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ABSTRACT
Fluid flow and heat transfer analysis of Cu-H2O nanofluid in a square cavity using a Thermal Lattice Boltzmann
Method (TLBM) have been studied in the present work. The LBM has built up on the D2Q9 model and the single relaxation time method called the Lattice-BGK (Bhatnagar-Gross-Krook) model. The effect of suspended nanoparticles
on the fluid flow and heat transfer analysis have been investigated for different non dimensional parameters such as
particle volume fraction (φ) and particle diameters (dp) in presence of internal heat generation (q) of nanoparticles. It is
seen that flow behaviors and the average rate of heat transfer in terms of the Nusselt number (Nu) as well as the thermal
conductivity of nanofluid are effectively changed with the different controlling parameters such as particle volume fraction (2% ≤ φ ≤ 10%), particle diameter (dp = 5 nm to 40 nm) with fixed Rayleigh number, Ra = 105. The present results
of the analysis are compared with the previous experimental and numerical results for both pure and nanofluid and it is
seen that the agreement is good indeed among the results.
Keywords: Nanofluid; Lattice-Boltzmann; Volume Fractions; Particle Diameter; Heat Generation

1. Introduction
The term nanofluid is envisioned to describe a solid-liquid mixer which consists of nano-sized solid particles
and a base liquid and this is one of new challenges for
thermo-sciences provided by the nanotechnology. It has
potential applications in the microelectromechanical systems (MEMS) and electronics cooling industries. Therefore, in the recent years, the micro and nano systems
have become of great interest due to their important and
promising applications in various fields. As a result, the
research topic of nanofluids has been receiving increased
attention worldwide. In fact, numerous theoretical and
experimental studies of the effective thermal conductivity of suspensions that contains solid particles have been
conducted since Maxwell’s theoretical work was published more than 100 years ago. All of the studies on
thermal conductivity of suspensions have been considered with millimeter to micrometer sized particles. The
use of the conventional millimeter and micrometer-sized
particles in heat transfer fluids in practical devices is
greatly limited by the tendency of such particles to settle
rapidly and to clog mini and micro channels. Until now,
*
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it is very difficult to solid particles from eventually settling out of suspension because of particle size. However,
nanoparticles appear to be ideally suited for applications
in which fluids flow through small passages, because the
nanoparticles are stable and small enough not to clog
flow passage. Therefore, the main goal of nanofluids is to
achieve the maximum thermal properties with the minimum possibility of particle volume fractions (less than
1%) and size of particles (less than 10 nm) by uniform
dispersion and stable suspension of nanoparticles in base
fluids/liquids. The performance of heat transfer of nanofluid depends on more factors such as shape of particles,
the dimension of particles, the volume fractions of particle in the suspensions, and the thermal properties of particle materials [1,2]. However, significant amounts of
experimental and theoretical work have been performed
on buoyancy induced flow in conventional fluid [3,4].
The mechanism of nanoparticles, enhancement of heat
transfer characteristics are described more detailedly in
the books [5,6] and Yu et al. [7].
From the microscopic point of view, classical mechanics has no insight into the microstructure of the substance; however, statistical mechanics calculated the
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properties of state on the basis of molecular motions in a
space, and on the basis of the intermolecular interactions.
The Lattice Boltzmann equation (LBE) is one of the
methods available to deal with such problems by Shan
and Chen [8]. In general case, most of authors considered
only mass and momentum conservation in LBM [9]. The
macroscopic equations of these models correspond to the
Navier-Stokes (NS) equations with ideal gas equation of
state and a constant temperature. However, sometimes it
is important to simulate thermal effects simultaneously
with the fluid flows [10]. The more detailed thermal Lattice-Boltzmann method (TLBM) with some examples is
discussed in the books written by Mohammad [11] and
Succi [12].
A lattice Boltzmann model has been developed by
Shan and Chen [13] to simulate the fluid flows containing multiple phases and components. It is also known as
Shan-Chen (S-C) multi-component model. Using the
two-component LBM, the Rayleigh-Benard convection
in two and three dimensions for different cases have been
studied by many researchers [14-17]. However, Buick
and Gretaed [18] introduced a body force into LBM by
modifying the collision function. To overcome the limitations of multi-component flows in the existing traditional computational methods, many researchers were
interested to use multi-component LBM for multi-phase
flows like solid-fluid mixtures [19-21]. In the present
work, multi-component thermal Lattice-Boltzmann method
(TLBM) is used for simulating natural convection H2OCu nanofluid with Boussinesq approximation in a square
cavity considering the internal heat generation effect of
Cu nanoparticles. As far as we know, there is no work on
nanofluid heat transfer under natural convection using
TLBM with considering internal heat generation effect as
well. The results of the analysis are compared with experimental and numerical data both for pure and nanofluids, and shown a relatively good agreement.

To ensure the model satisfies the N-S equations for a
fluid under the influence of body force, multi-component
Lattice-Boltzmann equation (LBE) can be written as [19]
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The function fi  x, t  is the particle distribution
function of  = 1, 2 components with lattice velocity
vectors ei, Ai is the adjustable coefficient, D is the diCopyright © 2013 SciRes.
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where m is the molecular mass. For two dimensional
D2Q9 model, the equilibrium distribution function can
be defined as
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where wi is the lattice weighting factors. Therefore the
equilibrium velocity becomes
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Simultaneously, the lattice Boltzmann energy equation
without viscous dissipation for nanofluid defined as [19]
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The energy distribution function can be written as
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   x, t    gi  x, t  is the internal energy variable
and G  q   C p is the source or force term per unit
time, which is related to the heat generation q per
unit volume. In the present study, we consider the heat is
generated from nanoparticles only, not from base fluid.
The mean velocity, temperature, viscosity and thermal
diffusivity of the nanofluid can be written as


2   1 D   
ei  F
 m
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mension, F is applied force, and    1  m is the relaxation parameter that depends on the local macroscopic
variables ρ and  u . These variables should satisfy the
following laws of conservation:

 

2.1. Mathematical Analysis
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where cm and
are the concentration of viscosity
and diffusivity of each component respectively. Solving
the Equations (1) and (5) with other approximations, we
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get all information that we interested in our study.
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2.2. Numerical Analysis

F  x,t     x, t  g  T  x, t   Tref



The ratio of the buoyancy force to the product of viscous force and heat diffusion rates defines the Rayleigh
number, Ra  Pr Gr  g TH 3  v , where Gr is the
Grashof number and Pr is the Prandtl number. The
boundary conditions are defined as:
uv

T
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The physical configuration with boundary conditions for
the present study is shown in Figure 1. A closed square
cavity of length H is considered here. The horizontal
walls are assumed to be insulated whereas the vertical
walls are maintained at constant but different temperatures Th (hot) and Tc (cold). For natural convection, the
momentum and energy equations are coupled and the
flow is driven by temperature or mass gradient, Under
Boussinesq approximation, the force term per unit mass
can be written as

0.5

0.25

T  Th , u  v  0 , at x = 0 and 0  y  H
T  Tc , u  v  0 , at x = L and 0  y  H

2.3. Code Validation
To verify our results with the conventional benchmark
and with experimental results, first we consider the cavity is filled with pure fluid like air (Pr = 0.71). It is shown
in Figure 2. It can be seen from these figures that our
present numerical simulation is in very good agreement
with numerical results of [3] and experimental solutions
of [4]. Moreover, the present LBM also applied for nanofluids and it is necessary to verify our method with
other published work. A good agreement is obtained be-

Figure 1. The configuration of the problem under consideration.
Copyright © 2013 SciRes.
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Figure 2. Comparison of dimensionless (a) velocity and (b)
temperature profiles for pure fluid (Pr = 0.71, Ra = 1.89 
105).

tween the present solution and bench mark solution of [3]
as illustrated in Figure 3. This confirms that our method
is correct both for pure and nanofluids.

3. Results and Discussions
Equations (1) and (5) are solved simultaneously on a
uniform 2D grid system along with boundary conditions
and other equations described in the above sections. Each
numerical time step consists of three stages (1) collision,
(2) streaming, and (3) boundary conditions steps followed by the LBM approaches. Fluid flow and heat
transfer enhancement of nanofluid for a wide range of
controlling parameters are discussed in this section. It is
assumed that the nanoparticles of Cu are uniformly suspended in water; there is no aggregation of nanoparticles
in the fluid medium.
The computed velocity field in the buoyancy driven
cavity flow for pure and nanofluids are seen in Figures
4(a) and (b) respectively. The arrows denote the velocity
vectors in both magnitude and direction and the solid
lines represent the stream lines of H2O-Cu nanofluid. The
general magnitude of the velocity can be seen to increase
as the hot fluid, near the hot wall, flow upward and the
OJFD
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Figure 3. Comparison of velocity and temperature profiles
for nanofluid (Pr = 6.2, Gr = 105,  = 10%).
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cold fluid, near the cold wall, flow downward due to the
effect of buoyancy force for both pure and nanofluids. It
is one of the main criteria of natural convection in a differently heated cavity. Thus it is clear that the nanofluids
flow behavior like a pure fluid.
The effect of internal heat generation of nanoparticles
on the velocity and temperature fields at the mid section
of the cavity for different particle diameters and volume
fractions are illustrated in Figures 5 and 6.
It is seen from Figure 5(a) that the velocity profiles of
nanofluid decrease remarkably with increasing the particle diameter near hot wall and increase near the cold wall.
But, in presence of internal heat generation of nanoparticles (dashed lines, Figure 5(a)), the velocity profiles
near the hot and cold walls have shown infinitesimal
changed, decreased (zoom viewed) near hot wall. It is
also seen that the location of the local maximum and
minimum for all cases have tend to moved to right from
hot wall and left from cold wall with increasing the particle diameter. For dp = 5 nm, the local maximum and
minimum are seen at approximately x/H = 0.06 and x/H =
0.85, whereas for dp = 10 and 20 nm, the locations are
observed at x/H = 0.09 and x/H = 0.93; and x/H = 0.10
and x/H = 0.90 respectively. These represented that the
velocity boundary layer become thicker with increasing
particle diameters.
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Figure 4. Velocity vectors and stream lines for (a) pure fluid
(H2O) and (b) nanofluid (H2O-Cu).
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Figure 5. (a) Dimensionless velocity and (b) temperature
profiles for different particle diameters (nm) (solid lines: no
heat generation, dashed lines: with heat generation).
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Figure 6. (a) Dimensionless velocity and (b) temperature
profiles for different particle volume fractions (%) (solid
lines: no heat generation, dashed lines: with heat generation).

From Figure 5(b), it is observed that, the temperature
profiles increase slightly near the hot wall but decrease
significantly throughout the cavity with increasing the
particle diameters and finally satisfied the boundary conditions. Moreover, in presence of heat generation, dased
lines in Figure 5(b), the temperature profiles slightly
increased compare to without heat generation. It means
that, if the nanoparticles generate the heat, the particle
lost some energy to the fluid and consequently the average temperature of nanofluid increased. From Figure 5
(b), the significant temperature gradient observed in the
vicinity of the heated surface approximately, 0  x/H 
0.15, and unheated surface 0.95  x/H  1 for dp = 5 nm;
0  x/H  0.22 and 0.92  x/H  1 for dp = 10 nm; 0 
x/H  0.28 and 0.88  x/H  1 for dp = 20 nm. Therefore,
it is seen that thermal stratification and increase in temperature in the direction of heat flow in the core region
respectively 0.15 < x/H < 0.95, 0.22 < x/H < 92 and 0.28
< x/H < 0.88 for dp = 5 nm, 10 nm and 20 nm. This indicates that thermal boundary layer increased with increasing particle diameters.
The effects of volume fractions with internal heat generation of nanoparticles on fluid flow are shown in Figure 6. It is shown that the velocity profiles of nanofluid
increases remarkably with volume fractions of nanofluid
Copyright © 2013 SciRes.
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near hot wall and decreased near cold wall. In more details, the velocity along the vertical walls of the cavity
show a higher level of activity as predicted by thin layer
of hydrodynamic velocity boundary layers. Whereas, the
variation of the velocity at the center of the cavity for all
volume fractions of nanoparticles are negligible compared with those of boundaries in all cases. This is expected as the maximum fluid motion at the boundaries
and almost stagnant in the core region. The locations of
the local maximum and minimum velocities for all cases
are approximately at the same position of X(=x/H). The
effect of dimensionless temperature profiles with increase of volume fractions at the centerline of the cavity,
which is perpendicular direction of the heated walls of
the cavity, as shown in Figure 6(b). The variation of
temperature near hot and cold walls versus dimensionless
horizontal length is linear for all volume fractions, which
is the characteristic of heat transfer by convection. For all
values of , a significant temperature gradient is observed in the vicinity of the heated surface approximately,
0  x/H  0.22, and unheated surface 0.92  x/H  1.
Moreover, it is seen that thermal stratification and increase in temperature in the direction of heat flow in the
core region 0.22 < x/H < 0.92. In physical meaning, the
temperature should decrease in the direction of heat flow,
but for natural convection in a cavity, the rate of cooling
is expected to be higher near the heated and unheated
walls due to the fluid motion and hydrodynamics effects.
This phenomenon is attributed to buoyancy-induced cellular flows in the boundary layer adjoining the heated
and cold walls. The fluid motion increases the rate of
heat transfer.
A usual means of characterizing heat transfer is to calculate the Nusselt number. Actually the Nusselt number
Nu is a dimensionless form of the heat transfer coefficient. To investigate the heat transfer performance in
terms of effective thermal conductivity of the nanofluid,
the local Nusselt number NuL and the averaged Nusselt
number Nu over the flow channel are respectively defined as follows:
Nu L 

hH
kf

(8)

The heat transfer coefficient h is defined as
h

qw
T
, qw  knf
Th  Tc
x

(9)

Here Th and Tc are the temperature of heated and
cooled walls respectively. The heat flux, qw, of nanofluid
can be expressed in terms of thermal conductivity Knf of
nanofluid, kf are the thermal conductivity of the base
fluid and H is the channel height. The Nusselt number
and the average Nusselt number in dimensionless form
on the left heated wall are defined as
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knf   


k f  X  wall

(10)

where, θ, is the non-dimensional temperature. On the
basis of the definition [5], the effective thermal conductivity for a two-component mixture (Cu-H2O) is defined
as
knf   nf   C p 

(a)
10

8

Nu

(11)

nf

The average Nusselt number and the thermal conductivity ratios for constant Rayleigh number, Ra = 105 at
100,000 time steps with various volume fractions and
particle diameters as well as the internal heat generation
of nanoparticles are shown in Figures 7 and 8.
The dimensionless rate of heat transfer called Nusselt
number (Nu) is significantly decreased with increasing
the particle diameters from dp = 5 nm to 40 nm, as described in Figure 7(a), though it is increased with particle volume fractions. Moreover, it is observed that in
presence of nanoparticles heat generation, the Nusselt
number slightly decreases (dashed lines) compare to
without heat generation (solid lines). Similar phenomenon is seen for thermal conductivity ratio. It is seen

97

dp=5,q=0.0
dp=5,q=5.0
dp=10,q=0.0
dp=10,q=5.0

6

4

0

Nu

,q=0.0
,q=5.0
,q=0.0
,q=5.0

0.08

0.1

0.12

1.104

dp=5,q=0.0
dp=5,q=5.0
dp=10,q=0.0
dp=10,q=5.0

1.1

1.096

1.092
0.02

0.04

0.06

0.08

0.1

0.12

Figure 8. (a) The average rate of heat transfer (Nusselt
number, Nu); (b) Thermal conductivity ratios for different
particle volume fraction s (%) (solid lines: no heat generation, dashed lines: with heat generation).
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Figure 7. (a) The average rate of heat transfer (Nusselt
number, Nu); (b) Thermal conductivity ratios for different
particle diameters (solid lines: no heat generation, dashed
lines: with heat generation).
Copyright © 2013 SciRes.

almost constant for dp > 30 nm for all cases. This is because constant Rayleigh number effect. In natural convection flow, the thermal conductivity is strongly dependent on the Rayleigh number.
It can be seen from Figure 8 that both of the measured
dimensionless rate of heat transfer in terms of Nusselt
number and the thermal conductivity are increased with
increased of volume fractions. This increased is significantly depending on particle size. For increasing particle
diameter both of the heat transfer characteristics are
dramatically decreased. With the heat generation of
nanoparticles, it is also observed that both of heat transfer rate and conductivity ratio decreases very slightly.
Actually, in the above cases, the particle size is important factor. The large size of particle diameter means
that the less number of particles. Therefore, the surface
area of nanoparticle decreases, giving less heat transfer
area between the phases. In natural convection flow, only
buoyancy force is a dominant force, therefore, particle
movement is very important. The main problem for large
size of particle is the rapid settling in the fluid. Other
problems are abrasion and clogging. These problems are
highly undesirable for many practical cooling industries.
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Enclosure,” Proceedings of the First ASME-JSME Thermal Engineering Joint Conference, Honolulu, 20-24
March 1983, pp. 323-329.

4. Conclusions
The Thermal Lattice-Boltzmann Method (TLBM) is successfully applied in this work to simulate buoyancydriven heat transfer characteristics and flow performance
of Cu-H2O nanofluid in a square cavity. Throughout our
calculation, it is assumed that constant Rayleigh number,
Ra = 105. So the fluid flow and heat transfer analysis are
depending on particle size and volume fractions. Moreover, it is considered that the internal heat generation
effect of nanoparticles to the base fluid, and then finally,
we have shown our result of the resultant fluid called
nanofluid. The present results indicate that the following
statements:
 Both of the thermal boundary layer and velocity
boundary layer thickness increased with increasing
the particle diameter. However, the change of thickness of thermal and velocity boundary layers are negligible with increasing the particle volume fractions
within the range up to 10%.
 The heat transfer features, the heat transfer rate and
the thermal conductivity ratio, of a nanofluid are increased with increase of the nanoparticle volume fractions.
 However, the rate of heat transfer and thermal conductivity ratio are significantly decreased with increase of particle diameter.
 In addition, all of the above features are very slightly
changed (decreased) with internal heat generation effect of nanoparticle due to the constant Rayleigh
number and Prandtl number at the present study.
 For small particle diameter, the nanofluid behaves
more like a fluid than the conventional solid-fluid
mixer. The results from our analysis have shown
quite good and this temperature characteristic enhancement plays a significant role in engineering applications such as in the electronic cooling industries
or MEMS devices.
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