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Abstract 
While correlating the various components of mechanical stress tensor due to elastic response with 
the corresponding components of electrically induced stress tensor pertaining to quadratic elec-
trostriction, proper precautions are to be observed for higher order electromechanical coupling. 
Contributions from lateral stresses, electrical and mechanical boundary conditions are to be con-
sidered for the correct estimation of induced strain in elastic dielectrics. The knowledge of de-
pendence of Maxwell’s electrostatic stresses on dielectric constants and on the orientation of di-
electric material with respect to the electric field vector is necessary for the exact estimation of 
electrically induced strains. The contributions from the variation in transverse components of di-
electric tensor produced by the variation in lateral stresses are to be incorporated into the ex-
pression for the correct estimation of electrostrictive coefficients. The electromechanical behavior 
of elastic dielectric is discussed and the errors often committed in using incorrect formulae for 
electrostriction are reported. 
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1. Introduction 
The analysis that has been presented in this paper gives a guideline indicating errors committed in the estimation 
of the electrically induced strain in elastic dielectrics. The Maxwell stress effect occurs due to variation in elec-
tric field distribution with strain and the phenomena of electrostriction occur due to variation in dielectric prop-
erties of the material with strain. The linear elastic response governed by Hooke’s law, the Maxwell electrostatic 
stress governed by coulomb’s law and the electrostriction stress (dielectric response) are illustrated in Figure 1. 

The deformed material (generally non piezoelectric) is no longer isotropic, and the scalar permittivity ( )ε  
becomes dielectric tensor ( )ijε  due to its anisotropy behavior. 
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Figure 1. Schematic diagrams illustrating (a) pure linear elastic response governed by Hooke’s law 
for E = 0 (b) Maxwell stress produced by the surface charge and governed by coulomb law for 

0E ≠  & (c) Electrostriction stress produced due to alignment of dipoles inside the dielectric materi-
al for 0E ≠ .                                                                        

 
As the deformation is extremely small, only the first order terms in strain tensor ijS  have been considered 

and the dielectric tensor ijε  in terms of the strain tensor is given [1] by 
0

1 2ij ij ij kk ija S a Sε ε δ δ= + + ,                               (1) 

where 0ε  is the permittivity of the undeformed body and 1a  & 2a  are two parameters describing the varia-
tion in dielectric properties of the material in shear and bulk deformation respectively. 

The Maxwell stress tensor [1], derived on the fundamental assumptions for the linear electrostriction, is a re-
sult of force produced by the electric field and is given as  

( ) ( )0 0 0 20 0
1 22

2 2ij ij i j ijT T a E E a E
ε ε

ε ε δ= + − − + ,                      (2) 

where 0
ijT  is stress tensor in the absence of an external electric field. Generally we use to neglect 0

ijT  in iso-
tropic dielectrics but in case of composite dielectric material or dielectric interface, the presence of significant 
number of point defects introduces distortion. In case of size difference of two particles from two phases, elastic 
stress strains are created. A larger atom introduces compressive stress and corresponding strain around it, while 
a smaller interacting atom creates a tensile stress-strain field. An interstitial atom also produces strain around the 
void it is occupying. However, it is very difficult to evaluate 0

ijT  precisely [2]. 

( )1 1ij ij kk ijS T T
Y

σ σ δ = + −  ,                              (3) 

conversely, 

1 1 2ij ij kk ij
YT S Sσ δ
σ σ
 = + + − 

.                             (4) 

It is very important to note that the above Equations (2) and (4) have been correlated in the electromechanical 
coupling on taking certain approximations, however these equations have been formulated certainly on different 
assumptions particularly in respect of range of interaction for the body forces and surface forces in continuum 
mechanics, and polarization effect in dielectrics. For the measurement of electrically induced strains, the depen-
dence of traction vector (at the boundary/interface between the dielectric material and electrodes) on the orienta-
tion of dielectric sample with the electric field is of practical interest [3]. However the boundary conditions [4] 
at the interface between electrode and the dielectrics are the points of main concern as it is very difficult to pre-
dict exact mechanical and electrical boundary conditions in the deformed dielectrics. 

The objective of this work is to provide a clear understanding of the possible mechanism involving various 
dielectric and mechanical parameters for electric field induced strains in elastic dielectrics. Experimental data on 
the subject are not abundant and the researchers [5] [6] frequently used incorrect formulae in the derivation of 
elastic strain with respect to the Maxwell stress effect, particularly in case of polyurethane elastomer (a crossed 
linked polymer), assuming various unrealistic approximations as observed by [7]. A linear electromechanical 
effect does not exist in case of elastomers and the Hooke’s law based on thermodynamics consideration (Hel-
moholtz free energy and Gibbs free energy concept) should not be applied for elastomers up to a large extent 
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due to its nonlinear elastic behavior. Electromechanical coupling effects in case of non-piezoelectric material 
such as polyurethane elastomers have been exploited in the areas of fundamental sensors and actuators [8] [9]. 
Due to potential applications in sensing and actuation, the electrostriction response is very significant [10]. 

2. Maxwell Electrostatic Stresses 
In electromagnetic field theory, the Maxwell stress tensor Tij has been formulated [11] using classical electros-
tatic and assuming uniform electric field as 

3

1
3 3 3

1 1 1

1
2

1
2

ij i j ij k k
k

i jk k ij mk k m
k m k

T E D E D

E E E E

δ

ε δ ε

=

= = =

= −

= −

∑

∑ ∑∑
                             (5) 

where iE  is the electric field strength vector, iD  is the electric displacement vector, and ijε  is the dielectric 
tensor. A symmetric dielectric tensor ijε  in case of triclinic crystal is given by 

11 12 13

21 22 23

31 32 33

ij

ε ε ε
ε ε ε ε

ε ε ε

 
 =  
  

                                     (6) 

If an electric field is parallel to the Z-axis (unidirectional field as in case of parallel plate capacitor), the tensor 
ijT  is reduced [3] to 

( )

2
33

2
33

2 2 2
13 23 33

2
33

2 2 2
13 23 33

1 0 0
2

10,0, 0 0
2

1
2

0 0 0 1 0 0
10 0 0 0 1 0
2

1 0 0 1
2

z

ij z z

z z z

z

z z z

E

T E E

E E E

E

E E E

ε

ε

ε ε ε

ε

ε ε ε

 − 
 
 = − 
 
 
  
 
   
   = −   
     
 

                   (7) 

the first term of this equation represents tension along X & Y direction, the second term implies a compression 
along Z-direction. Generally compression along longitudinal axis (Z-axis) is always accompanied by extension 
along transverse plane (X-Y plane) as in (Figure 2) and vice-versa. It is also clear from the above Equation (7) 
that the stress tensor with electric field in Z-direction has affected only the components 33 13 23, &ε ε ε of dielec-
tric tensor ijε  corresponding to the strain component 33 13 23, &S S S  respectively and other components be-
come zero. The lateral strains ( )13 23&S S  exist [11] in the capacitor electrode even if the dielectric medium is 
empty space. So the contribution from lateral strains should not be neglected for the correct estimation of results. 

3. Coupling of Dielectric and Elastic Response Parameters 
The direction of electric field is assumed to be along Z-axis ( )0, 0z x yE E E≠ = =  in the cartesian co-ordinate 
system. For the mechanically isotropic material ( )0 0ijT = , the electrically induced stresses given by Equation (2) 
become  

0 2 1 2
33 0 0

1 1
2

a aT Eε ε
ε
+ = + − 

 
,                             (8) 

0 2 2
11 22 0 0

1 1
2

aT T Eε ε
ε

 = = − + 
 

,                            (9) 
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Figure 2. Schematic diagram indicating compression due to 
normal stress along Z-directions and is accompanied by the 
extension due to shear stresses along X-Y plane.             

 

13 23 0T T= = .                                 (10) 

Equation (8) represents tension along longitudinal (Z-axis) axis and the Equation (9) represents compression 
along transverse plane. However the researchers [5] [7] [12] have indicated the opposite characteristic of Equa-
tions (8) and (9). 

The electrically induced stresses will generate elastic strains in equilibrium condition by the method of su-
perposition. On putting the principal value of Maxwell stress Tensor from Equation (8) and Equation (9) into the 
corresponding components of Equation (3), we get Sacerdote’s formula for the relative change in thickness of an 
elastic dielectric material as the coupling expressions between two phenomena and are given by 

( ) 20 2 11
11 22 0 0 0

1 21 1
2 z

aaS S E Y
σσ

ε ε
ε ε

−− 
= = − − + 

 
,                    (11) 

( ) ( )1 20 2 1
33 0 0

1 21 1 2
2 z

a a
S E Y

σ
ε ε σ

ε
−+ − 

= + + − 
                      (12) 

In unilateral mechanical deformations described in continuum mechanics, the components of elastic stress 
tensor (elastic response) of Equation (4) have been correlated with the corresponding components of electro-
striction stress tensor (dielectric response) of Equation (2). Sufficient precautions have to be taken while coupl-
ing the dielectric response (represented by Equation (2)) with the elastic response (represented by Equations (3) 
and (4)) to derive the Equations (11) and (12) and correlating higher order components of two phenomena [11]. 
Because assumptions made for the derivation of mechanical stress tensor (Equation (4)) and electrostriction 
stress tensor (Equation (2)) are almost inconsistent and both of them can be endowed with a different physical 
meaning [13]. It has also been pointed out [14] [15] that the body forces (described by a body force density) and 
the surface force (described by a stress tensor) cannot be applied to all continuous media. 

The principal elastic strain, 33S , represents the relative change in thickness of dielectric slab where as the 
principal strains, 11S  or 22S , represent the relative change in diameter of the capacitor as described by [7] 
which is not correct in case of a parallel plate capacitor in which 31 32&S S  actually represents the lateral 
change in dimension as the electric field E has only one component along Z direction (Figure 3) i.e. only one 
normal component of stress, 33T  along the direction of electric field and two shearing components of stress 
tensor, 31 32&T T  along X-Y plane. 

On comparing Equations (11) & (12) with the general equation, ij ijkl k lS E Eγ= , for electrostriction, we get 
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Figure 3. Schematic diagram illustrating extension due to electrostric-
tion stress tensor along Z-direction and compression due to shear stress 
tensor along X-Y plane.                                         

 
2 2

11 22 31 33 33,S S E S Eγ γ= = − = +                           (13) 

where 31γ  & 33γ  are electrostrictive coefficients. The negative sign for strains 11S  & 22S  indicates con-
traction along X & Y direction, and the positive sign for 33S  indicates expansion along Z direction as indicated 
in Figure 3.  

If the electric field E  is changed to E E+ ∆ , then the change in 33S  becomes, 

33 33 0 332S E E Eλ µ∆ = + ∆ = ∆ ,                           (14) 

where 33µ  is a piezoelectric coefficient. Similarly, the coefficient 31µ  & 32µ  can be found along X & Y di-
rections. The piezoelectric transverse coefficients have been frequently used [16] in piezoelectric thin film de-
vices. The average value of compressive elastic strain induced along Z-direction is 

33
0

d
d

K S z∆∫ ,                                  (15) 

where d  is the longitudinal thickness of elastic dielectric slab. Similarly, the expression for the compressive 
strains ( 32S∆  & 31S∆ ) along X & Y direction can be obtained. For nonuniform field as in case of cylindrical 
capacitor or interface, average value of 2E  can be calculated as 

( )2 2

0

1 d
d

E E z z
d

= ∫ ,                               (16) 

where the integration is over the thickness d of dielectric slab of a capacitor. In the presence of a non-uniform 
electric field with high magnitude, the phenomenon of dielectrophoresis [4] takes place, however it is in general 
a weak effect particularly in case of a solid dielectric. 

4. Measurement of Electrostrictive Coefficients and the Induced Strain 
On differentiating Equation (1) with respect to 33S , we get 

( )33
1 2 1 2

33 33

d d
1 2

d d
kkS

a a a a
S S
ε

σ= + = + − ,                         (17) 

Assuming, if the normal force is acting only along Z direction i.e. along the direction of electric field E, then 
we have 11 22 0S S= =  and if the sides of dielectric material are also fixed by the rigid wall (Figure 4) then we 
have 32 31 0S S= = . We have, for the constrained situations as in Figure 4, 
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Figure 4. Schematic diagrams illustrating dielectric sample 
with side of capacitor rigid and fixed (in a constrained situation 
with 32 31 0S S= = ) for (a) 0E =  & (b) 0E ≠ .             

 

33
1 2

33

d
d

a a
S
ε

= + .                                  (18) 

The second term under bracket of Sacerdate formula Equation (12) can be compared with Equation (17) and 
the Equation (12) is given as 

( )0 2 33
33 0

0 33

d1 11 2
2 d

zS E
z S

ε
ε ε σ

ε
 ∇

= = − + − 
 

.                      (19) 

Several researchers [5] [6] have measured second term under bracket by various methods. 
For a parallel plate capacitor, the capacity is 

0
0 A

C
h

ε ε
= ,                                  (20) 

where A is area of plate, h is separation between plates, 0ε  is permittivity. Differentiating above equation, we 
get  

( )
0

0 00 0
0d d d d

A
C A A h

h h
ε ε ε

ε ε ε= + − .                       (21) 

From (20) & (21), we get 
0

0

d d d dC A h
C A h

ε
ε

= + −                                (22) 

If the electrodes are rigid and incompressible, then d 0A =  and Equation (22) becomes 
0

0

d d d

die

C h
C h

ε
ε

  = − 
 

,                               (23) 

and                                    33
d d

air

C h S
C h

  = − ≈ 
 

.                              (24) 

From Equation (19), the electrostrictive term is 

33 33 0

0 33

d d1
d dS h h
ε ε ε

ε
= .                               (25) 

The relative change in thickness and the dielectric parameters, 1a  & 2a , are experimentally obtained [17] 
by determining 33 33d dSε  in constrained and unconstrained situation, with and without dielectric material, in a 
capacitor. However the linearity of the theory for electrostriction fails if the deformations are not quadratic in 
the applied field particularly at higher field strength. But very few reliable measurements of electrostrictive 



A. K. Singh 
 

 
7 

coefficients (a1 & a2) for solids have been reported in the literature. 

5. Discussion and Comparison with Previous Models: Errors in Estimation 
Errors are often committed in the derivation of suitable expression for the interpretation of experimental results. 
The above expressions (Equations (23)-(25)) have been derived on the sole assumption that permittivity 0

33ε  
changes with longitudinal strain only but the permittivity also changes with respect to the lateral strain/stress in 
the capacitor depending on the crystal structure of elastic dielectric medium. In triclinic, monoclinic & orthor-
hombic crystal systems, all the three principal values of permittivity are different, whereas, in the cubic system, 
these values are same [1]. So the correction due to lateral strain & corresponding change in lateral permittivities 

13 23&ε ε  (Equation (6)) must be incorporated to get correct mathematical modeling. The researcher [17] has 
stopped the change in lateral strain by considering constrained situation (considering sides of capacitor fixed & 
rigid) but fail to understand that the change in lateral permittivity is also due to lateral electrostatic stresses (Eq-
uation (7)).  

5.1. Shear Stresses 
Zhang et al. [6] use non-tensor form of stresses (T) and strains (S) for experimental determination of induced 
strains in the case of Polyurethane elastomers (DOW 2103-80AE) and the relative change in thickness of the di-
electric slab of a parallel plate capacitor is considered as 

0 2
33 0

1
2 zS E
Y
ε ε= −                                   (26) 

which is quite different from the Equation (12) particularly in case of an elastomer or an elastic dielectric ma-
terial with large Poisson’s ratio ( )0.5σ ≈ . So the neglect of shear stresses/strains leads to incorrect estimation 
[7] of induced strain. Similarly, another researcher [5] used Equation (8) without considering contributions from 
shear stresses, edge effect and orientation of electric field with respect to sample. 

Errors in the estimations of induced strain can be pointed out for the case of Polycarbonate (PC). The follow-
ing data for Polycarbonate are given [17] as: 

1 21.404, 2.6a a= = . 

Substituting above data in Equations (12) and (26), an overestimation 179% has been found. Similarly com-
paring the Equation (8) divided by Y as considered by [5] with Equation (12), an overestimation of 137% has 
been observed. 

The use of correct Equation (12) is necessary particularly for the material having high value of Poisson’s ratio. 
Using dielectric constant and the elastic compliance data the contribution of the Maxwell stress to the total strain 
response can be determined. For accurate estimation of induced strains, the contributions from coordinate axis or 
orientation (of sample with respect to the normal principal stress) dependent of Young modulus, Poisson’s ratio 
and generalized moduli should also be incorporated into the expressions. A comprehensive investigation and 
computations [18] carried out for BCC crystal under hydrostatic stresses show their dependency on coordinate 
axis and orientation of crystal with respect to the principal stress. However due to viscoelastic behavior of po-
lymeric materials, most of the assumptions made for linear dielectric material are not valid for elastomer up to 
large extent for large deformation. Despite of these limitations, the researchers are frequently using the formula 
derived on assumptions made for a linear elastic and linear dielectric material. 

5.2. Boundary Conditions: Dependence of Stress Tensor on the Orientation of Dielectric 
Slab with Respect to the Electric Field Vector 

The expression (27) is valid if the direction of electric field zE  is making an angle θ  with respect to the nor-
mal to the surface of sample (Figure 5), then the expression [3] for the stress tensor in triclinic case would be  
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( )

( )

2
33

2 2 2 2 2 2 2
13 33 23 33 23

2 2 2 2 2 2 2 2
13 33 23 33 23

1 0 0
2

1sin sin cos sin cos sin cos sin
2

1cos sin cos cos cos sin sin cos
2

z

ij z z z z z

z z z z z

E

T E E E E E

E E E E E

ε

ε θ ε θ θ ε θ θ ε θ θ ε θ

ε θ ε θ θ ε θ ε θ θ ε θ θ

 − 
 
 = − + − 
 
 + − −
  

(27) 

 
Figure 5. Schematic diagram illustrating the normal to the 
surface of a sample makes an angle θ with the direction of 
applied electric field E i.e. orientation of sample with elec-
tric field vector.                                    

 
For experimental study [6] [17], a parallel plate capacitor with dielectric film/slab has been considered due to 

its simple symmetrical geometry. However, due to electrostrictive deformation, the permittivity of different re-
gions is different so the solution to the field or potential must be different although having the same general 
form of solution (to the Laplace equation). The appropriate electrical boundary conditions must be satisfied at 
the interface between two regions. 

For mechanical boundary conditions, the external forces on the boundary may be regarded as a continuation 
of the internal stress distribution and in equilibrium, the total forces consisting of total internal body forces and 
total external forces, like forces due to gravitational field, in every volume element of elastic dielectrics must be 
balanced to a zero value [4]. 

However it is very difficult to predict the exact boundary conditions taking place at the interface between the 
electrodes and the deformed dielectrics or between two regions with different permittivities and non-uniform 
field. The interface in Nanometric dielectrics with non-uniform electric fields also exhibits electromechanical 
properties [19]. 

6. Conclusion 
The idea of the dependence of electrostatic stresses on the orientation of dielectric material slab with respect to 
electric field vector is necessary for the correct measurement of electrically induced strains. Most of the recent 
works fail to correlate correctly the Maxwell stress tensor, the electrostrictive stress tensor and the mechanical 
stress tensor, as the assumptions made for their formulations are different. As the details of exact boundary con-
ditions at the electrode-dielectric interface of a deformed elastic material are unknown, the correct estimation of 
electrically induced deformation is very difficult. Contribution due to lateral/shear components of dielectric con-
stant as in Equation (27), in addition to the longitudinal deformation, must be incorporated into the mathematical 
expression to get correct estimation of results. In elastic dielectrics, the shear and lateral stresses play a major 
role and hence neglect of the contribution from lateral and shear stresses leads to over estimation or under esti-
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mation of results. Experimental data on the subject are not abundant, and the researchers [5] [6] frequently used 
an incorrect formula in the derivation of elastic strain with respect to the Maxwell stress effect, particularly in 
the case of polyurethane elastomer (a cross-linked polymer), assuming various unrealistic approximations. 
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