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Abstract

The work shows that the associated Einstein-like gravity for the
Klein-Gordon field shows the spontaneous emergence of the “cosmological”
pressure tensor density (CPTD) that in the classical limit leads to the cosmo-
logical constant (CC). Even if the classical cosmological constant is set to ze-
ro, the model shows, that exists a residual theory-derived quantum CPTD.
The work shows that the cosmological constant can be considered as a second
order quantum-mechanical correction to the Newtonian gravity. The outputs
of the theory show that the expectation value of the CPTD is independent by
the zero-point vacuum energy density and that it takes contribution only
from the space where the mass is localized (and the space-time is curvilinear)
while tending to zero as the space-time approaches to the flat vacuum. A de-
veloped model of scalar matter universe shows an overall cosmological effect
of the CPTD on the motion of the galaxies that agrees with the astronomical
observations.
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1. Introduction

Today, one of the most challenging problems in physics is the introduction of
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the space-time quantum mechanical properties into gravity.

Even if unable to give answers in a fully quantum regime, the semiclassical
approximation [1]-[6] has brought successful results such as the explanation of
the Hawking radiation and black hole (BH) evaporation [7].

The difficulties about the integration of QFT and the gravity equation (GE)
become really evident in the so called cosmological constant problem, a term
that Einstein added to its equation to prevent the final collapse of the universe.
The introduction, by hand, of the cosmological constant was then refused by
Einstein himself who defined it as the biggest mistake of my life [8].

Actually, the CC has been reintroduced [1] to explain the astronomical obser-
vations about the motion of galaxies [9] and to give stability to the quantum va-
cuum, being the physical vacuum related to a positive, not null, CC [10] [11].

Moreover, the energy-impulse tensor density (EITD) for classical bodies in

the GE owns a point-dependence by the mass density (Ze., oc |1//|2 ), without any

analytically complete connection with the phase of the field y :|t//|exp%S.

Due to this undefined connection between the GE and the particle fields, the in-
tegration between the QFT and the GE is still an open question that is the object
of intense theoretical investigation.

Generally speaking, the link between the matter fields and the GE (as it hap-
pens for the photon field) can be obtained by defining an adequate GE. To this
end, modifications to the Einstein equation have been proposed such as the sca-
lar-tensor gravity and the Brans-Dicke modified gravity [12] that are able to
solve the problem of the great disagreement between the measured and the

theoretical values of the cosmological constant.
At glance with this point, the author has shown [13] that it is possible to obtain

the GE, with analytical connection with the KGE field y = |y/|exp%S , by using

the quantum hydrodynamic description of a mass density |1,1/|2 owing the hy-
drodynamic impulse 0,5 =-p, subject to the non-local quantum potential
interaction [14] [15] [16] [17].

2. The Gravity Equation for the KGE on Macroscopic Scale

In reference [13] the author has shown that the gravity (with null classic CC)
generated by the KGE field in the large-scale macroscopic limit (undergoing
quantum decoherence) reads

1 &nG 8nG
R,uv _ERg/,zv + C4 Agyv = c_4£]—£k)/zvc,[m (1 - a(un(k)) J - AQg,uv + T.\./uv(k) j (1)
where [13]
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and where A, and A are the isotropic and stress part, respectively, of the
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Perturbative Approach to the GE-KGE Evolutionary
System of Equations

m 5
For particles very far from the Planckian mass density 1—3” = h(z} it is possible

2 b
P
to solve the system of equations

1
R, ——Rg +—8n4GAgW
C

v ny
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by a perturbative iteration,
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where ( ¢,,&" :|g|2 <1 ) and where 7, satisfies the static solution

R(O) =0, R(O)

“ ()

(1) = 0, of the zero order GE

uv

RY —%R(O) =0. (13)

v, isthe solution of the zero order KGE,

m2C2
0,0, :_h_ZWO (14)

w' the solution of the first order KGE,
2.2

My =—0,h" 0,y =0 "0y, (15)

h2
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(at first order ¢,, = h/(llv) ) and h/(llz is the solution of the first order GE,
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where the Christoffel symbol reads [18]:

1
a aff
ry, —577 (ﬁﬂgﬁv +0,&p, —6ﬂ8‘,ﬂ) (17)
leading to
_ ! 1 1 m m I
R#V(h‘ul’) = (6/F”V _avr/ll +F”Vl"lm _Fylrvm) (18)

Moreover, by using the zero-order relations

V:]uo(k) =0 (19)
and
(0) _
a =0 (20)
(Vqllo(’f))

it follows that (16) the first-order GE reads
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from which we can readily see that the GE weak gravity limit, on macroscopic
scale at the first-order, coincides with the general relativity equation leading to
the Newtonian potential of gravity. The first contribution to the cosmological

constant comes from the second order of approximation
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where it has been used the property (near the Minkowskian limit)
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If the macroscopic quantum-mechanical GE (1) and the Einstein equation
coincide themselves at first order, the second order of the GE (1) contains con-
tributions to the gravity (among those the cosmological isotropic pressure

A’(”,i)g) that go to zero if 7/ 1is set to zero showing to be quantum-mechanical

correction to the Newtonian weak gravity.
It is worth mentioning that the GE (1) shows the additional correction to the

(1)dec

wv.,.. that, being the product of two second order terms,

Newton gravity Atz
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a(:/) and A(Vl)(k) , that increases at high-curvature space-time (ie,
qu (k) e

V ~mc, and « ~ max+ «, =1 in black holes (see Section 4.1)),
(Vi) (Vi)

qu

should give well detectable effects near black holes such as, for instance, in the
motion of stars in the bulge around the supermassive BH (SMBH) at the center
of the galaxies or in the rotation of twin black holes and neutron stars.

3. The Cosmological Pressure Tensor Density
Expectation-Value of the Quantum KGE Field in the
Quasi-Minkowskian Space-Time

At zero order, very far from the Planckian mass densities, the GE (1) leads to a
Minkowskian KGE field and, hence, when the KGE field is quantized, to the
standard QFT outputs.

The quantization of the GE-KGE system of equations is not the objective of
this work, but it is interesting to evaluate the CPTD expectation value
(O | Atot
CC.

To this end, we need to express the quantum potential as a function of the an-
T

08 uv Ok> and to see if it can give a compatible output with the observed

nihilation and creation operators Ay and a
field

) of the free KGE quantum

d’ k 1 . a
—ﬂ ( exp[zk q ] (k) exp[—zkaq ]) (31)
that, by using the discrete form of field Fourier decomposition (Ze,

”Lﬁ - %/{Z_:‘) ) reads

(2n)
1 &1 9" |, 4 ip,9"
:—E e = + exp| ——%— 32
v \/—kozwk[a“‘) Xp{ n } “® Xp{ i D G2
V7

where Pu =k ,leads to
h H

Vo = h2|l//k|1/78 Jogg" exp[ikaqa]‘
52
___wa#a" a(k)a' (k) =V, 0

where, now, a(k), a' (k) obey to the commutation relations
[a(k),a" (K')]= 64

However, even if the squared root of operators a(k),aT (k) in the quan-
tum potential (33) can be defined by making use of the Taylor expansion series,
the higher order terms own the problem to be ordered. In order to remark this
freedom in the definition of the quantum potential operator, we name it as

50-ord
Vq% ”® and: reads
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5 hz 1 Q-ord
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" (Ja(k)a' () e |

Moreover, by using the identity [13]

oS as . (B2, 2o Va
_ F _ [ =mc|l-—— 35
oq" 0q,, Pup [cz P mc’ (39)
and the identities p, =-0,S =(p,,—p;) and p’ = p,p,, it follows that:
2.2 2 4 JyQ-ord
, ¢’p® m’c for
o, = + 1- 36
o on { mc? J G0

and the CPTD expectation value reads

Dkinax hz 2 I}%—ord
0)=—— [ A e 1= e, @)
(2n)" hc c me

where |0,) represents the k-indexed harmonic oscillators of the field in the

(0] A%

fundamental state [19].
Moreover, being a(k) just a function of the moment, in the Minkowskian

Q-ord
limit, we obtain &* ( a(k)aT (k)) =0, and hence that
ngaord =0 (38)
a(t?ﬁ;,”‘i) =0 (39)
Aoy =0 (40)
AP =0 (41)

(k)

o, 1)
1 Finax Arac k 7716‘2 hza) 2
0 A0 )=———"r— a") ®) ,f o _mPc*dw, =0 (42
< P| (k) P> (2 )2 he J' (Vq%;”d) 4 7 C2 ¢ awy ( )

and, finally, from (38), that

, ’pt o omle

O =52 T2 TN T
h h h

From the last identity, the standard QFT outputs are warranted at the zero

(43)

order of gravitational approximation.

4. The Cosmological Constant of the Quantum-Mechanical
GE

If in the classical Einstein equation the “cosmological” constant A (a factor
multiplying the metric tensor g, ) cannot be function of the space [20], on the
contrary, in the GE (1) the CPTD Ag av 18 both a function of the mass distribu-

tion density |1)1/|2 and of the quantum potential V.
As shown by in the section 3, the CC is different from zero only in the regions
oy

a/‘

q

of curved space-time where the mass is localized (e.g., #0) and it higher
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larger is the gravitational field (while it is null in the vacuum very far from massive
oy
oq"
Thence, the term Ag,, given by the mean value (A) over all the volume of

objects given that if =0 also V,=0).

the galactic space V,, that reads

A\ 1o AD
5 =V—ngij—2dV, (44)

takes effective contributions just from the places where matter is present (e.g.,
particles core and black holes (BH)).

The Toy Model: The Cosmological Constant of the Universe Whose
Mass Is Distributed in Scalar Bosons of Plank’s Mass

In order to fully evaluate Expression (44), we should introduce the electromag-
netic, the strong, the weak forces and the Higgs boson interaction that give rise
to the family of elemental particles.

For the gravity of classical fields developed so far (the classical KGE field
coupled to the gravitational force) the localization of the mass can only come
from gravity whose stable localized states are those of BH with a mass larger
than the Planck mass [21].

In order to evaluate (44) by using this oversimplified model, we represent all
the mass of the universe (baryonic matter, dark matter and dark energy, respec-
tively) by BHs particles of Plancknian mass m (ie, Plancknian Black hole
(PBH)) with the volume of a sphere of Planck radius 6V,,, ~2x10""m’.
Thence, by posing that

A 1 I /A A A
B2 A e
¢ Vg i=1 € [ barionic C [ dark m C [ dark En

(45)
ov, A, A, A,
e R
Vg i ¢ barionic 4 dark m ¢ dark En
where V, is the universe volume, and by utilizing (4) it follows that
(@)
cz barionic cz dark m
a A 2
Vo)~ <) |y |7 V.
~ OV oai mz ) ﬂ 1—,1- qu2 (46)
Vg 7 4 ¥ mc

V 4 14 2

a A 2
_ OV gy (V‘I”l(k)) (k) |W|PBH 1— 1_&
mc

Yl

where |1//|iB = is the mean number of Planckian black holes per volume

of the universe and m =m,,,,,.. + My, » Where my,...0V 5 and mg,, OV g,
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are the baryonic and dark matter mass, respectively, contained in each PBH.
Figure 1 shows the discretization used to Evaluate (44). Here the vacuum is

assumed composed of cells of volume &V, ~ 2x10""m’ whose radius is of

order of the Planck length. Some of them contain the localized mass m of the

PBH of baryonic and dark matter.
Moreover, assuming that the zero-point energy density of the vacuum E;

E
represents the dark energy we add it, or the equivalent mass m,,, ,, =—-, to
c
each cell of the space, to obtain
a A 2
ﬁ ~ Vb ﬂ (V‘wl(k)) =4 |W|P3Hdm Bl 1- 1= un (47)
cz dark En Vg cz 4 7 mcz '

leading to the representative set up in Figure 2.

Q

2

OV, =2 X 101 m?

q,

OO,
9 00®
OQ%OO
OO0
9000C
OO0

@
@
9@
O
O

10 m

Figure 1. Shows the distribution the Plancknian cells of vacuum of (ba-
ryonic and dark) mass m.

9,

&) (®)&)
(&)(5)®)
&)(&)(®)
5)(5) el
Ey)\() (5)|(B8)

10 m

BV, = 2 % 10705 M2

q

0)5)|e)e)@
w8082 )

CEOED
EEE D
el
EoCOD

Figure 2. Shows the baryonic mass, dark mass and dark energy distribu-
tion in the Plancknian cells of the vacuum.
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Moreover, given that the constant mass distribution in the vacuum

v| — v| —_— +|1//|PBHWM +|W|PBHdarA . does not give contribution both

to the quantum Potential (33) and to the cosmological Constant (4), it follows
that in (44) only the places where there are the baryonic and the dark matter

leads to a not null contribution to the cosmological constant.
2

Thence, the number of PBHs per volume |l//| i , that contain the dark
dark En

energy contribution to the cosmological constant, are equal to the number of
2

PBH per volume of the baryonic and dark matter |t//| .

(See Figure 3).

Thence, from (46)-(47) It follows that

Q A 2
A 5VPBH (unl(k)) (k) |V/|PBHm un
= /% uom I—,/1- 3 (48)
C Vg 4 }/ mc
E
where m,, =m +—§ .
c

Moreover, by posing both that

2 Q A
|l//|PBH 1— 1— V:IM ~ <|!//|2 > Ml 1— 1_& (49)
_}/ e PBH 4 7 me*

that by using the relation

Ve
-5 (50)

Vmean 2 4
<|W |PBH >

where V. isthe galactic space, available per PBH mass it follows that

mean

on
my,, +— |0V o A
A z[ T )T ) (51)
2 v 4

c mean

N —
VR
ot
|
=
|
s
1=
N—

oV, =2x%x10"1% m?

PBH

\q1

0000 "
90000
OO0,
D@00
00060
00000
OOO@0
90060
90000

103 m

Figure 3. Shows the Plancknian cells of the vacuum contributing to the quantum poten-
tial and, therefore, to the cosmological pressure tensor density.
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where 7 ~2x10°m’ [22] (for the baryonic mass, 4% of the total mass, leads

mean

to about eight hydrogen atoms per cubic meter).
A
Furthermore, in order to evaluate the order of magnitude of <—2>, we
¢

introduces the experimental data both for the baryonic and dark matter density
Q, and for the dark energy density Q, , , in the Expression (51) to obtain

a A
E (Vq~1(’f)) wac(k)
A (mbﬂz +c£j §VpBH 4 v
[2)- e
¢ Vmean <7/> mc
(52)
a A
(unl("')) wc(k)
4
I
~ (Qm + Qdark En ) 1 1_ < qu2>
(r) me
where [22]
oV
=S 5 6107 kg /m? (53)
and where
E
5V sy
Qi gy =0V 5 = 7.4x107 kg/m’ 54
dark En pBH = - x g/m- . ( )

mean

1
For low velocity massive particles (e.g., moving at speed lower than gc ) we

can assume

<7/>z—z1. (55)

As far as it concerns <un> , we evaluate it for a Schwarzschild radial symme-
tric BH.

Given the metric tensors in the spherical coordinates

8w =€"38n =—el;g22 =—r’;
v - (56)
g, =-1sin"0; \J-g =le 2 r'sin’ @
for the Schwarzschild BH, they read [21] [23]
g = -t = _g0071 (57)
R
go=¢"=¢"= _[ __gJ (58)
r
g =-r*sin’ 9. (59)

By introducing (57)-(59), in the hydrodynamic equation of motion [13] (for
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the radial co-ordinate) that by using the stationary conditions for eigenstates

du#
T 0 (60)
u, =(1,0,0,0), (61)
reads
%
Gln,fl )
du ) 2 V.
_”:():liulu'( g/z( +£ ”mc +calnﬂ7—uyiln I_Luz (62)
dr 2y oq" y 0q y Oq dr mc
it follows that (see Appendix)
-3
R V.
1+[1 —TgJ = (63)
me
and that
3 3
R
<un>:mcz [1+( ——g] } = mc* 1—[L] . (64)
r R,

Moreover, since the mass of a black hole is almost concentrated in r <« Rg
[21] [23] (where R, is the gravitational radius), it follows both that

vV ~mc?, Vn>0, (65)
< qu >(n)

and

o =1+ l—i 7 ~1] (66)
(Vo) r

A AKK k
<C_2> = (Qm + Qdark En )< 4( ) > (67)

and, hence, by using (54) that

that

A A
E, ~ k) Qi 5 hz L ORFITG J/m’ (68)
4 OV, pur 4
Moreover, if we consider the QCD zero-point energy density £, of the va-
cuum [24]
oo,
E, = M. (69)
* 7 8nc?
from (68) it follows that
Bt i
he,, =| 4 4 3x10°GeV (70)

whose order of magnitude can possibly agree with the maximum allowed

Plancknian cut-off frequency
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ho :K:m 02 :C2 he zSXlOISGeV. (71)
16nG

A
where <%(k)> can be calculated by introducing in (7) the black hole wavefunction

[21] and where [, is the Planck length.

5. Discussion

The results (41) basically show that in Minkowskian space-time (ie., very far
from particles) the CPTD expectation value is null regardless its zero-point
energy density.

The non-zero contribution to the CC appears at second order in the GE [13].
The CPTD macroscopic expectation value is vanishing small in the region of
space-time with Newtonian gravity and it increases at higher gravity as quan-
tum-mechanical corrections. This fact well agrees [1] with the very small value
of the observed CC and leads to a scenario where the major contribution to the
CC comes from black holes (where the matter is so squeezed that the quantum

potential energy becomes comparable with its mass energy (ze, V,, = mc®, and
a( ) ~ max{a(y )} =1) whose gravitational effects should be primarily
qu(k) qu(k)

detectable in the motion of stars around the SMBHs at the center of the galaxies
(i.e, in the bulge), in the motion of galaxies owing a SMBH and (for instance by
interferometric detection of the gravitational waves [25]) in the rotation of twin
black holes or neutron stars.

6. Conclusions

is not null if and only if, the

The cosmological pressure tensor density A(kQ
space-time is curvilinear and it tends to zero in the very far flat vacuum
regardless of its zero-point energy.

The depletion of the CPTD in the vacuum, far from material bodies, lowers its
theoretical mean value on the cosmological scale, agreeing with the astronomical
observations on the motion of the galaxies, by assuming the minimum allowed
wave length cut-off, for the QCD zero-point energy density of the vacuum, of

order of the Planck’s length.
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Appendix

The hydrodynamic equation for the eigenstates of the radial symmetric
Schwarzschild scalar uncharged black hole

By using the equilibrium Condition (60) and the initial Condition (61) (ie,
Vo) = 1), for the stationary eigenstates owing the radial symmetry (at least the

fundamental one), Equation (62) reads

Vv 0 14
uu” gaﬁiln 1-—5 +z Sap |_ iln 1-—5 (A1)
oq” mce 2 og* “dr mc

that by using the Schwarzschild BH metric (57)-(59) leadsto

V 14
gooilln 1-— +§6g010 :uliln 1-— =0, (A2)
oq mce 2 oq dr mc
to
Vou al
SCHN VO AL (A3)
0q mc 2 0oq
to
4 3
In| ,1-—% |=-=Ing,, . A4
mcz 2 gOO ( )
and to
Vll -
{1_ q2 ] = gOO 3 (A.S)
mc
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