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Abstract 
We study the stability of the ion-acoustic (IA) wave in a collisional plasma composed of hydrogen, 
positively and negatively charged oxygen ions, electrons and neutral atoms. This composition ap-
proximates very well the plasma environment around a comet. A solution of the dispersion rela-
tion yields a frequency for the IA wave at around the hydrogen plasma frequency. The growth/ 
damping rate is sensitively dependent on the ring parameters su⊥  (the ring speed) and tsv  (the 
thermal spread). The growth rate of the wave, which decreases with increasing collisional fre-
quencies, is larger when s tsu v⊥ < . In the presence of negatively charged oxygen ions, the phase 
and group velocities of the IA wave behave in a contrasting manner when s tsu v⊥ <  (and vice-
versa). We propose that this behaviour be exploited as a diagnostic tool for the detection of these 
ions and also their thermalization. 
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1. Introduction 
One of the most fundamental of waves in a plasma is the low frequency electrostatic or longitudinal ion density 
wave; in the long-wavelength limit the ions provide the inertia and the electrons, the restoring force [1] [2]. The 
ion-acoustic (IA) waves are usually highly Landau damped unless i eT T ; where iT  and eT  are the ion and 
electron temperatures respectively [3] [4]. This wave has been invoked to explain a number of phenomena in 
space plasmas, such as the observed wave characteristics in Earth’s ionosphere [5], transport in the solar wind, 
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corona and chromosphere [6]. It has also been studied extensively in a number of laboratory plasmas [7] [8]. 
A cometary environment is believed to consist of hydrogen and new born heavier ions, such as positively 

charged oxygen ions with densities which depend on their distances from the nucleus [9]. However, the space-
craft Giotto, which observed the inner coma of comet Halley showed that, in addition to neutral atoms and 
molecules, thermal ions and electrons, etc. a new component, namely negatively charged ions was also present 
[10]. The negative ions were observed in the mass peaks of 7 - 19, 22 - 65 and 85 - 110 amu with negatively 
charged oxygen ions being identified unambiguously. 

A cometary plasma has often been modelled as a solar wind plasma, permeated by dilute, drifting ring distri-
bution of ions and electrons with finite thermal spreads. Instabilities driven by electron velocity ring distribu-
tions have been well studied. For example, for cyclotron harmonic wave propagation perpendicular to the static 
magnetic field, it was found that mode coupling as well as a strong absolute instability occurs [11]. In a pio-
neering experiment on the electron cyclotron maser oscillator, Sprangle et al. [12] analyzed a configuration that 
utilized an open-resonator cavity containing a gyrating electron beam, which translated along an external mag-
netic field directed transverse to the axis of symmetry of the resonator. Upon entering the resonator, the elec-
trons were assumed to have the same transverse and parallel velocities [12]. Studies using these distributions 
have also been criticized as being too restrictive to describe particle distributions observed in certain regions of 
space plasmas; for example, the magnetosphere [13]. 

However, ion ring distributions are more important because of the greater amount of free energy available 
[14]. Instability studies driven by such distributions include the electrostatic ion cyclotron instability [15] [16], 
the lower-hybrid instability [17]-[20] and the ion-acoustic instability [14]. 

The IA wave is one that has been observed frequently in the plasma environments of comets: for example, 
this wave was observed in the frequency range of 1 - 1.5 kHz at the comet Giacobini-Zinner [21] and around 1 
kHz at comet Halley [22]. 

We have, therefore, studied the stability of the IA wave in a six component collisional plasma consisting of 
solar wind protons and electrons and cometary hydrogen, and positively and negatively charged oxygen ions and 
neutrals. We find that collisions with neutrals only reduce the growth rates lightly in spite of the high neutral 
densities. On the other hand, the phase and group velocities of the IA wave are sensitively dependent on the ratio 
of the ring speed ( )su⊥  to the thermal spread ( )tsv  of the negatively charged oxygen ions ( )O− . This varia-
tion in the phase and group velocities when s tsu v⊥ >  (and vice-versa) is proposed as a tool to detect the pres-
ence of O−  ions and also their thermalization. 

2. The Dispersion Formula 
As stated above we are interested, in this paper, on the propagation characteristics of the IA wave in a plasma 
composed of protons and electrons (of solar wind origin) and hydrogen and positively and negatively charged 
oxygen ions (of cometary origin); the neutral atoms and molecules form the sixth component. The protons and 
electrons of solar wind origin are modeled by drifting Maxwellian distributions while the ions of cometary ori-
gin are modelled by ring distributions. Combining the contributions of the various species, we can write the dis-
persion formula for IA waves of frequency ω  and wave vector k  in this multi-component plasma as [14] 
[23] 
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(2a) and (2b) are the contributions of the electrons and protons of solar wind origin while (2c) are the contribu-
tions from the cometary ions; hydrogen ( )H+ , positively charged oxygen ( )O+  and negatively charged oxy-
gen ( )O− . In (2a) and (2b), Djλ  is the Debye length of electrons (protons) while zk  is the wave vector 
component parallel to the magnetic field. The argument of the plasma dispersion function is 
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In (3) ( )0e pu  is the drift velocity of the electrons (protons) while ( )e pν  is the collision frequency of the neu-
tral atoms with electrons (protons) and ( )Te pv  is the thermal velocity of electrons (protons)  

( ) ( ) ( )
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Te p e p e pv T m  =   
. Finally ( )0 ebΓ , which arises from the dv⊥ -integration, is defined by 
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where ( )0 eI b  is the modified Bessel function of order zero with an argument 
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eΩ  is the electron gyro-frequency while k⊥  is the wave vector perpendicular to the magnetic field. 
In (2c) r

psω  is the plasma frequency of the species H ,O ,Os + + −=  while su⊥  are the beam velocities of 
the species s  perpendicular to the magnetic field and tsv  are their thermal spreads. 

3. The Dispersion Relation 
In this section we derive the dispersion relation for IA waves in the plasma under consideration. We consider IA 
waves in the frequency regime 
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We thus need the small parameter expansion of the plasma dispersion function for electrons and its asymp-
totic expansion for the protons. They are given respectively [24] by 
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We consider two contrasting cases namely that of small and large thermal spreads of the ring ions separately. 

3.1. Large Thermal Spreads for Ring Ions ( )ts sv u⊥>  
Using the expansions (7a) in (2a) and (7b) in (2b) for the solar wind electrons and protons and the approxima-
tion ts sv u⊥>  in (2c) for the ring ions, the contributions eχ , pχ  and r

sχ  to the dispersion formula (1) can 
be easily calculated. Using these, the expression for the real frequency and the growth/damping rate 

( )( )rImD ReD ω= − ∂ ∂  can be derived as 
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In (10d), n  denote the densities and m , the masses of the constituents. 

3.2. Small Thermal Spreads ( )ts sv u⊥<  
In this sub-section, we derive expressions for the real frequency and the growth/damping rate of the IA wave 
when the ring ions have low thermal spreads. The contributions from the solar wind electrons and protons re-
main unchanged; the contributions of the ring ions can be derived keeping in mind the above limit of ts sv u⊥< . 

Corresponding to (8) and (9), the relevant expressions, for the real frequency and the growth/damping rate are 
now, 
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In (11) and (12) 
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In deriving (8) and (11), the only other approximation used is r sk uω ⊥ ⊥≈  [14]. 

4. Formula for Group Velocity 
In this section we derive an expression for the group velocity of propagation of the IA wave. 

From (10a) and (13a) we find that the contribution of the protons is identical; the contributions of the ring 
current ions, though different, are independent of the wave vector k . Hence, fortuitously, the expression for 
group velocity is independent of the state of thermalization of the ring ions. Thus differentiating (8) and (11) we 
find the expression for the group velocity to be identical for the limiting cases. The final simplified expression 
for the group velocity of propagation of the IA wave is 
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As a check on (15) we note that when 0 0pu =  (non-drifting protons) 1β =  and the group velocity is less 
than the phase velocity for a finite k . On the other hand, for large k , 0grv =  and the IA wave turns into 
IA oscillations. 

5. Discussion 
Our dispersion relations (8) and (11) and the expressions for the growth/damping rate namely (9) and (12) are 
very general expressions. Neglect of the contributions of the ring current ions and the higher order terms, reduce 
them to the standard expressions, for real frequency and the growth/damping rate [23]. Also when these terms 
are neglected, the IA wave is driven unstable by the electron drift velocity which is well known [3]. 

6. Results 
We plot the growth/damping rate and the real frequency for typical parameters observed at comet Halley. They 
are 34.95 cmpn −=  while the ring ion densities are: 3

H
0.5 cmrn +

−= , 3
O

0.25 cmrn +
−=  and 3

O
0.05 cmrn −

−=  
[9] [10]. The temperatures are: 48 10  KpT = ×  and 52 10  KeT = × , with a background magnetic field 

5
0 75 10 GB −= ×  [9] [25]. The neutral density 8 310  cmnn −= ; the ion-neutral and electron-neutral collision 

frequencies were calculated using the formula en n Ten vν σ=  and pn n Tpn vν σ=  where 15 210  cmσ −=  is the 
collision cross section [23] [26]. Also ( )0 ebΓ  was set =1 for simplicity. 

Figure 1(a) is a plot of the growth/damping rate ( )rγ ω  (9) versus Dekλ , the parameters for the figure be-
ing the densities and temperatures given above. The other parameters relevant to the figure are:  

5 1320 10 cm stsv −= × ⋅ , 5 1100 10 cm ssu −
⊥ = × ⋅  ( )ts sv u⊥> , 5 1

0 1600 10 cm seu −= × ⋅  and 3 1
0 1 10 cm spu −= × ⋅ . 

We find that growth rate of the IA wave decreases only slightly due to collisions (continuous line) in spite of the 
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extremely high densities of the neutral atoms/molecules. The extremely low damping due to collisions could be 
a reason why IA waves are readily observed in the environments of comets. On the other hand in Figure 1(b), 
which is a plot of (12), 5 1350 10 cm stsv −= × ⋅ , 5 1420 10 cm ssu −

⊥ = × ⋅  ( )ts sv u⊥<  the IA wave is damped; the 
damping increases with collisions(continuous line). This is as expected as one of the mechanisms for wave 
damping is the collisional damping of waves. The peak in the growth/damping rate also indicates a resonance 
between the streaming particles and the wave. 

Figure 2 is a plot of the real frequency rω  vs. k . In both panels the solid line (curve (a)) is for a plasma 
containing protons and hydrogen ring ions (with densities 34.95 cmpn −=  and 3

H
0.5 cmrn +

−= ). Similarly, 
curve (b) is for the situation where the hydrogen ring is replaced by the O−  ring, the densities being  

34.95 cmpn −=  and 3
O

0.25 cmrn −
−= . The other parameters are 5 1320 10 cm stsv −= × ⋅ , 5 1100 10 cm ssu −

⊥ = × ⋅   

( )ts sv u⊥>  for the left panel (Figure 2(a), Equation (8)) while 5 1350 10 cm stsv −= × ⋅ , 5 1420 10 cm ssu −
⊥ = × ⋅   

( )ts sv u⊥<  for the right panel (Figure 2(b), Equation (11)). We find that there is an appreciable difference in  
frequencies as the thermalization of the O−  ring ions varies; the consequent variation in the phase and group 
velocities of the IA wave in the presence of the O−  ring ions could give us an idea of the thermalization of the 
O−  ions. 

In Figure 3 a plot of the group velocity grv  (14) vs. k  is given. In both panels curve (a) (continuous line) 
is for a plasma containing protons ( )34.95 cmpn −=  and hydrogen ring ions ( )3

H
0.5 cmrn +

−= , while, curve (b) 
is for a plasma where the hydrogen ring is replaced by the O−  ring ( )3

O
0.25 cmrn −

−= . The other parameters 
are: for Figure 3(a), 5 1320 10 cm stsv −= × ⋅ , 5 1100 10 cm ssu −

⊥ = × ⋅  ( )ts sv u⊥>  and 5 1350 10 cm stsv −= × ⋅ ,  
 

  
(a)                                                    (b) 

Figure 1. Plot of the growth/damping rates ( )rγ ω  versus Dekλ  for (a) ts sv u ⊥>  (9) and (b) ts sv u ⊥<  (12). In both 
panels curve (a) is for the case with collisions and curve (b) for the case without collisions.                            

 

  
(a)                                                     (b) 

Figure 2. Plot of the real frequency rω  vs. k  for (a) ts sv u ⊥>  (8) and (b) ts sv u ⊥<  (11). In both panels curve (a) is for 
a plasma containing protons and hydrogen ring and curve (b) for a plasma containing protons and negatively charged oxy-
gen ring.                                                                                              
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5 1420 10 cm ssu −
⊥ = × ⋅  ( )ts sv u⊥<  for Figure 3(b). We find that the difference in the group velocity of the IA 

wave, for a plasma containing a hydrogen ring or a negatively charged oxygen ring, is more profound when 
ts sv u⊥<  than when ts sv u⊥> ; as seen in the case of real frequencies (Figure 2). The group velocity of the IA 

wave, in a plasma consisting of a hydrogen (or oxygen) ring, is also distinctively different for ts sv u⊥>  and 
ts sv u⊥<  which can be utilized to estimate the thermalization of the O−  ions. 
In Figure 4 the group velocity grv  (14) as function of (a) the ring speed su⊥  when ts sv u⊥>  and (b) the 

thermal spread tsv  when ts sv u⊥<  is studied. In both panels curve (a) (continuous line) is for a plasma con-  
taining protons ( )34.95 cmpn −=  and hydrogen ring ions ( )3

H
0.5 cmrn +

−= , while, curve (b) is for a plasma  

where the hydrogen ring is replaced by the O−  ring ( )3
O

0.25 cmrn −
−= . Here 0.2k =  and the other relevant  

para-meters remain the same as in Figure 1. In panel (a) 5 1320 10 cm stsv −= × ⋅  and in panel (b) 
5 1420 10 cm ssu −

⊥ = × ⋅ . The contrasting behaviour of grv  can be exploited to gain insight into the thermaliza-
tion of the ring ions. 

The variation of group velocity with the density of negatively charged oxygen ions is depicted in Figure 5. 
Here the parameters used are the same as in Figure 1 and 0.2k = . Curve (a) is for the case ts sv u⊥>  and 
curve (b) for ts sv u⊥< . It is seen that the group velocity is insensitive to changes in the density of O−  ions 
when the thermal spread is large; it is sensitive to the density variation when the ring speed is greater than the 
thermal spread. 
 

 
(a)                                                      (b) 

Figure 3. Plot of the group velocity grv  (14) vs. k  for (a) ts sv u ⊥>  and (b) ts sv u ⊥< . In both panels curve (a) is for a 
plasma containing protons and hydrogen ring and curve (b) for a plasma containing protons and negatively charged oxygen 
ring.                                                                                                  

 

 
(a)                                                (b) 

Figure 4. Plot of the group velocity grv  (14) as a function of (a) su⊥  ( )ts sv u⊥>  (b) tsv  ( )ts sv u⊥< . In both panels 
curve (a) is for a plasma containing protons and hydrogen ring and curve (b) for a plasma containing protons and negatively 
charged oxygen ring.                                                                                     
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Figure 5. Plot of the group velocity grv  (14) as a function of 
the negatively charged oxygen (ring) ion density. Here curve (a) 
is for ts sv u ⊥>  and (b) is for ts sv u ⊥< .                     

7. Conclusion 
We have studied the propagation characteristics of IA waves in a plasma composition that approximates very 
well the plasma environment of a comet. The variation of the phase as well as group velocities of the IA waves 
in the presence of O−  ions can be used to detect their presence and also the thermalization of these ions. 
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