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Abstract 
We research ship 6 DOF inertial measurement method and displacement reconstruction form ac-
celeration signal to establish the strap-down inertial navigation measurement system through 
sensors configuration technology. The inertial measurement system consists of three groups of 
vertically mounted angular rate and acceleration sensors. Through designing an FIR integration 
filter and studying the ship displacement signal reconstruction from the acceleration, the filter 
parameters design method and implementation way were determined. By means of the beam vi-
bration to analog ship heave motion reconstructs linear displacement form acceleration signals. 
The root mean square error of the reconstructed line displacement is 0.004 mm, and the mean 
value of the displacement peak value is 5.92%, which is close to the design precision of the filter. 
The test shows that the measurement system and the FIR filter to achieve the predetermined pre-
cision with noise suppression. 
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1. Introduction 
The 6 DOF motion measurement technology has been a widespread concern in the industry. Due to the difficul-
ty in finding a fixed point of reference, the real ship motion measurement is difficult in engineering, and the es-
tablishment of the line displacement is especially difficult. Feasible methods mainly include GPS and inertial 
measurement system, due to the current GPS accuracy is hard to meet the requirements. The research focused on 
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the measured acceleration by inertial measurement system to reconstruct the ship displacement (linear displace-
ment and angular displacement) [1] [2]. 

Inertial measurement system can directly establish the ship heading and attitude, and in fact often needs the 
sway, surge and heave motion data, such as offshore supply, construction operations, aircraft etc. Strapdown in-
ertial navigation system solves the problem of the traditional measurement platform system, and the measuring 
system has the advantage of light quality, small volume, low cost, long life and easy maintenance etc., and has 
been applied in practice [3]-[6]. In this paper, a new type of strapdown inertial navigation system is established, 
and an integral filtering algorithm is designed, which can reconstruct the ship line motion from the line accelera-
tion and angular velocity measurement signals. 

2. Coordinate System and the Posture Parameters of the Ship 
The ship has 6 degrees of freedom movement, so first establish ship motion attitude coordinate system as shown 
in Figure 1, therefore, export express ship posture parameters, and then study the measuring method. 

In the ship coordinate system, 0 -O XYZ  is coordinate system for inertial reference system, -O xyz  is ship 
carrier coordinates, O is a fixed point on the ship, Ox is parallel axis pointing to bow, point C is the particle of 
ship, the ship view as a rigid body, P is any point on the ship. r  vector is from 0O  point to O point, PS  
vector is from O point to P point, pr  vector is from 0O  point to P point. 

According to the definition of euler Angle, introducing coordinates -O xyz  with new one to the attitude An-
gle 0 -O XYZ  coordinates, and , ,ϕ θ σ  respectively for the roll Angle, pitching Angle and bow wave Angle, 
the ship swaying, surge and heave is the point C’s displacement in 0 -O XYZ . On the measuring point P at the 
ship, to establish the relationship between ship 6 degrees of freedom motion parameters and the measurement 
signal. According to Figure 1, 

p PS= +r r                                          (1) 

where pr , r  and PS  were compared with the vector inertial coordinate system 0 -O XYZ , this equation can 
also be described as, 

p PAS ′= +r r                                        (2) 

The matrix A is the coordinate transformation matrix of coordinate system 0 -O XYZ  to coordinate system 

-O xyz . PS  vector in the vector coordinate -O xyz  represented as PS ′  vector. The formula (2) for one order 

guide, by the nature of the matrix, TP PS A S′ = , this equation can also be described as, 
Tp PAA S= +r r 

                                        (3) 

The vector ω  is the carrier coordinates with respect to the rotational angular velocity of -O xyz  inertial 
coordinate system 0 -O XYZ , according to the principle of rigid body kinematics, 

 

 
Figure 1. Ships coordinate system.                                         
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p PS= + ×r r ω                                        (4) 
where  
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this Equation (4) can also be described as 
p PS= +r r ω                                         (5) 

where ′ω  is rotation angular velocity which is the carrier relative to the coordinate system -O xyz , according 

to the equation TA A′=ω ω  , then 

A A A′= =ω ω

                                        (6) 

A A A A A′ ′ ′ ′ ′= + = +ω ω ω ω ω   

                                   (7) 
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                         (8) 

The Euler angles can be obtained by the formula of numerical integration. The seventh formula into formula 
(3) of the two order derivative, 

p P PA S A S′ ′ ′ ′ ′= + +r r ω ω ω

                                  (9) 
The Formulas (5) and Formulas (9) projects onto the carrier coordinates, 

p PS′ ′ ′ ′= +r r ω                                     (10) 
p P PS S′ ′ ′ ′ ′ ′ ′= + +r r ω ω ω

                                  (11) 

3. The Measurement Framework and Sensor Arrangement 
In order to obtain the ship angular acceleration and sway, surge and heave parameter, taking the sensor layout as 
shown in Figure 2 the measurement system consists of 3 vertically mounted sensor group, each consisting of 1 
angular velocity and acceleration sensor. 

 

 
Figure 2. The sensor configuration for ship motion measurement.    
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According to the measurement scheme, firstly we can calculate the ship angular acceleration, taking into ac-
count the b in y and z direction of acceleration is not measured, so can be obtained, 

( )0z x bx by x ya aω ρ ω ω′ ′ ′ ′ ′ ′= − +                               (12) 

the same way for point a and c, 

( )0y z az ax x za aω ρ ω ω′ ′ ′ ′ ′ ′= − +                              (13) 

( )0x y cy cz y za aω ρ ω ω′ ′ ′ ′ ′ ′= − +                              (14) 

Therefore, the acceleration of the ship motion is obtained by the acceleration sensor and the angular rate gyro 
sensor. For ship swaying, surging and heaving motion parameters, it can be obtained by formula 9, 

C C CA S A S′ ′ ′ ′ ′= + +r r ω ω ω

                                  (15) 
C C CA A S A S′ ′ ′ ′ ′ ′= + +r r ω ω ω

                                 (16) 
Therefore, as long as the acceleration angular velocity, angular acceleration of the ship and three axis are 

measured, we can calculate the ship sway, surge and heave acceleration. 

4. Integral Filter Design Method 
To design a second-order integration filter is the key to rebuilt displacement from the acceleration, and then de-
termine the filter parameters. The ideal frequency response is, 

( ) 2
1

EH ω
ω

= −                                   (17) 

Two order integral filter design method includes the digital filter method and the frequency domain integral 
method. The finite impulse response (FIR) filter and infinite impulse response filter (IIR) digital filter has been 
widely used [7] [8]. Since the initial information of the IIR filter is needed to be measured, it is difficult to ob-
tain the real ship, on the other hand, the FIR filter does not need the initial information of the measured object, 
but by choosing the appropriate filter parameters for two-order integral. 

4.1. The Design of FIR Integration Filter 
The design method of FIR filter includes maximum flatness and variational approximation. The main characte-
ristic of maximum smoothness method is system filtering having best effect when near the angular frequency 

π 2ω = , belonging to the band-pass filter, but it needs to estimate frequency in advance. The variational ap-
proximation method is transforming the two-order integral problem into an extremum problem, 

( ) ( )2

2

d
,

d
u t

a t a
t

= ≈                                   (18) 

1 2T t T< < , ( )1 1u T u= , ( )2 2u T u=  

where a  is measured acceleration. It needs to solve a displacement function when it is transformed into func-
tional problem, 

( ) ( )2

1

22

2

d1Min d
2 d

T

u
T

u t
u a t

t
 

∏ = −  
 
∫                            (19) 

Obviously this is a boundary value problem, because it is difficult to measure the initial displacement and 
speed of the carrier, therefore, this function has no definite solution. For the ill posed problem, the regularization 
technique is used to estimate the solution in advance, and the reconstructed displacement is close to the given 
static displacement, because only the dynamic displacement can be reconstructed, the static equilibrium point 
can be set to zero. Then 

2 2
2

1
2R u r∏ = ≤ < ∞                                (20) 
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R∏  is a regular function, r is determined solution domain, the regular conditional Equation (20) is intro-
duced into the functional extremum problem in the form of penalty function. 

( ) ( )2 2

1 1

22 2
2

2

d1Min d d
2 2d

T T

u
T T

u t
u a t u t

t
β 

∏ = − +  
 
∫ ∫                     (21) 

Functional extreme value problem formula (21) is called the Tikhonov regularization method, β  is a non 
negative regularization parameter. The larger the value of β  is, the regular function have the greater the influ-
ence on the displacement solution, when β  is zero, the Equation (21) become a boundary value problem. In 
the absence of the initial value, the equation is not solvable, the variation of functional problem Equation (21) is  

( ) ( )2 2

1 1

22
2

2 2

dd d d 0
d d

T T

T T

u tuu a t uu t
t t
δδ β δ

 
∏ = − + =  

 
∫ ∫                   (22) 

The solution of this variational problem includes frequency domain and finite element method, etc. This paper 
uses the frequency domain method. According to the division of integral method, 

2 22

1 1 1

4 2 2 3
2

4 2 2 3

d d d d d dd 0
d dd d d d

T TT

T T T

u a u u u au u t a u
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∫           (23) 

Then, functional extremum problem for control equations and boundary conditions are, 
4 2

2
4 2

d d 0
d d

u au
t t

β+ − =                                 (24) 

2 3

1 22 3
d d d, ,

dd d
u u aa T t T

tt t
= = < <  

Due to the displacement and velocity are unknowable at the boundary, so this paper uses the Newman boun-
dary condition. Fourier transform of the Equation (24), and the transfer function of the control equation is 

( ) ( )
( )

22

4 2 4 2

2π
2π

B
f

H
f

ωω
ω β β

= − = −
+ +

                         (25) 

where f is the frequency, BH  represents the control equation of the transfer function, the displacement can be 
reconstructed by inverse Fourier transform, 

( ) ( ) ( )( )( ) ( )( )
2

1 1
4 2Bu t F H F a t F F a tωω

ω β
− −  

= = −  + 
                   (26) 

From the Equation (26) we can see that the low resistance filter does not need to be introduced in the dis-
placement reconstruction, because the transfer function BH  of the governing equation has the ability to sup-
press the low frequency noise. 

In order to determine the transfer function BH  and the regularization parameter β , the introduction of the 
normalized frequency Tf f f= , Tf  is the target frequency. The accuracy of the target frequency Tα  is de- 
fined as the control equation of the ratio of the transfer function and the ideal transfer function, then Equation 
(25) is related to the target frequency for normalization of transfer function 

( ) ( )
( ) ( )

2

2 44 21 2π 2π
B
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T T

H fH f
f f f
ω

β
= − =

+
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
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

                    (27) 

The ratio between the transfer function of the control equation and the ideal transfer function EH  is 

( )
( )

4 4

4 2 44 2 2π
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B

E T
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ωω
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= = =
+ +





                (28) 

At the time of 0f =  the precision function acc
BH , precision to 0, when the frequency close to the target 
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frequency, the precision function acc
BH  rapid convergence to 1. At the time of 0 1f< ≤ , Precision function 

mainly depends on the regularization parameter values β . In the target frequency Tf , make 1f = , the accu-
racy at the target frequency is 

( )42

1
1 2π

T
Tf

α
β

=
+

 

So get regularization parameter values β  under certain precision  

( ) ( ) ( )2 221 2π 2πT
T T T
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= =  

where ( )4 1 T
T

T

αλ α
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−

= , then into Equation (27) and Equation (28), 
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                                (29) 

( ) ( )
4

4 4
acc
B

T

fH f
f λ α

=
+







                                (30) 

For different target accuracy Tα , control equation of the transfer function and the difference between ideal 
transfer function and accuracy function is shown in Figure 3 and Figure 4. When frequency is greater than the 
target, the control equation of the transfer function and the ideal transfer function almost unanimously, has  

 

 
Figure 3. Comparison of transfer functions under different precision.                 

 

 
Figure 4. Comparison of accuracy functions under different precision.                
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nothing to do with the target accuracy, So the control equation of transfer function 1f ≥  for signal reconstruc- 
tion displacement; At the same time, the control equation of the transfer function can inhibit below target fre-
quency acceleration signal, the signal is generally to measure noise and disturbance of constant value, the jam-
ming signal frequency is lower, the transfer function of the noise suppression capability. The Figure 4 shows 
that the higher the accuracy of target, the transfer function of the lower noise suppression capability. As a result, 
precision of target and noise suppression ability between the two filter design index. The choice of target accu-
racy depends on the specific problem. 

4.2. The Realization of FIR Integration Filter 
The traditional FIR filter is similar to a given transfer function in frequency domain. Set the acceleration mea-
surement time, every time the FIR filter can be expressed as 

( ) ( ) ( ) ( )
2 12 2

1 1
1

k k

k p p p k
p p k

u u t t c a t c a t p t
+

+ + +
= =−

= = ∆ = ∆ + ∆∑ ∑                      (31) 

where pc  is FIR filter coefficient， 1ku +  is displacement through the filter and the moment of t, time window 
width is ( )2 1k t+ ∆ , the type of Fourier transform to Equation (31), 

( ) ( )2 2π
1e

k
i fp t

C p k
p k

H f t c ∆
+ +

=−

= ∆ ∑                             (32) 

( )CH f  is the transfer function of the FIR filter,  

( ) ( )2 2π
1e

k
i fp t

B p k
p k

H f t c ∆
+ +

=−

≈ ∆ ∑                             (33) 

Then, 
( )

( )
1 2 2

1 2 4 4
0

1 cos 2π d
2π

Tf

p k T
T

fc pf f f
f f λ+ + = −

+∫




  

 

                    (34) 

where 1sf t= ∆  is frequency, T T sf f f=  is the ratio of target frequency to sampling frequency. Control  
equation of the transfer function in frequency domain is even function. Because the control equation of the 
transfer function with increase rapidly declining, as shown in Figure 3, therefore, Equation (34) points in almost  
has nothing to do with the integral upper limit 0.1Tf ≤ . So, it can be set Tp pf= 

 , 1 1p k p k Tc c f+ + + += 

 ,thus, the 

relation between p , 1p kc + +  and Tf  is independence. Although the number of FIR filter coefficients can be 

changed with the change of the filter order, when Tf  is under certain circumstances, the filter coefficient 

1p kc + +  constant.  
Gibbs phenomenon of high frequency oscillation occurs in the transfer function of FIR filter, in order to re-

duce the oscillation amplitude, filter order time should be enough big, smooth filter coefficients in p tends to k 
converge to zero. FIR filter, therefore, should be the last item on the coefficient of corresponds to the zero point, 

0
0 isT

T

pkf p k
f

= =








                                (35) 

In general, select the rectangular window. Refactoring displacement can be used when no overlap or overlap-
ping time window, corresponding to different displacement calculation strategy. In overlapping time window, 
will be calculated for each moment corresponding displacement, only will be a time window in central calcula-
tion result as the output, not the effect of overlapping time window boundary value estimation error will be re-
duced. Through the target cycle and the size of the window width defined filter 

02 12w w
T T

pd k t N
f f

= ∆ = =


                             (36) 
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where wd  is expressed as a unit of time the filter size, 02wN p=   is expressed as the filter size target cycle.  
Numerical analysis of Equation (34), p  and 1p kc + +  the relation curve between the zero return for 1.687 pe- 

riod; The filter size relative to the initial three zero were 0.846, 4.22 and 7.594 times the target cycle; Due to the 
filter coefficient of zero in the first place not convergence, when 0.846wN = , a significant oscillating filter 
transfer function is; when 4.22wN =  and 7.594wN = , precision function of oscillation amplitude in the ac-
ceptable range. The larger the filter size, the smaller the oscillation amplitude of the precision function.  

Due to the symmetry of FIR filter coefficients, FIR filter transfer function can be expressed as 

( ) ( ) ( )2
1 1

1
2 cos 2π

k

C k p k
p

H f t c c pf t+ + +
=

 
= ∆ + ∆ 

 
∑                      (37) 

FIR filter corresponding normalization transfer function and accuracy function is 

( ) ( ) ( )2

1 1
1

2π 2 cos 2π
k

C T k p k T
p

H f f c c pf f+ + +
=

 
= − + 

 
∑   

                    (38) 

( ) ( ) ( )2

1 1
1

2π 2 cos 2π
k

acc
C T k p k T

p
H f f f c c pf f+ + +

=

 
= − + 

 
∑                        (39) 

5. Experimental Verification 
The key of the problem is to reconstruct the line displacement from the acceleration measurement signal, the 
Oriental institute of vibration and noise control INV1601 vibration test system is adopted, the acceleration sen-
sor is installed in the middle of the simple beam, the vibration acceleration of the beam is measured, and the dis-
placement of the vibration of the beam is installed at the lower part of the measuring point. Reference sensitivity 
of piezoelectric accelerometer is 48.2 - 2 pC/m∙s−2. The test system shows in Figure 5. 

The middle of the beam is subjected to harmonic excitation 5 Hz to 45 Hz, the acceleration sensor of laser 
displacement sensor sampling frequency and sampling frequency is 200 Hz. According to the accelerometer 
measurement signal, through FIR filter reconstruction beam displacement of measuring points, and compared 
with the laser displacement sensor measured displacement. 

Vibration acceleration signal of a simply supported beam under 20 Hz excitation shows in Figure 6. The tar-
get frequency of the selected FIR filter is 20 Hz, the ratio between target frequency and sampling frequency is 
0.1, the acceleration response reconstruction beam at the measuring point displacement. Reconstruction after 
partial details shows in Figure 7, there is no obvious phase lag between the output displacement and the actual 
displacement of the FIR filter, FIR filter reconstructed output displacement relative to the laser displacement 
sensor measurement more accurate the root mean square error (RMSE) is 0.004 mm, the mean value of the dis-
placement peak value is 5.92%, close to the filter design accuracy is 97%, it shows that the FIR filter is designed 
to realize the second integral, reconstruct displacement from the acceleration signal, to the expected target de-
sign precision, and has certain ability of noise suppression. 

 

 
Figure 5. Experimental modal.                      
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Figure 6. The acceleration measurement signal of beam.                           

 

 
Figure 7. FIR filter reconstruction displacement.                                     

6. Conclusions 
A strap down inertial navigation attitude measurement system is established, and the integral filtering algorithm 
is used to measure the ship attitude and the three axis acceleration response; with the vibration of the beam si-
mulation ship heaving, inverse displacement is measured by acceleration. The results of the study are as follows:  

1) A strap down inertial measurement system for ship 6 degrees of freedom is established, sensor configura-
tion technology is exported, measurement system is composed of three groups of vertical installation of sensors, 
and each group is made up of an angular rate and acceleration sensor. 

2) The FIR integral filter is designed, and the design method of the filter parameters is studied to realize the 
goal of reconstructing the line displacement and angular displacement of the acceleration signal from the ship. 

3) With the vibration of the beam simulation ship heaving, adopt the design of FIR filter, linear displacement 
from the accelerometer signal reconstruction, reconstruct displacement relative to the laser displacement sensor 
to measure the displacement of root-mean-square deviation of 0.004 mm, the displacement peak average error is 
5.92%, close to the filter design precision being 97%. 

4) The experimental results show that the 6 degree of freedom inertial measurement system and the FIR filter 
can effectively realize the reconstruction of the displacement from the acceleration signal and achieve the goal 
of the predetermined design precision. And it has certain ability of noise suppression. 

5) Analysis shows that, in order to achieve a certain precision, the order of the filter is often high, the mea-
surement system has a large amount of computation and memory cost. 
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