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Abstract 
Traditional macroeconomic theory is difficult to analyze the long-term 
growth and short-term decisions of output in a unified model. In this paper, 
the concept of “unit resource output” is proposed by using the difference of 
production factors combination on different rays in Cobb-Douglas function, 
and its maximization condition is derived according to algebraic principle. 
And then we use this condition to explain the reason why the distribution pa-
rameter α in the Cobb-Douglas function is growing continuously in the US 
statistical data and predict the evolution path of the factor combination in the 
growth of the output. Finally, this paper compares the important differences 
between our model and the Solow model. 
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1. Preface 

While investment and consumption growth are linked to output growth, in-
vestment and consumption are the result of output growth, not the cause [1]. 
Neoclassical theory regards the investment as a cause of growth, and Keynes 
theory turns the consumption as a cause, reversing the causal relationship be-
tween output and investment/consumption. So there are often contradictory 
conclusions in the neoclassical theory and Keynes theory. 

In the neoclassical theory, according to the identical equation  
( )gY C I X M= + + −  and the consumption function aC C cY= + , when the 

marginal consumption coefficient c is bigger, that is, the lower the savings rate s 
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is, the greater the multiplier effect of the investment is. That is, the smaller the 
investment is, the higher the output growth rate dY Y  is. However, according 
to the result of Domar growth model eastI θ= , eastY I s sθ= = , where θ and 
a are constants [2] and assume that s does not change, then d dY Y as t= . This 
indicates that the greater the savings rate s is, the higher the output growth rate 
dY Y  is. 

The Solow growth model uses Y AK Lα β=  as the production function, and 
also uses the assumption Y I s=  as Domar model that “the smaller s is the 
greater the output is”. According to the result of the Solow model  
dk sAk kα λ= −  (where k K L= ) [3], from y Akα=  (where y Y L= ), then 

( )1 1d dy Ak k Ak sAk kα α αα α λ− −= = − , ( )1dy y sAkαα λ−= − . This shows that 
only a higher savings rate of s could delay the appearance of d 0Y Y = . 

The Solow model looks more comprehensive than the Domar model, and its 
conclusion that economic growth will eventually stop is more surprising, thus 
stimulating more research enthusiasm. On the one hand, more and more statis-
tical data show that, for a long period of time, although the per capita output of 
different countries are quite different, but the per capita real output growth rate 
did not significantly decline [4]-[10]. On the other hand, people improves to the 
limitations of “exogenous growth theory” in the Solo model, or to reset the pro-
duction function [11] [12] [13], or endow new meanings for production factors 
in the Cobb-Douglas function. 

In our growth model, the reasons for the growth of output, whether short or 
long, are the same. The difference is only: in the short term, in addition to 
growth but also to analyze the growth of the fluctuations [14] [15] [16]. In the 
long term, on the basis of growth should also analyze the growth of the path 
characteristics. 

2. Comparison of Unit Resource Output 

In analyzing the employment problem, we have assumed that the material re-
source K and the human resource L have the same dimension and associate K 
and L using the inequality in the Cobb-Douglas function [14]: 

( ) ( )2 2

2

K L
Y AK L A

α β
α β

+
= ≤                   (1) 

Among them, the conditions to reach the upper boundary are: 

L K L Kβ α α β= → =                       (2) 

If β is larger, the output (income) Y will be more allocated to the production 
factor L, at the same time, by L Kα β=  we can see that the value of K and L will 
be relative changes. In the Cobb-Douglas function Y AK Lα β= , 1α β+ = , by 
the Euler theorem [17], the corresponding constraint equation or the equal-cost 
line is: 

Y YY K L
K K
∂ ∂

= +
∂ ∂

                        (3) 

Let ,Y K r Y L w∂ ∂ = ∂ ∂ = , then  



Z. Zhan, M. A. Zhan 
 

3/13 OALib Journal

Y rK wL= +                          (4) 

Assuming 1α β < , then the equal-output lines and the equal-cost lines of 
Y AK Lα β=  are shown in Figure 1. 

Because 2 1Y Y> , the point 2ay  is on the equal-output line 2Y , the point 

1ay  is on the equal-output line 1Y , so the output of the point 2ay  in the graph 
is larger than the point 1ay . On the curve 1Y , the outputs of points 1ay  and 
points 1by  are the same, but their factor combinations (K, L) are different. We 
now want to prove that the production state of point 1ay  is better than that of 
point 1by : the consumption ( )1 1a aK L+  of the two resources at point 1ay  is 
less than ( )1 1b bK L+  of point 1by . Due to  

, ,Y Y Y Yr w
K K L L

α β∂ ∂
= = = =

∂ ∂
 

So  

,Y YK L
r w
α β

= =                         (5) 

From the algebraic inequality 1 2 1 22a b a b+ ≥ , when a b= , 1 2 1 22a b a b+ = , 
and so  

1 2 1 2

1 2 1 22Y YK L Y
r w r w
α β α β

+ = + ≥ ⋅                  (6) 

at the point 1by , because 
1 1b by yr w≠ , so  
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1 1
1 1 1 1

2b b
b b b b

K L Y Y
r w r w

αβα β 
+ = + > ⋅ 

 
               (7) 

at the point 1ay , 
1 1a ay yr w= , so  

1 1
1 1 1 1

2a a
a a a a

K L Y Y
r w r w

αβα β 
+ = + = ⋅ 

 
               (8) 

To prove that 
1 1 1 1b b a ay y y yK L K L+ > + , we also need to prove that  

1 1 1 1b b a ar w r w= , or 1 1 1 1b b a ar w r w< . According to Equation (4)  
Y rK wL= + , 2rK wL rw KL+ ≥ , 2Y rw KL≥ ⋅ , so 2rw Y KL≤ . 
By Equation (2) L Kα β= ,  

1 22
Y rw

K β ≥                          (9) 

at the point 1by , because 
1 1b by yr w≠ , so  

1 11 2
12 b b
b

Y r w
K β ≥  

at the point 1ay , 
1 1a ay yr w= , so 

1 11 2
12 a a
a

Y r w
K β =  

Compare 1aK  on the point 1ay  and 1bK  on the point 1by , 1 1a bK K< , so,  

1 2 1 2
1 12 2a b

Y Y
K Kβ β>                        (10) 

so 

1 1 1 1a a b br w r w>                        (11) 

Back to Equation (7) (8), so,  

1 1 1 1b b a aK L K L+ > +                       (12) 

Although the output at the point 1by  and the point 1ay  is the same, the to-
tal amount of resources required by the former is greater than the latter, or the 
former unit resource output is less than the latter, that is,  

1 1

1 1 1 1b b a a

Y Y
K L K L

<
+ +

                     (13) 

This proves that the closer to the marginal output Y K∂ ∂  and Y L∂ ∂  on 
the same production line, the greater the unit resource output. In the process of 
output growth, the Cobb-Douglas function Y AK Lα β=  changes at any time 
because α β  is always changing. In general, the factor combination ( ),L K  is 
closer to the ray 1w r = , the greater the unit resource output. When 1α β = , 
the factor combination on the bisector line K L=  will be the best use of re-
sources. 

3. The Path of Economic Growth 

In discussing the relationship between variables in the medium and short-term 
relationship, we always assume that α or β is constant. The changes of α in the 
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medium and short-term is indeed small (in 1970 and 2016, the United States α 
were 0.2770 and 0.3691 respectively), but in the long-term, the changes of α can 
not only be ignored, but also an important variable in the analysis of the path of 
output growth. 

As Figure 2 shows, α in the United States there are two kinds of statistical da-
ta changes, first is the short-term fluctuations, the second is the long-term trend 
of change. In the discussion of short-term problems, we always assume  
d 0α α = . Therefore, although the periodic equations describe the relationships 
between the main variables, there are always some deviations when using statis-
tical data to verify them. 

In both sides of the Equation (2) L Kβ α=  take the logarithm, and the use of 
the equation 1α β+ = , we can get: 

d d
ln ln, , d
ln ln ln ln ln

L K
K L L K
L K L K L

β αβ α α
α

⋅ − ⋅
= = =

+ +
 

so  

d d
d

ln

L K
L K

L

β αα
α

⋅ − ⋅
=                      (14) 

This indicates that, as the output grows, L K→ , ( )d d 0L L K Kβ α− → , 
d 0α α → . Theoretically, the growth of α is the marginal decline, that is, the 
growth rate of α in the future will be slower and slower. In Figure 2, in addition 
to the trend line (gray) that is automatically generated by Office Excel, we also 
draw a red curve manually to indicate the trend of decreasing α growth. 

If the result of the increment of α is 1, it means that all the output Y will be as-
signed to the capital factor K, since the marginal contribution of K is infinite. 
This state is very puzzling because the labor factor L is infinite, but its marginal 
contribution is 0. 
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Since the marginal output of L is zero, why do we not reduce the amount of L 
and increase the amount of K, so that Y K Y L∂ ∂ = ∂ ∂ ? Thus 1α =  is an un-
economical state. 

If the ending state of α is 1/2, then 1α β = . From the Equation (2) L Kβ α= , 
when 1α β → , 1K L → , so  

Y Y Y Yr w
K K L L

α β∂ ∂
= = = = =
∂ ∂

 

Although L Kβ α=  is the optimal state of the Cobb-Douglas function  
Y AK Lα β=  to its geometric boundary, it is only the “suboptimal state”. It is 
necessary to further satisfy the marginal state of Y K Y L∂ ∂ = ∂ ∂ , which is the 
“optimal state” of the Cobb-Douglas function under certain output, that is, the 
greatest state of “unit of resources output”. 

According to the prediction of 1α β → , Figure 3 shows the schematic dia-
gram of the output from 1Y  to nY  (red dotted lines of connection points 1by  
and nby  in the figure). Since α is constantly changing during the growth of Y, 
the Cobb-Douglas function Y AK Lα β=  is also changing. As the growth path 
shown by the red dotted line gradually approaches the bisector 1K L = , the ray 
satisfying the condition w r=  is also moving closer to the bisector 1K L = .  
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The Cobb-Douglas function Y AK Lα β=  will eventually evolve into the func-
tion 1 2 1 2Y AK L=  for the bisector 1K L =  symmetry. 

Figure 4 shows the growth path of GDP in US statistics. Although the human 
resource factor L is increasing with the increase of α according to the definition 
of the formula L Kβ α= , it is still small relative to the factor K (in 2016, K = 
USD 535,421.8 billion, L = USD 2247.9 billion). In order to reflect the relative 
position of the growth path of Y in the statistical data and the bisector K L= , 
we use the logarithmic coordinates in the main graph. As shown in Figure 3, the 
growth path of Y in Figure 4 is indeed on the left side of the bisector K L= , 
and there is a trend toward the bisector K L= . 

The economic meaning of the production status on the right side of the bisec-
tion line is: in the price of resource, the labor factor is higher than the capital 
factor ( w r> ); in the distribution of output, the proportion of labor factor is 
smaller than that of capital factor ( β α< ). 

 

 



Z. Zhan, M. A. Zhan 
 

8/13 OALib Journal

This explains why the growth path starts on the left side of the bisector 
K L= , not the right side: When the level of output is low, or if the lower output 
is sufficient to maintain the basic living of the worker, the income should be 
preferentially assigned to the factor L, irrespective of the marginal output of K. If 
the income of workers cannot feed themselves and their families, production ac-
tivities cannot be carried out. 

With the economic growth, the basic survival needs of the factors of labor L 
need to be met, the factors elements L and K will compete in production. As 
long as Y K Y L∂ ∂ ≠ ∂ ∂ , the use of one of the factors is more efficient than the 
other, so α rises continuously until 1α β = . This is why the distribution coeffi-
cient α is increasing in US statistics. 

From a macro-field of view, 1 2α β= =  is the total output Y by the capital 
factor K and labor factor L equally. If the micro-field is the case, it means that 
half of everyone’s income from investment, the other half from wages. Perhaps, 
the proper work helps to avoid the spirit of emptiness when doing nothing, so 

1 2α β= =  is a “happiness” way of life. 
Unfortunately, we cannot prove that K and L are equal to the macro-income 

structure of Y, will produce the same micro-income structure. In the macroeco-
nomic α β= , There may be a situation in which the income of some of the to-
tal population comes from capital, and the income of the other part comes from 
wages. This means that everyone is happy in society, as a whole is also happy, 
but the overall happiness of the community is not necessarily everyone happy. 

4. The Path of the Traditional Growth Model 

L in the Cobb-Douglas function is assumed to be the labor force in the Solow 
model, so that Y AK Lα β=  can be reduced to the unary function y Akα= , 
where y Y L= , k K L= . In fact, from the mathematical point of view, L does 
not have to be assumed to be the labor force, even if L is the population of child-
ren, so that Y AK Lα β=  can be transformed into y Akα= . 

For the unary function y Akα= , if A is constant, then  
d 0, when
d

y A k
k k β

α
= → →∞  

So, as long as the A in the Cobb-Douglas function is constant, the growth rate 
of y will become slower and slower without the constraints such as K I∆ =  and 
I sY=  are assumed in the Solow model, as the red curve shows in Figure 5. 

On the other hand, in Y AK Lα β= , when Y K r∂ ∂ = , then the marginal 
state equation Y rK α= . In the equation Y rK α= , when both sides divided 
by ( )0L ≠ , we can get ( )y r kα= . This means that when r α  is constant, y 
and k are linearly related, as the blue line showed in Figure 5. The reason for 
this contradiction comes from the consideration of A in y Akα=  as an ex-
ogenous variable. If A grows also as k grows, we can explain the relationship 
between y Akα=  and ( )y r kα=  as shown in Figure 5. 

In Figure 5, suppose point a is the initial state of output. When k increases 
from 1k  to 2k , if A does not change, point a will move to point c along the  
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function 1y A kα= . If A increases from 1A  to 2A  while k changes, the result 
of the change is point d. This is exactly the output of the marginal state equation 

( )y r kα=  of the Cobb-Douglas function. 
The Domar model assumes that the production function is Y aK=  [2]. In 

the equation on both sides divided by L, then y ak= . This is similar to the 
marginal state equation ( )y r kα= . From this point of view, the Domar model 
is not unreasonable, but, as the Solow model, since it further assumes that 

K I∆ = , I sY= , the so-called “knife-edge” problem is encountered in discuss-
ing the balance between investment demand and investment supply. 

As with the Solow model, if we further assume constraints such as K I∆ =  
and I sY= , the growth of y is affected not only by the diminishing marginal 
output of k but also by the depreciation of the capital, so y is will stop growing in 
a finite time. Our analysis shows that capital depreciation is simply not a con-
straint on output growth, since K∆  is much larger than I, and as long as 

0r > , the growth of y does not stop [1]. 
Since the α β  in the Solow model does not change, in the coordinates of K 

and L, the equal output line of Y should be the same family curve of Cobb- 
Douglas function. Because K is the number of money, N is the number of 
people, so their numbers are not comparable. But if we choose the appropriate 
dimension, such as the dimension of 1000 billion USD for K, and the dimension 
of 10,000 thousands of people for N, we can also have a bisector of K = N. This 
can be compared with the growth path of output Y in the Solow model as 
showed in Figure 4. 
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As shown in Figure 6, in order to reflect the relative position of the growth 
path of the output Y in the statistical data and the bisector K N= , we use the 
logarithmic coordinates in the main picture as shown in Figure 4. 

According to this dimension, when the output level is low, K N< , the fac-
tors combination point is below the bisector K N= . Since the growth of K is 
much faster than the growth of N, with the increase in the level of output, the 
factors combination would soon pass through the bisector to the top of the bi-
sector from below the bisector (about Year 1980). 

Since Y K Y Kα∂ ∂ = , Y N Y Nα∂ ∂ = , make Y K r∂ ∂ = , Y N w∂ ∂ = , 
then w r β α=  on the bisector K N= . Since 1α β <  in the statistical da-
ta, then 1w r > , and w r  increases when K N  increases, therefore the 
marginal output gap between K and N is increasing. This is not as shown in 
Figure 4, 1w r →  due to the decrease of K L . So, in the economic sense, the 
growth path of Solow model does not tend to be a better marginal state. This has 
nothing to do with the dimension setting of K and N. 

The above analysis shows that although the Solow model and the model we 
use in this paper both use the Cobb-Douglas function to analyze the output  
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growth, there are three differences: First, the Solow model does not regard the 
conditional parameter A as a variable. Second, the Solow model ignores the im-
portance of change of α β . Third, the Solow model assumes that the factor L 
in the Cobb-Douglas function is the labor force N. 

In this model, we can see from Equation (9) that A is an endogenous variable 
that contains the marginal state of production and cannot be assumed to be an 
arbitrary constant. In the short-term analysis, we always ignore the change of the 
distribution of parameters α β , but in the long-term, we need to explain its 
trend of change, and it is an essential link when we discuss the marginal rela-
tionship between production factor K and L. Although it can be assumed ma-
thematically that L N= , the above analysis shows that this hypothesis does not 
help us to analyze the relationship between macroscopic variables. 

In practice, we can denote Y AK Lα β=  into a unary function y Akα=  under 
the condition of y Y L= , k K L=  and 0L ≠  without assuming L N= . If 
L is defined by Equation (2) L Kα β= , then L will increase when K increases. 
Since the growth rate of 1α β → , L will increase more than K, therefore, when 

1K L > , k K L=  and y Y L=  do not rise but decrease. 
The point 1by  in Figure 7 corresponds to the point 1by  in Figure 3. Al-

though at the point 1by , K and Y are smaller, y and k larger due to the small L. 
Since 1α β < , L increase faster than that of Y and K, therefore y and k de-
crease. On the time path, y Akα=  moves from the point 1by  to 1K L = . 

Is there a situation where 1α β >  when the level of output is low in reality? 
That is, where is the share of K from the output higher than L? This is likely to  

 

 



Z. Zhan, M. A. Zhan 
 

12/13 OALib Journal

occur in countries that are technically low level and a large number of foreign 
advanced technologies and capital are introduced. At this point, the combination 
of the factors K and L will approach the bisector from the right side of the bisec-
tor K L=  in Figure 3. Corresponding to this, y Akα=  in Figure 7 ap-
proaches 1k =  from 1k < . 

5. Summary 
5.1. Assumptions 

 The production function in the market economy system: Y AK Lα β= , Mar-
ginal conditions: r Y K Y Kα= ∂ ∂ = , w Y L Y Lβ= ∂ ∂ = . 

 L Kβ α=  or Kα β= . 
 Y K Y L∂ ∂ = ∂ ∂  when t →∞ . 

5.2. Outcome 

 On the same line of production, “unit resource output” is the largest on 
r w=  ray. 

 The path of output growth is formed in the process of equalizing the margin-
al output of various factors to each other. 

6. Discussions 

The fundamental cause of the contradiction between the conclusions and as-
sumptions of the Solow model is that some of the assumptions (including impli-
cit assumptions) are erroneous. We have analyzed the existence of the Cobb- 
Douglas function Y AK Lα β=  in the “A Kind of Neither Keynesian Nor Neoc-
lassical Model (1): The Fundamental Equation”, which has implied the output is 
growing in an economic system. Because in Y AK Lα β= , the distribution coeffi-
cient ( )Y K K Yα = ∂ ∂   , only when 0Y K∂ ∂ > , then 0α > , and thus 
Cobb-Douglas function is significative. This paper simply expresses the implied 
growth state of Y AK Lα β=  in a better understanding way. So our output deci-
sion model is not logically contradictory both in short-term and long-term. 

Figure 3 and Figure 7 show that with 1α β → , the output growth would 
face some sort of the ending state, although in time this process may be infinite. 
This result is generated when we assume L Kα β= , and if we assume different 
properties for human resource factor L, as in many other endogenous growth 
models [18] [19], will there be any difference? We will discuss further in the fol-
low-up paper. 
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