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Abstract—We consider
equation

the following nonlinear schrodinger

—Au + AV(x)u = f(x, w)withu € H*(RY) and u £ 0,(*)

whereA > 0 and f(x, s) is asymptotically linear withrespect to sat
origin and infinity. The potential V (x) satisfies V(x) >V > Ofor
all x€ RY and |x|_ﬁ’£V(x) = V() € (0,+). We provethat

problem (*) has two connected sets of positive and negative
solutions inR x W2P (RN )for somep € [2, +) N (g, +00).

Keywords-Bifurcation, asymptotically linear, Fredholm opera-

tor of index zero.

L INTRODUCTION

In this paper, we consider the following nonlinear
Schrodingerequation

{—Au +AV(@u = f(x,u),

(1.1)

ue H'(RY), N >3,
whereA > 0 and the functions V and f satisfy the following
assumptions:
(V) V(x) € C(RY,R) and there exists V> 0 such that
V(x) =V, > 0forall x € RY;
(V2) xjoimV (x) = V(o) € (0,+0) and easfx € R:V(x) <
V(0)} > 0;
(F)f(x,s) € C(RY x R,R)and (x,) € C*(R,R);
(F,) there exist two functions h,g € L”(RM) such that
IED _ poyand LS ey uniformly inx € RY,
50 S |s|>40 S

where h and g satisfy
(G) T = infif v (|Vu|* + V(x)u?)dx:u €

H'(RY) and [y u®dx = 1} there existsa € (I, V(o)) such
that, [ g(x) = M g@) = a;

H) |hl, <22
() [hl <22

(F3) h(x) = 222 < g(@)for all(x, s) € RY x R\{0}.

The existence of solutions of problem (1.1) has
beeninvestigated extensively. For problem (1.1) with
potentialwell and various conditions on f(x,u) Z f(u) ,
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several authorshave obtained the existence of solutions for
large A byvariational methods,for example, [1], [2], [3], [5].
And other authors have got the existence of solutions forA is
not necessarily large by concentration compactnessargument
and mountain pass geometry, for instance, [7], [8]. Stuart and
Zhou [10] havestudied how the positive and negative solutions
of problem(1.1)depend on A by topological methods.

Inspired by the results we mentioned above, the main object
of thisarticle is to investigate the relation between the positive
andnegative solutions of problem (1.1)and the parameterA,
where the potential need not be well potential andf (x,u) is
asymptotically linear with respect to u at origin andinfinity.

For this purpose, we use the following global branch
theorem established in [10].

Theorem 1.1: Let X and Y be real Banach spaces, B(X,Y)
be thespace of bounded linear operators from X into Y with its
usualnorm, P:R X X - R denote theprojection P(4,u) = 1,
and
By (X,Y) =
{L € B(X,Y):Lis aFredholm operator of index zero}.
Let L€ C!(J,B(X,Y)) where] is an open interval and
L(A) € ®y(X,Y) for allA € J. Suppose that there exists 1, € J
suchthat dimkerL(4,)is odd and

L (Ag)kerL(2))®regL(Ay) =Y
LetK € C(X,Y) be such that K: X — Y is compact and

(1.2)

: [IK QI
im0 L5 — (1.3)
Let Z=ZU{(A,0)} where Z={Au) €JxX:u=+

0 and L(A)u + K(u) = 0} be considered with the metric
inherited from R X X ,and let C denote the connected
component ofZ containing (1, 0). Then Cpossesses at least
one of the followingproperties:

(1)C is an unbounded subset of R X X;

(i) € N [J x {0}] # {(A,0)}, whereC is the closure of C in
I xX;

(iii) eithersupPC = sup] or infPC = inf].

REMARK 1.1:For K € C(X,Y) ,the condition (1.3) is
equivalent to theproperties K(0) =0 and K:X -Y is
Frichetdifferentiable at zero with K (0) = 0.

By (F;) and (F,) we may define a function k having the
following properties
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k(x,s) = g() —1E2
with ™k (x,s) = g(x) — h(x), M_f”"k(x s) = 0 uniformly
inx € RV and 0 < k(x,s) < g(x) — h(x).From the above
notation (1.4),problem(1.1)is equivalent to

(1.4)

—Au— g()u + AV(x)u + k(x,w)u = 0,u € H*(RY)(1.5)To
prove the asymptotic bifurcation result, first we study the
following formal asymptotic linearization of (1.5):

{—Au —gu+AVxu=0,

o (1.6).
u € HY(RY), 1> 0.

A number 4 > 0 is said to be an eigenvalue of (1.6)if there
exists u € H(RY)\{0} such that

Jen [VuVv — g(uv + AWVuvldx = 0 for allv € H'(RY) .

For the discussion of equation (1.5), we take advantage ofthe

additional regularity of solutions that follows from
ourassumptions(see Proposition 2.1 in [10]).
Proposition 1.1: (1) Assume that the

conditions (F;) (F,) (V;) (V,) hold and u € H*(R") satisfies
(1.5),then u € WP (RV) for all p € [2,+o) andhence
u € CY(RY) with |x|_f”"u(x) = Oand|x|_,l”" Vu(x) = 0.

(2) If V satisfies (V;)(V,) and v € HY(RY) is an
eigenfunction of (1.6), then v € W2P (R") for all p € [2, +o0).

Our first result concerning the linearized equation (1.6) is the
following :

Theorem 1.2: Assume thatV and g satisfies (V;) (V) and
(G), then

(1) there exists an unique eigenvalue A = A(a) of (1.6)
having a positive eigenfunction. FurthermoreA(a) > 1, and it
is simple in the sense that kerf{id, ,y) = span{u, )} where4,
denotes the Schr0dinger operator Ayju = —Au — g(x)u +
AVu and up,y > 0 onRY. All other eigenvalues of (1.6) are
less thanA(a) and their eigenfunctions change sign.

(i)A(a)is the unique value of A in theinterval [——, 400)

V(w)’
for which 0 is theinfimum of the spectrum of the

SchrOdinger operator4;.

Now we can state our main result concerning the
nonlinear problem (1.1).

Theorem 1.3: Let the conditions (F;) (F;) (F3)(V1) (V)
hold and fix P € [2,400) N (7, +c0). Thenthere exist two

connected subsets Yt and Y~ of RxW??(RV) ,
whoseelements (A4,u) are, respectively, positive and
negativesolutions ofproblem (1.1), such that inf{1: (1,u) €

3+ =
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mandup{l (Jw) € ¥4} = A(a), where A(a) is given
by Theorem 1.2. Furthermore, ¥* is bounded away from

the line of triVial solutions of R x {0} and if{(1,,u,)} c
Y+ with 4, 5 A >0
if 1 = A(a).

n
5 then 7ov|u, (x)| — oo if and only

II. EIGENVALUE PROBLEM

In this section, we prove Theorem 1.2. It follows from
Proposition 1.1 that anyeigenfunctionu of equation (1.6)
belongs toC(RY) N H2(RY), and this leads us to introduce a
Schrodinger operator having u as an eigenfunction.Define

Ay:D(4;) = H*(RV) c L2(RY) - L2(RY)
byd; = —Au— g(x)u + AVu
Then 4, is a self-adjoint operator in L2 (RY )with spectrum
0(A,) and essential spectruma, (4;) = [AV (o) —
@, +o0).Furthermore, setting):(1) = info(4;) , we have

YD) = infifiy; (w):u € H'(RM)and [ u’dx = 1} >
—oo,whereay (W) = [on[|Vul* — g(x)u? + AWu]dx.

Lemma 2.1: Suppose that V satisfies(V;) (V;)andl' < a,
thend. (1) < 0. Moreover, there exists 4; > 1 such that) (1) <
0 forall A € (—o0, 1] .
proof :Sincel’ < a, there exists u € H(RV)\{0}such
that [y (|Vul?* + V(x)u*)dx < a [y u*dx <
Jan 9(x)u?dx.This means that a; (u) < Oand ¥(1) < 0.

Hence there existsu; € H'(RV) with f v u2dx = 1 such that
a;(uq) < 0. By thedefinition ofa;, we have

a;(uy) —ay(ug) = A= 1) [y V(x)uidxforall 1 € R. (2.1)
By (V1) (V3), we have there exists C > 0 such that V(x) <
Cfor all x € RY. From (2.1), we havea, (u;) < a;(uy) +

C(A — 1).Therefore choosing}; = 1 + _a;—(cul) >1, we

geta, (1) < L < 0.and $(4,) < 0. Since T(A) is
increasing with respectto 1 € R, we have Y.(1) < 0 for all
A € (=0, 1]

Lemma 2.2:Let V satisﬁes (") (V). Forl < a < V(o0), if
= supifi: 1 € S},

V( )
thenA(a) € (1, +0).
Proof :From Lemma 2.1, we haveA(a) > 1. It is clear that S
is an interval since (1) is increasing in A. Therefore,

ifA(a) = +o, we have S = , +o0)and for any integer

[ V(e0)’

n= ﬁ, there existsu,, € H'(RY) with [,

that

an () = [en[IVuy|* = g(uj +nV(xugldx <0. (2. 2)

By condition (V;) we see that (2.2) is impossible whenn > —
Lemma 2.3:Assume that (V;) (V;) hold andl’' < a < V(oo)

Then A € [V( = ,+00)and Y (1) = Oif and only if A = A(a),

whereA(a) is given by Lemma 2.2.

u2dx = 1 such
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Proof : Sincel' < @ < V(o0)and Y.(4) is increasing in A, it

follows from Lemma?2.1 that )’ (V(aw)) <¥1)<o0.If

a a
A€ T’ +00)and Y (1) =0, then A > e Nowwe have

(1) =info(A4;) = 0and info,(Ay) = AWV (o) —a >

V(aoo) V() — a = 0. Hence 0 is aneigenvalue of 4; and there

exists u; € C(RV) N H2(RM)such that kerA, = span{u,;}
andu, > 0 onR" (see [9],Theorem 3.20] for example). We
mayassume that fRN uZdx = 1 such thata, (u;) = 0. Then
from the definition of a;we have for any € > 0

a,_.(w) = —sf Vuidx < —eVof uZdx <0
RN RN
and thismeans that A — ¢ € S for any € > 0. ThereforeAd
=supS=A(a).

Conversely, ifA = A(a), by Lemma 2.2 wehaveA(a) >
1> % Hence it issufficient to proveA(a) € S U T,whereT
== (";); (1) > 0}. Indeed, if A() € S, then
Z( A(a)) < 0. By the proof of Lemma 2.1 we see that there
existsA, > A(a)such that (1) < 0 for all A € (—oo,1,]. This
contradicts the definition of A(a). On the other hand, ifA(a) €
T, then ¥ ( A(«)) > 0. By the definition of @; and V(x) < C

for allx € RV, we see that for anye > 0 and u € H' (RV)
with [y u*dx = 1,

Ap(q)— (W) = ape) (W) — sf Vu? dx > Z(A(a)) —&C
RN

Therefore we can choose &= w such
T(A@)

- all u € HY(RY) with

Jon u?dx = 1. This means that ¥( A(a) — &) > 0and also
contradicts thedefinition ofA(a).

that apg)—(uy) = >0 for

Proof of Theorem 1.2 (i) From Lemma 2.2 and 2.3 we know
thatA(a) > land ¥ A(a)) = info(A p@) = 0. Since
a < V(»), we have infae(AA(a)) = A@)V (o) —a > 0.
Hence 0 is aneigenvalue of A 5,y and there existsu, ) €
C(RY) n H2(RY)such that kerA4, ;) = span{u, (.} and
Up () > Oon RY. Suppose now thatA; # A(a) is another
eigenvalue of(1.6) with eigenfunctionu; € H*(R"Y). Then Ois
an eigenvalue of A5, and }(A;) = infa(AAl) < 0. It follows
thatA; < A(a). Otherwise, if A; > A(a)and).(A;) < 0, we
divide two cases to deduce thecontradiction. One hand, if
A; > A(a)and Y (A;) = 0, it contradicts Lemma 2.3. On
theother hand, if A; > A(a)and Y(A;) < 0, by the proof of
Lemma 2.1 we see thatthere exists A3 > A; such that }'(1) <
0 for all A € (—oo, A3]. This contradicts thedefinition ofA().
ThereforeA () isthe largest eigenvalue of (1.6). Furthermore,
integratingby parts, we have

(Ala) — Ay) f]RN Vugupgydx = 0.
For A; < A(a) and V(x)up(, > 0on RY, it follows that u;
changes sign.

(i1) This follows from Lemma 2.3.

Copyright © 2012 SciRes.

III. THE TRUNCATED PROBLEM
LetP € [2,+00) N (g, +00) be fixed and we set
X = W22 ®)with |11 = || lly20 . and
Y = 1P R )with] - |, =[] [l,p -

For k defined in (1.4), it can be shown that (see [10],
Lemma B.1])

[k Geu)uly

T Oas|[ul| = +o0

uniformly in x € RV, Hence in order to make use ofTheorem
1.1 we need to introduce the following truncatedproblem

A —g@u+AV)u+ P, (Ok(x,w)u=0 (3.1)
whereu € HY(RV) and

) = {](L) i;f ||;C|I i "
Define L(1): X = Y by
LM)u =—-Au—gx)u+ AV(x)u (3.2)
Using the inversion, u = v = ﬁ, problem (3.1) is equivalent
to
L(A)v+K,(v) =0 3.3)

where

v
K, (v) = Yk (x, W) v, for v e X\{0}
0, forv=0

In the sequel we show that Theorem 1.1 is applicable tothe
inverted truncated problem (3.3). First, it follows

fromTheorem 4.3 of [6] thatL(1) € ®y(X,Y) for all > %,
where ®,(X,Y) is defined in Theorem 1.1 and
Y=kerL(D)@rgeLDfor alll > — (3.4)

V()

From (3.4) and Theoreml.2 we can prove (1.2) holds with
Ao = A(a) (see the proof of Theorem 4.2in [10]). By Remark
1.1 the following lemma(Lemma 3.2in [10]) can verify
condition (1.3) for K,,defined in(3.3) .

Lemma 3.1: For alln € N, K, € C(X,Y) n C1(X\{0},Y),
K,:X = Y is compact and it is FrEchetdifferentiable at 0
withK, (0) = 0.

Now we can apply Theorem 1.1 for L(4) defined by (3.2) on
the interval | = (%, +oo0)and at the point A5 = A(a@). Set
Z, ={(Av) € Gy

eSL +00) X X: vis a nontrivial solution of
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(3.3)}. Let C, denote the connected component of Z, U
{(A(a), 0)}containing( A(a),0). In order to get some initial
informationabout C,, from Theorem 1.1, we establish
someestimates about the solutions of (3.2) that will help us
toobtain more precise information about C,,.

Lemma 3.2: Let the conditions (V) (V3) hold anda =1+
uSuppose thatl' < a < V(0)and 0 < u < V( ) m . Then, there
T >0, such that for anyf > there is Np €

N satisfying ||V]| < T for all (4,v)€ Z w1th A=p and

exists

Proof :Firstwe define the bound T. Since0 < u < and

V(OO) Vo
Vo

u< m and choose 1 =

;(V"‘(Z_f’) —ﬂ) > 0. By (1.4) and (V;) we know k(x,0) =  and

there exists §;such that k(x,s) 21 —n = %l + % (a - ﬂ) >

V()
%l > 0 for all By Sobolevembeding there is C;
suchthat |u|, < C1||u||. SetT = g—l,
1

a=1+u, we candeduce that

|S| 581

Suppose that v € Xand

[lvl| = T. Then, for all x € RV, we hav e% < |||V||°|°2 < “671” <
]7 v

a_ vGo)l
- 81.C0nsequently,k( “ 1 ) l—n. For anyﬂ>v(w)

we can choose 83 = V(o) — E > 0. By (V3), there existsN; €
N, such that V(x) = V(o) — §gfor all |x| > Ns. Hence

AV(x) = B(V(0) — 85) = a 3.5)

for all A > and |x| = Ng. On the otherhand, for 1 = g,
n = Ng, |x| < Ng, and ||v|| > T, we have

|||V||| ) k( |||V||| ) =l=n.

and—a + AWV(x) +K,(v) = —a +

Ka(®) = ok (¥

V( )V0+l—7’]

_ 1 aVO
=-u-nt V(oo)VO (V(w)

Combining the above inequality and (3.5), we get that
for(4,v) € Z, with 2 > Band n > N, if|[v|| = T, then

M>>O
vl

The maximum principle now leads toa

,u)>0.

v(X)Av(x) = v2(x)[—a + AV (x) + P, k (x

for all x € RV .
contradiction.

Lemma 3.3: Fix § > ——. Then, for any & € (0,V (o) — %),

V( )
there exists C, > Osuch that|u(x)| < [u|e,e Y ¥1=C) for all
x € RN ,where &€ = f(V(0) —&) —a >0 for all (1,u)€
[B, +o0)with uL(A)u < 0 onR".
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Proof :  Since MJ”"V(x) =V (), for any € € (0,V (o0) —
%) , there exists C, > 0 suchthat V(x) = V() — ¢ for all
x| >C. . Set q(x) = [u|,e ¥~ —y(x) and Q, =

{x e RV:|x| > C. and q(x) < 0}. For all x € Q,, we have
u(x) > 0 and

0=>2LM)u=—-Au—au+AV(x)u
> —-Au—au+ BV (o) —e)u = —Au + éu,

since = f3. By direct calculations, we have forx € (Q,
N-1
Aq(x):=huweJ@%(e-——T;r-JE)e—Jaﬂ-Au

< JulopeViCege ViR — sy = £q(x) < 0.

Since q(x) = 0 as [x| » +o0and q(x) = Ofor |x| = C,, we
have q(x) =0 for x € Q, . If Q, # @, the weakmaximum
principle (Theorem 8.1 in [4]) implies thatg(x) = 0in Q,, a
contradiction. Thus we see that|u(x)| < |u|e e VEIxI=C) for
all|x| = C, Replacing uby —u, we get the above inequality for
|u(x)|.Hence, we complete the proof.

Lemma 3.4: For each n € N, there exists an open
neighborhood Uof(A(a),0) € R X X, such that u? > O0on RY
forall ({,v) eUNZ,.

Proof : By contradiction, suppose that there exists asequence

L L
{(A,u)} © Z, such that A; » A(a) and ||u||; = 0 andeach
continuous functionu; has at least one zero in RV. We prove
this leadsto a contradiction.

. u;
Setting z; = TR
have L(4;)z; + % =0on RN SinceV(x) € L*(RY), by

Lemma 3.1, wefind that

by the definition of Z, , we

L(A(@)z=~(A(@) = A)V (x)z; — llu ||L)

On the other hand, by passing to a subsequence, we may

supposethat z; — z weakly in X. SinceA(a) >1>— T ( 5

have L(A(a)) € ®(X,Y). By Lemma 3.5 of [10], we know
that  z Sz strongly in X This means
that ||z|| =1 and L(A(a))zl- =0. By Lemma3.3, wehave
z € H'(RV). According to Theorem 1.2(i), we may as well
suppose thatz > 0 on R . Since 4; —l>A(a) and A(a) > 1,

choosinge = (a) L 0, there exists iy € N such that4; > 1 +

efor all i = i,. By (V,)and @ < V(0), thereexists R = n such
that V(x) = a for all|x| = R. Hence, for alli > i; and |x| = R,
we have—a + A,V (x) = —a + (1 + €)a > 0.SinceR = n, we
have for |x| > R, ¥, (x) = 0 and

0=L(A)z = —Az + (—a + 1,V (x))z (3.6)
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Recalling that X ¢ C(RV), we have § = |xigz(x) >0.

i
Since z; -z have that

|ayiAs),(RiffZi (x)
z;(x) = l6 for all |[x| < R andi > i;. Since z;(x) = 15 for
x| =R and |x|_)1”"z (x) =0, we get z;(x) =0 on 6BR

Now we can apply the strong maximumprinciple (Theorem
8.19 in [4]) to equation (3.6) on theregion Bi and deduce

thatz; > 0 in By for alli > i;. This contradicts that each u;
has at least onezero in RY.

strongly in X , we

L
—z(x)| > 0and there exists i; = iy such that

Now we can give more information about C,, .

Theorem 3.1: Let C, denote the connected component
ofZ, U {(A(a), 0)} containing the point(A(a), 0). Then:

(i) u»>0o0on RN and
Ca\{(A(a), 0)};

(i1) for any > o
for alln = Ng,

A< A(a) for all ({u)eE

there exist T > Oand Ny €N such that,
infPC,:= inf{Ad:(Lu) €C,}<Pand||u|]|<T
for all (4,v) € C,with A = B.

Proof : The first step is to show that if (1,u) €
C,\{(A(a),0)}, we have A < A(a). Since (A,u) solves
equation (3.3), we have
—Au — au + AV()u + P, (x)k (x,#) u=20 3.7
u
By Lemma 33, we know u€ H(R")
byTheoreml.2 (ii) and (3.7) ,

Hence

0 =inf f[|Vv|2 — av? + AMa)Vv?]dx:v € HY(RV)

RN

< f[qu|2 — au® +A(a)Vu2+1,bn(x)k< | [ ||2>u ]dx
RN lul

= (A@) = D) [ V(x)uPdx.
Since [on V(x)uldx =V, [y u*dx >0, we see that A <
Ala).

The next step is to show that if (1, u) € C,\{(A(«),0)},
thenu? > 0 onR". Set

0 ={(Au) € C,:u?>00nR"} n {(A(a),0)}.

We prove that Q is both anopen and closed subset of C,,, then
by theconnectedness ofC,, we haveQ = C,,.

Copyright © 2012 SciRes.

First we prove that Q is open in C,. Given(4,u) € 9, we
show that there exists an openneighborhood U of (4,u) in
RN x X suchthat UNC, € Q. For (4, u)=(A(a),0) this is
established in Lemma 3.4 . For(4,u) € C,with u? > 0 onR",
wehave that u does not change sign sinceX c C(R"). We
suppose that u > Oon RY, the case u < 0 beingsimilar. By

(V;)and 4 > there existr > 0 and R > n such that for all
77 with |4 — nl < r, —a+nV(x) >0 for all |x| =R Let
= |xi;‘£u(x) Then, § >0 andthere exists an open

nerghborhood U of (L, u) inRY XX such that [A—n| <7
andlegv(x) = gfor all (n,v) € U. SinceR = n, for |x| > R,
we have ¥, (x) = 0 andfor (n,v) eUNZ,,L(Dv =—-Av +
(—a+nV(x))v=0 .As the proof of Lemma 3.4, the

maximum principle impliesthat v(x) > 0 for [x| > R and then
v > 0onR". Hencell N C,  Q and Q is open.

Now we show that @ is closed in C,,. Supposethat (4, u) €
C, and there exists a sequence{(4;,u;)} < Qsuch that), 52
and ||u; —ul| 50 Ifu = 0, we must have A = A(a) since
C,N[R x{0}] = {(A(a),0)}and so ({L,u)eQ. Ifu=0,
passing to a subsequence, we may as wellsuppose that u; > 0

on RY for alli € N. Itfollows that u > 0 on RY and—Au +
cau=cu=0 on RY  where c()=-a+AV(x)+

+1,l}nk(x, %) Bythe strong maximum principle we have

u > 0on RV . Hence(4, u) € Qand Q is closed inC,,.

Now we know thatQ = C,. We claim that thismeans that
case (i) in Theorem 1.1 cannot occur. Indeed, ifC,, has the
property  (ii), there exist A€J\{A(a)} and a
sequence {(zll,u )} € G, such that A; > 2 and [ ]| 50.

Settingz; = H_ and argumg as in the proof of Lemma 3.4, we

may assume that z; Sz strongly in X and L(A)z = 0 with
|lz|| = 1. By Lemma 3.3, we know z € H*(R"). It follows
fromTheorem 1.2 (i) that 1 < A(a) and zchanges sign on RY.
On the other hand, since Q = C,, the sequence z; can be
chosen sothat z; > 0 on RY. Then we have z > 0 on R"and
this contradicts the earlier conclusion.

For any f8 >0
that||v|| < T for all (/'1, v) € C,with A = f and n = Nj. Thus,
if n = NgandinfPC, = f, we deduce that C, is boundedin

R X X. Since we have shown that C, has not the property (ii) in
Theorem 1.1, we must have(;’ satisfying ianC’ =inf] =

by Lemma 3.2 there exists Ny € N such

V()

7] —— and we complete the proof.

IV. PROOF OF THEOREM 1.3

In this section, by using the globalbifurcation result for the
inverted truncated problem (3.3), we first prove the bifurcation
result for the following invertedproblem
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L) + K(v) =0, @.1)

v

WhereK (v) = {k (x, W) v, forv e X\{0}
0, forv =0.

SetZ ={(4,v) €

V( )’
solution of (4.1)}andZ = {(4,v) € Z:v? > 0on RM}.

Lemma 4.1:Let {(1,,u,)} ©Z be a sequencesuch that
. 50. Then 1 = A@).

Proof : First we show that

|K(—z'”"' )lp .
Y 4.2)

||Vn||

for all p € (1,+0o0) . Since (4,,v,) solves(4.1), we have

v, L(1,)v, < 0on RY. From A, 521> we may choose

_*
V(0)’
1 a
L= = +E(A—V(w)) > msuch thatd,,
follows from Lemma 3.3 that there exist L >0 and y >0

which areindependent of n such that

> f for n large. It

[v, ()| < L|v,|we ™ ¥for allx € RV, (4.3)

By the Sobolev embedding, there is € >0 which is
independent of n such that |, |,, < C||v,||. Thus, we have

(o)
“;’—"” < LCe™"™Ifor allx € RV, (4.4)
Conseugqently, for every fixed x € RY,
lK(IILvnl: )I n
el -0 4.5)
Combining (4.3) and (4.5), it follows from the
dominatedconvergence that (4.2) holds. Let w, = Since

T n||

v2 > 0 on RV, passing to a subsequence, we mayassume that
w, >0 on RN for all n € Nand for some w € X with w >0
on RY, w, = wweakly in X. By (4.2) wededuce that

— (A, — DV ()w, >0 inY

L(/Dwn = L(ln)wn

Since 1 > ——, we have L(1) € ®,(X,Y). By Lemma 3.5 of

( )
[1] we know that w, Lo strongly in X. So L(A)w = Oand
[lwl| = 1. By Lemma 3.3 we have w € H'(R"). This means
that A is an eigenvalue of equation (1.6) and its

correspondingeigenfunctionw does not change sign. Thus it
follows from Theorem 1.2 (i) thatd = A(a).

Theorem 4.1: Let C denote the connected component
ofZ U {( A(@), 0)}containing{( A(a), 0)}. The following hold.
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(i) Cis bounded with infPC = %and supPC = A(a).
@ii) If {(A,,v,)} € Cwith, ™A, = A(a) then , % ||v, || =
0.

Proof : (i) First we show that if (4, v) € Z, then 1 < A(a).
Sincev # 0 solves equation (4.1), by Lemma3.3, we knowv €
H'(RM) and then we deduce thatu = ——solves equation (1.5).

[l
By Theorem 1.2 (ii) we have

0 =inf f[|Va)|2 —aw? + Ww?ldx: o
RN

€ HY(R") and f wldx =1}

RN

<— ! [(Aa) — A)f V(x)uzdx—f k(x, w)u?dx]

Jow udx

Thus(A(@) = A) fon VOuPdx = [on k(x, u)u’dx. We claim
that [Ly k(x,u)u’dx > 0. Indeed, since [Thk(x,s) =1>0
uniformly in x € RV there exists § > 0 such that k(x,s) > é

for all |s| <& and x € RV . ByProposition 1.1 we have
|x|_,ﬂﬁ’0’},u(x) = 0and there exists R > 0 such that |u(x)| <
§for|x| = R. Since (4, v) € Z, we havev? >0 on R" and
u? > 0 on RY. Thereforewe deduce that

u?dx.

fRN k(x, wutdx = fl k(x, wu?dx > =

flleR

It follows thatd < A(a). Hence{l: (1, v) € C\{(A(a),0)} c
(V( - ,A(a))and supPC = Aa).

Secondly we show that ||v|| < T for all (4,v) € Z, where
T > 0 is defined in Lemma 3.2. Bycontradiction, if (4,v) €
Zand ||v|| > T, similar to the proof of Lemma 3.2, we have

N v(x) _ _1(al
for allx € R ’K<|Ivllz> l —n, wheren = (V(w) u) > 0.
Consequently,
v(x) )
vAv = [—a + W (x) + k x,| |2 v* (%)
vl

[—,u+V( ) 11] v2(x) = nvi(x) = 0.

The maximum principle leads to a contradiction. Therefore we
seethat Z is bounded in R X X and sois C.
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a
V(o) *
For anyp €

The next step is to prove that infPC = By
a

. V()

G5 P)» We setd = {(2,v) € 0:22 5}, Ay = {(A@), 0)},

A, = {(4,v) € Q:1=p}, where Q = ZU{(A(a),0)}. We

claim that Ais a compact subset of R X X.

contradiction, supposethat p :=infPC >

Indeed, let{(4,, v,,)} € A be an infinitely sequence. Passing toa
subsequence, we may suppose that v, > 0 on R" forall
n n
nandl, - 1 € [p, A(a)],v,, = v weakly in X,||v,|| > T =
n
0.To prove this claim, it is sufficient to prove v, — v strongly
n
in Xwith(4,v) € A.Ift = 0, then v, = v strongly in X. By
Lemma 4.1, we must have (1, v) = (A(a),0) € A. If T # 0,
similar to the proof ofLemma 4.1, we can deduce that||v, —
V|| 50 and hence (4, v) € Z. The strong maximum implies
that (4, v) € A. By a result of Whyburn [11] (see Lemma C.2
in [10]), we can prove that there exists a connected subset 4, of
A suchthatdy N Ay # @ and Ay N A, # @ .1t follows that
infPA, = p < p. Butsinced, € C, we have infPC < p < p,
a contradiction.

(i1) By contradiction, suppose that there exists a
sequence{(4,,,v,)} € C\{(A(a), 0)} such that 4, 5 A(a) and
||vn|| > ¢ > 0 for all n € N. Bythe proof of part (i) we

have| |v, || < T. Passing to asubsequence, we may assume that
v, — v weaklyin X. Similar to the proof of Lemma 4.1, we

candeduce that ||v, — v|| % 0and (A(a),v) € Z. Then by the
strong maximum principle wehave( A(a),v) € Z. But at
thebeginning of the proof of part (i) we proved that A < A(a)
for all (4, v) € Z. This is a contradiction.

We have established the global properties of a connected
subset ofZ U {( A(a), 0)}containing{( A(a),0)}. However, in
order to maintainconnectedness under inversion, we need to
find a connected subset ofZ having similar properties.

Set Zt ={({,v)€Z:v>00nR'}and Z~ ={(Av)E
Z:v < 0onRV}.

Corollary 4.1: Let the function f be odd. Then there exist
two bounded connectedsubsets Cf and C; of Z%Tand Z7,
respectively, satisfying the followingproperties:

and( A(a),0) € G5

«
V()

() infPCy =
(ii) supPCy = A(a) and 0 < |[v|| < T for all (4, v) € Gy,
where T > 0 isgiven by Lemma 3.2.

Proof : The proof is the same as the one of Corollary 5.3 in
[10].

Proof of Theorem1.3
Let fz and f; be the odd functions defined by

Copyright © 2012 SciRes.

_(fx,s), fors =0,

fr(s) = {—f(x, -s), fors<o0
_(—f(x,—=s), fors=0,
andfy (s) = { f(x,s), fors < 0.

By corollary 4.1 there exist two bounded connected
subsetsC;” and C; of positive or negativesolutions for problem
(1.1) with f orf; (s)respectively. Setting

i vy +
2= (1) @ e,

it follows that 3'* areconnected sets of (%, Ala)) x
W?2P (RN) consisting of, respectively, positive and negative
solutions of (1.1) with infPY* = —, supP¥* = A(a)and

V()
|lul| = %for all (,v) € 3.

ith 1, >1>—"and
wit n >man

Suppose that {(4,,u,)} c ¥*

e Uy (0] Lo . Then ||un|| 5w by the Sobolev
embedding. Hence(4,,v,) € £ with v, = —"~and v, | %o

2
||un||

ByLemma 4.1 we have A =A(a). On the otherhand ,

if{(A,, )} © T with 4, — A@), by setting v, = ““—”2 we
Un

know that(4,,v,) € C. Then by Theorem 4.1

n n
||vn|| — 0. This means that||un|| — +00. We claim that

n
ceph [Un| = + 00, Otherwise, passing to a subsequence, there

is C > 0 such that “pv|u,| < C for alln € N. Since(4,, u,) is

a solution of problem (1.1) we have

(i1) we have

LA )u, + k(x,u,)u, =0 (4.6)

By Lemma 3.3, we know that u,isbounded inY. Therefore,
{(=A + 1)u,}is bounded in Y by (4.6). Since—A+1:X -Y
isan isomorphism, this implies that {u,} is bounded in X, a
contradiction.
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