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Abstract

This paper uses the geometrical properties of Z-convex polyominoes in order
to reconstruct these polyominoes. The main idea is to modify some clauses to
the original construction of Chrobak and Diirr in order to control the
L-convexity using 2SAT satisfaction problem.
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1. Introduction

Discrete tomography focuses on the problem of reconstruction of discrete
objects from small number of their projections. In order to reduce the number of
solutions we could add some convexity conditions to these discrete objects.
There are many notions of discrete convexity of polyominoes (namely HV-convex
[1], Q-convex [2], L-convex polyominoes [3]) and each one leads to interesting
studies. One natural notion of convexity on the discrete plane is the class of
HYV-convex polyominoes that is polyominoes with consecutive cells in rows and
columns. Following the work of Del Lungo, Nivat, Barcucci, and Pinzani [1] we
are able using discrete tomography to reconstruct polyominoes that are
HYV-convex according to their horizontal and vertical projections.

In addition to that, for an HV-convex polyomino P every pairs of cells of P
can be reached using a path included in Pwith only two kinds of unit steps (such
a path is called monotone). A polyomino is called kLZ-convex if for every two
cells we find a monotone path with at most & changes of direction. Obviously a
kL-convex polyomino is an HV-convex polyomino. Thus, the set of kZ-convex

polyominoes for k € N forms a hierarchy of AV-convex polyominoes according
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to the number of changes of direction of monotone paths. This notion of
L-convex polyominoes has been considered by several points of view. In [4]
combinatorial aspects of L-convex polyominoes are analyzed, giving the
enumeration according to the semi-perimeter and the area. In [5] it is given an
algorithm that reconstructs an Z-convex polyomino from the set of its maximal
L-polyominoes. Similarly in [3] it is given another way to reconstruct an
L-convex polyomino from the size of some special paths, called bordered
L-paths.

The main contribution of this paper is the developement of an algorithm that
reconstructs all subclasses of Z-convex polyominoes by using their geometrical
properties and the algorithm of Chrobak and Diirr [6]. In particular, I add and
modify some clauses to the original construction of Chrobak and Diirr in order
to control the Z-convexity using 2SAT satisfaction problem.

This paper is divided into 6 sections. After basics on polyominoes, I present
briefly in Section 3 the four geometrical properties between the feet of all
subclasses of non-directed Z-convex polyominoes. In Section 4, I also introduce
the subclasses of directed L-convex polyominoes with the conditions of the
L-convexity. In the last Section I give the reconstruction algorithms of all
L-convex polyominoes using simple modifications of Chrobak and Diirr’s

algorithm. The last section is a final comment on my contribution.

2. Definitions and Notation

A planar discrete set is a finite subset of the integer lattice Z* defined up to a
translation. A discrete set can be represented either by a set of cells, i.e. unitary
squares of the cartesian plane, or by a binary matrix , where the 1’s determine
the cells of the set (see Figure 1).

A polyomino P is a finite connected set of adjacent cells, defined up to transla-
tions, in the cartesian plane. A row convex polyomino (resp. column-convex) is
a self avoiding convex polyomino such that the intersection of any horizontal
line (resp. vertical line) with the polyomino has at most two connected compo-
nents. Finally, a polyomino is said to be convex if it is both row and col-
umn-convex (see Figure 2).

A convex polyomino containing at least one corner of its minimal bounding
box is said to be a directed convex polyomino. (see Figure 3).

To each discrete set S, represented as a mxn binary matrix, we associate two
integer vectors H =(h,--,h,) and V=(v,-,v,) such that, for each
1<i<m,1<j<n, h and v, are the number of cells of S (elements 1 of the
matrix) which lie on row 7and column j, respectively. The vectors 7 and V are
called the horizontal and vertical projections of S, respectively (see Figure 4). By
convention, the origin of the matrix (that is the cell with coordinates (1,1)) isin
the upper left position.

For any two cells A and B in a polyomino, a path Il ,,, from A to B, is a

sequence (i, /,),(ir,/5),+5(i,j,) of adjacent disjoint cells € P, with
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Figure 1. A finite set of ZxZ, and its representation in terms of a binary matrix and a
set of cells (The origin of this figure is in [7]).

Figure 2. A column convex (left) and a convex (right)
polyomino (The origin of this figure is in [3]).

Figure 3. A directed convex polyomino (The origin of this figure is in [8]).

Figure 4. A polyomino P with H =(2,4,5,4,5,5,3,2) and V =(2,3,6,7,6,4,2) (The

origin of this figure is in [8]).

A=(i,,j)>and B=(i,j,).Foreach 1<k <r,we say that the two consecutive

cells (i, ), (iys iy ) form:
e aneaststepif i, =i and j, =j, +1;
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e anorthstepif i, =i, —1 and j,,, =j,;
o aweststepif i, =i and j_, =j, —1;
e asouthstepif i, =i, +1 and j,, =,.
Let us consider a polyomino P. A path in P has a change of direction in the
cell (i, j,),for 2<k<r-1,if

b i S Jin # Jie

Finally, we define a path to be monotoneif its entirely made of only two of the
four types of steps defined above.
Proposition 1 (Gastiglione, Restivo) [5] A polyomino P is convex if and

only if every pair of cells is connected by a monotone path.

3. Geometrical Properties of L-Convex Polyominoes

In this section, we present the geometrical properties of Z-convex polyominoes
in terms of monotone paths.

Let (H,V) be two vectors of projections and let P be a convex polyomino,
that satisfies (#,V). By a classical argument Pis contained in a rectangle R of
size mxn (called minimal bounding box). Let [min(S ), max (S )]
( [min(E),max(E)] , [min(N),max(N)] , [min(W),max(W)] ) be the
intersection of Ps boundary on the lower (right, upper, left) side of R (see [1]).
By abuse of notation, for each 1<i<m and 1<;<n, we call min(S) [resp.
min(E), min(N), min(W)] the cell at the position (m,min(S)) [resp.
(min(E),n) , (l,min(N)) , (min(W),l) ] and max(S) [resp. max(E),
max (N), max(W)] the cell at the position (m,max(S)) [resp. (max(E),n) ,
(1,max(N)) , (max(W),l) ] (see Figure 5).

Definition 1. The segment [ min(S),max(S)] is called the S-foot. Similarly,
the  segments [min(E),max(E)] s [min(N),max(N)} and
[min(W),max (W)] are called E-foot, N-foot and W-foot.

min  max
min
w

max

min
E
max
min max
S

Figure 5. Min and max of the four feet in the rectangle R.
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Proposition 2. Let (H ,V') be two vectors of projections and let P be a convex
polyomino, that satisfies (H,V). If H=(n,h,,---,h,) or H=(h,h,---,n) or
V=(m,v,,--,v,) or V=(v,v,,---,m) then P is an L-convex polyomino.

Proof. Let Pbe a convex polyomino such that H =(n,h,,---,h,) (see Figure
6), then the bar allows us to go from the first cell situated at the position (1,1)
to all other cells with at most one change of direction. Thus every two cells is
connected by a monotone path with at most one change of direction and hence
Pis an L-convex polyomino. (Similar reasoning holds for the other three cases).

Let C (resp. C, ) be the class of convex polyominoes (resp. L-convex
polyominoes) and let P be in C (resp. C,) such that P does not satisfy
Proposition 2. Also suppose that P is not a directed polyomino, then one can

define the following subclasses of convex polyominoes:

a= {Pe C|min(N)=min(S)and min(W) = min(E)} .

B {P & C|min(N) = min(S)and (min () < min(E) or min (W) > min(E))} )
7= {P € C|(min(N) <min(S)ormin(N)> min(S)) and min (W) = min(E)} :
U= {P eC| (min(N) <min(S)ormin(N)> min(S)) and

(min(W) <min(E)or min(#) > min(E))}

a, ={P &C, |min(N)=min(S)and min(#)=min(E)} ‘
B = {P & C, |min(N) = min(S)and (min () < min(E) or min (W) > min(E))} :
7, = {P & C, |(min(N) < min(S)or min(N)>min(S))and min(#)= min(E)} .

U, = {P e C, |(min(N) < min(S)or min(N) > min(S))and
. (See Figure 7).
(min(W) <min(E)or min(W) > min(E))}
Let us define the following sets:

WN ={(i,j)e P /i<min(W)and j <min(N)},

. SE:{(i,j)eP/i>max(E andj>max(S)}

)and j >max(N)},
(8);-
The following characterizations hold for convex polyominoes in the class
Mo, B, and y, .
Proposition 3. Let P be an L convex polyomino in the class u, (resp.
a,,B, and y, ), then there exist an L-path from min(N) to max(E) witha
south step followed by an east step, and an L-path from min(W) to max(S)

NE ={(i,j)e P /i<min(E

(
WS:{(i,j)eP/i>max(W)andj<min

with an east step followe by a south step.
Proposition 4. Let P be an L-convex polyomino in the class u, , then at least

one of the four following affirmations is true.
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Figure 6. An L-convex polyomino with H = (7, 6,5,3, 2) .

N min N max

min min min
max E min
max w
W max
max E
min ¢ max
(a) (b)

min N  max

w
. . min
min min
max w
E
max

- min ¢ max
min §' max S

(c) (d)
Figure 7. (a) an element of the class ¢, ; (b) an element of the class /3, ; (c) an element

of the class 7, , and (d) an element of the class y, .

1) The feet of Pare connected by an Z-path from min(N) to max(S) with
an east step followed by a south step and an Z-path from min(#) to max(E)
with a south step followed by an east step.

2) The feet of Pare connected by an L-path from min(N) to max(S) with
an east step followed by a south step and an Z-path from max () to min(E)
with an east step followed by a north step.

3) The feet of Pare connected by an Z-path from min(#) to max(E) with
a south step followed by an east step and an L-path from min(S) to max(N )
with an east step followed by a north step.

4) The feet of Pare connected by an Z-path from max (W) to min(E) with
an east step followed by a north step and an L-path from min(S) to max(N)
with an east step followed by a north step (see Figure 8).

Now if Pis an L-convex polyomino (2 is not directed), then the feet of P are
characterized by the geometries shown in the Figure 9.

Case (1) is the first geometry (GEOL in the algorithm).
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mn N = max min N max
min w
w _ min
max rrnnziz E
max
min § max
min § max
min N max min N max
. w
min
w min ] min
max min E
max max
E max
A} :
min S max
Figure 8. The four different Z-paths between the feet in the class g, .
min(N)
min(N) [T ] ] max(N)
| - ]
) [ oF 1 (2 or 3) -
L] [ T 1] max(S) .
max(S) min(s) min(S)L [ [ |
and
min(W) . ) min(E)
] min(W) [ ] min(E) ]
] (4) or ) [ or (6) n
[ T T ]max L man(W)_[ [ |
&) max(E)

Figure 9. The three types of L-paths between each two opposite feet.

Case (2) is the second geometry (GEO2 in the algorithm).

Case (3) is the third geometry (GEO3 in the algorithm).

Case (4) is the fourth geometry (GEO4 in the algorithm).

Proposition 5. Let P be an L-convex polyomino (P is not directed), then the
feet of P are connected at least by one of the nine following geometries of the

L-paths in Figure 9.
e (2)N(5)ee,
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o (HN(6)en,
o (3)NH4)en,
o (3)N(6)en,.

Remark 1. The geometries (1)N(4), (2)N(5), (2)N(6), and (2)N(5)
mentioned in Proposition 5 give directly the two L-paths mentioned in
Proposition 3.

The geometries (2)((4), (3)N(4), and (3)((6) in Proposition 5 give
directly the Z-path from min(N) to max(E) with a south step followed by
an east step.

The geometries (1)(1(5) and (1)N(6) in Proposition 5 give directly the
L-path from min(W) to max(S) with an east step followed by a south step.

Now, we define the cells on the SE and WS borders to define the sets
X,Z,X' and Z' from these cells.

Let Pbe a convex polyomino in the class x4 (resp. a,f and y) (Pis not
directed) and let 1 ={(i;, /).(i.j,).-(i..j,)} be the set of cells belonging to
Psuch that (i, j,)=(m,max(S)), (i..j,)=(max(E),n),and for 2<k<r-1I,
let (i, /,) be the cells situated on the border of the set SE.

Similarly, let J = {(il',j{),(i;,jé),---,(is',j;)} be the set of cells belonging to P
such that such that (i,/)=(m,min(S)), (i,j)=(max(W),1), and for
2<i<s-1,let (i,}/) be the cells situated on the border of the set WS,

Now let X ={x,--,x,,---,x,} be the set of cells such that

xl:(m—vmax(s)+1,max(S)),---,xk:(ik—vjk+1,jk),---,xr:(min(E),n)
and Z={z,-,z,,--,z,} be the set of cells such that
2= (momin(8)),e,2, =(ips iy =y +1),000,7, = (max (E),n=hy ) +1).
Similarly, let X' ={x/,--,x/,---,x'} be the set of cells such that
#L,min(8)) o3 = (i = v, +1,j; )3, = (min (W), 1)

- —
X _(m vmin(S)

and Z':{zl',"-,zl','--,z;} be the set of cells such that

Z{ :(m,maX(S)),”',Z; :(ill’j] +hl_[ _1)’...,4 :(max(W),l+hmax(W) —1)

(see Figure 10).
Theorem 1. Let P be a convex polyomino such that P satisfies at least one of

the following geometries
e (2)N(5)ea
L]
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’ 1 1 3
X
2
x2 x4
min N ma)/
x; I I'T A
\ K
min
W 7 min
z -
4 max ’

Figure 10. Red cells are the cells situated on the border of SEand WSwith (m,max(S)),
(max(E),n) , (m,min(S)) and (maX(W),l) .

. N(O)cu
. (BNE)en
[ (3)0(6)6/4.

Then Pis an L-convex polyomino if and only if for 2<k<r-1, 2</<s-1
the cells situated at the positions

(m—vmax(s),min(S)—1),---,(ik Vv, Ji —hl.k),---,(min(E)—l,n—hmax(E))
and
(m—vmin(s),max(S)+1),---,(i, —v,. i +hi[),---,(min(W)—1,1+hmax(w))

do not belong to P.
Proof. Suppose that P is a convex polyomino. The intersections control the
geometries and the Z-path between feet.

— If Pis an L-convex then obviously the cells situated at the positions
(m—vmax(s),min(s)—l),---,(ik v, i —hl.k),-~~,(min(E)—1,n—hmaX(E))
and
(1= Vs X () #1)so, (1 =,y 4y )oveos (min () = L1+ B )

do not belong to P. Indeed, these cells could be attained only by using a 2.L-path
from the SEor WSborders.
< The cells situated at the positions

(m_Vmax(S)’min(S)_1)’“"(ik Vi Ji _hik)""’(min(E)_1’”_hmax(5))

and
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(m—vmm(s),max(S)+1),---,(i, —v. i +hi[),---,(min(W)—1,1+hmax(w))

control maximal rectangles from SEand WS. Thus they control the Z-convexity

of the polyomino (see Figure 11).

Simplification of the Nine Geometries of L-Convex Polyominoes

In this subsection, we show that the four geometries mentionned in Proposition
4 are sufficient to reconstruct non-directed Z-convex polyominoes in the
subclasses «,,f, and y, and so the nine geometries can be simplified to
obtain only four geometries.

If min(/)=min(E) then the geometry could be defined by a point on the
larger foot between W-foot and S-foot. If the length of E-foot is larger than the
length of W-foot, then we use an L-path between max(#) and min(£) thus
we use the second geometry (1(16). If the length of E-foot is smaler than the
length of W-foot then we use a L-path between min(#) and max(E) thus
we use the first geometry (1M14).

If min(N)=min(S) the same arguments give that we use the third
geometry (3(14) or the fourth geometry (3(16) depending on the relative
length of N-foot and S-foot.

So to reconstruct a non-directed Z-convex polyomino we use the combinations
of the four L-paths (Figure 12).

min max

min |

W min
max max

| N

min max

Figure 11. An L-convex polyomino satisfying Theorem 1.

min(N)[ T 1] max(N)
@ [ 3) -
ma;(S) min(S) 1]
min_(W) min(E)
1) (6) |
[T T Imax(E) max(W)L L]

Figure 12. The four L-paths between the feet.
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4. Directed L-Convex Polyominoes

Let P be a convex polyomino such that P does not satisfy Proposition 2. From

the definition of directed convex polyominoes, let us define the following classes.

. 5:{PeC\(l,min(N)):(min(W),l)}.

. !//:{PGC|(max(W),l) m, min

e vy, :{Pe C, |(1,max(N)) :(min(E),n)}.
Let us define the horizontal transformation (symmetry)
Sy (i, j) > (m=i+1,))
which transforms the polyomino P from § to w, & to y', &, to y,,
and &, to ;. Indeed the transformation acts on the feet of the polyomino as
it is shown in the following table (see Figure 14). Thus we only investigate the
properties of the classes ¢, and &, .

Proposition 6. Let P be an L-convex polyomino in the class O, , then there
exist two L-paths from min(N)=min(W) to max(E) with a south step
followed by an east step, and from min(N)=min(W) to max(S) with an
east step followed by a south step.

Theorem 2. Let P be a convex polyomino in the class 8 such that here exist
two L-paths from min(N)=min(W) to max(E) with a south followed by an
east step, and from min(N)=min(W) to max(S) with an east followed by a
south step. Then P is an L-convex polyomino if and only if the cell at the
position (max (W )+1,max(N)+1) does not belong to P (seeFigure 15).

. N N
~ min max minmax
min T
w . .
w min| | min
. max|_|
[ Jmin
max [ ] max E
E
L1 max
min max N max
S S

Figure 13. An element of the class &, on the left and one of the class J, on the right.
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N, S W, E
S —N W —Ww
N —S E—FE

min — min | min — max

max — max | max — min

Figure 14. The horizontal transformation S, on the feet of 2.

min N max
min
w
min
max
max
E
0
min max

S

Figure 15. An L-convex polyomino in the class J, .

Proposition 7. Let P be an L-convex polyomino in the class 6, , then there
exist two L-paths from max(E)=max(S) to min(N) with a west step
followed by a north step, annd from max(E)=max(S) to min(W) with a
north followed by a west step.

Theorem 3. Let P be a convex polyomino in the class &' such that there
exist two L-paths from max(E)=max(S) to min(N) with a west step
followed by a north step, annd from max(E)=max(S) to min(W) with a
north step followed by a west step. Then P is an L-convex polyomino if and only
if the cell at the position (min(E )—l,min(S )—1) does not belong to P (see
Figure 16).

5. Reconstruction Algorithms

One main problem in discrete tomography consists on the reconstruction of
discrete objects according to their vectors of projections. In order to restrain the
number of solutions, we could add convexity constraints to these discrete objects.
The present section uses the theoretical material presented in the above sections
in order to reconstruct all subclasses of Z-convex polyominoes. Some modifications

are made in the reconstruction algorithm of Chrobak and Diirr for HV-convex
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N

min max
0
min min
w
max
E
max
min max
S

Figure 16. An L-convex polyomino in the class &, .

polyominoes in order to impose our geometries. All the clauses that have been
added and the modifications of the original algorithm are well explained in the

proofs of each subclass.

5.1. Chrobak and Diirr’s Algorithm

Assume that H, V denote strictly positive row and column sum vectors. We also
assume that Z,-hi = z_/v.f , since otherwise (H,V) do not have a realization.

The idea of Chrobak and Diirr [6] for the control of the HV-convexity is in
fact to impose convexity on the four corner regions outside of the polyomino.

An object A is called an upper-left corner region if (i+1,j)eAd or
(i,j+1)e 4 implies (i,j)e A. In an analogous fashion they can define other
corner regions. Let P be the complement of 2. The definition of HV-convex
polyominoes directly implies the following lemma.

Lemma 1. P is an HV-convex polyomino if and only if P=AUBUCUD,
where A,B,C,D are disjoint corner regions (upper-left, upper-right, lower-left
and lower-right, respectively) such that 1) (i—1,j-1)e A implies (i,j) not
inD, and2) (i-1,j+1)eB implies (i,j)¢C.

Given an HV-convex polyomino P and two row indices 1<k,/<m. P is
anchored at (k,I) if (k,1),({,n)e P. The idea of Chrobak and Diirr is, given
(H ,V) , to reconstruct a 2SAT expression (a boolean expression in conjunctive
normal form with at most two literals in each clause) F,,(H,V) with the
property that F,,(H,V) is satisfiable iff there is an HV-convex polyomino
realization P of (H,V) that is anchored at (k). F,,(H,V) consists of
several sets of clauses, each set expressing a certain property: “Corners” (Cor),
“Disjointness” (Dis), “Connectivity” (Con), “Anchors” (Anc), “Lower bound on

column sums” (LBC) and “Upper bound on row sums” (UBR).

CO}" A],] = Aifl,j Bi,j = Bi*l,j Ci,j = CHl,j Di,j = Di+1,j
=Nij
/ Ai,j = Ai,j—l Bi,j = Bi,j+l Cz] = Cz‘,j—l Di,j = Di,j+1
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The set of clauses Cor means that the corners are convex, that is for the corner
A if the cell (i,/) belongs to A then cells (i—1,;) and (i,j—1) belong also
to A. Similarly for corners B, C, and D.

Dis=/\l.’j{Xl.,j 2)711 - for symbolsX,Ye{A,B,C,D},X;tY}

The set of clauses Dis means that all four corners are pairwise disjoint, that is
XNY=0 for X,Ye{4,B,C,D}.

Con = /\i)/.{A,.ﬁj =D

i+1,j+1

Bi,j = Ci+1,j—1}

The set of clauses Con means that if the cell (i, /) belongs to A then the cell
(i+1,j+1) does not belong to D, and similarly if the cell (i, ) belongs to B
then the cell (i+1,,—1) does not belong to C.

Anc = {Zm A Ek,l A 6k,1 A Bk,l A Z/,n A Ez,n A C_'/,n A Bl,n}

The set of clauses Anc means that we fix two cells on the west and east feet of
the polyomino P, for k,/=1,---,m the first one at the position (k,1) and the

second one at the position (l, n).

LBC = A[,‘/‘:>Ci+v],j Ai,_/':>D[+vj,j A {5 b }
Nilp =C.  B,=D, [ N P

i+v;,j i+v;,j

The set of clauses LBC implies that for each column j we have that
2Bz
/\[Smin{k,l} A“i,j = Bi,j+h, /\kSiSI Ci,j =B,

i,j+h;
A<k A,j =D. A -C,-,,- =D.

i,j+h; max{k,l}gt i,j+h;

UBR:A/{

The set of clauses UBR implies that for each row 7 we have that Z/Pl <.

Define F,,(H,V)=Cor A Dis ACon A Anc ALBC AUBR . All literals with
indices outside the set {1,---,m}x{1,---,n} are assumed to have value 1.

Algorithm 1.

Input: HeN",V eN"

W.lo.gassume: Vi:h €[Ln], Vj:v,e[Lm], X h =3 v, and m<n.

For k,/=1,---,m do begin

If F,(H,V) is satisfiable,

then output P= AUBUCUD and halt.

end

output “failure”.

The following theorem allows to link the existence of HV-convex solution and
the evaluation of F, ,(H,V'). The crucial part of this algorithm comes from the
constraints on the two sets of clauses LBCand UBR.

Theorem 4 (Chrobak, Durr) F,,(H,V) is satisfiable if and only if (H,V)
have a realization P that is an HV-convex polyomino anchored at (k,1I).

Theorem 5 (Chrobak, Durr) Algorithm 1 solves the reconstruction problem

for HV-convex polyominoes in time O(mn min (m2 N )) .
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5.2. Reconstruction of L-Convex Polyominoes

In this subsection, we add the clauses Ancl, COND1, COND2, GEOl, GEO2,
GEO3, GEO4, Forl and we modify the clause Anc of the original Chrobak and
Diirr’s algorithm in order to reconstruct if it is possible all polyominoes in the
subclass «;,f,,7, and g, .

Ai,j:>A7'71,j B :Btlj C :>Cz+lj D :DHIJ
B, =B, G, =C D,, =D,

i,j+1 i,j-1 i,j+1

Y, , :for symbols XY € {4,B,C,D}, X #Y|

Con = A, {A = D1+1 L+ B = _l'“vl"]}

N}

min(#7),1 A min(E)n min(7),1

>
QI

mln(W)l mm(E)n

>
Ny

1,min(N)

Anc =

a0
El
=

Al
>
A

5
A
.}

Tmax(N)
C

1,max(N)

A A
AC

max(E) n

‘m,max(S)

m,max(S)

AB.
AD

1,max(N)

1,max(N)

AB

m,max(S

AD

'm,max(S)

Ancl = {Al,l A Bl,n N Cm,l N Dm,n}

Ancl is added in order to consider non-directed convex polyominoes by

positioning exterior cells of the polyomino in the four corners of the minimal

bounding box.

/\(/‘<min(N) 141',] =

C. . A

B . =D

i+v;,J Jj>max(S) i, i+v;,J
LBC = /\i /\max(N)<j<min(S) i,j = Ci+v/-,j /\min(S)S(/‘Smax(S)Bi,j = i+vj,j
Amin(N)SjSmax(N) Ci+v,v,j = 141',]'
AN {CV/J DV/’/}
z<mm A7 = Bz JJ+h; /\i>max(E) i,j = Di,j+hi
UBR = N\ /\max W )<i<min C = Bz LJj+h; /\min E)<i<max(E Bi,j+h,- = Ci,j
J () (£) (E) (£)
/\min(W <1<max 141 = Bl L J+h;

COND1 = {Amax(E),min(N) A Bmax(E),min(N) A Cmax(E),min(N) A Dmax(E),min(N)}

CONDI controls the L-path between E-foot and N-foot (see proposition 3).

COND2 = {Amm(W),max(S) ~B

mi

AC

in(),max(S)

min(W¥),max(S)

A By

min(/),max(S)

COND2 controls the L-path between W-foot and S-foot (see proposition 3).

GEOl = l_max(S) A Bl ,max(S) A Cl max( /\ Dl ,max(S) A
Amax( E)l N Bmax /\ Cmax( E)l A D ax(E).l
DOI: 10.4236/0jdm.2018.84009 130 Open Journal of Discrete Mathematics


https://doi.org/10.4236/ojdm.2018.84009

K. Tawbe, S. Mansour

GEOI controls the first geometry (114 ).
A C],max(S) A L_)],maX(S) A
n A Cmax(W),n A Dmax(W),n

GEO2 controls the second geometry (116).

GEO? = fl,max(s) A B_],max(S)
A ,AB

max(W), max(W),

AB

A
GEO3 ={ m,fax(N) m;max(N)
AB

m,max(N)

A C] ,max(E)

AC AD /\}

l,max(E) I,max(E)

GEO3 controls the third geometry (314).
C AD

m,max(N)

A Bm,max(N) A

m,max(N) A}
n A Bmax(W),n N Cmax(W),n A Dmax(W),n

GEO4 controls the fourth geometry (36).

y
GEO4=] ")
a

max(W),

BSEi,j = Di,j BSEi,j =D,

i,j+1

Forl BSEi,j = Di+1,j BSEi,/ = Ai—vj./—h,-
EEEEAA I W B, . =C
wSi,j i,j wSi,j i,j-1
BWSi,j = Ci+l,j BWSi,j = Bi—v/-,j+hl-

Forl controls the cells in the SE and WS borders of P and imposes that the
cells of Theorem 1 are outside the polyomino P. In order to reconstruct and to
obtain all Z-convex polyominoes, we use the set of clauses:

F} 6ror (H, V) = Cor A Dis A Con A Anc A Ancl A LBC AUBR
A CONDI A COND2 A GEOL A Forl '

F; 6ron (H, V) = Cor A Dis A Con A Anc A Ancl A LBC AUBR
ACONDI1 A COND2 A GEO2 A Forl '

F gros (H, V) = Cor A Dis A Con A Anc A Ancl A LBC AUBR
A CONDI A COND2 A GEO3 A Forl '

F} roa (H, V) = Cor A Dis A Con A Anc A Ancl A LBC AUBR
ACONDI1 A COND2 A GEO4 A Forl '

Algorithm 2.
Input: HeN",J eN"
W.lo.gassume: Viih €[Ln],Vj:v, e[Lm].> h=3 v,

For min(W),min(E)=1,---,m and

min(N),min(S)=1,---,n do begin

If F,oo(HV) or F,g0,(HV) or F, s (H,V) or F,gpo,(HV) is
satisfiable,

then output P=AUBUCUD and halt.

end

output “failure”.

Proof. The feet of all L-convex polyominoes that are not directed are

characterized by at least one of the four geometries described in Theorem 1 and
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by the property that the cells situated at the positions
(m _vmax(S)’maX(S)_hm)"“’(l'k _ij ’jk _hik ),---,(maX(E) Vil _hmax(E))

do not belong to these polyominoes. Thus we combine all geometries and
conditions using suitable set of clauses in order to reconstruct L-convex
polyominoes. We make the following modifications of the original algorithm of
Chrobak and Diirr [6] in order to add the geometrical constraints.

The set CONDI (resp. COND2) implies that we put a cell in the interior of the
polyomino at the position (max (E),min(N)) (resp. (min (% ),max(S)))and
then by convexity an L-path between max(E) and min(N) (resp. min (W)
and max(S)).

The set GEOI implies that we put a cell in the interior of the polyomino at the
position (l,maX(S)) (resp. (maX(E),l) ) and then by convexity an L-path
between min(N) and max(S) with an east step followed by a south step
(resp. min(W) and max(E) with a south step followed by an east step).

The set GEO2 implies that we put a cell in the interior of the polyomino at the
position (m,min(N)) (resp. (min(W),n)) and then by convexity an L-path
between min(N) and max(S) with a south step followed by then an east
step (resp. min(#) and max(E) with an east step followed by a south step).

The set GEO3 implies that we put a cell in the interior of the polyomino at the
position (m,min(N)) (resp. (max(E),l)) and then by convexity an L-path
between min(N) and and max(S) with an east followed by a south step
(resp. min(W) and max(E) with a south step followed by an east step).

The set GEO4 implies that we put a cell in the interior of the polyomino at the
position (I,max(S)) (resp. (min(/#),n)) and then by convexity an L-path
between min(N) and max(S) with an east step followed by a south step
(resp. min(W) and max(E) with an east step followed by a south step).

The set Forl implies that the cell (i, ) is situated on the border of SE with
the two cells (m,max(S)) and (max(E),n) . In fact, By, =D, ,
By ;= D,

i,j+1

and B, , = D,

i+l,j

imply that (i,j) is on the border and
By ;= 4., ., implies that for each (i, /) situated on the border the cell at
the position (i -V, Jj+ hl.) does not belong to P.

Using the conjunction of the whole set of clauses, if one of the

Fyopon(HV) or Fygpo, (HV) or Fy gy (HV) ot Fygpo,(HV) s
satisfiable, then we are able to reconstruct a L-convex polyomino which is not

directed.

5.3. Clauses for the Subclass &,

In this subsection, we add the clauses Pos, GEO, For2 and we modify the clause
Anc of the original Chrobak and Diirr’s algorithm in order to reconstruct if it is

possible all polyominoes in the class 0, .

P0s={B )/\C( /\ZU}

(1,max(N)+l m,min(S)—l)
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Di,j :>Di+1,j
Dl.’j =D.

i,j+1

B,=B.,, C;=C

Cor = b
Nii|B =B, C,=C

i,j-1

Dis=p, {X,, =7, for symbols XY € {B,C,D}, X Y|

Con = /\i’j{Bi,j = C_‘HLJ*I}

1,1 A Bmin(E),n A Cl,] N min(E), A
Dy A Dmin(E)n ABAB, . (s) N
dne=) Cin ~mmin(S) /\?1,1 A mmin(5) A
Bmax(W),] A Bmax(E),n A Cmax(W)l A Cmax(E),n A
Dmax(W),l Dm.ix(E)n A Bl max(N) A m,max(S) A
Cl,max(N) A Cm,max(S) A 1,max(N) A m,max(S)
/\j>max(S)Bi,j = +v),j /\min(S)SjSmax(S)Bi,j = Di+vj-,j
LBC = A, _ ~
min(N)SjSmax(N) i+vj,j = Bi,j /\max(N)<j<min(S) i,j = Ci+vj,j
/\/\j{cvj,j va-,j}
/\i>max(E)Ci,j = Di,j+hi /\min(E)SiSmax(E)Di,jJrhi =G,
UBR= A, _ -
Amin(W)SiSmax(W)Ci, = Bi,j+hi N max (W ei<min(E) Ci.) = Bz,j+hl-

A AB
GEO = Lmax(S) I_,max(S)
A AB

max(E), max(E),]

l,max(S) ],max(S) A
A Cmax(E),l A Dmax(E),I
For2 = {Dmax(W)+1,max(N)+l}

In order to reconstruct all Z-convex polyominoes in the class o, , we use the

set of clauses:

8, (H,V))=Pos A Cor A Dis A Con A Anc A LBC AUBR A GEO A For?2.

Algorithm 3.
Input: HeN",J eN"
W.lo.gassume: Viih e[Ln],Vj:v, e[Lm],2 h=3 v,

For min(W)=1,min(£)=1,---,m and

min(N)=1,min(S)=1,---,n do begin

If 6,(H,V) issatisfiable,

then output P=BUCUD and halt.

end

output “failure”.

Proof. We make the following modifications of the original algorithm of
Chrobak and Diirr in order to add the constraints and the properties of the class
0, . The set Pos imposes the constraints of the relative positions of the feet in
0, . The set GEO implies that the cells at the position (max(E ),min(N )) and
(min (%), max(S)) belong to Pand thus, by convexity there exist Z-paths from
max(E) to min(N) and from min(#), to max(S). The set For2 implies
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that the cell at the position (max (J)+1,max(N)+1) does not belong to P (see

Figure 17).

5.4. Clauses for the Class &,

Pos = {C(max(W)ﬂ,l) A C(l,max(N)H) A Dm,”}

Cor A :>A,1] B = B, C :>Cz+1j
N4, >4, B, :>B,,+1 C,=C

i,j-1

Dis = 5 {X =7, :for symbols X, Ye{A B.C}.X#Y|
Con = /\l.)j{Bl = }
Amm(W)l A Amin(E) n A Bmm(W)l A Bmm(E) n A
Cmin(W),l A min(E) A 1,min(N) A Am min(S) A
B . AB _AC A L A
Ane = l,mm_(N) 'm,min(S) _1 min(N) m,min(S)
fmax( ) A A B;max(W),] /\ém,n N
Cde(W)l /\ m,n A lde(N) A Am,n A
1,max(N ) B C 1,max( m,n
_ /<mm( )A = CH-V J /\min(S)stmax(S) Bi,j = i+v;,j
LBC= n, _ ~
min(N)<j<max(N) ~i+v;,j = Ai./ /\max(N)<j<min(S)Bi.j = Cz+vj,]
A /\j {Cvj,j}
UBR = Ni<min(w) 4, j_:> B, ., A min( E)<i<max(E) i =C,
Amin(W)SiSmax(W)Ai, ;=B N max(W )<i<min( E) C.;= B,
N
min max
win |l m] O
w
min
E
max

o

0 | ||

min max

Figure 17. Position, anchored and GEO of the feet in the class &, .
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i
GEO'={ ")
y

min(W),

A Cf,min(N) A Dm,min(N
e AD,

min(W), min(W ),n

AB

m,min(N)

AB

min(W),

)/\

For3 = {Amin(E)—l,min(S)*‘}

In order to reconstruct all Z-convex polyominoes in the class J; , we use the

set of clauses

6.

8, (H,V') = Pos A Cor A Dis A Con A Anc A LBC AUBR AGEO' A For3.

Algorithm 4

Input: HeN"V eN"

W.lo.gassume: Vi:h e [l,n],Vj v, € [1,m],zihl. = Zjvj.
For max(E)=m,min(W),min(E)=1,---,m and

max (§)=n,min(N),min(S)=1,---,n do begin

If 6,(H,V) issatisfiable,

then output P = AUBUC and halt.

end output “failure”.

Final Comment

The contribution of this paper will be used to investigate the geometrical and

tomographical aspects of kL-convex polyominoes for keN.
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