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Abstract

In traditional macroeconomics argues that the decision and fluctuation of
output level is short-term theory, and the growth of output is a long-term
theory. The former is determined by the demand; the latter is determined by
the production. No one has questioned why the former is determined by pro-
duction and the latter is determined by demand. This paper argues that the
factors that affect the output are the same in the short and long term, but
there is no need to analyze the problem of fluctuation in the long term. Based
on the analysis of the growth path in our previous paper, this paper first ex-
amines whether our model is applicable to the Pontryagin maximum prin-
ciple, and then analyzes the difference of the Cobb-Douglas function in the
exogenous growth model and the endogenous growth model. Reveal the spe-
cial role of parameter A in Cobb-Douglas function: as long as A is considered
as output-related variables, there is no substantial difference between the
so-called exogenous model and endogenous mode. Finally, according to the
trend of the growth path and the nature of 4, the paper derives the final state
of Cobb-Douglas function.
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1. Preface

Lucas has been attracted by the questions on economic growth: “Is there some

DOI: 10.4236/0alib.1103589 May 18, 2017



https://doi.org/10.4236/oalib.1103589
http://www.oalib.com/journal
https://doi.org/10.4236/oalib.1103589
http://creativecommons.org/licenses/by/4.0/

M. A. Zhan, Z. Zhan

action a government of India could take that would lead the Indian economy to
grow like Indonesia’s or Egypt’s? ... Once one starts to think about them, it is
hard to think about anything else”. [1] While it may be necessary to swap out the
role, Lucas’s question still has important theoretical and practical significance
before figuring out whether economic growth is endogenous or exogenous.

Unlike the economics of the Adam Smith era, modern economics, which is
close to various labels, is not content with the literary logic of explaining eco-
nomic phenomena. However, more use of the mathematical logic does not
guarantee that the analysis results are better than the literary logic. The advan-
tage of mathematical logic is that it is easier to find bugs in the process of rea-
soning, and that problems such as preconditions, variable settings, and implicit
conditions are even worse than literary logic. Dynamic Stochastic General Equi-
librium (DSGE) has been used for economic problems extensively since the
1960s, and the Keynesian and Neoclassical schools have used it to demonstrate
their theory. Of course, we can also use it in our model. What will happen?

2. Dynamic Optimization Analysis on Condition dK =rK or
dy =rY

In the Solow model, output growth depends on capital growth, capital growth is
a function of net investment, and net investment is part of the output, which can
use the mathematical tool of DSGE to analyze the time path and the ending state
of the output changes. In the dynamic analysis of the utility function of con-
sumption, we do not know the specific form of the utility function, but as long as
the utility function is convergent and satisfies some constraints, we can get some
important results according to the standard solution of the dynamic maximum
principle.

The study of Cass shows that assume the utility function of per capita con-
sumption U (C) at a certain time satisfies the condition dU (c) / dc>0,
d°U (c)/dc® <0, lim(dU (c)/dc) =0, lim(dU (c)/dc)=0, and the Solow

model dk/dt =1, —(5+n)k is used as the transfer equation (among them
I, =y—c) in the dynamic optimization, then the shadow price 1 of & the
time path of the per capita consumption ¢ and the capital &k can be solved ac-
cording to the Pontryagin maximum principle. The results have no difference
from the original Solow model [2].

However, our study shows AK >> | . If the constraint condition dK =1 in
Solow model is replaced by dK =rK (where r=0Y/0K =aY/K)) [3], then we
need to re-verify the following three conditions of the Hamilton function in the

dynamic maximum principle:

!im H=0 (1)
oH
LU 2
™ (2)
oH dA
— = (3)
ok dt

Let K =Nk (where Nis the labor population), substituting it into the iden-
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tity dK = Ndk +kdN , and the following transfer equation is obtained from
dK =rK [3]:
_dK—-kdN rK dN

= O K —rk—nk =(r-n)k 4
N NN rk —nk =(r—n) (4)

dk

If the objective function is assumed to be the maximum utility of per capita
consumption as the dynamic model of Cass, its dynamic optimization problem

is as follows:

Max [ "U (c)e "t
(5)
s.t%=(r_n)k, k(0)=k,

The corresponding Hamilton function is:
H=U(c)e ™™ +ak(r—n) (6)

Among them, ¢=C/N is the per capita consumption, the discount rate rin
e "™ is assumed to be the market interest rate, A is the costate variable,
k=K/N is the per capita capital, n=dN/N is the growth rate of labor force.

The Hamilton function is differentiated for c and krespectively:

H _ 2V ()

7
oc oc @
oH
—=A(r-n 8
ok ( ) (®)
According to the necessary condition shown by Equation (2) 6H/oc=0,
et V() g 9

oc

" isnot 0 at time £ so we can

In the above equation, the discount factor e "™
only make 0oU (C)/6C=0. This means that the utility U(C) is a constant
greater than 0. Therefore, the first part of the Hamilton function U (C)ef(rfn)t
is not 0 when t—oco. From the necessary condition shown by Equation (3)
oH/ok = —dA/dt,

i
T

where r and n are exogenous variables and assume that the rate of population

-A(r—n) (10)

growth n is less than the market interest rate ; that is, (r—n)>0, the general

solution of Equation (10):

A= % (11)

e(r—n)t

From the transfer equation dk/dt =k (r—n), the general solution of kis:
k = k"™ (12)
Then, the Equation (11) (12) is brought into the second part ﬂk(l’ — n) in

the Hamilton function,

lim{ 2k (r—n)]= Iim[(ri;)to ke (r - n)} =1im Aok, (r —n) = 0.
e t—>o

t—oo t—0
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It is shown that unless limU (C)ef(rfn)t =—J4k, (r—n) in the Hamilton func-
t—owo

tion H=U(c) e ™ 4 Ak (r—n), otherwise
limH = !im[U ((:)e’(r’n)t + Ak (r - n)} # 0. It is not possible to satisfy the neces-

t—o

sary conditions shown in Equation (1). Equation (9) shows that the consump-
tion utility U (C) isa constantand Ak, (r—n)>0,so0

!im u (C)Ff(r*”)t =—oky (r—n) cannot be established.

The reason for this is that dk/k is decreasing in the transfer equation
dk/dt =y(k)-c—(5+n)k of the Solow model, but dk/k is not diminish
when the increase of kin our transfer equation dk/dt =(r-n)k.

We can also construct dynamic models in another way. Since dY and Y are
already present in our basic equation dY/Y =r [3], there is no need to intro-
duce the labor population N in order to convert Yand Cto per capita output y
and consumption c¢ as the dynamic model of Cass. We directly use the total
consumption Cin the utility function, the dynamic optimization problem can be

simplified as:

Maxj:U (C)e"dt

dy (13)
st.—=rY,Y(0)=Y,
dt ( ) 0
The corresponding Hamilton function is:
H=U(C)e™ +AarY (14)
ou(C
ﬂ:e’”—( )Jr/lrﬂ (15)
oC oC oC
oH
== Jr 16
v (16)
According to the necessary conditions 0H/0C =0 and the Equation (15),
ou(C
PR (©) (a7)

re"(aY/oC)  oC

Since we do not know the specific form of the utility function U (C) , the
limit of the costate variable A can not be determined by Equation (17). From
the necessary conditions shown in Equations (16) and (3),

di
o

Since r in Equation (18) is an exogenous variable greater than 0, we can get

—Ar (18)

the general solution of A:

a=o (19)
e

lim 2 =lim 72 = 0 (20)
toow tox @

Equation (20) can not guarantee !im H (t) =0, because the function
H=U(C)e™ +ArY also contains the variable ¥, we need to examine the

changes in Y. According to the transfer equation dY/dt=rY , the general solu-
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tion of Yis:
Y =Y,e" (21)
From the Equation (19) and (21),
AY :ﬁri-Yoert =AY,
e

lim Y = 4,Y, #0

t—oo

Therefore, unless limU (C)e™ =—r4,y,, otherwise

t—o

limH =lim| U (C)e™ +/1rYJ = !im[U (C)e "+ rﬂ,OYo] #0. In the economic

t—oo t—o0

sense, the utility U(C) should not be less than 0 (if utility less than 0 the con-

sumption is meaningless), itis, limU (C)e™ >0, so there is no
t—o0
H -t _
limu (C)e™ =—rAyy,.
In the Solow model, since !im e =0, U (c) is bounded by the assump-

tion of ler;(dU (c)/dc)=0. Therefore, the limit of the first term in the Hamil-
ton function is always 0; the second term consists of the costate variable A4 and
the transfer equation dk/dt =y—c—(5+n)k . The effect of cand & on the dk
in the transfer equation is negative and the margin of yis decreasing, so the limit
of the second term of the Hamilton function is also 0.

When the transfer equation is changed to our dK =rK or dY =rY, the
consumption and the depreciation do not restrict the growth of K'and Ybecause
dY has already includes increased consumption and depreciation. If the fluctu-
ation of output in short-term are ignored, the output growth rate dY/Y is in-
dependent of the size of K and Y at any time (including t— o), only by the
marginal state variable . As long as r >0, dK or dY will not be 0, so the
limit of Hamilton function can not be 0 and the transversality condition
!Lrg H =0 can not be satisfied. The model of per capita variables, which con-
siders the change in the labor force as in the Equation (5), is no exception.

From the Cobb-Douglas function Y = AK“L”, 0Y/oK =aY/K, let
OY/oK =r, then K =aY/r. Assuming that & and r are independent of K
and Y changes (we will see that the assumption is reasonable from the equation
Y =2rK ), then dK =(a/r)dY , and then by the statistical identity

dY =dC+dD+11,

"There are three types of variables in the macroeconomic analysis: incremental, stock, and mixed. In
a closed economic system that ignores foreign trade, the statistical identity of the output is expressed
as Y=C+I,=C+1+D, where C is consumption, 1, is the gross investment, 7 is the net in-

vestment, and D is depreciation. Exactly, there is a theoretical bug in this identity. Assuming that the
output of this period (# is Y, and the output of the previous period (£— 1) is Y, , the exact iden-
tity should be expressed as follows:

Y, =Y, +AY =(C,+D_)+(AC+AD+1,)=(C_ +AC)+(D_ +AD)+1,=C, +D,+1, . Therefore,

in the identity, AY, AC, AD and |, are incremental variables, Y_, C_, and D_ are stock

variables, Y,, C, and D, should be called the amount of mixing because Y, both incremental
and stock variable. Since /is the increment rather than the stock, theoretically it can only appear in
the incremental expression: AY =AC+AD+1 .
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dK:%dY:%(dC+dD+I)

In the Cobb-Douglas function, C and [ are not the cause of the change in
output, but the result. Since the investment and depreciation increment is only
part of the output increment, | +dD is always less than dY , and because of
Y <K, dY <dK, the investment is much smaller than the capital increase.
Therefore, it is impossible to obtain the correct conclusion for all dynamic op-
timal analysis based on the hypothesis of dK =1 .

The statistics show that about 80% of the newly increased output AY is used
for the newly increased consumption AC . In the above equation because
a/r>1,s0 dK > 1, /is only a small part of dK .

dK > 1 is not unreasonable in reality. Because net investment /in addition to
generating equal assets with 7 but also bring the production technology up-
grades, improve production efficiency and other non-physical assets changes, it

is these changes make greedy investors willing to take possible risks.

3. Exogenous and Endogenous Growth

Assuming Lin Y = AK“L? as a labor population can give us a benefit that sim-
plifies Y = AK“L? to a formal univariate function y = Ak, where
y=Y/N k=K/N, Nis the labor population. Full differential of y = Ak”:

dy dA dk da
— =t a—

+alnk— (22)
y A k a
Assuming that « and A are constant,
& = a% (23)
y k
If dK =1 is further assumed, then dK =1=1,-6K , where I is the gross

investment and & is the depreciation rate. By the identity
dK =d(kN)=kdN +Ndk, I, —6K =kdN + Ndk , the growth rate of population
n=dN/N, then

dk 1 sy
T

SA
§+n):F—(5+n) (24)
Among them, Y =C+1 . Assuming that the consumption rate ¢=C/Y,
then I, =Y —cY =(1-c)Y =sY . Obviously, the savings rate s is determined by
the consumption rate ¢. Substituting Equation (24) into Equation (23):

dvy:a{'?g-(am)}:a{kjﬁ _(5+n)] (25)

The Equation (23) and (24) show that since the marginal output of & decreas-
es, the contribution of kto dy is getting smaller and smaller, and the deprecia-
tion ok grows linearly with & increases. Therefore, regardless of the current
state of growth of the economic system, even if the population growth rate nis 0,
the economic system can not avoid the end state, that is, dy/y=0. For a finite
time, when & grows to SA/k** =&+n, or k = [sA/(5+ n)]l/(lfa) , the net capi-

OALib Journal

6/18



M. A. Zhan, Z. Zhan

tal growth will be lost to the depreciation of capital stock. Thus, even if people
do not consume at all, output all for investment (s=1), it can only extend the
time that the output growth rate is reduced to 0.

To make dy/y in the Solow model not diminish, a simple improvement is
to think of the A4 in the Cobb-Douglas function as a variable that grows with &
The Equation (23) shows that thereis dy/y >0 aslongas SA/k™* >8+n, or
A>(5+n)k" / S. people generally believed that A is the technical condition in
the production process, is exogenous factor and does not adjust automatically
with & changes. Therefore, the Solow model is considered a kind of “exogenous
growth theory”.

In the subsequent “endogenous growth theory”, someone direct assumptions
that the production function is the marginal output does not the diminish func-
tions [4] [5] [6], another one derived such equations by re-assuming the mean-
ing of the production factor L.

In fact, the A as a constant or that it is an exogenous variable, but people’s
subjective assumptions. By Y = AK“L”,

oY aY oY pY
K K'aL L
Let 0Y/oK =r,0Y/oL=w,when r>0, w>0,

__Y__Ka _L(Ejﬁ_La_Wﬁ_f“Wﬁ @)
K’ K*Y allL al\ pr a®p’

(26)

Assume L =N, then

» (ﬁvjﬁ
A= rZV/V; = a;ﬁ = [L) y’ (28)
a a a
Since Yy = AK”, so we can have:
A=k (29)

[

This shows that A is closely related to the marginal state of the production r
and the distribution state (/) of the production factors and should be a
comprehensive variable that is affected by various factors in the Cobb-Douglas
function.

The Equation (28) is obtained at the hypothesis L=N, and L=N is not
necessary to analyze the per capita output level y: Without assuming L =N, the

per capita output should be expressed as:

) B a B B
y=t AKL :A(Ej (Lj =Ak“(£j (30)
N N N N N
Among them,
ap B
P :L(Ej W, (31)
a’p’  all

When L= N, the size of A is related to the size of Nand L, except for r, «

and 4 Therefore, suppose L =N ,we can transform the Cobb-Douglas function
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into a simple function Yy = AK” for easy analysis, but also confuse the differ-
ence between per capita output and hypothesis L=N .

If L is human resource and let L = EN , E'is the coefficient of worker quality
(E > 0) , then the production function is y = AE”k“. If Eis a constant, this as-
sumption is not substantially different from the Solow model and the diminish-
ing of output growth rate can not be changed.

Like the “Learning by doing model” [7], if the quality of human resources is
considered to grow with the capital, that is, E=K, then L=EN =KN, the
corresponding production function is y = AN”K . This is free from the impact
of diminishing marginal output of capital with output growth, and the growth of
population N not only does not impede per capita output growth as the Solow
model, but also promote the growth of per capita output.

If E=K/N,then L=EN=K,s0 Y =AK“L’ = AK“K” = AK , or
y = Ak . This is called the “AK model” and is the most concise endogenous
growth model [5] [6].

Note that there is no A as an endogenous variable in the above-mentioned
production function, which derived from the various assumptions about human
resource L above. If A4 is regarded as an endogenous variable and is substituted
into the “Learning by doing model” and the “AK model”, it is found that there is
no essential difference between the two models.

From Equation (31), in the “Learning by doing” model and the “AK” model,
the expression of A should be:

“Learning by doing model”:

“AK model”:

B B
A:L(Ej K? :L[ﬂj k=L
allL a\K a
They are substituted into the “Learning by doing model” y= AN’k and the
“AK model” y = Ak, respectively, the,

“Learning by doing model”:
B
y = ANk :l(ij NPk =Lk
a\ N a
“AK model”:
y = Ak =k
o

It like a game in mathematics. As long as A is regarded as an endogenous va-
riable, all models are nothing but an expression of the equation Yy = (r/ a)k.
The problem is that when r>0, Y =AK“L” and Y =(r/a)K can be used
to express the relationship between Y'and K, but A contains variables associated
with rin Y = AK“L”.

Lucas discovered the gap between rich and poor countries in capital marginal
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output in his analysis of Indian data in 1990 [8]. This is called “Lucas’s Paradox”.
In fact, if a clear endogenous A, we will understand the so-called “Lucas’s Para-
dox”. The equation k=ay/r (from r=ay/k) is brought into the Cobb-
Douglas function y= AK”,then y=A(« y/r)“ , this is,
1 et

r=ahcsy« (32)
where, ris 0Y /0K . The trap of Equation (32) is that if A4 is seen as a constant,
we can predict the marginal output 0y/ck (: I’) by the per capita output of a
country.

For example, the per capita output of the United States is 15 times that of In-
dia, assuming that « =0.4 both countries in Equation (32), then India’s mar-
ginal output 0Y/3K(=r) will be 58 times that of the United States. In such a
big gap, American capital should go to India to get amazing benefits, so Lucas
said that neoclassical theory simply can not reasonably explain the real world.

However, if the Equation (29) A=(a/r)k” is brought into Equation (32),
we find that Equation (32) is another expression of r=ay/k. The equation
r=ay/k indicates that the difference in interest rate between the two coun-
tries is determined by the difference in output-capital ratio y/k between the
two countries, not determined by the difference in the level of per capita output
y. Although the per capita output of the United States is 15 times that of India, if
the US per capita capital kis also 15 times that of India, the interest rate (capital
marginal output) of the two countries will be very similar (assuming the differ-
ence of a between the two countries is not significant). Therefore, although the
per capita income of countries may have a big gap, but the interest rate gap is
not large (especially the real interest rate).

Lucas said there were several ways to make the economy of India rapidly
grow, the first one is to improve the original production efficiency, the second
one is to make full use of domestic resources through international trade, the
third one is to earn other country’s transfer payments through diplomatic access
that have significant effect on its own economy.

The essence of “trade to be rich” is to turn the idle resources of a country into
a real income that can improve people’s living standards. If use some revenues
from trading to import technologies and to improve the domestic production ef-
ficiency, the process of getting rich will be faster and more sustainable. The ex-
port of cheap oil in the Middle East, and export of cheap labor in China with the
help of “two outsides (products and raw materials), two large (export and im-
port)” are the example of “trade to be rich” in economic globalization.

In theory, as long as the clear A=r“w’/a”f” , no matter how the assump-
tion that L can be, it will only cause the formal changes of the production func-
tion. For example, assuming that the monetary value of human resources is the
income it obtains in the market: L = gY ,then Y = AK?L? = AK“ ( pY )ﬂ , that
is, Y =(A8) K.

In the philosophical sense, if the contribution of material resource K'to output

is also derived from human wisdom, all income is the contribution of human
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resources, that is, assuming L =Y , then

Y = AK“LY = AK*Y” = AY*K . Obviously, this hypothesis derived production
function has also the characteristics of “Learning by doing model” and the “AK
model” that the marginal output does not diminish. Table 1 summarizes the
changes in the Cobb-Douglas function under various assumptions of L.

In addition to these assumptions shown in Table 1, we can also think of more
reasons to assume more. In short, by assuming a different Z and subjective in-
terpretation of Z, any desired endogenous growth or exogenous growth model
can be obtained. However, as long as the corresponding change of r=0Y /oK
and A is introduced, all models are not different, and are the deformation of the
marginal state equation r=aY/K or Y =rK/a of the Cobb-Douglas func-
tion. Equation Y =rK/« is not only the starting point for the analysis of the
cyclical changes in output [9], but also implies the output growth path and the

Table 1. The influence in the various hypotheses of Z on the Cobb-Douglas function and the parameter A.

The production The production function

function
Hypothesis

expressed by the per capita The variable A corresponding to

Note

expressed by output y(y=Y/N, Nis the the hypothesis of L
total output ¥ labor population)
a s ayp
A A(E) (L] A=t V[Z” Assuming r=0Y/oK , w=9Y/dL, then
N N N a’
L=L Y = AK“L’ Ly W Y/K=rfa, Y/L=w/B,s0
r
= AkY| = A=|—||— A=(r'w’)/(a“p’
v-me () ol (rftecs’)
Y K2 rY[( Y ¢ X .
L=K* —=A A=|— Kis calculated by the definition K =aY/r
N N a) \K” .
where Y = AK“L/ A (where «,Y and rare from the statistical data),
K=aY/r y= NEZ 2 A=L K’ rather than calculated by the fixed assets.
a
a 7 a
Yo (KY(NY A=[E) (Y] (5 y
—=Al— | a) N a
L=N Y = AK“N” N N N A is different in the Cobb-Douglas function with
r
= Ak“ A=—Kk” 5 —(rew” anp
y . the assumption of L. In - A=(r*w”)/(a"8"),
assuming L =N, then The result of 4 is not
a B a
) y K (KNY A [Lj [LJ/ _ [Lj [ r j only related to the calculation of w; but also to
L <KN Y = AK“(KN) N (ﬁj [Wj a) \KN a) \aN the dimensions of Nand other variables. If the
Y = AN’K y = AKK” AT Equation (28) A=(r/a)"y” is calculated
B
aN (where y=Y/N ), then Yand N using the
Y Y e Y different dimensions (such as Yand N
Y = AK“K” Y_,K A= (5] (Kj = (gj [;] dimensions were billion and thousands of people,
L=K Y = AK N r or million and people), size A will be different. If
y = Ak A= P the Equation (29) A= (r/a)k” is calculated
, ) (where k = K/N ), when Kis calculated from
, Y Ale gla K A= (LJ (L] - (Lj (lj K =aY/r, The result is not different from
L=gBY Y = AK® (ﬂY ) N B N a BY a B Equation (28); If the statistics “fixed assets and
Y = A g7 K y= (Aﬂﬁ )J/w K A re consumer goods” as K, then the Equation (29) 4
T at B’ will be different from the results of Equation (28).
. p Only the A calculated by assuming L =K’
Y w K A= Lj (ij will not show different results, and is a
L=V Y = AK“Y” N A N a) \Y dimensionless number.
Y = A*K re
y = A%k A=—
P
OALib Journal 10/18
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final state of the information.

Figure 1 shows the difference in A assuming L=K®*” and L=N. Under
the assumption of L = K“”), the change of A is obviously decreasing, and in
the other way, A shows a slight upward trend. Therefore, A is the variable asso-
ciated with the hypothesis Z, not a constant.

Gollop and others on the statistical analysis think that the contribution of
capital is the first, the labor force is second, and the contribution of the produc-
tivity is less than one quarter in the economic growth of the United States [10].

After the Cobb-Douglas function Y = AK“L’ is fully differentiated, the
dA/A in Equation (33) is called Total Factor Productivity (TFP).

d—Y:d—A+ad—K+ﬁd—L (33)
Y A K L
Since the sum of «(dK/K) and A(dN/N) isless than dY/Y in the sta-
tistical data, It is believed that the residual dA/A is the contribution of tech-
nological progress. If L is determined by L = K“”, the average of dA/A will
be negative (during 1970-2016, the average value of dA/A is —0.0268). Because
A decreases with output (see Figure 1). This difference is due to the fact that
Gollop’s estimates do not take into account the marginal relationship between
the variables in the Cobb-Douglas function. If the marginal equation Y =rK/a
is fully different,
dY dr dK da

= 34
Y r K a (34)

Substituting Equation (34) into Equation (33), accordingto «+ =1 and
dK/K :a(dK/K)+,B(dK/K),
dA (dK dLj dr da

Nl 3 (35)
In Equation (35), the first term shows that dA/A is also affected by dK/K
and dL/L, the second term dr/r is the fluctuating variable that causes r pe-

riodic change, and the third term da/a is increased and fluctuates periodically

18 -

16 -

14 - = Awhenl = K*/F ==A whenL = N

12

10 ., o

;- A AN\

6 [T VN DN

4 e~ N

5 | -

O T T T T T T T T = T 1
1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

Figure 1. Compare A4 under different assumptions. Source: 1) 4 is calculated from Equation (10) A4 =r*w’/a®pB’ , where
w=pY/L, r, Y, aand B are statistical data. They are from http://www.federalreserve.gov and http://www.bea.gov. 2) When L is
calculated from L =K%’ Kis calculated from K =aY / r . 3) Data of civilian labor force Nare from

http://www.bls.gov/cps/cpsaat01.htm, when L =N . 4) The dotted line is automatically generated by Excel in the figure.
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in the statistical data. It would be easier to understand the nature of A by re-

writing the Equation (27)as follows:

(5]

where rand ware the marginal states of K'and Z, and the function of @ and Bis
the effect-proportion of r and win the production. In this way, A is an endo-
genous variable that contributes to the marginal contribution of factors K'and L
with the distribution parameters a and S. It plays an important role as bridge in
the Cobb-Douglas function Y = AK“L” and the marginal state equation

r =aY/K . Ignoring the endogeneity of A ignores the relation between

Y =AK“L” and r=aY/K.

4. The Final State of Economic Growth

According to “A Kind of Neither Keynesian Nor Neoclassical Model (5): The
Path of Economic Growth” [11] we know that regardless the production state of
the system is 0Y/0K <0Y/OL (on the left side of the Cobb-Douglas function
bisector K =L), or Y/OK >3Y/oL (on the right side of the Cobb-Douglas
function bisector K =L), the state will close to the bisector K =L driven by
market competition. And the state of limitis 0Y/0K =0Y/0L, namely r=w, at
that point « = 8 =1/2. Therefore the final state of variable A is:
aWﬁ

lim A= lim =2r (36)
a/f->1 alp1g” P

In Cobb-Douglas function Y = AK“L”, because L = K* [9], when
a/f—1, L— K, therefore,

limY = lim AK“L” = lim A- lim K“L* =2rK (37)

a/p-1 alp-1 al -1 al p->1

This is the result of the “AK model” or the “Learning by doing model”: the
contribution of K to the growth of output is not marginally diminishing. The
“AK model” and “Learning by doing model” are derived from the subjective in-
terpretation of Z, and our endogenous model is derived from the final state of 4
and Y.

Equation (37) shows that the final state of output Yis still a function but not a
constant. In the final state function Y =2rK, the relation between Y and K
evolves from an exponential relationship of Y = AK“L” to a linear relation-
ship, and the output growth does not terminate due to the growth of K.

Differentiate A=2r, then dA/A=dr/r. In the final state, dA/A only has
the second item in Equation (35). This shows that A will fluctuate due to the
fluctuation of r (rfluctuation reasons see reference [9]).

It is simpler to derive the final state of the output Y from the marginal state
equation Y =rK/a of the Cobb-Douglas function. Since a =/ =1/2 when
oY/oK =oY /oL,

rk

limY = lim —=2rK (38)
a/ -1 alB->1 ¢
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Comparing Equations (37) and (38), Y = AK“L” and Y =rK/a are the
equivalent expression of Cobb-Douglas function. From the equation Y =2rK
we can see that when ris an exogenous variable, dY/dK = 2r. This suggests that
“the marginal output of production factors is decreasing” is a relative definition.
When the marginal output of all factors in production is equal to each other, the
output increment dY is not necessarily diminishing compared to the factor in-
crement dK , since the increment of another factor dL(= dK) also contri-
butes the same to dY .

Microeconomics divides production into three states. In the first, the marginal
output of K is greater than the average output (MPK > APK ). In the second,
MPK < APK, the third is the inefficient state, because MPK < 0. In the ma-
croeconomic field, since the marginal output MPK =0Y /oK = aY /K, the av-
erage output of K APK =Y/K, a <1, s0 MPK < APK . This suggests that, as
long as 9Y/0K >0, the production in the macroscopic sense is always in the
second state of efficiency.

We have defined Y/ (K +L) as “unit capital output” [11], and now its eco-
nomic significance is more obvious. Since K =aY/r, L= /Y /w, when
a+p=1, a/f=1, r=w,then,

r (39)

ML e pY
r W
“Unit Resource Output” Y/ (K+L) is actually “Total Factor Average Prod-
uct (TFAP)”. At 0Y/oK #0dY /oL, TFAP is always greater than the marginal
output dY/0K or 9Y/dL. As the output Y grows and «/f —1, the TFAP
will become more optimized [11] and will be close to the marginal output
oY/oK or oY/oL.
According to statistical data of the United States, as shown in Figure 2, there
are always A/2 >Y/(K + L) > . And based on Equation (36) and (39), we can
get the following inequality, where the equation is satisfied when «/f=1.

A
—>

>r (40)

2 K+L

1970

1985 1990

1995 2000 2005 2010 2015 2020

Figure 2. The trend of “unit resource output” Y/(K +L). Source: 1) In the calculation of Y/(K +L) and 4, L=K"",

K =aY/r , among them r, the sources of ¥; o and B are the same as in Figure 1. 2) Reducing 4/2 to 1/10 is to show the

fluctuation of all variables in the same ordinate.
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As in the case of traditional theory, it is impossible to have the above inequa-
lity if L is the labor force . The most straightforward reason is that there is no
comparability between A, Y/(K+L) and r because their dimensions are in-
consistent. For example, when L is the employment population, the dimension
of thousands of people, What is the dimension of A and Y / ( K+ L) ?

The final state of the production function does not mean that the output
growth will eventually stop. Differentiated the final state equation Y =2rK,
then:

dYy dK dr
— =t (41)
Y K r

This is not contradictible to the fully differential equation of Y =rK/«a , since
Y =rK/a is not the final state, so da/a #0. In the final state o =1/2, so
da/a =0. From the basic equation dK/K =r [3], then

dy dr
2o+ —
r

(42)

This is the cycle equation of the growth of output that we have previously de-
rived [9], but at that time we assumed that in the short term da/a =0. There-
fore, although the final state production function Y =2rK is different from the
production function Y = AK“L” or Y =rK/«a, the factors that determine the
core output growth rate in short-, medium- and long-term are the same, which
is the core interest rate T . And as long as the core interest rate T is greater
than 0, Even if the production function evolves to Y = 2rK, the business cycle
will not disappear.

If we neglect the periodic fluctuations in output growth, then dY/Y =r . Re-
write it as a differential equation varies along time (dY / dt)/Y =T, the general

solution is:
Y =Y,e" (43)

Although this time path function of Y does not have abundant production
state information as the Cobb-Douglas function, it is not like Y = AK“L? , when
r=0Y/oK =9Y /oL =0, the result is not understandable:

Y =(0Y/0K)K +(8Y /L)L =0. For the time path function Y =Y,e", when
r=0Y/oK =0Y/oL=0, then Y =Y, the system is in a simple reproduction
state.

The Harrod-Domar model assumes that the production function is Y =aK
[12] [13]. This can be seen as a simplified form of the marginal state equation
Y= (r/ a) K expressed. Although the subsidiary hypothesis AK =1 is not
correct, when introduce coefficient 5in AK =1, then AK =bl. And with the
production function Y =aK, then AY =aAK =abl. According to the statis-
tical data, /is a part of the output Y (=Yt_l +AY) , assuming | =sY , where sis
another coefficient that is different from b (note: we do not call s for the savings
rate), so AY =abl =absY . Rewrite it as the differential equation considering
time dY/dt=abl =absY , then its solution is Y =Y,e®". As long as the coef-
ficient (abs) is regards as the interest rate r, there is no difference with Equation
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(43). Therefore, regardless of whether the analysis of Harrod-Domar model is
correct, the time path of its output is roughly the same as our conclusion.

The Solow model uses Y = AK“L” as the production function and regards A
as a constant. Although the auxiliary assumptions AK =1 and | =sY are the
same as those of the Harrod-Domar model, the output will finally stop increase
in a limited time since the growth of output is constrained by dual factors of the
“diminishing capital marginal contribution per capita” and “stock capital depre-
ciation” [14].

Comparing Equations (41) and (34), it can be seen that the difference between
the growth rate of the final state and the short-term is that there is less
(—da/a ) in Equation (41). The average number of da/a in the United States
from 1970 to 2016 is 0.0070, so before the Cobb-Douglas function evolves to the
final state equation Y =2rK, the real output growth rate dY,/Y, for the re-
moval of the inflation rate should be slightly reduced.

a of the United States increased from 0.2770 in 1970 to 0.3691 in 2016, and
experienced an annual growth of about 0.00196 for 47 years. Assuming a linear
increase at this rate, after another 71 years, « in the United States will reach
1/2. As the theoretical growth rate of ¢ is decreasing, so in 2087 we may not
see the actual value of o equal to 1/2.

Since ais not a variable that determines whether the marginal output is great-
er than zero or not, the growth of output is determined by the interest rate rin
the production function Y =rK/a or Y =2rK. The speed of output growth
is not the production function itself, but on the production efficiency.

Adam Smith said in An Inquiry into the Nature and Causes of the Wealth of
Nations that there was an “invisible hand” that led self-interest people promoted
public interest [15], but Smith had never revealed the metaphor in the book.
Some people say “invisible hand” is the relationship between supply and de-
mand, some said that it is the market price, and some said that it is market
competition, and so on. We believe that “invisible hand” means “market compe-
tition”. Market competition raises the production efficiency and makes it neces-
sary for producers to return the surplus generated by the increase of efficiency to
the society.

During 1970-2016, the average of real interest rate in the United States r, is
0.0229. Assuming that the number can last 200 years, the actual output Y, will
also increase at the average annual rate of 0.0229. Then after another 200 years
in year 2216, the actual GDP will be 92.61 times the current GDP. According to
the annual population growth rate 0.010 of the United States in 1970-2016, by
2216 the total population will be 7.32 times the current. At that time, the real per
capita GDP in the United States would be 12.65 times that of 2016, or per capita
GDP of 651,684 USD (real GDP in 2016 is 16,660 billion USD, 323,391 thou-
sands population, 51,517 USD/person).

The question is with the income level of up to real 650,000 USD/person, will
people be involved in the exhausting competition for higher income? Perhaps

when it has not yet reached this figure, many people have already voted for the
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party who advocates for the universal welfare policy. Therefore, the terminator
of economic growth is not the Cobb-Douglas production function, but at what
level of income, those who believe in “market competition” will become social

minorities.

5. Conclusions

The issues we are concerned with today are not much different from what Adam
Smith was concerned about in his great work of two hundred years ago, but at
that time most of the research methods were empirical and conjecture, and we
now have to use strict analytical methods and data validation. Our model is de-
rived from the Cobb-Douglas function, and only r >0 will have dY/Y >0,
r >0 is determined by the marginal state of real production and inflation, so
we conclude that the equation of growth is endogenous, the cause of growth is
exogenous.

No matter the growth of output is generated by the economic system revolu-
tion, the improvement of production management or the progress of science and
technology, ultimately the result is the increase of production efficiency. These

are in the model that the marginal output is greater than 0. So, regardless of

Table 2. Summary of macroeconomic model based on Cobb-Douglas function.

Name of model Hypothesis or cause Inference or conclusion Note
(O _aY
. K K )
Precondition Y = AK“L* Cobb-Douglas function
oY _pY
w=2L T
o L
Ao . AY r AK ) If separating core variables and fluctuating variables, then
Fundamental equation, a Y K Y = av - (dlj + (dl) VARV
Investment decision Ar | Y Y Y
3 —=0 o =r (1_ r) - —
[3] r Y then Y =T,K =T . Exactly, all equations that ignore
AY =AC+1+AD AK>1 fluctuation of variable should be expressed as such.
The simplified symbol can be expressed as:
%o o, or N
@ Y r Y= =r+—=r+t
Business cycle equation [9] Y =K~ 0R. u ar dN Y
dE _dw, i Sl L R.=|1-Z|r+r-N
E W, RE ﬁ rf N E ﬂ r r
P-6P=M -Y,
M =aY M =M +M p_dP
Y=PY, Y=P+Y, r =T+ =5
Inflation equation [16] [17] R - = .
V=Y-M P=P+P B dP
V =0P Y =r +f (when P=0 and P
P=r)
t— “w’
0 p W
The path and the endi LA AR ap
¢ path and the ending state w_ oK/ oL K v Az Y >
of economic growth [11] — =1 A->2r, - 2 K+L
a L K+L
—-1
B Y=2rK, Y =Ye"
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whether the ending state of Y = AK“L” is Y =2rK, as long as the marginal
state of production is greater than 0, Adam Smith said “The Wealth of Nations”
will continue to grow.

The 2008 financial crisis made the fabulous former Federal Reserve Chairman
Alan Greenspan into a nude swimmer and humiliated the once brilliant tradi-
tional macroeconomic theory, but the textbooks still propagate those misleading
theories. We abandon the traditional analytical framework, trying to use axi-
omatic methods to derive the various models of macroeconomic problems, thus
forming a new system of macroeconomics with an interest rate as the core varia-
ble. Table 2 summarizes these models and helps us understand the link between
economic growth and other macroeconomic problems.

Compared with the traditional theory, these models are not only very rigorous
in theory, but also have the important practical significance: Based on these
models, we will identify the characteristics and causes of the financial crisis, and

make a contribution to the prediction or avoiding the next financial crisis.
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