θ= − +                       (11) 

where µ  is the Coulomb coefficient of friction and iθ  is the particle impact 
angle. 

Thornton et al. [18] demonstrated that in oblique impacts, the normal coeffi-
cient of restitution does not depend on the normal impact velocity only, but also 
depends on the impact angle. Jackson and Green (2005) [19] presented the FEM 
study of elasto-plastic hemispherical contact. The numerical results were com-
pared to other existing models of spherical contact truncation model, often at-
tributed to Abbot and Firestone (1933) [20], and the perfect elastic case known 
as the Hertz contact [4] [21]. ANSYS software was applied, however the results 
were confirmed by using ABAQUS. An axisymmetric 2-D model was used and 
yield point occurred according to the von Mises criterion. The generated mesh 
consisted of at least 11,101 four-node elements. It was theoretically demon-
strated that the fully plastic average contact pressure is not always at the same 
point. This point varies when the geometry is deformed. Therefore, it is de-
pendent on material properties. Large differences between the approximated 
analytical models and other numerical solutions were revealed. It was found that 
the contact area, force and the pressure are dependent on the deformed geome-
try and also dependent on the material properties in both cases, the elasto-plastic 
and the plastic regime. 

In this work, investigation of particle rebound characteristics due to impact 
with surface of a target material is presented. The rebound of a spherical particle 
after impact on a planar surface was analyzed in detail. Specifically, the coeffi-
cient of restitution of the particle under various impact conditions was investi-
gated numerically. This study has been conducted by carrying out a series of fi-
nite element method (FEM) based simulations using ANSYS Autodyn software. 

4. Experimental Details 

Experimental measurement of the rebound particle characteristics with an ex-
tremely good precision is a time-consuming process. However, this is necessary 
for validation of numerical results. In this part of the work, the measurement 
technique used in works of Gorham and Kharaz [1] [22] is explained briefly. In 
their experiments, spherical particles of 5 mm diameter were fallen under gravity 
on an inclined anvil. A high-speed camera with strobe illumination was used to 
form a sequence of images on a single frame. Aluminium oxide spheres impact-
ing on a thick soda-lime glass anvil (which showed a fully elastic response) and 
to an aluminium alloy anvil (with some plastic deformation involved) were con-
sidered. The measurements by the digital high-speed camera were analysed by 
an image processing software. The velocities and angles of impact and rebound 
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and the rotation after the impact were given as the output of these measure-
ments. Finally, the normal and tangential coefficients of restitution were calcu-
lated. To obtain accurate results, it is necessary to ensure that the impacts are 
reproducible and the measurements are precise. For achieving this, critical at-
tention was made for the mechanical design, construction, calibration, im-
age-forming optics, direction and uniformity of illumination, precise electronic 
control, reproducible surfaces, accuracy of the particles and the computer-based 
measurement procedures. Because of this, the final system has produced meas-
urements of particle rotation, normal restitution coefficient within 1˚ of glancing 
incidence, and tangential restitution coefficient to within 1˚ of normal impact 
with a very high accuracy and reproducibility. This has allowed reliable and 
quantitative data to be obtained considering the effects of material properties 
and surface conditions on rebound parameters. The main objective of the system 
used by Kharaz (1999) [23] was to record a sequence of images of a particle im-
pacting on an inclined anvil in a single frame. Before the impact, the particle is 
held at a desired height by a vacuum nozzle. Depending on the velocity required 
for the impact, the particle is dropped from different heights. When particle is 
released, it falls through an optical-fibre triggering device. An electronic system 
then generates a sequence of pulses to control the camera and the strobe light, to 
take a single frame of images in a pre-defined manner. Materials properties used 
in the experimental work are presented in Table 1 and applied for the simula-
tions in the current study as well. 
 
Table 1. Material properties of the particle and target surface. 

  
99.5% Aluminium  

oxide (particle) 
Aluminium alloy 2024 

(target material) 

Mechanical properties Units of measure Value Value 

Density kg/m3 3890 2780 

Elastic modulus GPa 360 70 

Shear modulus GPa 154 26 

Bulk modulus GPa 228 - 

Flexural strength MPa 379 - 

Poisson’s ratio - 0.23 0.33 

Compressive strength MPa 2600 - 

Hardness kg/mm2 1440 47 

Elongation at break - - 19% 

Yield strength MPa - 324 

Thermal properties  

Thermal conductivity W/m·K 35 121 

Coefficient of thermal  
expansion 

10−6/C 8.4 24.66 

Specific heat J/kg·K 880 875 
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5. Modeling 

The geometries of the 5 mm spherical particle and the anvil with a size of 140 × 
125 × 25 mm were generated. In the studied case, the longitudinal wave speed in 
the target material is around 5.3 km/s [1]. Giving a double transit to the 25 mm 
thick anvil, the propagation wave is back to the impact point in approximately 
9.4 µs, which is smaller than the contact time between the sphere and the surface. 
Although the longer contact time means in principle that stress waves generated 
at the start of the impact can return and influence the rebound characteristics, 
this effect is very small. Moreover, the effect of the wave propagation in the coef-
ficient of restitution when some plasticity takes place is neglected. The geometry 
was created with “Design modeller” tool. This geometry modeling tool is pro-
vided by ANSYS. Three bodies have been created. The first body is the colliding 
spherical particle. This body has a diameter of 5 mm and consequently a weight 
of 0.255 grams. The second body is the target body. The third body is located in-
side the target under the surface where the collision takes place. As boundary 
condition, no movement was allowed at the faces of the surface. Once the bodies 
were created and the boundary conditions were applied, a symmetry plane was 
created in order to reduce the computational time. 

1) Equation of State (EOS) 
The hydrodynamic response of a material is described by the equation of state. 

This is the primary response for gases and liquids, which can withstand no shear. 
Their response to dynamic loading is assumed to be hydrodynamic, with pres-
sure varying as a function of internal energy and density. However, for the solid 
phase, this is also the primary response at high deformation rates, when the hy-
drodynamic pressure is far greater than the yield stress of the solid material [24]. 
For the current study, the Shock EOS was applied for both the particle and target 
material as the final selected EOS. The Shock EOS linear model is based on the 
Rankine-Hugoniot equations [25] for the shock jump conditions. It defines a re-
lation among the variables ρ (density), p (pressure), e (energy), up (particle ve-
locity) and U (shock propagation velocity). The choice of this equation of state 
has been proved in other studies (e.g. by Corbett [26]) and is widely used as the 
correct representation of material behavior for most metals. In many dynamic 
experiments, it was found that for most solids and liquids under shock-like ac-
tion of an impact, the following relationship exists: 

0 pU c su= +                            (12) 

where s is the linear Hugoniot slope coefficient and c0 is the sound speed in the 
material. This equation of state is specified in the Mie and Gruneisen form [27] 
as the following equation: 

( )H Hp p e eρ= + Γ −                        (13) 

where it is assumed that 0 0ρ ρΓ = Γ  is constant and the pressure and energy 
terms are defined as Equation (14) and Equation (15), respectively. 
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where 0Γ  is the Gruneisen parameter, ( )0 1µ ρ ρ= − , ρ is the current density 
and ρ0 is the initial density. The equation of state in this form is only valid for a 
limited impact velocity range, because it does not include a phase change, such 
as melting or vaporization. 

2) Material Strength Model 
Solid materials may initially respond elastically, but under highly dynamic 

loadings, they can reach stress states that exceed their yield stress and deform 
plastically. Material strength laws describe this nonlinear elastic-plastic response. 
In this study, Johnson-Cook strength model [28] was applied as the final model 
for the target material having a ductile behavior. This model can be represented 
in the following form: 

( )( )( )1 ln 1n mA B C Tσ ε ε ∗ ∗= + + −                  (16) 

where σ is the flow stress, σ0 is the yield strength, ε is the equivalent plastic strain, 
*ε  is the normalized plastic strain rate and T* is the normalized temperature 

based on a reference melt temperature. The five material parameters are σ0, B, C, 
n and m. The expression in the first bracket is the stress as a function of elonga-
tion when * 11.0 sε −=  and T* = 0. The constants B and n represent the effect of 
cold deformation. The expression in the second bracket represents the effect that 
the elongation rate has on the yield strength of the material. The last term 
represents the thermal softening so that the yield strength approaches zero when 
the melting temperature is reached. The constant m represents the thermal sof-
tening exponent. 

5.1. Normal Impacts 

As it is explained in the state of the art, the experimental data of Gorham and 
Kharaz [1], which presented the rebound characteristics of the aluminium oxide 
spherical particles colliding an aluminium alloy anvil, was used to validate the 
numerical results of the current study. In the experiments, the two parameters 
that varied were the particle velocity by varying the height, and the colliding an-
gle between the sphere and the target surface by adjusting the anvil orientation 
angle. Applying the ANSYS Workbench 14.5 and ANSYS Autodyn, the main 
objectives were the reproduction of the experiments, performing detailed pa-
rameter analysis and investigation of appropriate models for describing the hy-
drodynamics and material strength behaviour of both the particle and target. In 
the first step of simulations that were run, the Shock EOS was selected for the 
particle and the Von Mises model was applied as the strength model. For the 
target material, the Shock EOS was applied here as well, however no strength 
model was selected for the target. In simulation step 2 compared to simulation 
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step 1, only the mesh was modified by varying the number of elements of the 
geometry. In Table 2, the material properties used in simulation steps 1 and 2 
are presented. 

As it can be observed in Figure 2, the coefficient of restitution remained con-
stant for the different impact velocities. First modification after simulation step 1, 
was to increase the number of elements by modifying element size of the mesh 
using Explicit Dynamics Modeller. The first step simulation was analysed with 
7318 elements, while the geometry for the second simulation had 112,712 ele-
ments. The restitution coefficient value predicted with the simulation step 2 was 
smaller in comparison with simulation step 1 but remained also constant by 
variation of the impact velocity. The next step was to apply appropriate material 
models for the colliding particle and the target material. Table 3 presents the 
characteristics of the simulation steps 3 and 4. The Polynomial EOS and John-
son-Holmquist strength model were applied for the particle and the Shock EOS 
and Johnson-Cook strength model for the target. 

As it can be observed in Figure 3, the coefficient of restitution derived from 
the simulation step 3 tends to decrease as the impact velocity increases. This 
simulation involves a bigger plastic deformation of particle in contact with the 
anvil. It is important to mention that although the obtained results do not fit 
much good to the experimental results, the change of the results tendency was 
an important step in evaluating the simulation results. After observing that the 
results have changed when applying the strength model due to the plasticity of  
 
Table 2. Material, EOS and strength model used in simulation steps 1 and 2. 

Spherical particle  

Material used: Al2O3 99.5% 

Equation of state: Shock 

Strength model: Von Mises [29] 

Target material  

Material used: Al 2024 

Equation of state: Shock 

Strength model: None 

 
Table 3. Material, EOS and strength model used for simulation steps 3 and 4. 

Spherical particle  

Material used: Al2O3 99.5% 

Equation of state: Polynomial 

Strength model: Johnson-Holmquist [30] 

Target material  

Material used: Al 2024 

Equation of state: Shock 

Strength model: Johnson-Cook 
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Figure 2. Simulation steps 1 and 2 compared with the experimental 
data of Gorham and Kharaz [1]. 

 

 
Figure 3. Simulation step 3 compared with the experimental data of 
Gorham and Kharaz [1]. 

 
the material, the next step was to modify the mesh with a better precision. A 
third body has been created inside the big anvil. This body has been located ex-
actly where the impact takes place as shown in Figure 4. 

Table 4 presents the characteristics of the simulation steps 5 and 6. As it can 
be observed in Figure 5, the results from simulation step 5 are quite similar to 
the results of simulation step 4. Both simulation steps 4 and 5 have the same 
mesh but with different models described already in Table 2 and Table 3. The 
first objective was to find and implement the appropriate equation of state and 
strength models in order to define the behaviour of materials and to reach the 
similar trend as the experimental results. Once the trend has been found, the 
next step is the grid-independence study. The grid-independence study was car-
ried out to provide the best relation between the results of the restitution coeffi-
cient and the computational effort. With an initial impact velocity of 2 m/s, an 
impact angle of 90˚ (normal impact) and the material models already mentioned,  
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Table 4. Material, EOS and strength model used for simulation steps 5 and 6. 

Spherical particle  

Material used: Al2O3 99.5% 

Equation of state: Shock 

Strength model: Elastic 

Target material  

Material used: Al 2024 

Equation of state: Shock 

Strength model: Johnson-Cook 

 

 
Figure 4. Modified mesh by locating a finer mesh at the impact area. 

 

 
Figure 5. Simulation steps 4, 5 and 6 compared with the experimental 
data of Gorham and Kharaz [1]. 

 
different meshes were studied. The sphere and the part of the surface where the 
collision takes place were meshed with an equal element size. In the other part of 
the surface, where the stress is negligible, the element size can be generated 
coarser. The mesh has been refined step by step. The number of elements was 
increased by decreasing the element size.  

In Table 5, the refinement procedure is shown. The variation of the coeffi-
cient of restitution is observed for eight different grids with identical boundary 
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conditions. The aim of the grid independence study is to select the best grid that 
provides reliable results combined with an acceptable computational time. Due 
to the small deviation of results between grids 7 and 8, the grid 7 with 475,401 
elements was chosen as the final mesh. In Figure 6, mesh number 7 selected as 
the final mesh is shown as a focused view to observe the fineness of the particle’s 
mesh and the impact area’s mesh. In Figure 7, the evolution of the coefficient of 
restitution as a function of the number of elements is presented. When the mesh 
has less than 100.000 elements, the coefficient does not go under any variation 
and remains constant at 1. 
 
Table 5. Restitution coefficient and deviation for different grids. 

Grid Elements nr. Restitution coeff. Deviation 

1 6865 1.00 ---- 

2 27,909 1.00 ---- 

3 70,369 1.00 ---- 

4 121,610 0.80 20% 

5 200,765 0.723 9.6% 

6 315,562 0.708 2.1% 

7 475,401 0.698 1.4% 

8 618,240 0.696 0.2% 

 

 
Figure 6. Mesh number 7 selected as the final mesh. 

 

 
Figure 7. Restitution coefficient as the grid independence study 
criterion. 
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In Figure 5, the simulation step 6 represents the results using the mesh num-
ber 7. The results obtained have also been compared to several theoretical mod-
els. In Figure 8, the simulation results obtained by the Autodyn software are 
compared with the experimental results of Gorham and Kharaz [1] and with the 
theoretical models of Thornton [8] and Wu et al. [17]. 

5.2. Oblique Impacts 

In the previous part of the work, all the simulations that have been presented 
were collision cases with only a normal velocity component. In this part, several 
simulations with also a tangential component of impact were performed. Figure 
9 shows the oblique impact and rebound of a spherical particle on a target sur-
face. 

Gorham and Kharaz [1] fixed the particle drop height so that the impact 
velocity of particle was fixed at 3.85 m/s. By varying the inclination of the anvil,  
 

 
Figure 8. Comparison of experimental data [1] with simulation and theo-
retical results. 

 

 
Figure 9. Oblique impact parameters. 
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they covered a collision angle ranging from 5˚ to 88˚. In the following diagrams, 
the obtained simulation results are validated with the experimental data of 
Gorham and Kharaz [1]. In Figure 10, it can be observed that the experimental 
data and simulation results are in a very good agreement, confirming that the 
created model reproduces the behaviour of the experimental values of the nor-
mal restitution coefficient with a great precision. The results show that as the 
impact angle increases, the normal coefficient of restitution decreases asymp-
totically. The results are logical because the normal component of the velocity is 
bigger for the bigger impact angles. Figure 11 presents a comparison of the ex-
perimental data and the simulated values for the tangential restitution coefficient 
as a function of impact angle. As it is observed, by an increase of the impact an-
gle from 0˚ to 90˚, the tangential restitution coefficient decreases almost linearly 
and reaches a minimum value (in this case at 60˚) and increases gradually again  
 

 
Figure 10. Normal restitution coefficient as a function of impact angle. 

 

 
Figure 11. Tangential restitution coefficient as a function of impact angle. 
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when the impact angle approaches 90˚. 
Although the trends of the experimental data and simulation values are simi-

lar in Figure 11, the obtained simulation results do not fit precisely to the ex-
perimental data of Gorham and Kharaz [1]. The maximum difference between 
experimental and simulation results, occurs at about impact angle of 45˚, where 
the deviation is almost 16%. After analysing this deviation, it was found that the 
difference between the two curves originates from the friction coefficient µ. As 
presented by Gorham and Kharaz [1], the tangential restitution coefficient de-
pends on the normal restitution coefficient en, on the impact angle θi, and on the 
friction coefficient µ, based on Equation (11). 

In Figure 12, the theoretical tangential restitution coefficient for the cases of 
µ = 0.1, µ = 0.18 and µ = 0.25 are added to the curves in Figure 11. As depicted, 
it was found that the friction coefficient has to be modified and set based on the 
particle and target materials. The selected friction coefficient was 0.1 for previ-
ous simulations, while the correct value has to be selected as µ = 0.18. This error 
in selection of friction coefficient did not have any influence on the results of the 
normal restitution coefficient. On the other hand, as it can be observed in Figure 
12, the variation of the friction coefficient has a considerable influence on the 
tangential coefficient of restitution and therefore on the rebound velocity and 
rebound angle. 

6. Conclusions 

The challenge to find a theoretical model to predict the rebound behaviour of a 
particle when some plastic deformation takes place was observed. During the 
past decades, several theoretical models have been presented that tried to predict 
the rebound of the particle. However, the theoretical models predict the trend 
qualitatively good but not quantitatively well. In the present study, the analysed  

 

 
Figure 12. Influence of the friction coefficient on the tangential restitution 
coefficient. 
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impact velocities were between 0.5 and 7 m/s and plasticity started in the alu-
minium alloy surface from the impact velocity of about 0.7 m/s. Therefore, al-
most the whole investigation occurred in an elasto-plastic regime. 

Despite the difficulty of predicting the restitution coefficient for collisions 
with plastic deformation, by applying the finite element method, ANSYS Auto-
dyn tool, the obtained results had a good agreement with the experimental val-
ues [1] for the aluminium oxide sphere colliding to a flat surface. The influences 
of affecting parameters such as the impact velocity and the impact angle on the 
restitution coefficient behaviour were investigated in detail. According to our 
results, when the impact angle was fixed and the velocity increased, et did not 
suffer big variations, however en decreased notably. By an increase of the impact 
angle from 0˚ to 90˚, the tangential restitution coefficient decreases almost line-
arly and reaches a minimum value and increases gradually again when the im-
pact angle approaches closer to the 90˚. The normal restitution coefficient de-
creased asymptotically by an increase of the impact angle. 

During the evaluation of the work, it has been observed that the final mesh 
chosen for the simulations had a big importance to accurately predict the impact. 
Furthermore, in the present study, the shock equation of state provided better 
results and was used for both aluminium oxide and aluminium alloy 2024. The 
strength model that provided the best response was the Johnson-Cook model for 
the target, and the elastic model for the impacting spherical particle. Selection of 
the correct friction coefficient had an important influence on the precise predic-
tion of tangential coefficient of restitution and therefore on the rebound velocity 
and rebound angle of the particle. 
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