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ABSTRACT 

A critical nozzle (sonic nozzle) is used to measure the mass flow rate of gas. It is well known that the coefficient of 
discharge of the flow in the nozzle is a single function of Reynolds number. The purpose of the present study is to in- 
vestigate the effect of unsteady downstream condition on hydrogen gas flow through a sonic nozzle, numerically. Na- 
vier-Stokes equations were solved numerically using 3rd-order MUSCL type TVD finite-difference scheme with a sec- 
ond-order fractional-step for time integration. A standard k-ε model was used as a turbulence model. The computational 
results showed that the discharge coefficients in case without pressure fluctuations were in good agreement with ex- 
perimental results. Further, it was found that the pressure fluctuations tended to propagate upstream of nozzle throat 
with the decrease of Reynolds number and an increase of amplitude of pressure fluctuations.  
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1. Introduction 

The critical nozzle which makes use of the flow-choking 
phenomenon at the nozzle throat is defined as a device to 
measure the mass flow with only the nozzle supply con- 
ditions. Once the flow is choked, the flow upstream of 
choking area is no longer dependent on the pressure 
change in the downstream flow field. In this case, the 
mass flow is determined only by the stagnation condi- 
tions upstream of the flow passage.  

In the past, much attention has been paid to the predic- 
tion of mass flow through a flow passage, since it was 
practically important in a variety of industrial and engi- 
neering fields. The mass flow rate and critical pressure 
ratio are associated with the working gas consumption 
and the establishment of safe operation conditions of the 
critical nozzle. From previous researches [1-3], the mass 
flow rate and critical pressure ratio are strong functions 
of Reynolds number Re. The relationship between the 
mass flow rate and Reynolds number is as follows: 

0

4
Re

π
thm

D



                 (1) 

where D is diameter of the nozzle throat and μ0 is mo- 
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where p0, T0 are total pressure and total temperature at 
stagnation point upstream of the nozzle, respectively. R0 
is gas constant. In the practical flow fields, mass flow 
rate at the nozzle throat is different from theoretical one 
(Equation (2)) because of existence of boundary layer on 
the wall. The relationship between practical and theo- 
retical mass flow rate is written in 
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where,  is the practical mass flow rate at the nozzle 
throat and Cd is coefficient of discharge. 

m

Of many kinds of working gases employed in Indus- 
trial fields, it is recognized that hydrogen gas is one of 
the most promising gases as a future alternative energy 
source. In such an application, precise measurement of 
flow rate is of practical importance for mileage and power 
output of the vehicle. A large number of works [4-7] *Corresponding author. 
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have been made to investigate the thermo-physical prop- 
erties of hydrogen gas, which are specified by some dif- 
ferent kinds of the equations of state, the critical pressure, 
the compressibility factor of hydrogen gas and so on. 

In the case of small critical nozzles, viscous effect near 
the nozzle wall becomes dominant and the wall boundary 
layer can be several percent of diameter of the critical 
nozzle. Recently, Kim et al. [8] have investigated the 
critical gas flows using a computational fluid dynamics 
(CFD) method. They have tested effects of turbulence 
model on the critical nozzle flows and showed that the 
standard k-ε model with standard wall function predicts 
the discharge coefficient and critical pressure with good 
accuracy. They have made further investigations to ana- 
lyze the boundary layer flows through the critical nozzles 
and showed that the boundary layers at the critical nozzle 
throat are turbulent, typically expressed by both the law 
of wall and the law of the wake. 

According to their computation results, the subsonic 
region in the turbulent boundary layers amounted to sev- 
eral tens of percent of the boundary layer thickness. In 
most critical flows, the flow downstream of the nozzle 
throat is often subject to strong pressure fluctuations that 
can be produced by the shock-boundary layer interaction 
acoustic waves or vortices [9,10]. In this case, pressure 
fluctuations can propagate upstream beyond the throat of 
critical nozzle through the subsonic regions of the 
boundary layer flows, even above the critical pressure 
ratio. As a result, it may lead to fluctuating mass flow 
through the critical nozzle.  

Recently, von Lavante et al. [11] have made some ex- 
periments and computations in order to investigate the 
effect of pressure fluctuations on the nozzle flow. Kim et 
al. [12] and Nagao et al. [13] conducted numerical simu- 
lations and experiments, respectively. They showed that 
the pressure fluctuations propagated upstream of throat 
of critical nozzles. However they did not give a clear 
explanation about the boundary layer flows and pressure 
fluctuations. Further, Kim et al. [12] and Nagao et al. 
[14] investigated that the sonic line near the nozzle throat 
was fluctuated by pressure fluctuations from downstream 
of nozzle exit in the range of low Reynolds number [12, 
14], low frequency [14] and large amplitude [14]. In 
these researches a dry air was used as a working gas. 

In the present study, hydrogen gas is used as a working 
gas and numerical simulations were performed in order 
to clarify the effects of amplitude and frequency of the 
pressure fluctuations on the flow characteristics in a 
critical nozzle in the range of low Reynolds number.  

2. CFD Analysis 

2.1. Governing Equations 

The governing equations, i.e., the unsteady compressible 

Navier-Stokes equations written in an axisymmetric co- 
ordinate system (x, y) are as follows: 
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In Equation (2), U is the conservative vector, E and F 
are inviscid flux vector and R and S are viscous flux vec- 
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tors. H1 and H2 are the source terms corresponding to 
axisymmetry and turbulence, respectively. τxx, τxy, τyx and 
τyy are components of viscous shear stress. 

The governing equation systems that are non-dimen- 
sionalized with reference values at the reservoir condi- 
tion are mapped from the physical plane into a computa- 
tional plane of a general transformation. To close the 
governing equations, a standard k-ε model [15] is em- 
ployed in computations. In order to take account of effect 
of compressibility, the dilatation dissipation term TM [16, 
17] was included in the model. The equations were dis- 
cretized by the finite difference method. A third-order 
TVD (Total Variation Diminishing) finite difference 
scheme with MUSCL [18] is used to discretize the spatial 
derivatives, and a second order-central difference scheme 
for the viscous terms, and a second-order fractional step 
method is employed for time integration. 

2.2. Computational Conditions 

Figure 1 shows an ISO-type toroidal throat sonic Venturi 
nozzle [19] used in the present study. The radius of cur- 
vature at the throat of the nozzle is twice the throat di- 
ameter D (=0.5935 mm). The straight divergent part has 
a half angle of θ (=3˚) and its axial length is 3.0D. In 
order to simulate the pressure fluctuations downstream, a 
sudden enlargement section that is 30D long and 30D 
high was connected to the nozzle exit. The nozzle inlet is 
located at 100D upstream of the nozzle throat.  

In the steady computations, the total pressure p0 (res- 
ervoir) and back pressure pb0 were given at the inlet and 
outlet of the critical nozzle, respectively. In order to 
simulate the effects of pressure fluctuations on the criti- 
cal flows, a sinusoidal wave with an amplitude A, an an- 
gular frequency ω = 2πf and a phase φ was assumed at 
the exit of the sudden enlargement section as illustrated 
in Figure 1. As shown in this figure, point P is located at 
−0.1D upstream of nozzle throat. Combinations of am- 
plitude A and frequency f used in the present simulation 
are shown in Table 1. The inlet total pressure p0 was 
varied to change the Reynolds number. Ranges of Rey- 
nolds number are about from 600 to 100,000 (Table 1). 
The total pressure at stagnation point upstream of the 
nozzle was decided from Equations (1) and (2) for each  
 

 

Figure 1. Details of critical nozzle. 

Reynolds number. Total temperature is T0 = 298 K. 

3. Results and Discussions 

3.1. Discharge Coefficient for Low Reynolds 
Number 

The relationships between Reynolds number which is 
defined in Equation (1) and coefficient of discharge Cd 
by the present computations are shown in Figure 2. and 
they are compared with the experimental results [20]. It 
is known that the coefficient of discharge Cd is a strong 
function of the Reynolds number, and the predicted coef- 
ficients of discharge are in good agreement with the ex- 
perimental results below Re = 1.5 × 104. It is found that 
the present computational method effectively predicts the 
gas flow through the critical nozzle for low Reynolds 
number. 

3.2. Effects of Pressure Fluctuations on the Flows 

Figures 3 and 4 show pressure-time histories at point P 
for f = 30 kHz and 60 kHz, respectively. In Figures 3(a) 
and 4(a), Reynolds number is 1500 and it is 15,000 in 
Figures 3(b) and 4(b).  

Pressure amplitudes are A = 0.01pb0 Pa and 0.05pb0 Pa 
in each figure. pav means the time-averaged local static 
pressure on point P. For Re = 1500 (Figures 3(a) and 
4(a)), static pressures fluctuate with time. This means 
that effect of pressure fluctuations can affect upstream of 
nozzle throat. Further, it is found that amplitude of pres- 
sure fluctuations becomes large with an increase of A. 
For Re = 15,000 (Figures 3(b) and 4(b)), different result 
can be observed in comparison with Re = 1500. In the 
case of f = 30 kHz, effect of pressure fluctuation down- 
stream of nozzle throat can not be observed for A =  
 

Table 1. Computational conditions. 

Re A [Pa] f [kHz] 

6.0 × 102 - 1.0 × 105 0.01pb0 - 0.1 pb0 0.1 - 300 

 

 

Figure 2. Effect of mesh numbers on discharge coefficient. 
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(a) 

 
(b) 

Figure 3. Pressure-time histories at point P (f = 30 [kHz]). (a) 
Re = 1500; (b) Re = 15,000. 
 
0.01pb0 Pa and 0.05pb0 Pa. However, for f = 60 kHz, de- 
spite the non-fluctuation for A = 0.01pb0 Pa, fluctuation in 
static pressure is observed in the case of A = 0.05pb0 Pa.  

Figure 5 shows effects of Reynolds number and am- 
plitude on propagation of pressure fluctuation at point P. 
Figures 5(a) and (b) are for f = 30 kHz and 60 kHz, re- 
spectively. Open circle and X mark indicate cases with 
and without propagation of the pressure fluctuation, re- 
spectively. As seen from these figures, in the case of low 
Reynolds number, pressure fluctuation can be propagated 
upstream compared with case of high Reynolds number. 
This is considered to be due to an increase in subsonic 
range by increase of boundary layer thickness. In addi- 
tion, it can be propagated upstream even in case of high 
Reynolds number with an increase of amplitude A. This 
is considered that strong pressure wave (pressure fluctua- 
tion with large amplitude) affects strongly velocity dis- 
tribution and thickness in the boundary layer compared 
to case of pressure fluctuations with low amplitude. Fur- 
ther, as seen from Figures 5(a) (f = 30 kHz) and (b) (f = 
60 kHz), pressure fluctuation for f = 60 kHz can be 
propagated even in low amplitude compared with case of 
f = 30 kHz.  

Figure 6 shows the relationship between Reynolds  

 
(a) 

 
(b) 

Figure 4. Pressure-time histories at point P (f = 60 [kHz]). (a) 
Re = 1500; (b) Re = 15,000. 
 
number Re and frequency f of pressure fluctuations at 
point P for A = 0.05pb0 Pa. Open circle and X mark indi- 
cate cases with and without propagation of the pressure 
fluctuation, respectively. As is evident from this figure, 
in the range from f = 50 kHz to f = 120 kHz, pressure 
fluctuations can be propagated upstream of nozzle throat 
even in case of high Reynolds number. This tendency 
was also confirmed in cases of other amplitudes. How- 
ever, it is difficult to explain the reason at present. 

Figures 7 and 8 show time histories of mass flow rate 
at point P for f = 30 kHz and 60 kHz, respectively. Mass 
flow rates for Re = 1500 and 15,000 are shown in Fig-
ures 7(a), 8(a) and 7(b), 8(b), respectively. Pressure am-
plitudes are A = 0.01pb0 Pa and 0.05pb0 Pa in each figure. 

av  means the time-averaged mass flow rate at nozzle 
throat. In the case of Re = 1500 (Figures 7(a) and 8(a)), 
it is found that the mass flow rate fluctuates with time 
and amplitude of mass flow rate fluctuations becomes 
large with an increase of A. For f = 30 kHz and Re = 
1500, the maximum of amplitudes of mass flow rate 
fluctuation is about 0.05% for A = 0.01pb0 Pa and 0.6% 
for A = 0.05pb0 Pa. In the case of f = 60 kHz and Re = 
1500, it fluctuates about 0.09% for A = 0.01pb0 Pa and 
2% for A = 0.05 pb0 Pa. In the case of Re = 15,000 (Fig-  

m
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(a) 

 
(b) 

Figure 5. Effects of Reynolds number and amplitude on 
propagation of pressure disturbance at point P. (a) f = 30 
[kHz]; (b) f = 60 [kHz]. 
 

 

Figure 6. Effects of Reynolds number and frequency on 
propagation of pressure fluctuation at point P. (A = 0.05pb0 
[Pa]). 

 
(a) 

 
(b) 

Figure 7. Time histories of mass flow rate σ at point P (f = 
30 [kHz]). (a) Re = 1500; (b) Re = 15,000. 
 
ures 7(b) and 8(b)), mass flow rate fluctuation can not be 
observed except case of f = 60 kHz and A = 0.05pb0 Pa. 
For f = 60 kHz and A = 0.05pb0 Pa, the maximum of am- 
plitude of mass flow rate fluctuations is about 4.5%.  

It is considered from these results that pressure fluc- 
tuations affect adversely for the accurate measurement of 
mass flow rate using the critical nozzle. 

Figures 9(a) and (b) show time-dependent sonic lines 
in the range close to the nozzle throat for Re = 1500 and 
Re = 15,000, respectively. Frequency f and amplitude A 
of pressure fluctuation are 30 kHz and 0.01pb0 Pa, re- 
spectively. In the case of Re = 1500, the sonic line fluc- 
tuations are slightly observed. However, it is found for 
Re = 15,000 that the sonic line fluctuations are not ob- 
served in the flow field.  

In Figure 10, time-dependent sonic lines are shown 
for f = 30 kHz and A = 0.05pb0 Pa. Reynolds numbers of 
Figures 10(a) and (b) are 1500 and 15,000, respectively. 
As seen from these results, increase of amplitude induces 
large variation at low Reynolds number compared with 
that in Figure 9(a).  

Figure 11 shows time-dependent sonic lines for f = 60 
kHz and A = 0.01pb0 Pa. Reynolds numbers of Figures 
11(a) and (b) are 1500 and 15,000, respectively. In the 
case of Re = 1500, the sonic line fluctuations are slightly 
observed compared with those in Figure 9(a) and the  
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(a) 

 

 
(b) 

Figure 8. Time histories of at point P (f = 60 [kHz]). (a) Re = 
1500; (b) Re = 15,000. 
 

 
(a) 

 
(b) 

Figure 9. Time-dependent sonic line near nozzle throat (f = 
30 [kHz], A = 0.01pb0 [Pa]). (a) Re = 1500; (b) Re = 15,000. 

 
(a) 

 
(b) 

Figure 10. Time-dependent sonic line near nozzle throat (f = 
30 [kHz], A = 0.05pb0 [Pa]). (a) Re = 1500; (b) Re = 15,000. 
 

 
(a) 

 
(b) 

Figure 11. Time-dependent sonic line near nozzle throat (f = 
60 [kHz], A = 0.01pb0 [Pa]). (a) Re = 1500; (b) Re = 15,000. 
 
fluctuations of the sonic line can not be observed for Re 
= 15,000.  

Figures 12(a) and (b) show time-dependent sonic 
lines for Re = 1500 and Re = 15,000, respectively. The 
frequency f and amplitude A are 60 kHz and 0.05pb0 Pa,  
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(a) 

 
(b) 

Figure 12. Time-dependent sonic line near nozzle throat (f = 
60 [kHz], A = 0.05pb0 [Pa]). (a) Re = 1500; (b) Re = 15,000. 
 
respectively. As is evident from these results, increase of 
frequency and amplitude induces large variation for sonic 
lines in the range close to the nozzle throat compared 
with cases with low frequency and low amplitude. Fur- 
ther, it is considered that the variations of non-dimen- 
sional mass flow rate (Figures 7 and 8) are due to the 
fluctuations of sonic line in the range close to the nozzle 
throat.  

4. Conclusions 

In the present study, numerical simulations were con- 
ducted to investigate the effect of pressure fluctuations 
on hydrogen gas flow through a critical nozzle. The re- 
sults obtained are as follows:  

1) For low Reynolds number, the pressure fluctuations 
downstream could propagate upstream of the nozzle 
throat.  

2) The propagation of the pressure fluctuations affects 
mass flow rate through the critical nozzle.  

3) For low Reynolds number, the sonic lines in the 
range close to the nozzle throat fluctuate with time. 

4) The pressure fluctuations may affect measurement 
of mass flow rate depending on combinations of fre- 
quency, amplitude and Reynolds number. 
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