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Abstract 
In this paper, the Magnetohydrodynamic (MHD) Flow of Viscous Fluid over a Nonlinear Stretching 
Sheet is investigated numerically. The partial differential equations governing the flow are re-
duced to a non linear ordinary differential equations by using similarity transformations. The re-
sulting transformed equations are numerically solved by an explicit finite difference scheme known 
as the Keller Box Method. The velocity profiles are determined and the effects of the magnetic pa-
rameter and non linear stretching parameter on the flow characteristics are investigated. In addi-
tion to this the numerical results for the local skin friction coefficients are computed. Comparison 
with the exact solution and previously reported analytic solutions is made and excellent agree-
ment is noted. Moreover, the velocity profile obtained by Keller box method is in a better agree-
ment to the exact solution than by the Homotopy Analysis Method. It is also found that, an increase 
in the magnetic parameter or non-linearity parameter causes a decrease in the velocity profile 
and velocity distribution. 
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1. Introduction 
The boundary layer flow of an incompressible fluids over a stretching sheet has many Engineering applications 
such as in manufacturing of sheeting materials through an extrusion process, aerodynamic extrusion of plastic 
sheets, the boundary layer along a liquid film in condensation process, hot rolling, paper production, glass-fiber 
production, metal spinning and drawing plastic films. 

The boundary layer flow problems have been extensively studied numerically, analytically, theoretically as 
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well as experimentally. The theoretical study of magnetohydrodynamic (MHD) channel has been a subject of 
great interest due to its widespread applications in designing cooling systems with liquid metals, MHD genera-
tors, accelerators, pumps and flow meters. The solution for MHD flow through a flat channel is well known and 
is available in the text books of fluid dynamics. The boundary layer flow over a stretching sheet was first studied 
by Sakiadis [1]. Since then many investigators have extended the idea to different aspect of boundary layer flow 
problems. Accordingly, Crane [2] extended the study and obtained the analytic solution to the boundary layer 
equation of steady two dimensional flows due to a stretching sheet in a quiscent incompressible fluid. The flow 
inside a stretching channel or tube has been analyzed by Brady and Acrivos [3] and the flow outside the stret-
ching tube by Wang [4]. Nadeem and Hussain [5] studied the MHD flow of a viscous fluid on a nonlinear por-
ous shrinking sheet with homotopy analysis method. Sajid [6] investigated Homotopy analysis of stretching 
flows with partial slip. His result indicated that the velocity components decrease with an increase in the slip 
parameter for both planar and axisymmytric flows. Nadeem [7] studied the boundary layer flow of nanofluid 
over an exponentially stretching surface with the effects of suction/injection parameter. He observed that veloc-
ity field increases with the increase in the suction/injection parameter and the suction causes the reduction of the 
boundary layer. Sharidan [8] has presented similarity solution analysis to investigate the unsteady boundary 
layer flow over a stretching sheet for a special distribution of the stretching velocity and surface heat flux. Cor-
tell [9] studied viscous flow and heat transfer over a nonlinearly stretching sheet. Alinejad and Samarbakhsh [10] 
studied viscous flow over nonlinearly stretching sheet with effects of viscous dissipation. Several studies on the 
steady and unsteady flows due to stretching sheet has been considered by Devi et al. [11], Anderssson et al. [12], 
Nazar et al. [13], Elbashbeshy and Bazid [14], and Ishak et al. [15], Wubshet et al. [16], Turkyilmazoglua and 
Popb [17] and Xua et al. [18]. 

Most problems in fluid mechanics are non linear. It is very important to develop an efficient method to solve 
them. Up to now, several analytic and numerical methods have been used. In tradition, the perturbation method 
is used to give analytic approximations of non linear problems. This technique uses asmall/large parameter as-
sumption. Various non perturbation methods such as Lyapunov’s artificial small parameter method [19], δ− ex-
pansion method [20], the Adomains method [21] and recently the homotopy analysis method developed by Liao 
[22] have been used to solve the flow problems. 

The main objective of the present study is to find a numerical solution for the MHD boundary layer flow over 
a non-linear stretching sheet. By making use of computational software, Matlab an accurate numerical solution 
for the velocity profile is obtained using a powerful, easy to use method called the Keller box method. This me-
thod has already been successfully applied to several non linear problems corresponding to parabolic partial dif-
ferential equations. As discussed in [23] the exact Discrete Calculus associated with the Keller-Box scheme is 
shown to be fundamentally different from all other mimic (physics capturing) numerical methods. The box- 
scheme of Keller is basically a mixed finite volume method, which consists in taking the average of a conserva-
tion law and of the associated constitutive law at the level of the same mesh cell. 

The paper is outlined as follows, in Section 2 the problem is formulated and the similarity transformation is 
used to reduce the formulated partial differential equation in to a non linear ordinary differential equation and a 
Keller box method is used to solve the problem; in Section 3 the resulted solutions are discussed in detail both 
numerically and graphically and the solutions are compared with the analytic solution of the same problems 
done by Hayat [24] using the modified decomposition method and Pade approximation; and by Abdoul [25] us-
ing homotopy analysis method (HAM). Finally in Section 4, some concluding remarks are given. 

2. Mathematical Formulation 
Consider a steady two-dimensional MHD flow of viscous and incompressible fluid over a nonlinearly stretching 
sheet at y = 0. The fluid is electrically conducting under the influence of an applied magnetic field B(x) normal 
to the non-linear stretching sheet. The induced magnetic field is neglected. With these assumptions the govern-
ing equations for the flow problem are 
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where u and v are velocity components in the x and y directions respectively. ν , ρ  and σ  are the kinematic 
viscosity, density and electrical conductivity of the fluid respectively. 

In Equation (2), the external electric field and the polarization effects are negligible and  

( )
1

2
0

n

B x B x
−

=                                         (3) 

The boundary conditions corresponding to the non-linear stretching sheet are given by 

( ) ( ) ( ),0 , ,0 0, , 0 asnu x cx v x u x y y= = → →∞                          (4) 

Introducing the following similarity transformations 
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Making use of Equation (5), the continuity Equation (1) is automatically satisfied and the momentum Equa-
tion (2) and the boundary conditions (3) reduce to 

2 0f ff f Mfβ′′′ ′′ ′ ′+ − − =                                   (6) 

With boundary conditions 

( ) ( ) ( )0 0, 0 1, 0f f f′ ′= = ∞ =                                (7) 

where M is the magnetic parameter and β  is the non linearity parameter. They are given by 

( )
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                                  (8) 

3. Numerical Solution 
The non linear boundary value problem represented by Equations (6) and (7) is solved numerically using a very 
efficient finite difference scheme known as Keller box method. The scheme employed is the box method devel-
oped by Keller [23]. This method has been shown to be particularly accurate for parabolic problems. It is much 
faster, easier to program and it is chosen because it seems to be the most flexible of the common methods, being 
easily adaptable to solving equations of any order. The Keller-box method is essentially an implicit finite dif-
ference scheme, which has been found to be very suitable in dealing with nonlinear problems. Details of the 
method may be found in many recent publications, and here we have used the procedure outlined in Cebeci and 
Pradshaw [26]. One of the basic ideas of the box method is to write the governing system of equations in the 
form of a first order system. First derivatives of u and other quantities with respect to η must therefore be intro-
duced as new unknown functions. With the resulting first order equations, the “cantered-difference” derivatives 
and averages at the midpoints of net rectangles and net segments are used, as they are required to get accurate 
finite difference equations. The resulting finite difference equations are implicit and nonlinear. Newton’s 
method is first introduced to linearize the nonlinear system of equations before a block-tridiagonal factorization 
scheme is employed on the coefficient matrix of the finite difference equations. The solution of the linearized 
system of difference equations can be obtained in a very efficient manner by using the block-elimination method 
[26]. In this study a uniform grid of size Δ 0.01η =  is chosen to satisfy the convergence criteria of 510− , 
which gives about a four decimal places accuracy for most of the prescribed quantities. 

4. Results and Discussions 
The transformed non linear momentum Equation (6) subjected to the boundary condition (7) was solved numer-
ically using Keller box method, which is described in Cebeci and Bradshaw [26]. The results of the velocity dis-
tributions for different values of the magnetic parameter M and the non linear parameter β  are presented in 
graphs, while the values of the skin friction coefficients for some values of the parameters are given in a table. 

Table 1 and Table 2 show the values of the skin friction coefficient ( )0f ′′−  for some values of the parame-
ters M and β . The values of the skin friction coefficient $f{''}(0)$ obtained in this study are compared with  
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Table 1. Comparison of the skin friction coefficient ( )– 0f ′′  obtained by Keller Box method with HAM, ADM-Pade and 

Exact solution for some values of M, when 1β = .                                                                   

M HAM ADM Pade Exact Present 

1 1.40992 1.41421 1.41421 1.41421 

5 2.44892 2.44948 2.44948 2.44948 

10 3.31662 3.31662 3.31662 3.31662 

 
Table 2. Comparison of the skin friction coefficient ( )– 0f ′′  obtained by Keller Box method with HAM, and ADM-Pade 

solution for some values of M, when 1.5β = .                                                                        

M HAM ADM Pade Present 

1 1.52154 1.5252 1.5253 

5 2.51360 2.5161 2.5162 

10 3.36672 3.3663 3.3663 

 
those of Hayat [24] and Abdoul [25]. The comparison revealed good agreement. 

Therefore, from the values in Table 1 and Table 2; the code developed for this method can be used with great 
confidence to study the problem over headed. 

Figure 1 and Figure 2 shows the comparison of the solution for the velocity profile obtained by using the 
Keller box method and the Homotopy analysis method with the exact solution. It is clear from Figure 1 that the 
graph of the velocity profile ( )f η  coincides exactly with the graph of the exact solution, while it is not in the 
HAM as shown in Figure 2. This shows that the Keller box method is better than the Homotopy analysis me-
thod for this problem. Similarly Figure 3 and Figure 4 show the comparison of the graphs of velocity field 

( )f η′  obtained by Keller box method and HAM with the exact solution, respectively. It can be observed that 
the graph of the velocity ( )f η′  obtained by Keller box method coincides more to the graph of the exact solu-
tion (see Figure 3) than HAM (see Figure 4). 

Figure 5 shows the variations of the velocity profile ( )f η  and the velocity field ( )f η′  with the similarity 
variable η . It illustrates that the velocity profile increases with η , while the velocity field decreases with an 
increase in η . This indicates that the velocity field is maximal at the surface of the plate and reduces as it gets 
further from the plate and finally becomes zero at a point far away from the plate satisfying the boundary condi-
tions. 

Figures 6-8 illustrate effects of the magnetic parameter M and non linearity parameter β  on the velocity 
profile ( )f η . It is clear that, as the magnetic parameter M and non-linearity parameter β  increases the veloc-
ity profile  decreases. In addition to this the magnetic parameter M has pronounced effect on the decrease 
of the velocity profile  than the non-linearity parameter β . 

Figure 9 and Figure 10 depict the effects of the magnetic parameter M and the non linearity parameter β  
on the velocity field ( )f η′ , respectively. Figure 9, illustrates that the velocity field ( )f η′  decreases with an 
increase in the magnetic parameter M. This is due to the fact that the skin friction at the surface of the plate in-
creases with an increase in M (see the values in Table 1), which in turn reduces the velocity of the fluid. This is 
because of the induced Lorenz force opposite to the flow. 

Figure 10 depicts effect of the nonlinearity parameter β  on the velocity field ( )f η′ . It shows that, an in-
crease in the nonlinearity parameter β  tends to decrease the velocity field ( )f η′ . Moreover, the effect of the 
magnetic parameter on the velocity field (see Figure 9) is more pronounced than the effect of the nonlinearity 
parameter (see Figure 10). The fluid velocity ( )f η′  is maximum at the plate surface and decreases exponen-
tially to zero value far away from the plate satisfying the boundary conditions. From these figures, it is note-
worthy that the velocity boundary layer thickness decreases with an increase in the values of M and β . 

5. Conclusions 
In this study, the steady MHD flow of an incompressible viscous fluid over a non-linearly stretching sheet is in-  

( )f η
( )f η
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Figure 1. Comparison of velocity profile ( )f η  obtained by the Keller box (Red line) with the Exact so-
lution (circle) for M = 1 and 1β = .                                                                   

 

 
Figure 2. Comparison of velocity profile ( )f η  obtained by the Homotopy Analysis Method (Blue line) 

with the Exact solution (Black line) for M = 1 and 1β =  and 0.5h = −  as in [25].                               
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Figure 3. Comparison of velocity field ( )f η′  obtained by the Keller box (Red line) with the Exact 
solution (circle) for M = 1 and 1β = .                                                                      

 

 
Figure 4. Comparison of velocity field ( )f η′  obtained by the Homotopy Analysis Method (Blue line) 

with the Exact solution (Black line) for M = 1 and 1β =  and 0.5h = −  as in [25].                                 
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Figure 5. Variation of velocity profile ( )f η  (Blue line) and velocity field ( )f η′  (Redline) for M = 1 
and 1β = .                                                                                            

 

 
Figure 6. Variation of velocity profile ( )f η  for different values of M, when 1β = .                             
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Figure 7. Variation of velocity profile ( )f η  for different values of M, when 0.1β = .                              

 

 
Figure 8. Variation of velocity profile ( )f η  for different values of β , when 0.1M = .                          
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Figure 9. Variation of velocity field ( )f η′  for different values of M , when 0.1β = .                             

 

 
Figure 10. Variation of velocity profile ( )f η′  for different values of β , when 0.1M = .                          
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vestigated. A numerical solution using Keller box method is obtained. Besides, for the especial case of 1β =  
where the exact solution is available (Equations (9) and (10)). A proper comparison is made between the exact 
solution, HAM [22], and the present method, Keller box (Figures 1-4 and Table 1 (for ( )– 0f ′′ )). 

( )
11 e

1

M

f
M

η

η
− +−

=
+

                                     (9) 

( )0 1f M′′ = − +                                      (10) 

A comparison of the present study with the existing exact solution and analytic solutions is made for 1M =  
and 1β = . An excellent agreement is achieved with the exact solution. In addition to this the solution obtained 
using Keller box method is in a better agreement with the exact solution than homotopy analysis method. 
Moreover, an increase in the non dimensional magnetic parameter M and non linearity parameter β  causes a 
decrease in the velocity profile ( )f η , velocity distribution ( )f η′  and the velocity boundary layer thickness. 
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