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ABSTRACT
In the past, the planetary radiation balance served to quantify the atmospheric greenhouse effect by the difference between the globally averaged near-surface temperature of
Tns ≅ 288 K and the respective effective radiation temperature of the Earth without at-

Tns − Te ≅ 33 K . Since such a “thought experiment”
prohibits any rigorous assessment of its results, this study considered the Moon as a testbed
for the Earth in the absence of its atmosphere. Since the angular velocity of Moon’s rotation
is 27.4 times slower than that of the Earth, the forcing method, the force-restore method,
and a multilayer-force-restore method, used in climate modeling during the past four decades, were alternatively applied to address the influence of the angular velocity in determining
the Moon’s globally averaged skin (or slab) temperature, Tslab . The multilayer-force-restore
mosphere of Te ≅ 255 K resulting in

method always provides the highest values for

Tslab , followed by the force-restore method
and the forcing method, but the differences are marginal. Assuming a solar albedo of

α = 0.12 , a relative emissivity ε = 1.0 , and a solar constant=
of S 1361 W ⋅ m −2 and applying the multilayer-force-restore method yielded

Tslab ≅ 203.6 K and

∆T = Te − Tslab ≅ 66.4 K for the Moon. Using the same values for α , ε , and S , but assuming the Earth’s angular velocity for the Moon yielded Tslab ≅ 228.4 K and ∆T ≅ 41.6 K
quantifying the effect of the terrestrial atmosphere by ∆Tae=

Tns − Tslab ≅ 59.6 K . A sensitivity study for a solar albedo of α = 0.30 commonly assumed for the Earth in the absence
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Tslab ≅ 218.5 K , ∆T ≅ 36.5 K , and ∆Tae ≅ 69.5 K . This means
that the atmospheric effect would be more than twice as large as the aforementioned difference of 33 K. To generalize the findings, twelve synodic months (i.e., 354 Earth days) and
365 Earth days, where ε = 0.98 , a Sun-zenith-distance dependent solar albedo, and the
variation of the solar radiation in dependence of the actual orbit position and the tilt angle
of the corresponding rotation axis to the ecliptic were considered. The case of Moon’s true
angular velocity yielded Tslab ≅ 197.9 K and ∆T ≅ 68.5 K . Whereas Earth’s 27.4 times
of its atmosphere yielded

Tslab ≅ 220.7 K , ∆T ≅ 45.7 K , and ∆Tae ≅ 67.3 K . In both
cases, the effective radiation temperature is Te ≅ 266.4 K , because the computed global albedo is α E ≅ 0.178 . Thus, the effective radiation temperature yields flawed results when
used for quantifying the atmospheric greenhouse effect.
higher angular velocity yielded

1. INTRODUCTION
The “thought experiment” of a planetary radiative equilibrium for the Earth in the absence of its atmosphere is considered to quantify the atmospheric effect (spuriously called the atmospheric greenhouse
effect). The incoming flux of solar radiation, FS ↓ , that is absorbed at the Earth’s surface is given by [1]
=
FS ↓ πrE2 (1 − α E ) S

(1.1)

Here, rE ≅ 6371 km is the mean radius of the Earth considered as a sphere, S is the solar constant,
i.e., the total solar irradiance reaching the Earth’s surface for a mean distance (roughly 1 Astronomic Unit
= AU) between the Sun’s center and the Earth’s orbit of r0 ≅ 149.6 × 106 km (e.g., [2, 3]), and α E is the
planetary albedo of the Earth. Usually, a value for the solar constant close to S ≅ 1367 W ⋅ m −2 is recommended (e.g., [4-6]), but recent satellite observations revealed a value of S ≅ 1361 W ⋅ m −2 [7-10] (see
Figure 1).

Figure 1. The 36-year record of the total solar irradiance (TSI) provided by
different instruments (adopted from Kopp et al. [10], but updated).
https://doi.org/10.4236/ns.2017.98026
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Assuming a uniform temperature distribution on the Earth’s surface, i.e., temperature would be independent of longitude and latitude (note that this assumption is, by far, not fulfilled for the real
Earth-atmosphere system), the total flux of infrared radiation emitted by the Earth’s surface, FIR ↑ , as a
function of this temperature and the planetary emissivity, ε E ≤ 1 , reads [1]
FIR ↑ = 4πrE2ε Eσ Te4

(1.2)

This equation is related to the power law of Stefan [11] and Boltzmann [12]. Assuming a so-called
planetary radiative equilibrium, i.e., FS ↓ = FIR ↑ , yields (e.g., [1-5, 13-16])
S (1 − α E ) =
4ε Eσ Te4

(1.3)

Commonly, Equation (1.3) is used to characterize the planetary radiation balance in the absence of
the terrestrial atmosphere. Rearranging for temperature yields
1

 (1 − α E ) S  4
Te = 

 4ε Eσ 

(1.4)

This temperature value is called the “effective radiation temperature” of the Earth [1]. Assuming the
Earth as a black body ( ε E = 1 ) and using α E = 0.30 (e.g., [3, 15]) and S ≅ 1367 W ⋅ m −2 , Equation (1.4)
leads to Te ≅ 255 K .
In case of the real Earth-atmosphere system, the global average of air temperatures observed close to
the Earth’s surface at the stations of the global meteorological network and derived from data of weather
satellites is Tns ≅ 288 K . Consequently, the difference between this globally averaged temperature and
the temperature of the planetary radiative equilibrium calculated by Equation (1.4) yields
∆Tae= Tns − Te ≅ 33 K . Thus, it is stated that the so-called greenhouse effect of the terrestrial atmosphere
causes a temperature increase of about 33 K . Kondratyev and Moskalenko [17], for instance, argued that
their calculations for a standard model atmosphere yielded a total greenhouse effect of 33.2 K, with the
following contributions from optically active gaseous components: H2O-20.6 K; CO2-7.2 K; N2O-1.4 K;
CH4-0.8 K; O3-2.4 K; NH 3 + freons + NO 2 + CCl4 + O 2 + N 2 -0.8 K.
To our best knowledge, Equations (1.1) to (1.4) were introduced into the literature by [1] without
adequate justification of their underlying assumptions. Assessment of these assumptions and their result of
Te ≅ 255 K revealed [18]:
1) Only a planetary radiation budget of the Earth in the absence of an atmosphere is considered, i.e.,
any heat storage in the oceans (if at all existing in such a case) and land masses is neglected.
2) The assumption of a uniform surface temperature for the entire globe is rather inadequate. As
shown by Kramm and Dlugi [19] this assumption is required by the application of the power law of Stefan
[11] and Boltzmann [12] because this power law is determined by (a) integrating Planck’s [20] blackbody
radiation law, for instance, over all wavelengths ranging from zero to infinity, and (b) integrating the isotropic emission of radiant energy by a small spot of the surface into the adjacent half space (e.g., [4, 21]).
These physical and mathematical reasons do not justify applying the Stefan-Boltzmann power law to a statistical quantity like Tns . Even in the real situation of an Earth with atmosphere, (near-)surface temperatures vary notably from the equator to the poles owing to the varying solar insolation at the top of the
atmosphere and from daytime to nighttime. Consequently, the assumption of a uniform surface temperature is inadequate. Our Moon, for instance, nearly satisfies the requirements of a planet without atmosphere. It has a non-uniform surface temperature distribution with strong variation from lunar day to lunar
night, and from its equator to its poles (e.g., [22-26]). Furthermore, ignoring heat storage would yield a
Moon surface temperature during lunar night of 0 K (or 2.7 K, the temperature of the space).
3) The choice of the planetary albedo of α E = 0.30 is rather inadequate. This value is based on satellite observations. Hence, it contains not only the albedo of the Earth’s surface, but also the back scattering
of solar radiation by molecules (Rayleigh scattering), cloud and aerosol particles (Lorenz-Mie scattering).
Budyko [27] already stated that in the absence of an atmosphere the planetary albedo cannot be equal to
https://doi.org/10.4236/ns.2017.98026
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the actual value of α E = 0.33 (at that time, but today α E = 0.30 ). He assumed that prior to the origin of
the atmosphere, the Earth’s albedo was lower and probably differed very little from the Moon’s albedo,
which is equal to α M = 0.07 (at that time, but today α M = 0.12 ). A planetary surface albedo of the Earth
of about α E = 0.07 is also suggested by the results of Trenberth et al. [28]. Thus, assuming a planetary
albedo of α E = 0.07 and a planetary emissivity of ε M = 1 (black body) in Equation (1.4) yields
Te ≅ 273.6 K . For α E = 0.12 and ε M = 1 , one obtains: Te ≅ 270 K . Haltiner and Martin [29] explained
the so-called atmospheric greenhouse effect by the difference between the Moon’s surface temperature at
radiative equilibrium and the globally averaged near-surface temperature of the Earth. They argued that
the mean surface temperature of the Moon must satisfy the condition of radiative equilibrium so that
Te ≅ 266 K (they used S = 1.94 ly ⋅ min −1 ≅ 1353 W ⋅ m −2 , α M = 0.10 , and
σ = 8.17 × 10−11 ly ⋅ min −1 ⋅ K −4 ≅ 5.7 × 10−8 W ⋅ m −2 ⋅ K −4 , but this result is slightly too low).
4) Comparing Te with Tns is rather inappropriate because the meaning of these temperatures is
quite different. The former is based on an energy-flux budget at the surface even though it is physically
inconsistent because of the non-uniform temperature distribution on the globe. Whereas the latter is related to globally averaging near-surface temperature observations made at meteorological stations (supported by satellite observations).
5) The Moon’s mean disk temperature of about 213 K retrieved at 2.77 cm wavelength by Monstein
[30] is much lower than Te ≅ 270 K which can be derived with the Moon’s planetary albedo of
α M = 0.12 . Even though the Moon’s mean disk temperature observed in 1948 by Piddington and Minnett
[31] is about 26 K higher than that of Monstein [30], it is still 31 K lower than Te ≅ 270 K . Despite the
Moon is nearly a perfect example of a planet without atmosphere, some authors argued that Equations (1.3)
and (1.4) are only valid for fast-rotating planets so that the Moon must be excluded. Other authors, however, applied these equations for Venus that rotates a factor of four slower than the Moon. Pierrehumbert
[32], for instance, used Equation (1.4) to calculate the temperature of the planetary radiative equilibrium
for Venus. With αV = 0.75 and εV = 1 , he obtained Te ≅ 231 K . Chosing αV = 0.12 for the Venus in
the absence of its atmosphere (which is similar to that of the Moon) yields Te ≅ 317 K and for αV = 0.90
as listed in NASA’s Venus Fact Sheet
(https://nssdc.gsfc.nasa.gov/planetary/factsheet/venusfact.html) Te ≅ 184 K .
Because of these facts, we may conclude that Equation (1.4) is based on physically irrelevant assumptions and its results considerably disagree with observations. Consequently, the difference of ∆Tae ≅ 33 K
lacks adequate physical meaning as do any contributions from optically active gaseous components calculated thereby.
In 2009, Gerlich and Tscheuschner [33] derived a globally averaged surface temperature of Ts ≅ 144 K
for the Earth in the absence of its atmosphere using the same assumptions commonly considered in deriving the effective radiation temperature except for the distribution of the surface temperature. Instead,
they calculated surface temperatures for local radiative equilibrium. Their globally averaged surface temperature of Ts ≅ 144 K is much lower than the effective radiation temperature of Te ≅ 255 K and, of
course, much lower than the globally averaged near-surface temperature of Tns ≅ 288 K . (Applying the
formula of Gerlich and Tscheuschner [33] to the Moon would provide Ts ≅ 153 K because α M = 0.12 ).
Their calculation was performed for a non-rotating planet. Smith [34] confirmed their result for a
non-rotating planet, but argued that on a rotating planet, the globally averaged surface temperature would
be close to Ts ≅ 252 K (or somewhat lower). If this result were correct, it would underline that the
commonly accepted temperature difference of ∆Tae ≅ 33 K is not so far from reality. It seems, however,
that Smith’s formula is affected by inappropriate averaging procedures [35]. Furthermore, in case of the
Moon his formula would provide Ts ≅ 267 K (or somewhat lower), a value close to its effective radiation temperature of Te ≅ 270 K , but much higher than the result of Monstein’s [30] observations of the
Moon’s mean disk temperature. Because of this large discrepancy in the results of the globally averaged
surface temperature and the consequence in evaluating the atmospheric effect, it is indispensable to assess
whether the result of Gerlich and Tscheuschner [33] or that of Smith [34] is more relevant. Since Halpern
et al. [36] did not consider observational evidence and previous model results regarding the Moon’s surhttps://doi.org/10.4236/ns.2017.98026
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face temperature and argued on the basis of Smith’s [34] result for a rotating airless planet, Smith’s result
has to be assessed as well. Note that his manuscript was not published yet in a peer-reviewed scientific
journal at that time. When Smith’s result is inappropriate for a rotating planet in the absence of its atmosphere the results of Kondratyev and Moskalenko [17] are insufficient as well.
Recently, Nikolov and Zeller [37, 38] derived for the Moon, Ts ≅ 197.3 K , and in a further step for
an airless Earth, 195.4 K ≤ Ts ≤ 200.6 K . Their results already suggested that neither the results of Gerlich and Tscheuschner [33] nor those of Smith [34] can be correct. Therefore, Equation (1.4) as well as the
results of Gerlich and Tscheuschner [33], Smith [34], and Nikolov and Zeller [37, 38] are assessed against
the globally averaged surface temperature for a rotating globe without atmosphere, where, in addition, the
tilt angle of the rotation axis to the ecliptic is considered.
The terrestrial atmosphere prevents to prove the “thought experiment” of a planetary radiative equilibrium on which Equation (1.4) for determining the effective radiation temperature is based. Fortunately,
as aforementioned, our Moon nearly fulfills the requirements of a planet in the absence of its atmosphere
because the density of the lunar atmosphere is so low that the exchange of heat between the top layer of
the Moon’s regolith and its atmosphere can be neglected. The same is true in case of the down-welling
infrared radiation even though traces of water vapor may occur in the lunar atmosphere. Thus, in recognition of previous surface temperature calculations performed for various areas of the Moon [22-26, 39], we
consider the Moon as a testbed for assessing the Equations (1.1) to (1.4) and the effect of the terrestrial
atmosphere. With respect to Haltiner and Martin [29] as well as Budyko [27] the atmospheric effect is
quantified by the difference between the global average of the air temperatures observed close to the
Earth’s surface, Tns , and the globally averaged surface temperature, Ts , in the globally averaged surface temperature of the Moon. However, we must consider that the angular velocity of the Earth is 27.4
times higher than that of its Moon. Consequently, we performed our predictions for an airless planet rotating with a much higher angular velocity. In doing so, we adopted Budyko’s [27] suggestion that prior to
the formation of the terrestrial atmosphere, the Earth’s surface and soil properties would probably be similar to those of the Moon.

2. BASIC CONSIDERATIONS
2.1. The Globally Averaged Surface Temperature
Under consideration of the Earth’s true shape (the radius of the equator, 6378 km, is larger than the
radius to the poles, 6356 km, owing to centrifugal forces), the average over the entire surface of the Earth
reads [35, 40]
=
ψ

2
∫ψ ( r ,θ ,ϕ ) r (θ ,ϕ ) dΩ

Ω

=
2
∫ r (θ ,ϕ ) dΩ

2π π

2
∫ ∫ψ ( r ,θ ,ϕ ) r (θ ,ϕ ) sin θ dθ dϕ
0 0

2π π

∫ ∫ r (θ ,ϕ ) sin θ dθ dϕ

(2.1)

2

Ω

0 0

Here, ψ ( r ,θ ,ϕ ) is an arbitrary variable, r (θ ,ϕ ) is the radius, Ω =4π is the solid angle of the entire planet, and dΩ =sin θ dθ dϕ is the differential solid angle, where θ and ϕ are the zenith and azimuthal angles, respectively, of a spherical coordinate frame (see Figure 2). Note that θ ranges from zero
to π , and ϕ ranges from zero to 2π . For a spherical shape of the Earth as presupposed in deriving Equation (1.4), we have rE= r= const and ψ ( r ,θ ,ϕ ) = ψ (θ ,ϕ ) . Thus, Equation (2.1) can be written as
2π π

rE2 ∫ ∫ψ ( r ,θ ,ϕ ) sin θ dθ dϕ
1 2π π
0 0
=
ψ
=
ψ (θ ,ϕ ) sin θ dθ dϕ
2π π
4π ∫0 ∫0
2
rE ∫ ∫ sin θ dθ dϕ

(2.2)

0 0

Since the average along the parallel of latitude is given by
https://doi.org/10.4236/ns.2017.98026
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Figure 2. Mathematical representation of the solid angle. Here, dΩ =sinθ dθ dϕ
is the differential solid angle, where θ and ϕ are the zenith and azimuthal angles, respectively (adopted from Kasten and Raschke [41]).
1 2π
ψ (θ ,ϕ ) dϕ
2π ∫0

(2.3)

1 2π π
1π
=
ψ
θ
ϕ
θ
θ
ϕ
ψ (θ ) sin θ dθ
,
sin
d
d
( )
2 ∫0
4π ∫0 ∫0

(2.4)

ψ (θ ) =
Equation (2.2) may also be written as
=
ψ

When we set, for instance, ψ (θ ,ϕ ) = Ts (θ ,ϕ ) , the globally averaged surface temperature of a spherical planet in the absence of the atmosphere reads
=
Ts

1 2π π
1π
=
T
θ
ϕ
θ
θ
ϕ
Ts (θ ) sin θ dθ
,
sin
d
d
(
)
s
2 ∫0
4π ∫0 ∫0

(2.5)

The notion “surface temperature” is misleading. In his textbook, Planck [42] already stated:
“According to the principle of the conservation of energy, emission always takes place at the expense
of other forms of energy (heat, chemical or electric energy, etc.) and hence it follows that only material
particles, not geometrical volumes or surfaces, can emit heat rays. It is true that for the sake of brevity, we
frequently speak of the surface of a body as radiating heat to the surroundings, but this form of expression
does not imply that the surface actually emits heat rays. Strictly speaking, the surface of a body never emits
rays, but rather it allows part of the rays coming from the interior to pass through. The other part is re-

flected inward and according as the fraction transmitted is larger or smaller the surface seems to emit
more or less intense radiations.”

Bohren and Clothoaux [20] referred to Planck’s textbook and stated:
“Planck’s The Theory of Heat Radiation, an English translation of the second edition of which (1913)
was published by Dover in 1959, is full of insights and qualifiers that have been forgotten over the years.
For example, Planck recognized that ‘the surface of a body never emits rays, but rather it allows parts of
the rays coming from the interior to pass through’ (p. 4), that a ‘finite amount of energy∙∙∙ is emitted only
by a finite∙∙∙ volume, not by a single point’ (p.5)…”
From this point of view, the temperature Ts (θ ,ϕ ) has to be determined based on an energy budget
for a thin slab adjacent to the surface at a certain location given by (see Figure 3)
https://doi.org/10.4236/ns.2017.98026
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Figure 3. Sketch of the energy exchange of a slab adjacent to the surface.
dEslab d
= ∫ c ρTslab dV =
− ∫ Fe, slab ,i ⋅ ndA + ∫ σ e, slab dV .
dt
dt Vslab
Aslab
Vslab

(2.6)

Here, t is time, Tslab , ρ , and c , are the temperature, bulk density, and specific heat of this slab,
respectively. The meaning of the “surface temperature” is, therefore, that of the slab or skin temperature.
Furthermore, the symbol Fe, slab ,i represents the various energy fluxes that are crossing the boundary of
this slab represented by the surface Aslab , n is the unit normal counted positive from inside to outside of
the slab volume given by Vslab = Cslabϑ , where Cslab is the cross section, and ϑ is the thickness of this
slab (see Figure 3).
The surface integral describes the exchange of energy between the volume of the slab and its surroundings. Since the transfer of energy through the lateral boundaries by heat conduction is rather inefficient, this transfer is usually ignored. This means that we only consider the exchange of energy at the top
and bottom of this slab given by (see Figure 3)

∫

=
Fe, slab ,i ⋅ ndA

(F

S ,↓

)

⋅ nt + FS ,↑ ⋅ nt + FIR ,↑ ⋅ nt + H sl ⋅ nb Cslab .

(2.7)

Aslab

Here, FS ,↓ is the solar irradiance reaching the surface, FS ,↑ is its reflected part, FIR ,↑ is the
emitted infrared irradiance, H sl is the soil heat flux density (simply called the soil heat flux), nt and
nb are the normal units at the top and bottom of the slab, respectively. Since these normal units are functions of θ and ϕ or, alternatively, of φ and ϕ , where=
φ π 2 − θ is the latitude, the scalar product
Fs ,↓ ⋅ nt is Fs ,↓ ⋅ nt =
− F cos Θ0 . Here, F = Fs ,↓ , and Θ0 are the local zenith angle of the Sun’s center.
Thus, the solar irradiance and its reflected part can be expressed as
Fs ,↓ ⋅ nt + Fs ,↑ ⋅ nt =
− (1 − α ( Θ0 ,θ ,ϕ ) ) F cos Θ0 , where α ( Θ0 ,θ ,ϕ ) is the integral albedo of the solar
4
ε (θ ,ϕ )σ Tslab
range. Furthermore, the scalar product FIR ,↑ ⋅ n is given by FIR ,↑ ⋅ nt =
(θ ,ϕ ) , and that of
H sl (θ ,ϕ ) , where ε (θ ,ϕ ) is the integral relative emissivity, and H sl (θ ,ϕ ) is the
H sl ⋅ nb by H sl ⋅ nb =
vertical component of the soil heat flux. The direction of H sl (θ ,ϕ ) is governed by the difference between
the absorbed solar radiation and the emitted infrared radiation. Obviously, except F , all quantities are
functions of both θ and ϕ , where α ( Θ0 ,θ ,ϕ ) also depends on Θ0 . Moreover, σ e, slab characterizes a
possible gain or loss of energy inside of the volume owing to the conversion from one energy form to
another. However, such energy conversion processes can be ignored when assuming dry soil.
https://doi.org/10.4236/ns.2017.98026
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Since Vslab is assumed to be independent of time, the l.h.s. of Equation (2.6) can be expressed by
dEslab
d 1
d
V=
c ρTslab dV Vslab
c ρTslab
=
slab
∫
dt
dt Vslab Vslab
dt

(2.8)

V

where
c ρTslab

V

=

1

∫
Vslab Vslab

c ρTslab dV

(2.9)

is the volume average. Thus, Equation (2.6) may be re-written as

d
4
c ρTslab V = (1 − α ( Θ0 ,θ ,ϕ ) ) F cos Θ0 − ε (θ ,ϕ ) σ Tslab
(2.10)
(θ ,ϕ ) − H sl (θ ,ϕ )
dt
Ignoring the terrestrial soil heat flux, but considering the down-welling infrared radiation and the
fluxes of sensible and latent heat, such an equation was already solved in UCLA general circulation model
(GCM) by Arakawa [43] and in the GCM of the British Meteorological Office by Corby et al. [44] and
Rowntree [45]. Deardorff [46] denoted this kind of equation the “forcing method”. Bhumralkar [47],
Blackadar [48], and Deardorff [46] also inserted the terrestrial soil heat flux. Deardorff called this procedure the “force-restore method”. Bhumralkar [47] embedded his force-restore method in the two-level
GCM of the Rand Corporation. A similar method is also used in various versions of ECHAM, the GCM of
the Max Planck Institute for Meteorology at Hamburg, Germany, for both the land and sea areas (see, e.g.,
[49-51]). A surface has neither a mass nor a heat capacity. In addition, a surface cannot absorb or emit
energy or exchange heat. Therefore, the temperature Tslab has to be considered as a representative temperature of the slab adjacent to the surface.
Under steady-state conditions, the l.h.s. of Equation (2.10) is zero. Thus, we have

ϑ

4
(θ ,ϕ ) − H sl (θ ,ϕ ) =0.
(1 − α ( Θ0 ,θ ,ϕ ) ) F cos Θ0 − ε (θ ,ϕ )σ Tslab

(2.11)

This means that the slab, characterized by Tslab , ρ , c , and ϑ , does not further occur in the equation. Consequently, Tslab is replaced by the “surface temperature” Ts .
Owing to the rotation of the planet, the slab temperature varies with time. Rearranging, for instance,
Equation (2.11) yields
1

2
4
 ( r0 r ) (1 − α ( Θ0 ,θ ,ϕ ) ) S cos ( Θ0 ) − H sl (θ ,ϕ ) 
Ts (θ ,ϕ ) = 
 ,
ε (θ ,ϕ ) σ



(2.12)

where H sl (θ ,ϕ ) depends on the temperature difference Ts (θ ,ϕ ) − Tb (θ ,ϕ ) . Since both temperatures
vary with time, the surface temperature, Ts (θ ,ϕ ) , can only be determined iteratively.
Inserting Equation (2.12) into Equation (2.3) yields
1

4
1  ( r0 r ) (1 − α ( Θ0 ,θ ,ϕ ) ) S cos ( Θ0 ) − H sl (θ ,ϕ ) 
Ts (θ ) =

 dϕ .
ε (θ ,ϕ ) σ
2π ∫0 


2π 

2

(2.13)

Thus, the integral in Equation (2.5) can be solved for an adequate number of averages along the parallel of any latitude. This equation yields then the true globally averaged surface temperature of the Earth
in the absence of its atmosphere.
For the dark side of the Earth in the absence of its atmosphere, Equation (2.11) reduces to

ε (θ ,ϕ ) σ Ts4 (θ ,ϕ ) = − H sl (θ ,ϕ )

(2.14)

Apparently, the soil heat flux links the surface temperature to the temperature Tsl , r (θ ,ϕ ) at the outer edge of a heat reservoir within the soil. In the absence of a terrestrial atmosphere, this heat reservoir
https://doi.org/10.4236/ns.2017.98026
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prevents the surface temperature from dropping to zero (or to the temperature of the space of about 2.7 K)
during terrestrial night. If we assume, for instance, a surface temperature of Ts (θ ,ϕ ) = 100 K on the dark
side of the Moon and ε (θ ,ϕ ) = 1 , the soil heat flux will amount to − H sl (θ ,ϕ ) ≅ 5.67 W ⋅ m −2 . Without
this heat flux the predicted surface temperature on the dark side of the Moon would be equal to zero.
Consequently, as argued by Gerlich and Tscheuschner [33], the soil heat flux has to be considered.
2.2. Soil Modeling
For the thin slab adjacent to the surface, for which uniform properties are assumed, H sl (θ ,ϕ ) may
be expressed by the one-dimensional form of Fourier’s law of heat conduction (e.g., [22, 24, 39, 52-56]),
H sl (θ ,ϕ ) = − kh (θ ,ϕ )

∂Tsl
∂z

(2.15)
θ ,ϕ

related to the surface leads to
4
(θ ,ϕ ) + kh (θ ,ϕ )
(1 − α ( Θ0 ,θ ,ϕ ) ) F cos Θ0 − ε (θ ,ϕ )σ Tslab

∂Tsl
∂z

=0

(2.16)

θ ,ϕ

Here, Tsl is the soil temperature, and kh (θ ,ϕ ) is the thermal conductivity. Wesselink [39], Jaeger
[53], Cremers et al. [22], Mitchell and de Pater [52], and Vasavada et al. [24, 26], for instance, used Equation (2.16) to predict the surface temperature for various areas on the Moon.
In accord with Equation (2.15), the soil heat flux H sl (θ ,ϕ ) in Equation (2.10) may be approximated
by a finite difference scheme like

H sl (θ ,ϕ ) = − kh (θ ,ϕ )

∂Tsl
∂z

≈−
θ ,ϕ

kh (θ ,ϕ )
∆z

(Tslab (θ ,ϕ ) − Tsl , z (θ ,ϕ ) )

(2.17)

where Tsl , z is the soil temperature at depth z below the slab, and ∆z = ϑ − z . This soil temperature
may still vary with time. To determine this temperature, the local balance equation for heat within the soil,

∂Tsl
+ ∇ ⋅ H sl =σ e, sl
(2.18)
∂t
has to be solved. Here, Tsl is the soil temperature, and H sl is the soil heat flux, and σ e, sl , again, are
sources and sinks of heat owing to energy conversion within the soil. Again, σ e, sl is ignored because we
only consider dry soil. Under this assumption, Equation (2.18) becomes a homogeneous parabolic differential equation. Furthermore, only the vertical transfer of heat is considered, i.e. ∇ ⋅ H sl is replaced by
− kh ∂Tsl ∂z . Since heat conductivity
∂H sl ∂z , where the vertical component is, again, expressed by H sl =
may vary with depth and temperature, the simplified version of Equation (2.18) reads [22, 24, 39, 52-56]

ρc

ρc

∂Tsl ∂  ∂Tsl 
=  kh

∂t
∂z  ∂z 

(2.19)

To solve this parabolic differential equation, we have to consider not only initial conditions, but also
boundary conditions. The lower boundary condition is customarily chosen in such a sense that at a certain
depth zr the corresponding Tsl , r (θ ,ϕ ) is constant with time during the period under consideration.
This depth may be considered as the outer edge of a heat reservoir that is not notably affected by heat exchange. In case of the Moon, for instance, the results of Vasavada et al. [24] suggest that already in a soil
depths of zr = 0.80 m the variation of the temperature Tsl , r (θ ,ϕ ) during one rotation of the Moon is
negligible. Usually, a geothermal heat flux is considered at this depth, but its magnitude is of about
0.02 W ⋅ m −2 . For most purposes this geothermal heat flux is negligible [52]. Since uncertainties due to
unknown soil type distribution and properties notably exceed 0.02 W ⋅ m −2 [57, 58], no geothermal heat
flux is considered in our calculations.
Figure 4 shows typical results at the lunar equator for a soil layer under the assumption of spatially
https://doi.org/10.4236/ns.2017.98026
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(a)

(b)

Figure 4. (a) Temperature and (b) heat flux of the upper regolith layer at the lunar equator. The
calculations were performed for a period of PM = 2551443 s using Equations (2.21) and (2.22).
and temporally constant bulk properties of regolith. The “surface temperature” is expressed by the harmonic function [59, 60]
(2.20)
Tsl ( 0, t ) =
Tsl , r + A0 sin (η + ωt ) .
Here, ω = 2π P is the angular frequency, A0 is the amplitude, P is the period in seconds, and η
is the phase constant chosen as η = π 2 . The exact solution of Equation (2.19) is

 z 
z
Tsl ( z , t ) = Tsl , r + A0 exp  −  sin η + ωt −  .
Lt 
 Lt  
In accord with Equation (2.15), the soil heat flux becomes
 z  

k
z
z 
H sl=
( z, t ) h A0 exp  −  sin η + ωt −  + cos η + ωt −   ,
Lt
Lt 
Lt  
 Lt   


=
where Lt

12
2kh ( ρ cω ) )
( 2αT ω )1 2
(=

(2.21)

(2.22)

is called the thermal skin depth [52], and αT is the thermal

diffusivity. For z = 0 , Equation (2.22) yields

H=
sl ( 0, t )

kh
A0 {sin (η + ωt ) + cos (η + ωt )}
Lt

(2.23)

Equation (2.21) demonstrates that the amplitude of the “temperature wave” decreases exponentially
with increasing depth. The same is true for the heat flux wave described by Equation (2.22). In addition,
the phases shift with increasing depth owing to z Lt .
on ρ 1300 kg ⋅ m −3 , c = 600 J ⋅ kg −1 ⋅ K −1 , =
The results in Figure 4 are based=
kh 0.004 W ⋅ m −1 ⋅ K −1 ,
Tsl , r = 240 K , A0 = 140 K , and PM = 2551443 s that corresponds to the synodic month. Figure 4 illustrates the thermal environment of the upper lunar regolith during one period. Since the thermal skin
depth depends on the angular frequency and, hence, on the rotation velocity, the calculation was also performed for a terrestrial day with a period of PE = 86400 s (Figure 5). As expected, the angular frequency
ω increases because the period P decreases. Consequently, the thermal skin depth Lt is smaller leading to a stronger damping of the Tsl and H sl signals than for PM = 2551443 s . The increase of z Lt
causes an additional phase shift between those two signals. Moreover, a small thermal skin depth yields a
large soil heat flux at the surface, while the opposite is true for a thick thermal skin depth. Note that the
https://doi.org/10.4236/ns.2017.98026
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(a)

(b)

Figure 5. As in Figure 4, but for a period of PE = 86400 s .
results illustrated in Figure 4 and Figure 5 also served to evaluate the numerical scheme described in the
following and used in Subsections 6.3 and 6.4.
If the variation of the surface temperature is periodic, but not necessarily harmonic, the surface temperature may be expressed by a Fourier series as described, for instance, by Wesselink [39].
Cremers et al. [22], Mitchell and de Pater [52], Vasavada et al. [24, 26], and Paige et al. [25] already
used depth- and temperature-dependent regolith thermo-physical properties. Therefore, for the regolith
bulk density, we use the formula of Vasavada et al. [26]
z 

ρ ( z ) =ρb − ( ρb − ρt ) exp  −
(2.24)

 0.06 
where
=
ρt 1300 kg ⋅ m −3 and
=
ρb 1800 kg ⋅ m −3 are the bulk densities close to the surface and at the
depth zr , respectively. In earlier modeling activities, these bulk densities were considered for the top layer
of a thickness of two centimeters and the entire layer below, respectively [24, 52]. These activities applied a
thermal conductivity of the form [24, 52, 61]
3

 T  
(2.25)
kh=
(T ) khc 1 + χ   

T350  



Here, hhc is the phonon conductivity and χ is the ratio of “radiative” to phonon conductivity at a
temperature of T350 = 350 K , where khc = 9.22 × 10−4 W ⋅ m −1 ⋅ K −1 , χ = 1.48 and
khc =9.3 × 10−3 W ⋅ m −1 ⋅ K −1 , χ = 0.073 were considered for the top layer and the layer below, respectively. Vasavada et al. [26] revised these formulas to
3

 T 
z 

kh ( z , T ) =kh ,b − ( kh ,b − kh ,t ) exp  −
(2.26)

 + kh ,t χ 
 0.06 
 T350 
with kh ,t =6.0 × 10−4 W ⋅ m −1 ⋅ K −1 , kh.b =7.0 × 10−3 W ⋅ m −1 ⋅ K −1 , and χ = 2.7 . The heat capacity as a
function of the soil temperature reads
2
3
4

 T 
 T 
 T 
 T 
−23.17 + 744.5 
 + 1839 
 − 3160 
 + 1449 
 for T ≤ T350

 T350 
 T350 
 T350 
 T350 
c=

 T 

1009 − 5307 exp  −3.5  T   for T > T350
 350  
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The formula for T ≤ T350 is based on the analysis of lunar soils samples from the Apollo landing sites
Fra Mauro, Hadley-Appenine, and Descartes Highlands by Hemingway et al. [62], but their results are
normalized by T350 (see Figure 6). Wechsler et al. [63] recommended the exponential function for
T > T350 .
Since Moon’s regolith thermo-physical properties quantities, ρ , c , and kh , vary with depth and
soil temperature, numerical solution of Equation (2.19) is indispensable. To integrate this equation, we
introduce the variable transformation

 z 
=
ζ f=
( z ) η ln   .
 zr 

(2.28)

Here, η is an arbitrary constant. Thus, the derivative of a quantity ψ with respect to z is
∂ψ ∂ψ ∂ζ
∂ψ
= = f ′( z )
∂z
∂ζ ∂z
∂ζ

(2.29)

where f ′ ( z ) = η z . For our calculation, we use η = 1 . Thus, Equation (2.19) reads
f ′( z ) ∂
∂Tsl
=
∂t
ρ c ∂ζ


∂Tsl 
 kh f ′ ( z )

∂ζ 


(2.30)

This variable transformation allows using central differences in ζ even though the layer thickness
increases with depth. The Crank-Nicolson scheme in combination with a Gauss-Seidel iteration procedure
serve to numerical integrates this parabolic differential equation. These numerical techniques have already
been used in the hydro-thermodynamic soil-vegetation scheme (HTSVS) developed by Mölders and
Kramm (e.g., [54, 55, 58, 65-67]). Despite the numerical techniques was thoroughly tested and evaluated
by data from field campaigns during the development of HTSVS, we tested these techniques also against
the results presented in Figure 4 and Figure 5 because of the drastic variation of Moon’s skin temperature.
For our tests, we used an upper soil depth of z = 0.005 m , a maximum soil depth of zr = 1.28 m and
∆ζ ln ( 0.5 ) ≅ −0.69315 . Furthermore, we used the same values as
nine levels of equal intervals in ζ of=
kh 0.004 W ⋅ m −1 ⋅ K −1 ).
=
considered in the analytical solution
( ρ 1300 kg ⋅ m −3 , c = 600 J ⋅ kg −1 ⋅ K −1 , =
The “surface temperature” (Equation (2.20)) with Tsl , r = 240 K and A0 = 140 K served as the upper
boundary condition.

Figure 6. Temperature-dependent heat capacity of Moon’s soil. Data of the heat capacity taken from
Robie et al. [64] and Hemingway et al. [62]. Note that the formula of Hemingway et al. [62] was
rearranged for the normalized temperature T T350 (see Equation (2.27)), where T350 = 350 K .
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Test results derived for the Moon are illustrated in Figure 7. With respect to the results of the analytical solution presented in Figure 4, only the relative numerical error of the soil temperature given by

( ( )

( ))

=
ε T 100% Tsl , a ζ j − Tsl , n ζ j

(

=
δ H H sl* , a − H sl , n ζ j + 0.5

)

( )

Tsl , a ζ j

and the numerical error of the soil heat flux given by

are illustrated, where the subscripts a and n denote the analytical and nu-

(

)

H sl* , a
H slj +, a1 + H slj , a 2 is the arithmetic mean calculated for
merical solutions, respectively. Note that =
the layer between ζ j and ζ j +1 for which the respective numerical solution H sl , n ζ j + 0.5 was predicted.

(

)

2.3. Astronomical Aspects
The solar irradiance can be related to the solar constant by (e.g., [2, 4, 18, 68])
2

r 
F = 0 S
r

(2.31)

where r is the actual distance between the Sun’s center and the Earth’s center (or the Earth-Moon bary=
r 147.1 × 106 km at the Perihelion and
=
r 152.1 × 106 km
center abbreviated by EMB) ranging from
6
at the Aphelion,=
r0 149.6 × 10 km is the corresponding mean distance (roughly 1 AU) for which the
solar constant is defined [4, 29]. In case of the EMB, one may use Keplerian elements to predict r [69].
Values of the Keplerian elements and their rates, with respect to the mean ecliptic and equinox of J2000,
valid for the time-interval 1800 AD - 2050 AD are listed in Standish and Williams [70] (their Table 8.10.2).
With respect to the position of the Moon, this procedure would lead to inaccurate results. Thus, we use the
planetary and lunar ephemeris DE430 of the Jet Propulsion Laboratory (JPL) of the California Institute of
Technology [71, 72]. This ephemeris predicts both the actual distance between the Sun’s center and the
Earth’s center, r , and that between the Sun’s center and the Moon’s center, rM . We used the JPL Fortran
subroutine PLEPH to calculate r and rM . Typical results computed for a period of 354.4 terrestrial days

(a)

(b)

Figure 7. (a) Relative numerical error ε T in percent of the numerically predicted soil temperature
Tsl , n with respect to the analytically derived soil temperature Tsl , a ; (b) Numerical error δ H of the
numerically predicted soil heat flux H sl , n with respect to the arithmetic mean H sl∗ , a of the corresponding analytical solutions H slj , a and H slj +, a1 for the layer between ζ j and ζ j + 1 .
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starting with January 15, 2010, 11:07 UT1 (Barycentric Dynamical Time TDB = 2455211.8 , New Moon)
are illustrated in Figure 8. Note that this period is embedded in the 800 days-period of Vasavada et al. [26]
that starts with TDB = 2455000 . Thus, their results may be considered for comparison. Using Equation
(2.31) and the values of r and rM , we also predicted the corresponding TSI reaching the respective
sub-solar point either of the Moon or Earth (Figure 8).
In 2010, the geocentric distance of the Moon varies from 356,593 km at Perigee to 406,540 km at
Apogee with an average distance of 384,767 km. Compared with the heliocentric position of the EMB, an
additional variation of the actual distance between the Sun’s center and the Moon of 763133 km occurs
(Figure 8). Thus, the solar irradiance reaching the surface of the Moon at the sub-solar point depends on
Moon’s actual heliocentric distance, rather than on the heliocentric distance of the EMB. Based on Equa±7 W ⋅ m −2 ) comparable with the soil
tion (2.31), this solar irradiance varies by δ F F = ±0.5% ( δ F =
heat flux shown in Figure 4. Consequently, Moon’s actual heliocentric distance should not be replaced by
that of the EMB when predicting the skin temperature at a given location of the Moon.
The Earth-atmosphere system and the Moon not only reflect solar radiation, but also emit infrared
radiation to space. Of course, these facts would be also true for an Earth in the absence of its atmosphere.
When we assume, for instance, that at the sub-terrestrial point (also called the Sub-Earth point) of the
Moon, the sum of the reflected solar radiation and emitted infrared radiation in the direction of the
Fsum 1400 W ⋅ m −2 , the radiative efsub-lunar point of the Earth would amount to a maximum value of=
fect on the sub-lunar point of the Earth, ∆FE , would be ∆FE ≅ 0.03 W ⋅ m −2 , according to
 RM
∆FE =

 rp


2


 Fsum .



(2.32)

Here, RM = 1737.4 km is the mean radius of the Moon, and rp = 356593 km is the distance at Perigee ( TDB = 2455226.9 ). On the contrary, considering=
Fsum 1400 W ⋅ m −2 at the sub-lunar point of the
Earth in the absence of its atmosphere and replacing RM by the mean radius of the Earth,
RE = 6371.0 km , would yield a radiative effect, ∆FM , on the sub-terrestrial point of the Moon of about

(a)

(b)

Figure 8. Variation of (a) the distance between the Sun’s center and the Moon’s center, rM, as well as
between the Sun’s center and the Earth’s center, r, determined for a period of 354 days starting with
January 15, 2010, 11:07 UT1 ( TDB = 2455211.8 , New Moon) as obtained by the JPL planetary and
lunar ephemerides DE430, and (b) the TSI reaching the sub-solar point either of the Earth (at the
top of the atmosphere) or the Moon, where Equation (2.31) and
=
S 1361 W ⋅ m −2 were used.
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∆FM ≅ 0.45 W ⋅ m −2 . These radiative effects are in the range of uncertainty [57, 58], for which they were
neglected in our study.
The function cos Θ0 can be determined using the rules of spherical trigonometry (e.g., [2, 4, 18, 68]).
For Earth, one obtains
cos Θ0 sin φ sin δ S + cos φ cos δ S cos h
=
(2.33)
= cos θ sin δ S + sin θ cos δ S cos h
Here, δ S is the declination of the Sun, φ is latitude, and h is the hour angle from the local meridian. The solar declination angle is related to

=
sin δ S sin ε o sin (υ=
+ ϖ ) sin ε o sin λ ,

(2.34)

where ε o is the oblique angle, and λ= υ + ϖ is the true longitude of the Earth counted counterclockwise from the vernal equinox (e.g., [2, 4, 18, 68, 69]), υ is the true anomaly, i.e., the positional angle of
the Earth on its orbit counted counterclockwise from the Perihelion, and ϖ is the longitude of the Perihelion counted counterclockwise from the moving vernal equinox. For Earth, δ S ranges from 23˚27'S
(Tropic of Capricorn; λ = 3π 2 ) to 23˚27'N (Tropic of Cancer; λ = π 2 ), and h ranges from − H to
H , where H represents the half-day, i.e., from sunrise to solar noon or solar noon to sunset The
half-day can be deduced from Equation (2.33) by setting Θ0 =π 2 (invalid at the poles) leading to
cos H = − tan φ tan δ S . In our study, we predicted δ S based on the DE430 data. For the Moon, δ S has to
be replaced by the selenographic latitude, bS , of the Sun.
In accord with Taylor et al. [73], we computed, among others, the selenographic longitude, lS , and
the selenographic latitude, bS , using

tan ( lS + LM − Ω ) =

cos I cos β H sin ( λH − Ω − ∆ψ ) − sin I sin β H
cos β H cos ( λH − Ω − ∆ψ )

(2.35)

and

sin bS = − sin I cos β H sin ( λH − Ω − ∆ψ ) − cos I sin β H ,

(2.36)

where I = 5553" .6 is the inclination of the ecliptic to the mean lunar equator adopted from Newhall and
Williams [74], Ω is the ascending node of Moon’s orbit on the ecliptic adopted from Folkner et al. [72],
LM is the mean longitude of the Moon adopted from Simon et al. [75], and ∆ψ is the nutation in longitude. The selenographic colongitude is given by 90 − lS . Furthermore, the heliocentric ecliptic latitude
and longitude of the Moon, β H and λH , can be determined by

sin β H =

Z SM
d SM

(2.37)

tan λH =

YSM
.
X SM

(2.38)

and

Here, d SM = ( X SM , YSM , Z SM ) is the heliocentric vector to the Moon, where d SM = d SM is its
length. The respective data are provided by DE430. The results obtained for δ S and bS are illustrated in
Figure 9.

3. THE EQUATION OF GERLICH AND TSCHEUSCHNER
α E and ε (θ ,ϕ ) = ε E as constant for the entire
Ignoring H sl (θ ,ϕ ) , and assuming α ( Θ0 ,θ ,ϕ ) =
globe in Equation (2.11) yields

(1 − α E ) F cos Θ0 − ε Eσ Ts4 (θ ,ϕ ) =0 .
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Figure 9. Variation of the declination, δS, and the selenographic latitude, bS,
of the Sun determined for a period of 354 days starting with January 15, 2010,
11:07 UT1 ( TDB = 2455211.8 , New Moon) as obtained by the JPL planetary
and lunar ephemerides DE430.
This local radiative balance leads to the local surface temperature
1

1

 r  2  (1 − α E ) S cos Θ0  4
Ts (θ ,ϕ ) =  0  
 .
ε Eσ
r 


(3.2)

Inserting Equation (3.2) into Equation (2.2) and setting ψ (θ ,ϕ ) = Ts (θ ,ϕ ) yield
1

1

1
1  r0  2  (1 − α E ) S  4 2π π
4 sin θ dθ dϕ
cos
Ts
=
Θ
(
)
{
}


0
 
4π  r   ε Eσ  ∫0 ∫0

=

1
 4 2π π

1
2

2  r0  (1 − α E ) S

  
4π  r   4ε Eσ 

(3.3)

1

∫ ∫ {cos ( Θ0 )} 4 sin θ dθ dϕ
0 0

or with respect to Equation (1.4)
1

=
Ts

1
2  r0  2 2π π
  Te ∫ ∫ {cos θ sin δ + sin θ cos δ cos h} 4 sin θ dθ dϕ
4π  r 
0 0

(3.4)

The simplest solution of Equation (3.4) can be obtained by assuming δ = π 2 . Since ( r0 r ) does
12
not vary more than 3.5 percent [4, 18], it is frequently assumed that ( r0 r ) ≈ 1 . This simplification
yields
2

1
2 2π π
=
=
Ts
Te ∫ ∫ {cos θ } 4 sin θ dθ dϕ
4π 0 0

1
2

1

Te ∫ µ

1
4d

µ

(3.5)

−1

with µ = cos θ and
1

1

µ
∫ µ 4 d=

−1
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where the imaginary unit i is defined by i 2 = −1 . Since temperature is a real quantity, one finally obtains
(see [33])
3

22
(3.7)
=
Ts
Te ≅ 0.566Te
5
Smith [33, 34] confirmed this result already for a non-rotating planet. As stated by Gerlich and
Tscheuschner [33], Equation (3.7) satisfies the requirement of Hölder’s [76] inequality that results in
Ts ≤ Te , where, however, the true value of Te is unknown because of the uncertainty with which especially the values of the planetary albedo and planetary emissivity are fraught. As aforementioned, assuming
S 1367 W ⋅ m −2 , α E = 0.30 , and ε E = 1 yields an effective radiation temperature of the Earth of
=
Te ≅ 255 K . Equation (3.7), however, provides Ts ≅ 144 K [33, 34], i.e., the condition of a non-rotating
globe, as assumed in the “thought experiment” of a planetary radiation balance for the Earth in the absence of an atmosphere, leads to a globally average temperature, Ts , which is 111 K lower than Te .
Note that using
=
S 1361 W ⋅ m −2 produces only a small deviation of 0.3 K.
For δ = 0 (valid for both the vernal equinox and the autumnal equinox), Equation (2.33) provides
cos Θ0 cos=
=
φ cos h sin θ cos h , i.e., a rotating planet is considered. In case of the vernal equinox, the distance of the EMB would be
=
r 1.490 × 108 km and, hence,
=
F 1371 W ⋅ m −2 . However, for comparabil12
ity, we use the common assumptions ( r0 r ) ≈ 1 and F= S= 1361 W ⋅ m −2 . Thus, Equation (3.2) becomes
1

 (1 − α E ) S cos φ cos h  4
Ts (θ ,ϕ ) = 

ε Eσ



(3.8)

Figure 10(a) illustrates results of the diurnal variation of Ts (θ ,ϕ ) for various parallels of latitude
provided by Equation (3.8). Using Equation (2.5) yields Ts ≅ 143.5 K . Thus, Gerlich and Tscheuschner’s
result for a non-rotating Earth in the absence of its atmosphere holds for a rotating one.
The solar radiation absorbed, Q= (1 − α E ) S cos φ cos h , for the same parallels of latitude is shown in
Figure 10(b). Using Equation (2.4) for determining the global average of the absorbed solar radiation
yields
=
Q 238.1 W ⋅ m −2 . This value substantially agrees with Qe =
(1 − α E ) S 4 ≅ 238.2 W ⋅ m −2 that
was used for determining the effective radiation temperature of Te ≅ 255 K . Note that Q is ba-

(a)

(b)

Figure 10. Variation of the (a) surface temperature and (b) absorbed solar radiation for numerous
parallels of latitude in case of the Earth in the absence of its atmosphere.
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lanced by the globally averaged infrared radiation. Thus, the result of Gerlich and Tscheuschner [33] of
Ts ≅ 144 K is correct as long as the heat transfer and heat reservoir within the soil are ignored as done in
deriving Equation (1.4). Under these conditions, Halpern et al. [36]’s criticism regarding this globally averaged temperature becomes obsolete.
The results in Figure 10 demonstrate that under the same global average of the absorbed solar radiation quite different surface temperature distributions are possible. These different surface temperature
distributions lead to different global averages of the surface temperature for the Earth in the absence of its
atmosphere: The uniform surface temperature distributions leads to an effective radiation temperature of
Te ≅ 255 K . Whereas the distribution of the surface temperature Ts (θ ,ϕ ) that is governed by a local radiative balance Equation (3.1) provides a global average surface temperature of Ts ≅ 143.5 K .
As mention in Section 1, using α E = 0.30 is inadequate because this value is only valid for the entire
system Earth-Atmosphere. Here two-thirds of this value have to be attributed to the atmosphere. In addition, the assumption ε E = 1 is questionable. If we consider S ≅ 1361 W ⋅ m −2 and the optical properties
for the Moon [26] of α=
α=
0.12 and ε=
ε=
0.98 , Equation (1.4) will provide for the effective
E
M
E
M
radiation temperature of the Earth in the absence of its atmosphere (and of the Moon) of Te ≅ 271 K ,
where Qe =
(1 − α E ) S 4 ≅ 299.4 W ⋅ m −2 . In this case, Formula (3.7) yields Ts ≅ 153 K . Based on the
local radiative balance Equation (3.1), Equation (3.8) as well as Equations (2.3) and (2.4) we also obtain
Ts ≅ 153 K . Then, the global average of the absorbed solar radiation amounts to Q ≅ 299.3 W ⋅ m −2
and is balanced by the globally averaged emitted infrared radiation as well.
The results provided by the Diviner Lunar Radiometer Experiment onboard the Lunar Reconnaissance Orbiter, however, suggest an equatorially averaged surface temperature of 215.5 K with an average
maximum of 392.3 K and average minimum of 94.3 K [77]. This means that the local thermal effect of the
soil must be considered.

4. SMITH’S EQUATION
The basic equation of Smith [34] reads
d
C T ( x, t ) =
Ea ( x , t ) − Ee ( x , t ) =
(1 − α ) S cos ( Θ0 ( x, t ) )W cos ( Θ0 ( x, t ) ) − σ Ts 4 ( x, t ) . (4.1)
dt
Here, C is the thermal inertia coefficient (heat capacity times the thickness of the layer under
study), T is the temperature representative for the layer under study for which the thermal inertia coefficient has to be determined, x = (φ ,ϕ ) is the position vector represented by the longitude, ϕ , and the
latitude, φ , α= α ( Θ0 , x ) is the albedo, Ts is the surface temperature, and Ea and Ee are the absorbed solar radiation and emitted terrestrial radiation, respectively. Furthermore, W cos ( Θ0 ( x , t ) ) is a
step function with which the incoming solar radiation is weighted. In principle, Equation (4.1) corresponds to Equation (2.10), i.e., the temperature T is a volume-averaged quantity. Smith also assumed that
the soil heat flux is generally negligible. This means that this equation corresponds to the forcing method.
Following Smith [34], the solar zenith distance is related to
cos=
Θ0 cos (ϕ + 2π t D ) cos φ .
(4.2)

(

)

(

)

Here, D is the period of one rotation. For simplification, he set ϕ = − π 2 so that
cos (ϕ + 2π t D ) =
cos ( − π 2 + 2π t D ) =
sin (ωt ) with ω = 2π D . For δ = 0 , Equation (2.33) provides
(4.3)
cos Θ0 =cos φ cos h

i.e., Smith assumed δ = 0 . His step function reads

1 for 0 ≤ ωt ≤ µ
W cos ( Θ0 ( x , t ) ) =

0 otherwise
Integrating Equation (4.1) yields

(

)

(4.4)

TD

D

D

T0

0

0

C ∫ dT ( φ , ϕ , t ) =
(1 − α ) S ∫ sin (ωt ) cos (φ )W (ωt ) dt − σ ∫ Ts4 (φ ,ϕ , t ) dt
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or
D
2
C (TD (φ ,ϕ ) − T0 (φ ,ϕ ) ) =
1
−
α
S
cos
φ
−
σ
(
)
( ) ∫ Ts4 (φ ,ϕ , t ) dt

ω

(4.6)

0

By assuming TD (φ ) = T0 (φ ) and defining an effective surface temperature, Ts ,eff , according to the
time average,
Ts4, eff (φ ,ϕ ) =

1D 4
Ts (φ ,ϕ , t ) dt
D ∫0

(4.7)

Smith obtained
1
4 (1 − α ) S
Ts4,eff (φ ,ϕ ) = (1 − α ) S cos φ =
sin θ
πσ
π 4σ
Inserting Equation (4.8) into Equation (2.2) yields
=
Ts4, eff

(4.8)

2π π
1 − αE ) S π 2
(1 − α=
(=
(1 − α E ) S
E )S
2
sin
θ
d
θ
d
ϕ
sin θ dθ
∫
∫
∫
2
2πσ
4σ
4π σ
0 0

(4.9)

0

α E and obtained the same results like for a non-rotating planet
Smith also assumed α ( Θ0 ,θ ,ϕ ) =
because the assumption of ε E = 1 in Equation (1.4) yields
1

1
=
Ts4, eff 4

 (1 − α E ) S  4
Te
=

4σ



(4.10)

The drawbacks and insufficiency of this equation were already discussed in detail in Section 1. Recall
that generally

Ts4, eff

1
4

≠ Ts , i.e.,

Ts4, eff

1
4

and

Tns

have different meanings.

5. THE ANALYTICAL MODEL OF NIKOLOV AND ZELLER
The so-called analytical model of Nikolov and Zeller [37, 38] is based on a formula like Equation
(2.12), but is written as
1

 (1 − η ) (1 − α ( Θ0 ,θ ,ϕ ) ) S cos ( Θ0 ) − H sl (θ ,ϕ )  4
π
 for 0 ≤ Θ0 <

ε (θ ,ϕ ) σ
2


Ts (θ ,ϕ ) = 
1

4

π
 −η (1 − α ( Θ0 ,θ ,ϕ ) ) S cos ( Θ0 ) − H sl (θ ,ϕ ) 
for ≤ Θ0 < π



2
ε (θ ,ϕ ) σ



(5.1)

where η is the fraction of solar radiation stored into Moon’s regolith through heat conduction. The authors included cosmic microwave background radiation (CMBR), but neglected it later as it is very small.
Inserting formula (5.1) into Equation (2.2) provides
1

π  1 − η 1 − α Θ ,θ , ϕ

Θ
−
cos
,
S
H
θ
ϕ
( 0
))
( 0 ) sl ( )  4
)(
 (
1
dϕ  ∫ 
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 sin θ dθ
∫
4π 0
ε (θ ,ϕ )σ
 0 
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,
θ
ϕ
(
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(
)
(
)
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4
sl
0
0
+ ∫
 sin θ dθ  .
ε (θ ,ϕ )σ
0




2π
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By ignoring also H sl (θ ,ϕ ) , they finally proposed
2
T=
TeΦ (ηe )
(5.3)
s
5
where Φ (ηe ) ≥ 1 and ηe is an effective value for η . Nikolov and Zeller stated:
“Conceptually Φ (ηe ) is a non-dimensional thermal enhancement factor that boosts the global
temperature of an airless planet above the level expected from a surface with zero thermal inertia, i.e. if the
planet were completely non-conductive to heat.”
They proposed for their thermal enhancement factor
1

1

Φ (ηe ) =
(1 − ηe ) 4 + ηe4

(5.4)

Comparing Equation (3.7) with Equation (5.3) provides Φ (ηe ) =
+ 2 . Since Gerlich and
Tscheuschner [33] excluded any soil effects, one may conclude Φ (ηe ) > + 2 . This condition would require 3.18 × 10−2 ≤ ηe ≤ 1 .
Nikolov and Zeller [37, 38] derived a value of Ts = 197.3 K for Moon’s globally averaged surface
temperature and a similar value for the Earth ranging from Ts = 195.4 K to Ts = 200.6 K . For the
validation of their analytical model, Nikolov and Zeller fitted modeled latitudinal temperature averages
with a sixth-order polynomial. These modeled latitudinal temperature averages are based on the predictions of Vasavada et al. [26] for the Moon with NASA’s TWO model. This thermo-physical model of the
regolith is based on the diagnostic Equation (2.11) that has to be solved iteratively, and the prognostic Equation (2.19). The depth- and temperature-dependent regolith thermo-physical properties used by Vasavada et al. [26] are described by Equations (2.24), (2.26), and (2.27).

6. THE GLOBALLY AVERAGED SLAB TEMPERATURE FOR A ROTATING PLANET IN
THE ABSENCE OF AN ATMOSPHERE
As aforementioned, the Earth’s Moon nearly fulfills the requirements of a planet that has no atmosphere. Therefore, we considered the Moon to test the truth or falsehood of the effective radiation temperature as a representative quantity for the true globally averaged surface temperature.
In contrast to various authors (e.g. [22, 24, 26, 39, 52, 53]) who predicted the surface temperature of
various areas on the Moon using the diagnostic Equation (2.11), we integrated the prognostic Equation
(2.10) for determining the globally averaged slab temperature of the Moon for a synodic month
( PM = 2551443 s ). In doing so, we used Gear’s [78] numerical algorithm DIFSUB. Following Budyko [27],
we assumed that prior to the origin of the terrestrial atmosphere, the Earth’s soil properties would probably differ little from those of the Moon. Thus, the main difference between the Moon and the Earth in the
absence of its atmosphere is the huge difference in the angular velocities of their rotation. Therefore, we
integrated Equation (2.10) also for a terrestrial day ( PE = 86400 s ). (Note that in the absence of the terrestrial atmosphere, oceans cannot exist because in case of oceans, at least, a water vapor atmosphere would
exist leading, at least, to a downwelling infrared radiation and a latent heat flux.) There are two reasons to
use the prognostic Equation (2.10). First, it permits addressing the impact of the angular velocity. Second,
such a prognostic equation has been used in GCMs during the past four decades, where, of course, the
down-welling infrared radiation and fluxes of sensible and latent heat were included.
6.1. The Forcing Method
First, we approximated the prognostic Equation (2.10) in the concept of the forcing method, which
was used, for instance, in UCLA’s GCM by Arakawa [43] and in the GCM of the British Meteorological
Office by Corby et al. [44] and Rowntree [45]. This method ignores the soil heat flux. Thus, this equation
was rearranged to

dTslab
4
= A − BTslab
dt
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with A =
(1 − α ) F cos Θ0 Rt , B = εσ Rt , and Rt = cρϑ . The latter is, again, the thermal inertial coefficient. For the Moon, we used
=
ρ 1500 kg ⋅ m −3 , c = 600 J ⋅ kg −1 ⋅ K −1 , and ϑ = 0.075 m . This thickness
of the slab corresponds to an average value of the thermal skin depth Lt . For PE = 86400 s , the thermal
skin depth amounts to an average value of 0.01 m, as in Bhumralkar [47]. Because of the regolith thermo-physical properties of the Moon, we used, however, a thickness of the slab of ϑ = 0.02 m and, hence,
=
ρ 1300 kg ⋅ m −3 . Even though the distance between the Sun and Moon and, hence, the TSI notably varies
S 1361 W ⋅ m −2 , i.e., the
=
during a synodic month (see Figure 8), we expressed F by the solar constant
actual distances between the Sun’s center and the Earth and its Moon is replaced by a mean distance (see
Equation (2.31)). To compare the Moon’s effective radiation temperature of Te ≅ 270 K with the corresponding globally averaged temperature Ts we used, at first, the following simplifications: The effect of
Moon’s axial tilt of about 1.54˚ with respect to the normal vector of the ecliptic plane is neglected yielding
cos Θ0 =cos φ cos h . Moreover, we assumed α = 0.12 and ε = 1.0 .
Figure 11 shows the results of our integrations for a synodic month ( PM ) and terrestrial day ( PE ).
These results yield a globally averaged slab temperature of Tslab ≅ 195.5 K for PM and of
Tslab ≅ 224.3 K for PE . This notable temperature difference is related to the huge difference in the angular velocities of Earth and Moon. For one complete rotation of a celestial body, the soil surface is longer
exposed to solar radiation for low than high angular velocity. Consequently, under slow rotation, a surface
gains more heat yielding to increased soil heat flux compared to a fast rotating celestial body—both without atmosphere—if their soil properties are equal. During the long night, more heat is released to space
under slow than fast rotation.
Nevertheless, both globally averaged slab temperatures are much lower than the aforementioned effective radiation temperature of the Moon. For PM , the difference is ∆T = Te − Tslab ≈ 74.5 K . For PE ,
it is ∆T ≅ 45.7 K . This means that the difference between the globally averaged near-surface temperature,
Tns ≅ 288 K , and the globally averaged slab temperature of the Earth in the absence of its atmosphere
would be ∆Tae = Tns − Tslab ≅ 63.7 K . This difference may be attributed to the effect caused by the terrestrial atmosphere. This value is 1.93 times larger than the temperature difference of 33 K commonly attributed to the atmospheric-greenhouse effect under consideration of the effective radiation temperature
of the Earth in the absence of the terrestrial atmosphere.

(a)

(b)

Figure 11. The variation of the slab temperature for numerous parallels of latitude for the Moon as
provided by the forcing method for periods of (a) PM = 2551443 s and (b) PE = 86400 s . The predictions were performed using the forcing method.
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Our results provided an average surface temperature along Moon’s equator of Tslab ≅ 207.4 K . This
value is 8.1 K lower than the equatorially averaged surface temperature of the Moon of 215.5 K provided
by the Diviner Lunar Radiometer Experiment [77]. Our value of Tslab ≅ 224.3 K for PE is notably
larger than the 197.3 K derived for Moon’s globally averaged surface temperature and the similar value for
the Earth by Nikolov and Zeller [37, 38].
The globally averaged absorbed solar radiation used for determining the effective radiation temperature of the Moon is given by Qe =
299.4 W ⋅ m −2 . The results of the forcing method provide
(1 − α E ) S 4 =
Q ≅ 299.5 W ⋅ m −2 for PM and Q ≅ 299.3 W ⋅ m −2 for PE , respectively. These values are balanced
by the globally averaged emitted infrared radiation, FIR , as well. As mentioned in Section 3, these values
were also related to Equation (3.7) even though this equation yields a globally averaged surface temperature of Ts ≅ 153 K and Ts ≅ 144 K for the Moon and Earth (in absence of its atmosphere), respectively. This means that quite different skin temperature distributions are possible even though the globally
averaged fluxes of absorbed and emitted radiation are identical.
Since the angular velocity of the Earth is much higher than that of the Moon, the response time of the
emitted infrared radiation with respect to the absorbed solar radiation causes different effects (Figure 12).
Obviously, the model has to be spun up to equilibrium prior to analysis of the results [79]. For PE we
predicted always three days, where the results obtained for the first day slightly differs from those of the
second and third day. Thus, we discarded the first two days when calculating the global-averages.
It is well-known (e.g. Pielke [79]), that any diagnostic procedure requires quasi-equilibrium conditions at the location of interest. In case of surface temperature and fluxes, the condition of quasi-equilibrium is more likely for slow than fast rotation. Consequently, the diagnostic procedure given by
Equation (2.11) seems to be suitable only for the Moon.
6.2. The Force-Restore Method
Next, we inserted the soil heat flux into Equation (2.10) in the concept of the force-restore method
(e.g. [46-48]). Thus, Equation (6.1) becomes

dTslab
4
=−
A G (Tslab − Tsl , z ) − BTslab
dt

(a)

(6.2)

(b)

Figure 12. The response time of the emitted infrared radiation with respect to the absorbed solar
radiation for both (a) PM = 2551443 s and (b) PE = 86400 s exemplarily shown for the respective
equator. The predictions were performed using the forcing method.
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with A and B as before, and G = kh ( 2ϑ Rt ) , where Tsl , z is the soil temperature at the depth z = 3ϑ
below the slab leading to a difference of ∆z =ϑ − z =−2ϑ (see Equation (2.17)). Again, ϑ = 0.075 m
was used. Soil temperatures Tsl , z at the depth z = 0.225 m were considered as constant over one rotation, but varied with latitude. These values were approximated from the temperature distribution proposed by [24]. The results illustrated in Figure 4 and Figure 21 underlined that z = 0.225 m is an appropriate choice.
Equation (6.2) corresponds to Deardorff’s [46] formula (8a) except for his constants c1 and c2 that
served to yield the exact solution for a sinusoidally varying soil surface heat flux after any transients have
died away. Since there is no sinusoidal behavior for PM and PE , we set them to zero.
=
S 1361 W ⋅ m −2 , α = 0.12 , and ε = 1.0 as well. As exemplarily shown in FigAgain, we assumed
ure 13 for the respective equator, the results provided by the force-restore method yields marginally higher minimum temperatures than those provided by the forcing method. For both the Moon and Earth in
absence of its atmosphere, the energy loss due to the emission of radiation is reduced by the soil heat flux
when the force-restore method is applied. For the force-restore method, the response time of the emitted
infrared radiation with respect to the absorbed solar radiation is comparable with that of the forcing method (Figure 12). The respective soil heat fluxes are shown in Figure 14. As expected, for PM , the magnitude of the soil heat flux is relatively small, while it is notably larger for PE .
The force-restore method provides a globally averaged slab temperature of Tslab ≅ 196.9 K for PM
and of Tslab ≅ 224.7 K for PE . The differences between the effective radiation temperature Te of the
Moon and the globally averaged slab temperature are ∆T = Te − Tslab ≅ 73.1 K for PM and ∆T ≅ 45.3 K
for PE , respectively. With respect to Tslab ≅ 224.7 K obtained for PE , the effect caused by the terrestrial atmosphere would be ∆Tae ≅ 63.3 K . It is 0.4 K smaller than for the forcing method.
The globally averaged absorbed solar radiation is Q ≅ 299.5 W ⋅ m −2 for PM and
−2
Q ≅ 299.4 W ⋅ m −2 for PE , respectively. Again, these values agree well with Qe ≅ 299.4 W ⋅ m used in
deriving the effective radiation temperature of the Moon. Note that the values of the globally averaged
emitted infrared radiation, FIR , are slightly lower than those of the absorbed solar radiation so that radiative imbalances of about 0.5 W ⋅ m −2 to 1.0 W ⋅ m −2 occur. This uncertainty is not surprising because
the prediction of the soil heat flux is relatively crude in the force-restore method. However, these discrepancies are compensated by the globally averaged values of the soil heat flux H sl .

(a)

(b)

Figure 13. Difference in the slab temperatures at the equator between the forcing method, the
force-restore method, and the multilayer-force-restore method as obtained for the Moon for (a)
PM = 2551443 s and (b) PE = 86400 s .
https://doi.org/10.4236/ns.2017.98026

273

Natural Science

(a)

(b)

Figure 14. The variation of the soil heat flux for numerous parallels of latitude for the Moon, where
periods of (a) PM = 2551443 s and (b) PE = 86400 s were considered. The results were provided by
the force-restore method.
In case of PE , we also predicted the globally averaged slab temperature also for α = 0.30 because
the effective radiation temperature of Te ≅ 255 K for the Earth in the absence of its atmosphere is based
on a planetary albedo of α E = 0.30 (Figure 15). The respective globally averaged temperature and the
absorbed solar radiation amount to Tslab ≅ 215.3 K and, again,
=
Q 238.1 W ⋅ m −2 , respectively
(Figure 16). For PE , the difference between the effective radiation temperature and the globally averaged
slab temperature is ∆T = Te − Tslab ≅ 39.7 K . Again, FIR is about 0.5 W ⋅ m −2 lower than Q , but
compensated by the globally averaged soil heat flux. With respect to Tslab ≅ 215.3 K obtained for PE ,
the effect of the terrestrial atmosphere would be ∆Tae ≅ 72.7 K . This value is 2.2 times larger than the 33
K commonly considered.
6.3. The Multilayer-Force-Restore Method
To further improve the calculation of the soil heat flux, we coupled the force-restore method with the
multilayer numerical model of Moon’s regolith described in Subsection 2.2. For ease of readability, we call
this coupled model the multilayer-force-restore method hereafter. For this coupling procedure, we made
the following changes in Equation (6.2). Now, Tsl , z is the time-dependent temperature of the first level
− kh ( ∆zRt ) with
below the slab at the depth of z= ϑ + 0.01 m . Then G is given by G =
∆z =ϑ − z =−0.01 m . In contrast to the tests of the numerical scheme (Subsection 2.2, we used 16 levels in
our computations and zr = 3.20 m . The latter is more suitable in long-term predictions, where the temperature at this depth, Tsl , r , is considered as constant, but dependent on latitude. Again, we used the approximated temperature distribution of [24].
Technically, the numerical solution of the multilayer-force-restore method is a semi-implicit coupling
[79]. This means the soil heat flux was predicted by using the slab temperature provided by Equation (6.2)
at the previous time step. Then, this soil heat flux served to predict the slab temperature at the following
time step. A time step of 600 s was used. The coupled model was spun up to quasi-steady-state vertical
profiles of the soil temperature prior to starting the predictions of the slab temperature and the temperature and the heat flux within the deeper regolith.
A slab thickness of ϑ = 0.075 m , as used by both the forcing method and the force-restore method
for PM , would yield an equatorially averaged slab temperature of Tslab ≅ 221.3 K , which is notably higher
than 215.5 K provided by the Diviner Lunar Radiometer Experiment [77]. However, in contrast to these
https://doi.org/10.4236/ns.2017.98026
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(a)

(b)

Figure 15. Variation of slab temperature and soil heat flux for numerous parallels of latitude for a
terrestrial day of PE = 86400 s and α = 0.30 . The results were provided by the force-restore method.

(a)

(b)

Figure 16. The terms Ts (θ ) sinθ and Q (θ ) sinθ as required by Equation (2.5), where Ts (θ ) and

Q (θ ) are the averages of the surface temperature and the absorbed solar radiation along the paral-

lel of latitude, respectively. The results were provided by the force-restore method (see Equation
(6.2)) for different values of the solar albedo α . The green line represents the results provided by
Equation (3.8).
method, which were based on an averaged thermal skin depth, the multi-layer force-restore method expresses this depth by multiple layers. Consequently, it permits consideration of vertical temperature and
soil heat flux gradients. To take full advantage of this improved approach, we reduced the “slab thickness”
to ϑ = 0.02 m . Doing so yields an equatorially averaged slab temperature of Tslab ≅ 216.8 K for
α = 0.12 and ε = 1.0 (Figure 13), and Tslab ≅ 213.4 K for a Sun-zenith-dependent variable solar albehttps://doi.org/10.4236/ns.2017.98026
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do (Equation (6.3)) and ε = 0.98 . Note that the latter is comparable with that of [26].
The minimum temperatures obtained by the multilayer-force-restore method are 104.5 K for
ϑ = 0.075 m and 99.4 K ϑ = 0.02 m for α = 0.12 and ε = 1.0 , and 97.5 K for ϑ = 0.02 m and a
Sun-zenith-dependent solar albedo (Equation (6.3)) and ε = 0.98 . Both minimum temperatures obtained
for ϑ = 0.02 m seem to be more appropriate than those obtained by the forcing method or force-restore
method.
Recall, the force-restore method provided a minimum temperature of 57 K and an equatorially averaged temperature of 196.7 K for ϑ = 0.02 m and Tsl , z at z = 0.225 m (Figure 13). Together, these results demonstrate that for the Moon a thickness of the slab of ϑ = 0.075 m may be advantageous for
the forcing method and the force-restore method, but ϑ = 0.02 m is more appropriate for the multilayer-force-restore method. Note that for these reasons and to take full advantage of the multi-layer force
restore method, we used ϑ = 0.02 m in the simulations with the multilayer-force-restore method for both
PM and PE .
Figure 17 illustrates the results provided by the multilayer-force-restore method, where, again,
=
S 1361 W ⋅ m −2 , α = 0.12 , and ε = 1.0 were used for comparison with the effective radiation tempera-

(a)

(b)

(c)

(d)

Figure 17. Variation of the slab temperature for numerous parallels of latitude for the Moon for (a)
PM = 2551443 s and (b) PE = 86400 s , and the soil heat fluxes for (c) PM = 2551443 s and (d)
PE = 86400 s as provided by the multilayer-force-restore method.
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ture. We obtained Tslab ≅ 203.6 K for PM and of Tslab ≅ 228.4 K for PE yielding
∆T = Te − Tslab ≅ 66.4 K for PM and ∆T ≅ 41.6 K for PE . In case of PE , the effect of the terrestrial
atmosphere is ∆Tae ≅ 59.6 K , i.e., 1.8 times larger than the 33 K commonly considered.
The globally averaged absorbed solar radiation is Q ≅ 299.3 W ⋅ m −2 for PM and
Q ≅ 299.4 W ⋅ m −2 for PE . In these instances, the values of the globally averaged emitted infrared radiation are marginally higher than those of the absorbed solar radiation and compensated by the globally averaged soil heat fluxes.
Like for the force-restore method, we also performed a sensitivity study assuming α = 0.30 . We obtained Tslab ≅ 218.5 K and, again,
Q 238.1 W ⋅ m −2 , respectively. For PE , the difference between
=
the effective radiation temperature and the globally averaged slab temperature is ∆T ≅ 36.5 K . Again,
FIR slightly exceeds Q . This marginal radiative imbalance is compensated by the globally averaged
soil heat flux. With respect to Tslab ≅ 218.5 K , the difference between the globally averaged near-surface
temperature and the globally averaged slab temperature of the Earth in the absence of its atmosphere
would be ∆Tae ≅ 69.5 K . This value is 2.1 times larger than the 33 K commonly related to the atmospheric
effect.
6.4. Generalization of the Results
To generalize our findings, we considered for the Moon twelve synodic months, i.e., 354.4 terrestrial
days, starting with TDB = 2,455,211.8 (January 15, 2010, 11:07 UT1, New Moon). In case of the 27.4 times
higher angular velocity of the Earth, our numerical simulations covered 365.26 terrestrial days starting
with TDB = 2,455,197.5 (January 1, 2010, 00:00 UT1). Two numerical simulations were performed, one
with the force-restore method and one with the multilayer-force-restore method. In both simulations, we
used a local emissivity of ε = 0.98 and a local solar albedo expressed by Keihm’s [80] empirical formula
(slightly rearranged)

Θ 
α ( Θ0 ) = α 0 +  0 
 45 

3

5

 Θ0  
 a + b   

 45  


(6.3)

where Θ0 is the local zenith angle of the Sun’s center, α 0 = 0.10 is the normal albedo, and a = 0.045
and=
b 5.47 × 10−4 are empirical values. With exception of Keihm’s value for b , all others are based on
observations of the Lunar Reconnaissance Orbiter Diviner Lunar Radiometer Experiment (see [25, 26]).
Results provided by the multilayer-force-restore method (Figure 18) exhibit effects by (a) the variation of the TSI owing to Moon’s distance from Sun’s center and (b) the variation of the selenographic latitude of the Sun. Figure 19 shows results of these predictions in more detail for the synodic month started
at TDB = 2,455,521.9. Also illustrated are the zonal mean bolometric temperatures and the standard deviation versus local time for numerous parallels of latitude provided by the Diviner Lunar Radiometer Experiment [77]. Obviously, the model results well agree with the observations.
The corresponding solar radiation, absorbed solar radiation, and emitted infrared radiation averaged
over terrestrial days are exemplarily shown in Figure 20 for two different synodic months. These results
for the slab temperatures only differ marginally from each other indicating that the model well captures
the conditions over the time frame of the orbit around Sun. The same is true in case of the soil heat flux.
The force-restore method provided similar pattern for the slab temperature (therefore not shown), but
with notably different soil heat fluxes due to their crude parameterization. The vertical distributions of
temperatures and heat fluxes within Moon’s regolith for these two different synodic months are exemplarily shown in Figure 21 for the equator and the latitude 75˚N. Again, the respective results only differ
marginally from each other.
The results illustrated in Figure 18 yield a globally averaged slab temperature of Tslab ≅ 197.9 K
for twelve synodic months. The globally averaged solar radiation reaching Moon’s surface is
FS ≅ 340.5 W ⋅ m −2 , because twelve synodic months do not completely cover the entire orbit of the
https://doi.org/10.4236/ns.2017.98026
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(a)

(b)

Figure 18. Variation of the slab temperature for numerous parallels of latitude by the multilayer-force-restore method for Moon’s (a) northern and (b) southern hemisphere for twelve synodic
months, starting with TDB = 2455211.8 (January 15, 2010,11:07 UT1, New Moon).

(a)

(b)

(c)

(d)

Figure 19. (a) Zonal mean bolometric temperatures and (b) standard deviation versus local time for
numerous parallels of latitude (adopted form Williams et al. [77]). Also shown are model results
provided by the multilayer-force-restore method for the synodic month started at TDB = 2455521.9
for the (c) northern hemisphere (including the equator) and (d) southern hemisphere.
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Figure 20. Comparison of two different synodic months for daily mean solar radiation at the (a) beginning and (b) close to the end of an orbit around Sun, for daily mean absorbed solar radiation at
the (c) beginning and (d) close to the end of an orbit around Sun, and for daily mean emitted infrared radiation at the (e) beginning and (f) close to the end of an orbit around Sun. The numerical
simulations were performed for twelve synodic months starting with TDB = 2455211.8 (January 1,
2010, 00:00 UT1).
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 21. The vertical distribution of the temperature and the heat flux within Moon’s regolith
for two different synodic months at the equator ((a) to (d)) and for the latitude 75˚N ((e) to (h))
at the beginning and close to the end of an orbit around Sun. The numerical simulations were
performed for twelve synodic months starting with TDB = 2,455,211.8 (January 1, 2010, 00:00
UT1).
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Earth-Moon barycenter around the Sun. As the globally absorbed solar radiation amounts to
=
Q 279.9 W ⋅ m −2 , the global albedo in the solar range is about α M ≅ 0.178 . For ε = 0.98 , the effective
radiation temperature is Te = 266.4 K . Thus, the difference between the effective radiation temperature
and the globally averaged skin temperature is ∆T ≅ 68.5 K . For comparison: The force-restore method
yielded Tslab ≅ 191.9 K and ∆T ≅ 74.5 K .
The globally emitted infrared radiation is=
FIR
280.0 W ⋅ m −2 . Thus, there is a slight radiative im−2
balance of Q − FIR ≅ −0.1 W ⋅ m . This small imbalance corresponds to the globally averaged soil heat
flux as well. Even though this small value plays no role in the global energy budget of the Moon, it does
not mean that the local thermal effect of the regolith is negligible, too. Excluding, for instance, this local
thermal effect would lead to Equations (3.1) and (3.2) and, hence, to a globally averaged surface temperature of Ts ≅ 148.4 K . Using Equation (3.7) yields Ts ≅ 151 K .
The results of our numerical simulations using the multilayer-force-restore method for the 27.4 times
higher angular velocity of the Earth are illustrated in Figure 22. Part (a) of this figure shows the daily
mean slab temperature as a function of latitude and terrestrial day of the year. Based on this temperature
distribution, we obtained a globally averaged slab temperature of Tslab ≈ 220.7 K . Thus, the difference
between the effective radiation temperature of Te = 266.4 K (obtained with α E ≅ 0.178 and ε = 0.98 )
the globally averaged slab temperature is ∆T ≅ 45.7 K . With respect to the value of Tslab ≅ 220.7 K , we
obtain ∆Tae ≅ 67.3 K , which is twice as large as the 33 K commonly considered as atmospheric effect. For
comparison: The force-restore method provided Tslab ≅ 217.9 K , ∆T ≅ 48.5 K , and ∆Tae ≅ 70.1 K .
Figure 22 also shows the (b) daily mean values of solar radiation, (c) absorbed solar radiation, (d)
emitted infrared radiation, and (e) soil heat flux as a function of latitude and terrestrial day of the year.
Based on the globally averaged solar radiation of FS ≅ 340.2 W ⋅ m −2 and the globally absorbed solar
radiation amounts =
to Q 279.7 W ⋅ m −2 , the global albedo in the solar range is α E ≅ 0.178 . The globally emitted infrared radiation is=
FIR
279.6 W ⋅ m −2 . Thus, the radiative imbalance is
Q − FIR ≅ 0.1 W ⋅ m −2 . It is compensated by the globally averaged soil heat flux as well.

7. FINAL REMARKS AND CONCLUSIONS
The planetary radiation balance plays a prominent role in quantifying the effect of the terrestrial atmosphere (spuriously called the atmospheric greenhouse effect). Based on this planetary radiation balance,
the effective radiation temperature of the Earth in the absence of its atmosphere of Te ≅ 255 K is estimated. This temperature value is subtracted from the globally averaged near-surface temperature of about
Tns ≅ 288 K resulting in Tns − Te ≅ 33 K . This temperature difference commonly serves to quantify
the atmospheric effect. The temperature difference is said to be bridged by optically active gaseous gases,
namely H2O-20.6 K; CO2-7.2 K; N2O-1.4 K;CH4-0.8 K; O3-2.4 K; NH 3 + freons + NO 2 + CCl4 + O 2 + N 2
-0.8 K (e.g. [17]).
Since the “thought experiment” of an Earth in the absence of its atmosphere does not allow any rigorous assessment of such results, we considered the Moon as a testbed for the Earth in the absence of its
atmosphere. Using Earth’s Moon as a testbed for quantifying the effect of the terrestrial atmosphere would
have been difficult without the scientific exploration of the Moon during the various Apollo missions and
later by radiometer on lunar satellites. These missions among other things provided more than 300 kg of
lunar rocks and soil probes to the Earth, but with respect to Moon’s upper regolith layer, this sample is
very small. These lunar rocks are very old in comparison with those found on Earth, for which they are
often called the genesis rocks. Given the small sample size, the small surface sampled on the Moon and the
different age of lunar and terrestrial rock, further lunar observations may be required to improve the estimation of the terrestrial atmospheric effect by means of Moon as a testbed.
The angular velocity of Moon’s rotation is by a factor of 27.4 times slower than that of the Earth’s rotation. Thus, in determining Moon’s globally averaged slab or skin temperature, Tslab , we alternatively
applied the forcing method, the force-restore method, and a multilayer-force-restore method used in climate modeling during the past four decades to address the different values of the angular velocity. The
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Figure 22. Daily mean values of (a) slab temperature; (b) solar radiation reaching the Earth’s surface;
(c) absorbed solar radiation, where the local solar albedo has been predicted by Equation (6.3); (d)
emitted infrared radiation; and (e) soil heat flux as predicted for one year starting with TDB =
2,455,197.5 (January 1, 2010, 00:00 UT1).
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multilayer-force-restore method always provided the highest values of Tslab , followed by the force-restore
method and the forcing method, but the differences are marginal. In contrast to the more sophisticated
force-restore method and the multilayer-force-restore method, the simple forcing method should only be
used for approximately calculating the skin temperature of a planet without atmosphere.
=
S 1361 W ⋅ m −2 for
Assuming α = 0.12 for the albedo, ε = 1.0 for the relative emissivity, and
the solar constant and applying the multilayer-force-restore method, we obtained Tslab ≅ 203.6 K and
∆T = Te − Tslab ≅ 66.4 K for the Moon. Assuming an angular velocity for the Moon that agrees with that
of the Earth provided Tslab ≅ 228.4 K and ∆T ≅ 41.6 K yielding an effect of the terrestrial atmosphere
of ∆Tae = Tns − Tslab ≅ 59.6 K , if we still consider α = 0.12 . However, for an albedo of α = 0.30 , commonly assumed for the Earth even in the absence of its atmosphere, we found Tslab ≅ 218.5 K and
∆T ≅ 36.5 K so that ∆Tae ≅ 69.5 K . This means that the atmospheric effect would be more than twice as
large as the aforementioned 33 K.
To generalize our findings, we considered in case of the Moon twelve synodic months, i.e., 354.4 terrestrial days, starting with TDB = 2,455,211.8 (January 15, 2010, 11:07 UT1, New Moon). In case of the
27.4 times higher angular velocity of the Earth, our numerical simulations covered 365.26 terrestrial days
starting with TDB = 2,455,197.5 (January 1, 2010, 00:00 UT1). Two numerical simulations were performed,
one with the force-restore method and one with the multilayer-force-restore method. In both simulations,
we used a local emissivity of ε = 0.98 and a local solar albedo that depends on the zenith distance of the
Sun.
For Moon’s true angular velocity, the force-restore method provided Tslab ≅ 191.9 K and
∆T ≅ 74.5 K for a normal albedo of α 0 = 0.10 . Whereas the 27.4 times higher angular velocity of the
Earth yielded Tslab ≅ 217.9 K and ∆T ≅ 48.5 K . In both cases, the effective radiation temperature is
Te ≅ 266.4 K because the computed global albedo is α E ≅ 0.178 . Using a normal albedo of α 0 = 0.12
yields slightly reduced values. Since in this case, the computed planetary albedo is α E ≅ 0.198 , the effective radiative temperature is only Te ≅ 264.7 K . This means that values of ∆T remain similar. The multilayer-force-restore method provided in case of Moon’s true angular velocity and a normal albedo of
α 0 = 0.10 the following values: Tslab ≅ 197.9 K and ∆T ≅ 68.5 K and for the 27.4 times higher angular velocity of the Earth Tslab ≅ 220.7 K and ∆T ≅ 45.7 K . The effect of the terrestrial atmosphere is,
hence, ∆Tae ≅ 67.3 K . Based on our findings, we may conclude that the effective radiation temperature
yields flawed results when used for quantifying the so-called atmospheric greenhouse effect.
The results of our prediction of the slab (or skin) temperature of the Moon exhibit that drastically
different temperature distributions are possible even if the global energy budget is identical. These differ=
S 1361 W ⋅ m −2 ,
ent temperature distributions yield different globally averaged slab temperatures. Assuming
α E = 0.30 and ε E = 1.0 yields an effective radiation temperature of Te ≅ 255 K . The formula of Gerlich
and Tscheuschner (Equation (3.7)) provides Ts ≅ 144 K , and the multilayer-force-restore method provides Ts ≅ 218.5 K if =
α α=
0.30 and =
ε ε=
1.0 are chosen. In all three cases, the globally abE
E
−2
sorbed solar is close =
to Q 238.1 W ⋅ m ; and it is balanced by the globally averaged emitted infrared
radiation. Applying the power law of Stefan and Boltzmann to these mean values of Ts ≅ 144 K and
Ts ≅ 218.5 K would yield FIR ≅ 24.4 W ⋅ m −2 and FIR ≅ 129.2 W ⋅ m −2 . These values demonstrate
that the power law of Stefan and Boltzmann provides inappropriate results when applied to globally averaged skin temperatures. It is well known from physics that the mean temperature of a system is the mean
of the size-weighted temperatures of its sub-systems. Temperature is an intensive quantity. It is not conserved. On the contrary, energy is an extensive quantity. Energies are additive and governed by a conservation law. Thus, one has to conclude that concept of the effective radiation temperature oversimplifies the
physical processes as it ignores the impact of local temperatures on the fluxes in the planetary radiative
balance.
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