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Abstract

This paper uses the theoretical material developed in a previous study by the
authors in order to reconstruct a subclass of 2-convex polyominoes called
oyl where the upper left corner and the lower right corner of the polyomino
contain each only one cell. The main idea is to control the shape of these po-
lyominoes by using 32 types of geometries. Some modifications are made in
the reconstruction algorithm of Chrobak and Diirr for HV-convex polyomi-
noes in order to impose these geometries.
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1. Introduction

The present paper uses the theoretical material developed in a previous study by
the authors in order to reconstruct a subclass of 2-convex polyominoes. Indeed,
2-convex polyominoes are the first difficult class of polyominoes in terms of to-
mographical reconstruction in the hierarchy of 4&-polyominoes and in this article
we design an algorithm of reconstruction for a subclass of Z-convex which is the
second step in the whole comprehension of the hierarchy of 4&-polyominoes.

One main problem in discrete tomography consists on the reconstruction of
discrete objects according to their horizontal and vertical projection vectors. In
order to restrain the number of solutions, we could add convexity constraints to
these discrete objects. There are many notions of discrete convexity of polyomi-
noes (namely HV-convex [1], Q-convex [2], L-convex polyominoes [3]) and
each one leads to interesting studies. One natural notion of convexity on the

discrete plane is the class of HV-convex polyominoes that are polyominoes with
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consecutive cells in rows and columns. Following the work of Del Lungo, Nivat,
Barcucci, and Pinzani [1] we are able using discrete tomography to reconstruct
polyominoes that are HV-convex according to their horizontal and vertical pro-
jections. In addition to that, for an HV-convex polyomino P every pairs of cells
of P can be reached using a path included in P with only two kinds of unit steps
(such a path is called monotone). A polyomino is called &-convex if for every
two cells we find a monotone path with at most k& changes of direction. Ob-
viously a k-convex polyomino is an HV-convex polyomino. Thus, the set of
k-convex polyominoes for ke N forms a hierarchy of HV-convex polyomi-
noes according to the number of changes of direction of monotone paths. This
notion of 1-convex polyominoes has been considered by several points of view.
In [4] combinatorial aspects of 1-convex polyominoes are analyzed, giving the
enumeration according to the semi-perimeter and the area. In [5] it is given an
algorithm that reconstructs a 1-convex polyomino from the set of its maximal
L-polyominoes. Similarly in [3] it is given another way to reconstruct a Z-convex
polyomino from the size of some special paths, called bordered Z-paths.

In fact 2-convex polymoninoes are more geometrically complex and there was
no result for their direct reconstruction. We could notice that Duchi, Rinaldi,
and Schaeffer are able to enumerate this class in an interesting and technical ar-
ticle [6]. But the enumeration technique gives no idea for the tomographical re-
construction.

The first subclass that creates the link with 2-convex polyominoes is the class
of HV-centered polyominoes. In [7], it is showed that if P is an HV-centered
polyomino then P is 2-convex. Note that the tomographical properties of this
subclass have been studied in [8] and its reconstruction algorithm is well known.

The main contribution of this paper is an O(m3n3) -time algorithm for re-
constructing a subclass of 2-convex polyominoes using the geometrical proper-
ties studied in a previous study, and the algorithm of Chrobak and Diirr [8]. In
particular, we add well-chosen clauses to the original construction of Chrobak
and Diirr in order to control the 2 Z-convexity using 2SAT satisfaction problem.

This paper is divided into 5 sections. After basics on polyominoes, Section 3
shows the different geometrical shapes of a subclass of 2-convex polyominoes [9].
In Section 4, the algorithm of Chrobak and Diirr for the reconstruction of the
HYV-convex polyominoes is given [8]. Section 5 describes the reconstruction of

different subclasses of 2-convex polyominoes.

2. Definition and Notation

A planar discrete set is a finite subset of the integer lattice Z’ defined up to
translation. A discrete set can be represented either by a set of cells, 7e. unitary
squares of the cartesian plane, or by a binary matrix, where the 1’s determine the
cells of the set (see Figure 1).

A polyomino Pis a finite connected set of adjacent cells, defined up to transla-

tions, in the cartesian plane. A row convex polyomino (resp. column-convex) is
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Figure 1. A finite set of NxN, and its representation in terms of a binary matrix and a
set of cells.

a self avoiding convex polyomino such that the intersection of any horizontal
line (resp. vertical line) with the polyomino has at most two connected compo-
nents. Finally, a polyomino is said to be convex (or HV-convex) if it is both row
and column-convex (see Figure 2).

To each discrete set S, represented asa mxn binary matrix, two integer vec-
tors H = (h1: e hm) and V = (V1,~~-,vn) are associated such that, for each
1<ismil<j<n, h and v; are the number of cells of § (elements 1 of the
matrix) which lie on row 7and column j, respectively. The vectors A and V are
called the horizontal and vertical projections of S, respectively (see Figure 3).
Moreover if Shas Hand V as horizontal and vertival projections, respectively,
then we say that S'satisfies (/, V). Using the usual matrix notations, the element
(i, j) denotes the entry in row /and column .

For any two cells A and B in a polyomino, a path Il,;, from A to B, is a se-
quence (il, i) iy, jz),n-,(ir, jr) of adjacent disjoint cells belonging in P, with
A= (i, j;),and B=(i, j, ). For each 1<k <r-1, we say that the two consec-
utive cells (i, ji ), (is1s jio) form:

o aneaststepif i, =i and j,=j, +1;
o anorthstepif i, =i, -1 and j,,, = j;
o aweststepif i, =i, and j,,=j,—1;
o asouthstepif i, =i +1 and j,; = ].

Finally, we define a path to be monotone if it is entirely made of only two of
the four types of steps defined above (see [7] [10]).

Proposition 1 (Castiglione, Restivo). A polyomino P is HV-convex if and
only if every pair of cells is connected by a monotone path.

Let us consider a polyomino P. A path in P has a change of direction in the
cell (i, ji),for 2<k<r-1,if

Lk #L4 < Ja # ke

Definition 1. We call k-convex an HV-convex polyomino such that every pair
of its cells can be connected by a monotone path with at most k changes of di-
rection respectively.

In [5], it is proposed a hierarchy on convex polyominoes based on the number
of changes of direction in the paths connecting any two cells of a polyomino.

For k =1, we have the first level of hierarchy, ie. the class of 1-convex po-

lyominoes, also denoted L-convex polyominoes for the typical shape of each
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Figure 2. Row convex and convex polyomino.

Figure 3. A polyomino Pwith H =(3,4,6,5,2) and V =(1,3,4,5,4,1).

path having at most one single change of direction. In the present study, we fo-
cus our attention on the next level of the hierarchy, ie. the class of 2-convex po-
lyominoes, whose geometrical properties are more complicated and harder to be

investigated than those of 1-convex polyominoes (see Figure 4).

3. 2-Convex Polyominoes

Let (H,V) be two projection vectors and let P be an HV-convex polyomino,
that satisfies (H,V). By a classical argument P is contained in a rectangle R
(called minimal bounding box) where in this box no projection gives a zero. Let
[min(S),max(S)] ([min(E),max(E)],[min(N),max(N)],
[min(W),max (W )} ) be the intersection of P’s boundary on the lower (right,
upper, left) side of R (see [1]). By abuse of notation, we call min(S) [resp.
min(E), min(N), min(W)] the cell at the position (m,min(S)) [resp.
(min(E),n), (L, min(N)), (min(W),1)] and max(S) [resp. max(E),
max(N), maX(W)] the cell at the position (m,max(s)) [resp. (max(E),n),
(1, max(N)), (max(W),1)] (see Figure 5).

Definition 2. The segment [min (S), max(S)] is called the S-foot. Similarly,
the segments [min(E),max(E)] , [min(N),maX(N)] and
[min (W), max (W )} are called E-foot, N-foot and W-foot.

For a bounding rectangle R and for a given polyomino P2, let us define the fol-
lowing sets:
« WN={(i,j)ePli<min(W)and j<min(N)},
« SE={(i,j)eP|i>max(E)and j>max(S)},
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Figure 4. The convex polyomino on the left is 2-convex, while the one on the right is

1-convex.
Min (N)  Max (N)
Min (W)
Max (W)
Min (E)
Max (E)

Min (S) Max (S)

Figure 5. Min and max of the four feet.

« NE={(i,j)eP|i<min(E)and j>max(N)},
« WS={(i,j)eP|i>max(W)and j<min(S)}.
Let C be the class of HV-convex polyominoes, thus we have the following
classes of polyominoes regarding the position of the non-intersecting feet.
att = {P e C|max(N)<min(S) and max(W )< min(E);
card (WN)=1and card (SE) =1}
B+ ={P eC|max(s)<min(N) and max(E) < min(W);
card (NE)=1and card (WS) =1}
a;; ={P eC|max(N)<min((S) and max(W ) < min(E);
. , where P is a
card (WN)=1and card (SE) =1}
2-convex polyomino.
)L ={PeC|max(S)<min(N) and max(E)<min(W);
. , where P is a

card (NE)=1and card (WS) :1}

2-convex polyomino.

>

>
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Now in order to understand the different geometries of the class aj;, let us
define the following subclasses of the class «a™.
¥ ={PeClmax(N)<min(S) and max(W)<min(E);card (WN)=1
" and card (SE)=1Lmin(E)=max(W)+1and min(S)=max(N)+1} (see
Figure 6).
5" ={PeC|max(S)<min(N) and max(E)< min(W);card (NE)=1
) and card (WS) =1;min(E) = max(W )+1and min(S) = max(N)+1} - (see
Figure 6).
A ={P eC|max(N)<min(S) and max(W )< min(E);card (WN)=1
and card (SE) =1;min(E) = max(W )+1 and min(S) = max(N)+1}
Figure 6).
2 ={PeC|max(N)<min(S) and max(W )< min(E);card (WN)=1
and card (SE)=1;min(E) = max(W )+1and min(S) = max(N)+1}
Figure 6).
Vst ={PeClmax(N)<min(S) and max(W )< min(E);card (WN)=1
and card (SE) =1;min(E) = max(W )+1and min(S) = max(N)+1}
where Pis a 2-convex polyomino.
S ={PeCImax(S)<min(N) and max(E)< min(W );card (NE)=1
and card (WS)=1;min(E)# max(W)+1and min(S)= max(N)+1}
where Pis a 2-convex polyomino.
Azp ={P eC|max(N)<min(S) and max(W )< min(E);card (WN)=1
and card (SE) =1;min(E) = max (W )+1 and min(S) = max(N)+1}
where Pis a 2-convex polyomino.
Zoe ={PeC|max(N)<min(s) and max(W) < min(E);card (WN)=1
and card (SE)=1;min(E) = max(W )+1and min(S) = max(N)+1}
where Pis a 2-convex polyomino.
Theorem 1. Let P be a convex polyomino in the class y**, P is 2-convex if
and only if there exists an L-path from
min (N ) tomin(E)
1) and
the corner cell in WN to min(S)

or
min(W ) tomin(S)

2) and

the corner cell inWN to min(E)

or
max (N ) to max (E)

3) and

max (W ) to the corner cell in SE
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Min (N) _Max (N) Min (N) _Max (N)
) Min (W) b Min (W)
Max (W) ) Max (W)
Min (E)
Max (E) Min (E)
Max (E)
Min (S) Max (S)
Min (S) Max (S)
Min (N) Max (N) Min (N) Max (N)
Min (W) Min (W)
C) Max (W) d) Max (W)
Min (E)
Max (E) Min (E)
Max (E)
Min (S) Max (S)
Min (S) Max (S)

Figure 6. An element of the class: (a) ™, (b) ™, (c) A™,(d) .

or
max (W ) to max ($)
4) and
max (N ) to the corner cell in SE

Corollary 1. If P satisfies the conditions of Theorem 2, then P is in the class
vsi and hence it is in the class o, (seeFigure 7).

Theorem 2. Let P be a convex polyomino in the class 6™, P is 2-convex if
and only if there exists an L-path from
min(N)tomin(E)
1) and
the corner cell in WN to min(S)

or
max (W ) to max ()
2) and
max (N ) to the corner cell in SE
or
max (N ) to max (E)
3) and
max (W ) to the corner cell in SE
or

min(W ) to min(S)
4) and
the corner cell inWN to min(E)

or
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Min_Max Min_Max
Min
" Wiax Min
H-LMax
Min  Max N
W E
Min_Max Min_Max
S
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%) Max Min *) Max Min
Max Max
Min Max Min  Max

Figure 7. The four geometries in the class ;..

max (N ) to max (E)
and
the corner cell in WN tomin(S)
and
2L-path starting by a south step from min(N ) to
the corner cell in SE

5)

or
min (W ) to min(S)
and
max (N ) to the corner cell in SE
and
2L -path starting by a south step from
the corner cell in WN to max (S

6)

or
min (W ) to min(S)
and
max (N ) to max (E)
and
2L-path starting by a south step from the corner cell inWN to
the corner cell in SE

7)

Corollary 2. If P satisfies the conditions of Theorem 3, then P is in the class
oyt and hence it is in the class a;, (seeFigure 8).
Theorem 3. Let P be a convex polyomino in the class A", P is 2-convex if
and only if there exists an L-path from
min(W )tomin(S)
1) and
the corner cell inWN to min (E)

or
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Figure 8. The seven geometries in the class

or

6)

or

7)

Min Max

Min
2) Max%
Min
Max

MinMax

Min Max

Min Max
Min
3 Max
Min
Max
MinMax
Min Max
7 Vo

Min
Max

MinMax MinMax

11
Oy -

max (N ) to max (E)
and
max (W ) to the corner cell in SE

max (W ) to max ()
and
max(N ) to the corner cell in SE

min(N)to min(E)
and
the corner cell in WN to min(S)

max (W ) to max ()
and
the corner cell in WN to min(E)
and
2L-path starting by an east step from min(W ) to
the corner cell in SE

min(N)tomin(E)
and
max (W )to the corner cell in SE
and
2L-path starting by an east step from
the corner cell inWN to max (E)

min(N)to min(E)
and

max (W ) to max (S)
and

the corner cell in SE

Min Max
Min
) Max
Min
Max

MinMax

W@E

S

2L-path starting by an east step from the corner cell inWN to
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Corollary 3. If P satisfies the conditions of Theorem 4, then P is in the class
Ayl and hence it is in the class a;, (seeFigure 9).
Theorem 4. Let P be a convex polyomino in the class y“', P is 2-convex if

and only if there exists an L-path from

1)

or

2)

or

3)

or

4)

or

5)

or

6)

or

7)

or

max (N ) to max (E)
and
max (W ) to the corner cell in SE

min (N )to min(E)
and
min (W ) to the corner cell in SE
and
2L-path starting by an east step from
the corner cell inWN to max(E)

min(N)to min(E)
and
the corner cell inWN to min (S)

max (N ) to max (E)
and
the corner cell inWN to min(S)
and

2L-path starting by a south step from mi((N ) to

the corner cell in SE

max (W ) to max (S)
and
max (N ) to the corner cell in SE

min (W ) to min(S)
and
max (N ) to the corner cell in SE
and
2L-path starting by a south step from
the corner cell in WN to max (S

min(W ) to min(S)
and
the corner cell inWN to min(E)
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Figure 9. The seven geometries in the class A} .

8)

or

9)

or

10)

or

11)

max (W ) to max(S)
and
the corner cell inWN to min(E)
and

2L-path starting by an east step from min (W ) to

the corner cell in SE

max (W ) to max (S)
and
min(N)to min(E)
and
2L -path starting by an east step from

the corner cell in WN to the corner cell in SE

max (W ) to max (S
and
max (N ) to max (E)
and
2L-path starting by an east step from the corner cell inWN to
the corner cell in SE
and
2L-path starting by a south step from min(N ) to
the corner cell in SE

min(W ) tomin(S)
and
min(N)to min(E)
and
2L -path starting by an east step from to
the corner cell in WN to the corner cell in SE
and
2L -path starting by a south step from
the corner cell inWN to max(S)
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or

or

max (N ) to max (E)
and
min (W ) to min(S)
and
2L -path starting by a south step from
the corner cell in WN to the corner cell in SE

12)

max (W ) to max (S)
and
max (N ) to max (E)
and
13) 2L-path starting by a south step from
the corner cell in WN to the corner cell in SE
and
2L-path starting by an east step from min (W ) to
the corner cell in SE

or
min(W ) tomin(S)
and
min(N ) to min(E)
and
14) 2L -path starting by a south step from
the corner cell in WN to the corner cell in SE
and
2L -path starting by an east step from
the corner cell inWN to max(E)

Corollary 4. If P satisfies the conditions of Theorem 5, then P is in the class

7t and hence it is in the class a;, (seeFigure 10 and Figure 11).

4. HV-Convex Polyominoes

Assume that H, V denote strictly positive row and column sum vectors. We also
assume that Zi h = Zjvj , since otherwise (H ,V) do not have a realization.

The idea of Chrobak and Diirr [8] for reconstructing an HV-convex polyo-
mino is to impose convexity on the four corner regions outside of the polyomino.

An object A is called an upper-left corner region if (i+1,j)e A or
(i,j+1)e A implies (i, j)e A. In an analogous way other corner regions can
be defined. Let P be the complement of 2. The definition of HV-convex po-
lyominoes directly implies the following lemma.

Lemma 1. P is an HV-convex polyomino if and only if P=AUBUCUD,
where A,B,C,D are disjoint corner regions (upper-left, upper-right, lower-left
and lower-right, respectively) such that 1) (i-1,j—-1)e A implies (i, ) not
inD,and2) (i-1,j+1)eB implies (i,j)eC.
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Figure 10. The first twelve geometries in the class ;.
Min Max Min Max
Min Min
13) Max 14) Max
Min Min
Max ax
Min Max Min Max

Figure 11. The last two geometries in the class ;. .

Given an HV-convex polyomino P and two row indices 1<k,I<m. Pis
anchored at (K, I) if (k,l),(l, n) € P. The idea of Chrobak and Diirr is, given
(H WV ) , to reconstruct a 2SAT expression (a boolean expression in conjunctive
normal form with at most two literals in each clause) F,(H,V) with the
property that F, (H ,V) is satisfiable iff there is an HV-convex polyomino rea-
lization Pof (H,V) that is anchored at (k,1). F (H,V) consists of several
sets of clauses, each set expressing a certain property: “Corners” (Cor), “Dis-
jointness” (Dis), “Connectivity” (Con), “Anchors” (Anc), “Lower bound on
column sums” (LBC) and “Upper bound on row sums” (UBR).

Cor = A j{A,j =A,; B;=B,; CG;=C,; D;= Di+1,1}
YA, =>A;, B;>B C;,=>C;y D;=D

i, i+l L
The set of clauses Cor means that the corners are convex, that is for the
corner A if the cell (i, j) belongs to A then cells (i—1,j) and (i, j—1) be-

long also to A. Similarly for corners B, C, and D.
Dis = A, ,{X;; =Y, :for symbols X,Y e {A,B,C,D}, X =Y}

The set of clauses Dis means that all four corners are pairwise disjoint, that
is XNY =9 for X,Y e{A,B,C,D}.
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Con=n,,{A;=D B,; = Ciyj

i+1, j+1

The set of clauses Con means that if the cell (i, ) belongs to A then the
cell (i+1,j+1) doesnot belong to D, and similarly if the cell (i, j) belongs to
Bthen the cell (i+1, j—1) does not belong to C.

Anc = {'Kkl A Ek,l /\C_:k,l A I:_)k,l A 'Khn A EI,n /\Cl,n A I:_)I,n}

The set of clauses ANC means that we fix two cells on the west and east feet
of the polyomino A, for k,I=1---,m the first one at the position (k,l) and
the second one at the position (I,n).

A,j:>6i+v,-,j Aﬁ,j:ﬁiwj,j — _
AN { }

_ — vii Dy
; B,=D ph

-Be =/\‘-'{Bi,,- =C

|+vj,j i+vj,j

The set of clauses LBCimplies that for each column j we have that Y. B, >v,.
Aieminget A = Biin AkaaCi = B
UBR=/\J. < {k:z i hy ks<isl d Ly
Nisizk A j = Dijan, N max{k,1}<i C,;=D

i, j+hy

The set of clauses UBR implies that for each row 7 we have that zj B;<h.
Define F,(H,V)=Cor A DisAConA AncALBC AUBR . All literals with
indices outside the set {1, v, m} x {1, e n} are assumed to have value 1.

Algorithm 1

Input: HeN"VeN"

W.lo.gassume: Vi:h, e[Ln], vj v, e[l,m] N ZihI =Z.V| and m<n.
For k,I=1---,m do begin

If F,(H,\V) issatisfiable,

then output P=AUBUCUD and halt.

end
output “failure”.

The following theorem allows to link the existence of HV-convex solution and
the evaluation of F (H,V). The crucial part of this algorithm comes from the
constraints on the two sets of clauses LZBCand UBR.

Theorem 5 (Chrobak, Durr). F,(H,V) is satisfiable if and only it (H,V)
have a realization P that is an HV-convex polyomino anchored at (k).

Each formula F,(H,V) has size O(mn) and can be computed in time
O(mn). Since 2SAT can be solved in linear time see [11] [12], Chrobak and
Diirr give the following result.

Theorem 6 (Chrobak, Durr). Algorithm 1 solves the reconstruction problem
for HV-convex polyominoes in time O(mn min (mz ,n’ )) .

5. Reconstruction of 2-Convex Polyominoes in a%’Ll

The present section uses the theoretical material of the previous sections in or-
der to reconstruct 2-convex polyominoes in the class «;, . Some modifications

are made to the reconstruction algorithm of Chrobak and Diirr for HV-convex
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polyominoes in order to impose our geometries.
Finally, by defining an horizontal symmetry S, , we show how to reconstruct

P in the class ,leLl
5.1. Clauses for the Class ;/%Ll

We code by a 2SAT formula the four geometries that characterize all 2-convex

polyominoes in the class 7;L1 in order to reconstruct them.
Pos = {C(max(W)+1,l) A C(m,max(N)) AALA Dm,n}

Cor = Ai=A4; Bj=B.; C;=C; D ;=D
Aij Ai=Aj Bj=B, Civi:C‘vH D,j=D

i, j+1

Dis = A, ,{X;; =Y :for symbols X,Y € {A,B,C,D}, X Y|

Con = /\| J{A = D|+1 j+1 Bi,j = i+1,j-1

0|
WI

ax(W )+1,n A min(W),1 A max (W )+1,n A

3Zl>l
E
> H>
@] >
(W]
Qi

N AN AN

max(W)+1 n

Ol
2
2
=z
P~

max (W )+1,n min(W),1

AN

I >
3
=z

>

| >l
3
B3
=z
X

>
HUJ
ES
z
>
jos]]
3
3
%
B
3

AN

O

Anc =

Ai :>C|+v /\max(N)+l<j<max B :>C|+v Vi

J<m|n
LBC = Ai /\min(N)Sjsmax(N)CiJrv N = A j J>max B :> D|+v Vi
A B.=C

max(N )< j<max(N)+1 =i, i+vj Vi

/\max(E)<i<min(W)

REC = {'E\nin(w)*l,min(N)*l A Dmax(E)+1,max(S)+1}

REC1 = A\nin —1,min( 2 A Amn —2,min( 1A D max(E)+1,max(S)+2
~D

max( E)+2,max(S)+1

A\n'n(N) max(W )+1 A Emin(N) max (W )+1 A Cmin(N) max(W )+1

GEOlL= /\Dmln( ,max (W A A’nln —1,max( A Bmln( W)-1,max(N)+1
Alen( W )-1,max(N)+1 A Dmln( W )-1,max(N)+1
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A\mn A Bmln( W), max(N)+1 A Cmin(W) max(N)+1
GEO2= /\Dmln( ,max( 1A Amn —1,max(W 1A Bmln( W )-1,max(W )+1
/\len( ) 1max( ) A Dmln( ) 1,max(W)+1
Arax(£).max _B max(N) Cmax(E) max(N)
GEO3=4AD, e A Ao B, (W ) max($) +1

/\C

GEO4 =<AD

max

/\C

max(W ),max(S)+1

/\D

/\ Anax E)+1,max(
~D

max (W ),max($)+1

A’nax(W),max(S) A Bmax(W),max(S) A Cmax(W),max(S)

/\B

max(E)+1,max(N)

max ( E)+1,max(

N)

max( )+l, max(N )

In order to reconstruct all 2-convex polyominoes in the class 7, , we use the
set of clauses that impose the 4 geometries.
V2t ceot (H,V ) = Pos A Cor A Dis A Con A Anc A LBC AUBR

AREC AREC1AGEOL
Vaiseo2 (H,V ) = Pos ACor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEO2.
Y2tceos (H,V ) = Pos ACor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEOQOS.
V2t.ceos (H,V ) =P0s A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEO4.
Algorithm 2
Input: HeN"V eN'

W.lo.g assume: Vi:h,e[],n], Vj:vje[l,m], Zihl=zlvl.
For min(W),min(E)=1,--,
min(N),min(S)=1.-,
If 7hica(HV) or 7t (HV) or 7t (HV) or 7. (HV) issatisfiable,

then output P=AUBUCUD and halt.
end

m and

n do begin

output “failure”.

Proof. The following modifications of the original algorithm of Chrobak and
Durr [8] are made in order to add the geometrical constraints of the class y3; .
+ The set Pos imposes the constraint of the relative positions of feet in y3,
with min(E)=max(W)+1 and min(S)=max(N)+1.
« Theset REC implies that thes cells at the positions (min(W)-1,min(N)-1)
and (max ( E) +1, max (S ) +1) are in the interior of the polyomino.
o Theset REC1 implies that the cells at the prositions
(min(W)—l, min(N)—Z) , (min(W)—Z,min(N)—l) ,
(max(E)+1, max(S)+2) , and (max(E)+ 2, max(S)+1) are not in the in-
terior of the polyomino.
o Theset GEOL implies that we put a cell in the interior of the polyomino at
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the position (max (W ) -1, max( N )+1) (resp. (min ( N ), max (W ) +1) and
then by convexity an L-path between max(W)-1 and max(N)+1 (resp.
min(N) and max(W)+1). Thus we have exactly the definition of the first
geometry. The set GEO2, GEO3 and GEO4 give respectively the L-paths
of the second geometry, the third geometry and the fourth geometry.

Using the conjunction of the whole set of clauses, if one of the 7;&,Geol ( H ,V)

11 11 11 o
O 75l Geoz OF YaLoes OF Yol geos 1S satisfiable then we are able to reconstruct

an HV-convex with the constraints of the subclass ;!

5.2. Clauses for the Class &,;'

(see Figure 12). O

We code by a 2SAT formula the seven geometries that characterize all 2-convex

polyominoes in the class &, in order to reconstruct them.

Pos = {C(mm 3 Clmmax(y) A A A Dm,n}

Cor:/\i'j{z’j
i

B..:>B.
B ; :>B

=>A,;

= A1,j—1 i, j+1

Ci; :>C
Ci,j =G

i+1, ] D :>

D:>

D|+1 j
DI j+1

Dis = A, ,{X;; =Y, :for symbols X,Y e {A,B,C,D}, X =Y}

Con = /\| J{Aﬁ = D|+1 j+l

B, = i+l,j—1}

An /\ Amn Bmin(W),l A Bmin(E),n A
len /\ len min(W),l A Dmin(E),n A
Al,min A’n max B 1,min(N) N Bm,max(N)+1 A
Anc = Cy min(N) A Cm max(N)+1 A 1,min(N) A Dm,max(N)+1 A
Amax A A’nax n Bmax(W),l A Bmax(E) n A
C, ax(W),1 /\C max(E),n max(w)l/\Dmax(E)n/\
Al,max A Aﬂ max( max(N) A Bm max(S) N
C1,max A Cm max (S Dl max(N) A Dm max(S)
min__max
0
(o]
0|1
Wl'ﬂll'l
max
5 max (W)+1
i
110
10
0 o]
max (N)+1 max
N
Figure 12. Pos,ANC,REC and RECL in theclass ;.
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A:>C

J<m|n
LBC = Ni /\min(N)sjsmax(N)Ci+VJ i= A i
B . =C

<J<max +1 ij 14V |

N J{ Vi DVJJ

i+vj,]

A:>B

B:>C

max(N)+1< j<max(S) i+vj,]

B:>D

J>max( ) i+vj,]

AN

|<m|n i,j+h Amm(W) gmax(w)'Ki,J = DI j+h
UBR = /\J mln E)<i<max( I Lj+h = A,j /\i>maX(W) ij = DI j+hi
<|<m|n Aﬁ = DI j+hy
REC = Amn -1, min( A Dmax(E)+1,max(S)+1}
RECl _ Anin(W —1,min( /\ Aﬂln -2,min(N)-1 A Dmax(E)+l,max(S)+2
/\Dmax(E)+2,max(S)+l
A\mn ,min( /\ Bmln (E),min(N) A 6min(E) min(N)
GEOlL= /\Dmln ,min( /\ A\mn —1,max( A Bmln( W )-1,max(N)+1
/\len( ) 1,max( )+ A Dmln( ) 1,max(N)+1
A—nax ,max( /\ Bmax( W), max(S) A C_max(W) max(S)
GEO2 = /\Dm /\ A\nax E)+1,max( /\ B max (E)+1,max(N)
/\Cmax(E)+1,max(N) A Dmax(E)+l,max(N)
Rﬂax(E) (N) A g (E),max(N) A (_:max(E) max(N)
GEO3 =14 Dmax ,max( A Anax ,max($ A Bmax( W ),max(S)+1
/\Cmax(W),m (s)+1 A Dmax( W ),max(S)+1
A‘mn ),max A Bmln( W ),max(N)+1 A 6min(W) max(N)+1
GEO4 = /\Dmm( 1A A\mn(E min( A Bmm( E),min(N)-1
/\Cmm E),min(N)-1 A Dmm( E),min(N)-1
Anax ,max( /\ B max(E),max(N) A (_:max(E) max(N)
LGEOS = /\Dmax ,max ( /\ Amn —1,max( A Bmln( W )-1,max(N)+1
AC A D

Ci ,min(N) =

2LGEO5 =

min(W )-1,max(N )+1

mln( ) l,max(N)+1

i—1,max(s)+1 Ni>1
Xmax( W)+1,min(N )/\ Xmln( E)-1,max($ )+1’vX E{A B,C, D}

Rnax E)+1,max( /\ Bmax(E)+1 max(N) A Cmax(E)+1,max(N)

LGEO6 = /\Dmax E)+1,max( /\ A\’nln

AC

min(W ),max(N)+1

Ci ,min(N)-1

2LGEO6 =

/\D

=B

B

),max( A min(W),max(N)+1

min(W ),max(N)+1

i—1,max(S) A

i>1
{Xmax(w)ﬂ min(N)-1 A Xmln( E)- l,max(S)'vx € {A’ B,C, D}}
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Rﬂin(W),max(N)ﬂ A Emin(W),max(N)Jrl A Cmin(W),max(N)+l

LGEO7 = AISmin(W),max(N)+l A A\nax(E),max(N) A gmax(E),max(N)

2LGEO7 _{ Ci,min(N)—l = gi—l,max(s)+1 Nis1 }

max(W)+1,min(N)—1 N )zmin(E)—l,max(S)ﬂ' vX e {A’ B’ C’ D}

In order to reconstruct all 2-convex polyominoes in the class &y}, we use the
set of clauses that impose the 7 geometries.
851 6ot (H,V) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC AREC1AGEOL

851 6eoz (H,V) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEOQO2.

35 geos (H,V ) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC A REC1AGEOS.

51 6eos (H,V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEO4.

351 Losos aLaeos (H, V) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC AREC1A LGEO5 A 2LGEOS.

St Lasos2toz0s (H1V ) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC AREC1A LGEOG A 2LGEOS.

55t Leeorareeor (HV ) = Pos ACor A Dis ACon A Anc A LBC AUBR
AREC AREC1A LGEO7 A 2LGEOT.

Algorithm 3

Input: HeN"VeN"

W.lo.gassume: Vi:h, e[L n] , Vi v, e[l,m] N ZihI = Z:lvI .
For min(W),min(E)=1,---,m and
min(N),min(S)=1,---,n do begin

If 6 c(HV) or 6, (HV) or..or 65 uraceor (H.V) is satisfiable,

then output P=AUBUCUD and halt.
end
output “failure”.

5.3. Clauses for the Class A}

We code by a 2SAT formula the seven geometries that characterize all 2-convex

polyominoes in the class A} in order to reconstruct them.

Pos = {C(max(w)+1,1) A C(m,max(N)) AALA Dm,n}
Cor = Ai=Aw By=Ba; CG;=Cu; Dy=Dy;
M A=A Bj=B CG;=C;, b;=D

i, j+1
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Dis = A, ,{X;; =Y, :for symbols X,Y e {A,B,C,D}, X =Y}
Con= /\i,j{Ai,j = 5i+1,j+1 B, = _i+1,] 1}
An 1N Anax W)+1,n Emin(W),l A Emat)((W)-¢-1,n A
len( W)l A C ax(W )+1,n A min(W),1 A Dmax(W)+l n N
Al min( /\ An min( B 1,min(N) A Bm,min(s) A
C. /\C D, AD_ A
Anc = _l,mln m,min( ) _1 min(N) _m min(S)
A‘nax( A Anax Bmax(W)l A Bmax(E) n N
Emax( W) /\Cmax( E)n A Dimax(w (W) A Dimax(E)n A
Al max /\ A‘n ,max( l max(N) A Bm max(S) A
Cl,max A Cm ,max($ /\ Dl max(N) A Dm,maX(S)
]<m|n A = CH—V] j /\min(S)<J<maX(S) Bl,j = i+Vj,j

LBC = /i /\min(N)sjsmax(N)CHv j = A,j /\j>max(s) Bi,j = Di+vj,j

Am B.. =C.

max(N)<j<min(S) —i,]j i+vj, ]

UBR = A 9 Amaxw)sasi<max(e) Bi i, = A
A1 =D,

/\max(E <i<min(W i,j+h

N i>max(W) i, j i, j+hy

REC = {'E\nin(w)*l,min(N)*l A DmaX(E)*lvmaX(s)ﬂ}

2 A Amn

RECl:{Aﬂin )-1,min(N
AD

A\mn ).min( /\ Bmln(

max( E)+2,max(S)+1

—2,min(

max(E)+1,max(S)+2 }

W),min(S) A Cmin(W),min(S)

GEOlL= /\Dmln ).min( /\ A\nax W )+1,min(N) A Ema\><(W)+1,min(N)—1
/\Cmax( W )+1,min(N)-1 Dmax( W )+1,min(N)-1
E\nax(E) max(N) A Bmax( E),max(N) A C_:ma\x(E),max(N)
GEO2 = /\Dmax /\ Amx A Bmax(W),max(S)+l
/\C max(W ), max(s)+1 Dmax(W),max(S)+1
A\nax ,max($s /\ B max(E),max(S) A C_max(E) max(S)
GEO3= /\D max A A\’nax E)+1,max( /\ Bmax( E)+1,max(N)
/\Cmax(E)+1,max( N) A Dmax( E)+1,max(N)
A\nax W )+1,min( /\ Bmax( W )+1,min(N) A C_ma><(W)+1,min(N)
GEO4 = /\Dmax( W )-+1,min( /\ Amn —1,min( /\ Bmin(W)—l,min(S)
AC AD,

min(W )-1,min(S)

min(W)-1,min(S)
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A—nax max /\ B ) max(S) A Cmax(W),max(S)
LGEO5 = /\D yA Amn

/\C

min(W)-1,max(W )+1

2LGEO5=+ _ Brinw).i = Cmax(eysia Ao
Xmln W)max(N)+le ax(E)+1,min(S ) 1yvx G{A,B,C,D}
Anax W )+1,min( /\ Ematx(W)—#l min(N) A Cmax(W)+1,min(N)

LGEO6 =3 AD,

max( +lm|n /\Aﬂax max )+1 N max(W),max(S)+1

/\Cmaxw max(S)+1

(S)+ (W), max(S)+1
JLGEO6=J _ Bmin(W)—ij = Cma\x(E),jfl Njs1
Xmln lmax(N)+1/\ Xmax(E),min(S)—l’vX G{A’ B’C’ D}
Anax W )+1,min( /\ B max(W )+1,min(N) A C_ma><(W)+l,min(N)
LGEO7 = /\Dmax( W )+1,min( /\ Anax ,max( Bmax(W),max(S)

AC /\D

max (W ),max(S) max(W ),max(S)

2LGEO7 = B2 = Craeyon 1 Aot
)?min(W)—l,max( N)+l  AX ,VX €{A,B,C,D}

In order to reconstruct all 2-convex polyominoes in the class AL}, we use the

max (E)+1,min(S)-1

set of clauses that impose the 7 geometries.

A3 geor (H,V) = Pos A Cor A Dis ACon A Anc A LBC AUBR

AREC A REC1A GEOL

A1 6e02 (H,V) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC A REC1AGEO2.

A1 6e03 (H,V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC A REC1A GEOS.

A1 6eos (H,V) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC A REC1A GEOA4.

A3} | eos aceos (H,V ) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC AREC1A LGEOS A 2LGEOS.

AL Loeos 21606 (H.V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1A LGEOG A 2LGEOS.

A3l Leeor2t6e07 (H,V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1A LGEO7 A 2LGEOT.

Algorithm 4

Input: HeN"VeN"

W.lo.gassume: Vi:h, e[l,n] , VY v, e[l,m] s Z.hi = Z.VJ .
For min(W),min(E)=1,---,m and
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min(N),min(S)=1,---,n do begin
If Ay (HV) or A% (HV) or.or A} . cor(H,V) issatisfiable,

then output P=AUBUCUD and halt.
end
output “failure”.

5.4. Clauses for the Class }(%Ll

We code by a 2SAT formula the fourteen geometries that characterize all

2-convex polyominoes in the class ;. in order to reconstruct them.
Pos = {C(min(E)’l) AC iy A A A Dmyn}

Ai=A,.; B;=B,;, C,=>C

ny D ; :>D
Cor = A,
“"IAj=>A;. B,;=B

i+1, ]
e Ci,j:Ci,j_1 D, = Db }

i, j+1

Dis = A, ,{X;; =Y :for symbols X,Y € {A,B,C,D}, X =Y}

Con=p; J{A =D, i Bj= _i+l:i*1}

I >
3
z
>

>
2
E

z 3
>
HUJI
3
2
Z
>
9]
3
3
S
e
>

Anc =

| 3>|
&
2
H>

ax(E),n

>
| PO

O >l
f 3
&
z
>

/\j<min(N)A,j = Ci+vj,j /\min(S)sjsmaX(S)Bi,j = 4V, ]

LBC = Ni Amin(N)sjgmax(N)Ci+vj,j = 'Eﬁ,j /\j>max(S)Bi,j = Di+vj,j

max(N )< j<min(S) Bi,j = Ci*"i g

|<m|n A = BI j+hy

UBR = A} Mmin(E)<i<max(E )Bi jehy = A,j /\i>ma><(W)C_:i,j = Ui jen
A A = D,

max (E)<i<min(W i,j+h

REC = {Anm _1,min(N /\Dmax(E)+1,max(S)+l}

REC1= A\nin —1,min( 2 A Amn —2,min( 1A D max(E)+1,max(S)+2
~D

max (E)+2,max(S)+1

Anax ,max( /\ g ax(E),max(N) /\Cmax(E) max(N)
GEO1= /\Dmax max /\AmX max(s /\B

/\C /\D

max (W ),max (S )+1

ax (W ), max (S )+1 max(W ),max(S)+1
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Amn ,min( /\ Bmln (E),min(N) /\Cmin(E),min(N)

LGEO2 = /\Dmln ,min( /\ Anm ).max(s) A gmin(W),max(S)ﬁ-l
/\len( W), max(S)+1 A Dmin(W),max(S)+l
ILGEO? = Brinw)-1j = Cre (E).j-1 Vi1
>(mln lmax(N)+1/\Xmax(E),max +1'vx E{A’B’C'D}

A\mn ,min( /\ Bmln( E),min(N) A Cmin(E) min(N)
GEO3 = /\Dmln ,min( /\ A\mn —1,min( /\ Bmln( W)-1,min(S)
AC, AD,

mm( ) 1,m|n( ) mln( ) 1,min(s)

Anax max Bmax(E) max(N) A Cmax(E).max(N)

LGEO4 = /\D /\ AYnln —1,min( /\ Bmln(W) -1,min(S)
/\Cmm -1,min(S) A Dmln( W )-1,min(S)
C =B
JLGEO4=J _ i,min(N) i-1, max(5)+1 >1
xmax(W)+1,min(N) N Xmin(E)—l,max(S)+1’vx € {A’ B’C’ D}

Anax ,max( /\ Bma><( W), max(S) A Cmax(w) max(S)
GEO5= /\D /\AmX £)+Lmax(N /\B
/\C AD,

max(E)+1,max(N)

max(E)+1,max(N) max(E)+1,max(N)

A‘mn mln /\ Bmln )min(S) /\Cmin(W),min(S)
LGEQ6 = /\Dmm ).min( /\ Anax E)+1,max( A B max(E)+1,max(N)

i,min(N)-1 = B

/\
JLGEO6=J _ i-1,max(s) “i>1
X A X in(e)-1max(s) VX € {A,B,C, D}

max (W )+1,min(N)-1
Anln ),min( /\ Bmln( W),min(S) A Cmin(W) min(S)
GEO7 = /\Dmln ),min( /\ Amn —1,min( /\ Bmln( -1,min(E)

AC AD

min(W )-1,min(E) min(W)-1,min(E)

'E\nax ,max($ Bmax(W) max(S) A Cmax(W) max(S)
LGEO8 = AD, w0y max(s) A Anint-min(e) A B
/\C

—1,min(

/\D

min(W)-1,min(E)
min(W)-1,min(E)

2LGEOS8 = Buinw) émax E)+1j1 Nt
min(W),min(N)+1 A Xmax( —1'VX S {A, B,C, D}

min(W)-1,min(E)

E)+1,min(S)

Amn ,min( /\ Bmln( E),min(N) A Cmin(E) min(N)

LGEQO9 = /\DI’TIII‘I ,min( /\ A\nax ).max(s /\ Bmax( W), max(S)
/\Cmax(W),max(S) A Dmax(W),max(S)
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2LGEO9 Bmin( W)L = Crrax(E)+1,j1 Aot
Xmin(W)*l,maX( )+l AN Xmax(E +1,min(S)- 1,VX e {A, B,C, D}

Anax ,max( Bmax(E) max(N) A Cmax(E) max(N)
LGEO10={ D, VAP ms) A B

),max( ).max(s max(W ),max(S)

/\C /\D

max(W ),max(S)

max (W ),max(S)

min(W)-1, j = Cm ax(E)+1, j—-1 N1
min(W )—1,max(N)+1 A Xmax E)+1,min(S)- 1’vx E{A B C D}

B
2L,GEO10 =+ _
o~

C. .. =B 1 Nis
2L.GEO10 i,min(N) i-1,max(S)+1 1
Xmax(W)+1,m|n( N) A xmln( E)-1,max(S)+1’ VX e {A’ B’C' D}

Amn ).min( /\ Bmln( W), min(S) A Cmin(w) min(S)
LGEOL1= /\Dmln ,min( /\ Anm ,min( /\ Bmln( E),min(N)

Alen( E),min(N) A D

min(E),min(N)
Bmin(W)—l,j = Cmax (E)

/\
2L,GEO11=1 _ +1,j-1 N
A Xmax(E)+l min(S)-1’ vx € {A, B,C, D}

min(W )—1,max(N)+1
Ci ,min(N)-1 = BI ~1,max(S) Nis1 }

max(W )+1,min(N)-1 N Xmln -1, max(S)’vx € {A’ B’C’ D}

2L2c35011={_
X

Aﬂln mln Bmin(W),min(S) A Cmin(W),min(S)

LGEQO12 = /\Dmm( W),min(S) A E\nax(E),max(N) A Emax(E),max(N)
/\Cmax(E) max(N) A Dmax(E) max(N)
C. . =B Ais
JLGEOI2 =] _ |,m|n(Nl—1 i—1,max(S)+1 1

xmax(W)-v—l‘min(N)—l N Xmax(E)+l,max( S)+1! VX e {A’ B’C’ D}
E\nax ,max( _max(E) max(N) A _max(E),max(N)
LGEQL3 =1 A Dmax ,max( /\ Anax ,max( Bmax(W),max(S)
/\C_:

B . =C N
2L GEO13=+ _ min(W). max(E)+1, j-1 7 j>1
min(W ),max(N)+1 A Xmax(E)+1,min(S)71' VX e {A, B,C, D}

2L GEQO13 = i,min(N)-1 = BI 1max(s)+1 51
2 - f—
Xmax(w)+l min(N)-1 XmaX(E)+1 max(s )+1,VX e {A, B,C, D}

Amn ,min( Emin(E) min(N) A Cmin(E) min(N)
LGEO14 = /\Dmln ,min( /\ Aﬂln ),min( /\ Bmln( ),min(S)
/\C ~D

min(W),min(S) min(W ),min(S)
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B.i =C AL
2L,GEQO14 :{ min(W)-1, j max(E)+1, j-1 " j>1 }

>zmin(W)—l,max(N)+1 A )zmax(E),min(S)—l’ VX e {A’ B.C, D}
i min(N)-1 = Ei-1,mau<(s)+1 Nist
AX VX e{A,B,C,D}

C
2L,GEO14 =1 _

max(W )+1,min(N)-1 max (E)+1,max(S)+1’

In order to reconstruct all 2-convex polyominoes in the class y;;, we use the
set of clauses that impose the 14 geometries.
Xt cear (H,V) =Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC A REC1AGEOL.

Xt Lewz216e02 (H V) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1A LGEO2 A 2LGEO2.

Xt ceos (H,V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEOS.

X2t Leeoaarceoa (H,V ) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC AREC1A LGEO4 A 2LGEOA4.

Xatceas (H,V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC A REC1A GEOS.

X2t Loeos 21ce0s (HV ) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC A REC1A LGEO6 A 2LGEOS.

Xt ceor (H,V ) =P0s A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1AGEQT.

Xt Loeos auaeos (H1V ) = Pos ACor A Dis ACon A Anc A LBC AUBR
AREC AREC1A LGEO8 A 2LGEOS.

Xt Lewsaraeos (H,V ) = Pos A Cor A Dis A Con A Anc A LBC AUBR
AREC AREC1A LGEO9 A 2LGEO9.

11
A2 L,LGeol0,214,GEO10,2L,GEO10 (H ’V )

= Pos ACor A DisACon A Anc A LBC AUBR A REC
AREC1A LGEO10 A 2L,GEO10 A 2L,GEO10.

11
X2L,LGeol1,2L,GEO11,2L,GEOL1 ( H.\V )

= Pos ACor A Dis ACon A Anc A LBC AUBR AREC
AREC1IALGEO11A2L,GEO11A 2L,GEO1LL.

Xt Lesorzaraeorz (H,V ) = Pos A Cor A Dis ACon A Anc A LBC AUBR
AREC AREC1A LGEO12 A 2LGEOQ12.

11
A2 L,LGeol3,214,GEO13,2L,GEO13 (H ’V )

= Pos ACor A DisACon A Anc A LBC AUBR A REC
AREC1A LGEO13 A 2L,GEO13 A 2L,GEO13.
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Z;E LGeol14,21,GEO14,2L,GEO14 ( H ’V )
= Pos ACor A DisACon A Anc A LBC AUBR AREC
AREC1A LGEO14 A 2L,GEO14 A 2L,GEO14.

Algorithm 5

Input: H eN"VeN"

W .Lo.g assume: Yi Ihi e [l,n] R Vj YRS [1,m] R zihi = J.VJ- .

For min(W),min(E)=1---,m and

min(N),min(S):l,---,n do begin

If Z;YE,Geol(H’V) or...or z;ﬁ,LGe014,2LlGEOl4,2LZGE014(H’V) is satisfiable,

then output P=AUBUCUD andhalt.
end
output “failure”.

5.5. Reconstruction of the Class ﬂ;Ll Using the Horizontal

Reflexion S,

Given two integer vectors H =(h;,---,h;) and V =(v;,---,v,). To reconstruct
a polyomino P in the class £, one can see that the horizontal reflexion
S, :(i, j) —>(m—i+1, j), Vi, je {1,---,m}x{l,~--,n} sends the projection vec-
tors (H,V) to (H,V), where H =(hm,---,hl). Now from the two vectors of
projections (I:I ,V) , one can reconstruct the polyomino Pin the class «,; and

then by the horizontal reflexion S,, , we reconstruct Pin the class S);'.

N,S W,E
S—>N W ->W
N—>S E—>E

<>
min — min min — max
max — max max — min
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