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Abstract 
A new method for analysis of counter beams is presented in the paper. The 
analysis has taken into account their stiffness EI, Winkler’s space with mod-
ulus of subgrade reaction k and equality deformities of the foundation beam 
with the ground. The solution is found by using the numerical analysis of the 
Winkler’s model, with variation of different moduli of the subgrade reaction 
k2 outside the force zone r, while under the force P exists the modulus of the 
subgrade reaction k, up to the definition of minimum bending moments. The 
exponential function k2(r), as the geometric position of the minimum mo-
ments is approximately assumed. From the potential energy conditions of the 
reciprocity of displacement and reaction, the width of the zone r and the 
modulus of the subgrade reaction k2 are explicitly determined, introducing in 
the calculation initial and calculation soil displacement wsi successively. At 
the end of the paper, it presented numerical example in which the influence 
of k and k2 values on bending moments of the counter beam is analyzed. The 
essential idea of this paper is to decrease the quantity of the reinforcement in 
the foundations, beams, i.e. to obtain a cost-efficient foundation construction. 
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1. Introduction 

When calculating a beam on a continuous deformable base, it is important to 
provide a modeling of the foundation beam base as realistic as possible, i.e. its 
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approximation with the actual properties of soil beneath the foundations. Yet, 
the calculation methods should be kept simplified so that they could be widely 
implemented in practical applications. 

Beam on elastic foundation has been analysed, most usually, based on the 
Winkler’s model in which the soil is replaced by a bed of elastic springs. The 
compressive resistance of soil against the beam deflection is quantified in terms 
of spring constant k [force/length2/length], which is a frequent occurrence in the 
Euler-Bernoulli beam theory. Shear deformations are neglected and plane 
cross-section is assumed to remain plane and normal to the longitudinal axis 
deformation. Many researchers [1] [2] [3] [4] [5] have investigated the modulus 
of subgrade reaction and found that the geometry, the foundation dimensions 
and soil layering below the foundation structure are the most important para-
meters to define the value of this modulus. In the Winkler foundation model, the 
soil reactive pressure at any arbitrary point x is proportional to the deflection 
and can be expressed as, 

( ) ( )q x k w x= ⋅                            (1) 

where k is the Winkler’s coefficient of ground reaction at point x. Winkler 
foundation is a single parameter model, k is used to describe the soil reaction. 

The subgrade reaction modulus k is dependent on some parameters like soil 
type, size and shape of foundations, depth and stress level. The foundation 
represented by the Winkler model [6] cannot sustain shear stress, and hence a 
discontinuity of adjacent spring displacement can occur. A different model may 
result in significant inaccuracies in the evaluated structural response. In order to 
overcome this problem, many researches have introduced a different mechanical 
model [7]-[14]. Among them is the class of two parameters foundation. The 
second parameter introduced the interaction between adjacent springs, in addi-
tion to the first parameter from the ordinary Winkler’s model [15]. This proce-
dure is proposed in [13] for homogenous elastic semi space. 

In the [13] the elastic base is represented with a layer having thickness H, ex-
posed to pressure, lying on top on an infinitely stiff horizontal base. One dimen-
sion of the compressed layer is large, and the load invariable in this direction; 
the supporting conditions and values of the elastic characteristic are constant, 
too. An in-plane stress and strain state is considered. The proposed model of soil 
has two soil characteristics, k (characterising displacement of the elastic base 
under pressure) and t (and describing behaviour of the subgrade during sliding 
and base “distribution properties”). Pasternak proposed that both soil characte-
ristics (k and t) are named the subgrade coefficients, i.e. the model of soil of two 
subgrade coefficients (as cited in [9]). 

In [16] a closed-form analytical solution of the problem of bending of a beam 
on elastic foundation is proposed. The solution based on the total potential 
energy functional. In order to eliminated the bearing soil reaction as a variable 
in the problem solution of beam on elastic foundation, the simplified continuum 
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approach, with a numerical research, is presented in [17]. Study the behaviour of 
a math foundation on subsoil from the plate theory taking into account the 
soil-structure interaction, and several model have been described, presented in 
[18]. Very important work related to subgrade reaction and analysis of beams on 
elastic foundation is [4] [5] [19]. 

The equations available for estimating the soil spring constant k are mostly 
developed empirically [5], which is limitation of Winkler’s model. In some in-
stances, plate-load test are used to estimate k, but that estimations are not free 
from errors because the results depend on size, thickness and stiffness of the 
plate. 

Two-parameter foundation models provide the displacement continuity of the 
soli medium by adding of a second spring which interacts with the first spring of 
the Winkler’s model. Displacement continuity is provided for by the introduc-
tion of a virtual shear layer which integrates the vertical spring elements and the 
second foundation parameter k2, is the shear modulus G of the shear layer [16] 
[17]. The soil reaction q(x) for two parameter foundation model is given in gen-
eral by: 

( ) ( ) ( )2 2
1 2 d dsq x k w x k w x x= −                    (2) 

where k1 and k2 are two foundation parameters. 
In the paper will be demonstrated that in a case of k and k2 model, bending 

moments in the counter beam are smaller than in a case of a k model. The 
change of k values does not significantly affect this difference. 

2. Theoretical Bases 
2.1. Bernoulli Beam Theory 

The main assumption of Bernoulli beam theory is that cross-sectional rotations 
are the same as the rotations of the beam centroidal line. The Bernoulli beam 
element can be obtained by defining the total potential energy and applying the 
variational principle to it. 
• Ground as linearly deformable described by Winkler’s model. 
• Ground is inhomogeneous and acting non-linearly under load  

In all solutions, it is referred to the basic differential equation for Bernoulli 
beam resting on Winkler soil model [11] of the elastic beam, where soil replaced 
with an elastic spring [7] and [10] that displacements of points on the beam axis 
and the corresponding soil displacements are equal. 

( ) ( ) ( )4 4d dEI w x q x p x B= − −                     (3) 

The dependence between q(x) and soil displacement w(x) of basic ground 
surface is defined according to one of proposed models. 

2.2. Coefficient of Subgrade Modulus Reaction, K 

Winkler proposed a model that assumes the soil stiffness that is considered as 
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the ratio between the contact pressures (Δσ) and (Δδ) is linear, and it can be 
given by the coefficient of subgrade reaction K. It has units of force per unit vo-
lume (MN/m3). 

K σ δ= ∆ ∆                             (4) 

This theory simulates the soil behavior as a group of independent springs, go-
verned by the linear-elastic model (Figure 1). The coefficient of subgrade reac-
tion which is spring stiffness is the initial slope of the curve until the limit pres-
sure (4). 

The subgrade modulus reaction k depends to the size of the load q(x), shape 
and size of loaded area, type and compaction of the ground. 

The recommendation is that the coefficient k is to be determined on the pre-
viously calculated settlement of the foundation [20]. 

On the basis of theoretical and experimental investigations of various soil 
types, [4] recommended the numerical values of the soil reaction modulus, 
ranging from 1000 (kN/m3) to 100,000 (kN/m3) depending on the type and 
compaction of the ground. 

He showed that the change of k for ±50% causes only minor changes of stress 
in the basic beam (17). 

3. Modeling 
Influence on Bending Moments of Two Parameters k and k2 

A more accurate calculation of the actual distribution between the basic beam 
and ground is carried out for a different subgrade modulus. 

According to the definition of pressure, the zones under the force P, where the 
construction makes compaction of the ground, can be considered as the zone of 
Modulus of subgrade reaction k. shown in Figure 2. Outside of these zones, 
where the ground causes the deformation of the structure, acts a reduced Mod-
ulus of subgrade reaction k2, which is required to be determined by numerical 
analysis. 

The differential Equation (3) of the Winkler space now takes the form (5), 
(after [7] [10] and [11]), 

( ) ( )( ) ( )( ) ( )4 4
2d d p p pEI w x w x l r l k r l k p x B = − − × + × −  

.      (5) 

 

 
Figure 1. Beam on elastic foundation—group of elastic springs. 
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Figure 2. Reactive load with subgrade reaction modulus k and k2, (after 
[7] [10] [11]). 

 
where lp is length of the basic beam, while r is the ground corresponding resis-
tance zone below the force P.  

For r = 0, k2 acting on the whole basic beam. 
For r = lp, k acting on the whole basic beam. 

4. Analytical Solutions 
4.1. Condition of the Minimum 

From the conditions of equality of the first derivative (6) with zero in the center 
of the beam, below the force P, the numerical analysis contains the minimum of 
the moments for variables (x, r, k2). Numerical example (Figures 3-5) 

( ) 2d d , , 0iM x r k =  

( ) ( )( )3 3
2d d , , 0EI w x x r k =                    (6) 

4.2. Exponential Equation of k2(r) as Approximate Numerical &  
Graphical Solution 

From presented diagrams of bending moments (Figures 3-5), for k2 = k/2; k/5 
and k/10, the geometric minimum position k2(r) is obtained as the exponential 
function (7) respectively for r = 4 m, 3 m and 2 m. 

( ) ( )22 0.1116 0.1353 ln 20.87
2 e e r r kar br ck r + ++ += =                (7) 

4.3. Principle of Virtual Work 

The principle of virtual work described the equilibrium of beam-soil system. 
Applying the theorem on the reciprocity of displacement and reaction [22], the 
following equation is obtained (8). 

( ) ( )2 0
d dp

p

l r r

l r
k w x x k w x x B P

−

−

 × + × × =  ∫ ∫ .             (8) 

( ) ( )2 0
p

p

l r r

l r
k A x k A x B P

−

−
 × + × × =  

.              (8a) 
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Figure 3. Moments in foundation beam for k = 6000. (kN/m3), k2 = k/2; k/5; k/10, (after 
[21]). 
 

 
Figure 4. Moments in foundation beam for k = 50,000. (kN/m3), k2 = k/2; k/5; k/10, (after 
[21]). 
 

It is accepted that the soil displacement has a mean value from the calculating 
max ui and min ui  

( ) ( )max min 2,
p

r r
si i i sil r

w u u A x r w
−

= + = × .             (9) 

If it is accepted the initial soil displacement 
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Figure 5. Moments in foundation beam for k = 90,000. (kN/m3), k2 = k/2; k/5; k/10 (after 
[21]). 
 

( ) ( )21sow v k I p x= − × ×                      (10) 

In accordance with Businesque solution for the soil displacement of a homo-
geneous, isotropic, linearly elastic half-space loaded with concentrated force P 
(Figure 2), where ν Poisson’s coefficient = (0.2 - 0.4) for the sand, i.e. = 0.5 for 
clay. 

I—the influential factor for the vertical soil displacement of the foundation, 
for the relation I/B = 10, I = 2.246 [23]. 

A somewhat greater initial soil displacement is adopted, since higher calcula-
tion ui of soil displacement are expected due to the reduction of the modulus of 
compressibility (k2) on the part of the beam core carrier, where k2 < k. 

Finally, Equation (8) has the simplified from (11) as, 

( )2
pl r r

p si sik l r w k r w P−× − × + × × =                  (11) 

5. Numerical Example 

The characteristic for this numerical example is that it is about a basic counter 
beam with an adopted width of B = 1.0 (m) and height D = 1.0 (m), loaded with 
force P = 1000 (kN) in the middle, which lies on the elastic half-space (Figure 
2). 

In this example, three ground coefficients were analyzed: k = 6000 (kN/m3), k = 
50,000 (kN/m3), k = 90,000 (kN/m3) and corresponding impacts (bending mo-
ments) were shown on the foundation beam (Figure 6). 

The numerical analysis of the Winkler’s space on the basic beam for subgrade  
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Figure 6. Winkler’s space—bending moments with different k modulus on the basic 
beam, (modified from [21]). 
 
reaction Modulus k = 6000 (kN/m3), k = 50,000 (kN/m3) and k = 90,000 
(kN/m3), from Equation (11), where the subgrade reaction modulus k2 are ob-
tained as is shown in Figures 7-9. 

5.1. Solving Equation (12) 

From the above two conditions (7) and (8), the numerical analysis from several 
steps gives explicitly the variable constants (r, k2). 

It is necessary to solve Equation (12) in accordance with conditions (7) and 
(11). 

The solution is found by American math program Wolfram Alfa: 

( ) ( ) ( )20.1116 0.1353 ln 20.48 ln ln pl rr
si p sir r k P k w r l r w −+ + = − × × − − ×  (12) 

5.2. Numerical Results 

1) k = 6000 (kN/m3); P = 1000 (kN); ( )0.0506 mpl r
siw − = ; ( )0.0514 mr

siw = ; 
lp = 10 (m); r = 2.32 (m); k2 = 732 (kN/m3) > k/10. 

2) k = 50,000 (kN/m3); P = 1000 (kN); ( )0.0046 mpl r
siw − = ; ( )0.052 mr

siw = ; 
lp = 10 (m); r = 2.78 (m); k2 = 8390 (kN/m3) < k/5. 

3) k = 90,000 (kN/m3); P = 1000 (kN); ( )0.0016 mpl r
siw − = ; ( )0.0023 mr

siw = ; 
lp = 10 (m); r = 3.48 (m); k2 = 27,184 (kN/m3) > k/5. 

When analyzing a beam on the Winkler’s base with ground modulus reaction 
k and k2, which are discontinuously changed along the length of the underlying 
beam, the obtained results differ successively by 88%, 45% and 19% percentage 
respectively (Figure 10). 

6. Summary and Conclusions 

A new method for analysis of the counter beam is presented hereby. The analysis 
is based on variational principles of mechanics and an approximate numeri-
cal-graphical solution, in which a rational soil-displacement field, influence zone r  
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Figure 7. Moments and soil displacement (10−3 (m)), of counter beam for k = 6000 
(kN/m3), for k2 = 732 (kN/m3), r = 2.32 (m), (reprinted from [21]). 
 
and subgrade reaction modulus k2 are obtained. In accordance with the analysis 
carried out for the basic Winkler’s model of the foundation beam, it is noted that 
for the different values of the subgrade reaction modulus k, uniformly disposed 
under the beam, its change does not significantly affect the value of results. 

It is noticed that if the coefficient of the ground reaction is applied to a foun-
dation beam with different values k2 < k, the subgrade reaction modulus has a 
value k, in the compressed zone under the effect of force. Simultaneously, in 
zones outside the force (wall, column) the k2 modulus is adopted. At low values 
of k, the effects obtained are more than two times lower than the effects in the 
basic Winkler’s model, as shown in Figure 10. What is accepted than the sub-
grade reaction modulus k2 is the geometric position minimum of the moments 
as an approximate exponential function (7). The savings in the reinforcement of 
the foundation beam can be achieved by reducing the calculated amount of rein-
forcement obtained by the Tower program by the factor Fa < 2.00, which de-
pends on the size of subgrade reaction modulus k. The lower the subgrade reac-
tion modulus k, the large the factor Fa. The proposed model can be analogously  
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Figure 8. Moments and soil displacement (10−3 (m)), of counter beam 
for k = 50,000 (kN/m3), for k2 = 8390 (kN/m3), r = 2.78 (m), (reprinted 
from [21]). 

 

 
Figure 9. Moments and soil displacement (10−3 (m)), of counter beam 
for k = 90,000 (kN/m3), for k2 = 27,184 (kN/m3), r = 3.48 (m), (re-
printed from [21]). 
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Figure 10. Comparison of Winkler’s k and k, k2 model. 

 
applied to the foundation counter slabs. 
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