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Abstract
We exploit a scheme to obtain a long-lived entanglement using a driven central spin interacting
with an antiferromagnetic spin bath. Our numerical results show the effects of different parameters on the population inversion and the entanglement dynamics in terms of the linear entropy. It
is shown that the long-lived entanglement is an intriguing result corresponding to the collapse region of the atomic inversion. As illustration, we examine the long-time interaction of the entanglement under the resonance and off-resonance regimes.
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1. Introduction
One of the outstanding challenges for multi-particle quantum information processing is to accurately find the
states of many particles in a scalable fashion [1]. Quantum decoherence, relaxation and thermalization of a central system coupled to a closed and finite-size spin bath environment are fundamental concepts of physics [2].
Also, antiferromagnets subjected to an external magnetic field have received considerable attention [3]. One of
the interesting phenomena in antiferromagnetic materials when one applies magnetic field is the magneticfield-induced spin-flop transition. As the magnetic field is increased to the critical field point, the antiferromagnetic polarization flips into the direction perpendicular to the field. These phenomena is called the spin-flop
transition and has been observed experimentally [4]. They have reported the direct observation of the formation
of ferromagnetic domains which appears at the first-order spin-flop transition. In this regard a direct link beHow to cite this paper: Abdel-Aty, M. (2014) Linear Entropy of a Driven Central Spin Interacting with an Antiferromagnetic
Environment. Natural Science, 6, 532-539. http://dx.doi.org/10.4236/ns.2014.67052
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tween the magnetic structure on the atomic scale and the macroscopic transport and magnetic properties of the
sample has been obtained.
Recently experimental interest has been increased in electronic spin systems, where the most prominent
source of decoherence is thought to be electronic. Examples of these systems are superconducting quantum dots
[5] [6] and large-spin magnetic molecules [7] [8] and nitrogen-vacancy centers in diamond [9] [10]. In addition,
fluctuating two level defects are thought to be the major source of decoherence in solid state Josephson junction
qubits [11]. Also, different aspects of the decoherence and spin bath environment interaction have been considered [12]-[17], e.g. the importance of level statistics for the decoherence of a central spin due to a spin environment [12], geometric phase of a central spin interacting with an antiferromagnetic environment [13], influence of an external magnetic field on the decoherence of a central spin coupled to an antiferromagnetic environment [17] etc. It is thus particularly interesting to investigate how the dynamics of the entanglement of a driven central spin interacting with an antiferromagnetic spin bath is affected.
There is an elegant way of studying fundamental information inequality in term of the quantum relative entropy [18] [19] and an increasing appreciation in recent times of the connections between entropy and entanglement is shown [20]-[30]. In the atom-field interaction without considering the decoherence effect, it is possible
to use entropy as an entanglement measure. But for the interaction of central spin with an antiferromagnetic spin
bath (environment) range, the situation is at best problematic. We are not in a position to judge whether this can
be viewed as a mathematical difficulty which can be overcome soon. Thus it may well be meaningful to keep in
mind the possibility of using some new indicators, where the linear entropy discussed in this paper would be of
immediate relevance.
It is the purpose of this paper to give an analysis of the entanglement dynamics of a central spin interacting
with an antiferromagnetic spin environment. The article is organized as follows: we display the Hamiltonian in
Section 2. Then some dynamical aspects related to the population inversion and linear entropy are discussed in
Section 3. Finally concluding remarks are drawn in Section 4.

2. The Model
The system, which is considered here, represents a central spin interacting with an antiferromagnetic spin environment [13] [14]. The central spin and the antiferromagnetic spin environment are made of spin-1/2 atoms and
the frequency ωc of the magnetic field is tuned to be resonant with the central spin to detect the central spin
and control its states. Here we follow the previous treatment and consider the following approximations, low
excitation limit, low temperatures, the environment is in the low-temperature and low-excitation limit, the number of excitations is small and the coupling constant between the central spin and the antiferromagnetic spin environment is scaled such that a nontrivial finite limit of N → ∞ can exist. Using the above approximations,
one can write the total Hamiltonian of the system in the following form [12]-[14]

(

)

Hˆ S =
µ0σˆ z + λ σˆ + e−iωc t + σˆ − eiωc t ,

(

(1)

)

Hˆ SB =
− J 0σˆ z ∑ bˆk†bˆk − aˆk† aˆk ,
k

(

)

(2)

(

)

1
Hˆ B =
− N β J + β J ∑ bˆk†bˆk + aˆk† aˆk + β J ∑γ k aˆk†bˆk† + aˆk bˆk ,
2
k
k

(3)

where µ0 is the Larmor frequency which describes the coupling constant with a local magnetic field in the z
direction. We denote by λ the coupling strength which is proportional to the amplitude of the driving field, N
is the number of atoms in each sublattice, β is the number of the nearest neighbors of an atom, J is the exchange interaction, J 0 is the scaled interaction between the central spin and the antiferromagnetic environment
and σˆ j are the spin operators. The operators aˆk and bˆk connected with the atomic operators through the
Holstein-Primakoff transformation as
†
†
†
σˆ +a , k = 1 − aˆk aˆk aˆk , σˆ −a , k = aˆk 1 − aˆk aˆk , σˆ za ,k=

1 ?
− aˆk aˆk ,
2

1
b,k
bˆk? bˆk − ,
σˆ +b , k = bˆk† 1 − bˆk†bˆk , σˆ −b , k = 1 − bˆk†bˆk , and σˆ=
z
2
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where σˆ rj , k is the spin operator of k th atom. We set

γ k = M −1 ∑eik ⋅δ ,
δ

where the connection between any atom and its nearest neighbors is described by the vector δ .
The dynamical model used here is similar to the well-known spin-boson model discussed earlier [15] [16].
For all previous variants of such type of driven systems, quantum entanglement is known to range from pure
state to maximal entangled state as well as standard increasing followed by sudden change [23]. Our finding of
long-living entanglement is thus an intriguing result corresponding to the collapse regions of the atomic inversion. In a broader context, the linear entropy used here is different from other entanglement measures of fast
calculations when high demission problem is involved.
Consider then the following initial state of the system

ρ (0) =

∑ ηiη j

i

j

exp ( − H B T )
Z

i , j =1,2

(4)

,

where η12 + η22 =
1, and Z is the partition function which can be calculated as



Z=
exp  −2∑ ln 1 − e −ωk T  
k


with a unity of the Boltzmann constant. We denote by 1 and 2 the system states.
Following the standard procedure and assume that the density matrix of the antiferromagnetic bath is assumed
to satisfy the Boltzmann distribution [26], we obtain the general solution of the following master equation
i

d
ρ ( t ) =  H , ρ ( t )  .
dt

(5)

From Equation (5), we obtain a set of algebraic equations for the complex probability amplitudes of the quantum
states which can be solved in the usual way [15] [16]. Consequently, the general solution to Equation (5) is given by

ρ11 ( t )
=

1 ∞ ∞ G 1 (0) G 2 (0)
∑∑ p! p ! × δ
Z=
p1 0=
p2 0
1
2

=
ρ12 ( t )

1 ∞ ∞ G 1 (0) G 2 (0)
∑∑ p! p ! × δ
Z=
p1 0=
p2 0
1
2

p

(

p

p

(

p

(

)

2

(

)

2

)

(6)

)

(7)

2

At At∗ + δγ At Bt∗ + At∗ Bt + γ Bt Bt∗ ,

2

At Bt∗ + δγ At At∗ + Bt Bt∗ + γ

At∗ Bt ,

where

G

p

G(

p −1

G( ) ( 0)

i =1

i!( p − i )

( 0 ) =2Ω ( p − 1)!∑

0)

( 0 )=

i

3

,

1 and G ( ) ( 0 ) = 2ΩG (
1

0)

(0) ,

sin ( χ p t 2 )
 χ pt 
,
At cos 
=
 + i  J ( p1 − p2 ) − ∆  ×
χp
 2 
Bt = −iλ

χp
=

sin ( χ p t 2 )

χp

(8)

,

λ 2 +  J ( p1 − p2 ) − ∆  ,
2

∆= µ0 − ωc .
It is also possible to compute the general solution of the system by considering more general initial states.
Here, we have considered a system with a separable initial density matrix of the composed system, so that it
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makes sense how entanglement dynamics propagates. In the following section, we are interested in examining
the relation between the long-lived entanglement and atomic inversion collapse.

3. Entanglement
In an effort to present a numerical characterization, we have performed some calculations of the linear entropy
and atomic inversion quantities for a particular set of parameters, some of which can be considered as realistic,
while some other parameters look perhaps too optimistic. However, dimensionless parameters are used and our
results can be useful under different scenarios.
As an entanglement measure von Neumann entropy has been used when the system starts from a pure state
and many generalizations have been proposed. Among them the Tsallis entropy [38] generalizes the concept of
the von Neumann Entropy, encompassing, among the others linear entropy and is given by

 ρ − ρq
S FT = Tr 
 1− q


,


(9)

where q is a real number. For q = 1, Equation (9) reduces to the well-known von Neumann entropy
S f = −Tr { ρ ln ρ } which satisfies some standard properties as concavity, additivity and sub-additivity [29].
When q = 2, Equation (9) reduces to what is called, linear entropy
S F = 1 − Tr ρ 2 .

(10)

It is pointed out in a straightforward way that such a quantity, the linear entropy of the reduced density matrix,
can be used as a measure of the entanglement. Even if linear entropy is not additive in the usual sense [31]-[33],
it has some interesting properties so far not fully exploited.
Since the resulting series, Equations (6)-(8), cannot be analytically summed in a closed form, we evaluate
them numerically. In Figure 1, we plot the linear entropy and atomic inversion against the scaled time λ t. The
other parameters are chosen according to the typical experiments at NIST [39], where we set δ i = 0.01,
γ i = 10−4 , ∆ =0.0, J = 0.03, T = 1, g = 0.09, ω = 1, and Ω =2. The initial state of the atoms is assumed to
be a superposition state. From Figure 1(a), one can infer that before the interaction, i.e. frequency correlations
are not present, the linear entropy is equal to zero and information about energy levels is not available. This implies that entanglement cannot be performed before the interaction is switched on. As time goes on, one see that
the linear entropy is growing and reaches a local maximum value but after a longer time interaction the difference between local maximum and local minimum becomes bigger. It is interesting to treat the frequency, χ p ,
as a continuous function and expand the dispersion curve of χ p around a point p. Let us write
χ p = χ p + χ n(1) ( p − p ) + . The first term of the χ p expansion is responsible for observed rapid oscillations
(see Figure 1(a)) of the linear entropy while the remaining terms are responsible for their envelope. With the aim of

(a)

(b)

Figure 1. The evolution of the linear entropy as an entanglement measure and atomic inversion as functions of the scaled
time λt . Calculations assume that detuning parameter ∆ has zero value, and δ i = 0.01, γ i = 10−4 , ∆ =0, J = 0.03,

T = 0.99, ωc = 1 and Ω =2.
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recognizing in which situations entanglement can be performed, we compute the atomic inversion in Figure
1(b), using the same parameters. In view of the atomic inversion general behavior, and the results presented in
[13], it naturally arises the following question: is there any long-lived entanglement or completely disentanglement that allows to access information about the energy level structure of the system, for long time limit? In
Figure 1(b), we show that the use of long time interaction does not guarantee the successful retrieval of completely collapse of the atomic inversion and the revival reappears with different amplitude. Rather, the use of the
current parameters makes the realization of the collapse-revival phenomena is more pronounced, even for a
short interaction time. Surprisingly, in the off-resonance case, ∆ λ =
0.4 , the linear entropy shows constant
value followed by the usual oscillations, which means that information about the energy level structure of the
system can be retrieved during this period (see Figure2(a)). Also, it is noticed that this period is exactly corresponding to collapse period of the atomic inversion (see Figure2(b)). This result is of great interest since it tells
us that the collapse periods of the atomic inversion can be used as an indicator for purity but, in general does not
guarantee the successful retrieval of the system information or entanglement creation, since the entanglement
calculations contain the off-diagonal elements of the density matrix while the atomic inversion is the difference
between the diagonal elements only. We need to consider another measure that is needed in order to state clearly
when the entanglement or purity occur. It is noted, previously, that a purely sinusoidal dynamical behavior of
the atomic inversion is shown for the general two-level system with the cavity field initially prepared in the
photon number state [28] [29]. From Figure 2, it is shown that the detuning effect leads to early appearance of
the collapse and also the atomic inversion oscillates around positive value instead of zero. One observes that the
inversion shows rapid oscillations around a non-zero value, ( ≈ 0.1) . After the first collapse period, we see that
the inversion oscillates regularly around the same value with very short collapse’s periods. This effect comes
from the nonlinear nature of the coupling in this model which results in the Rabi frequency being proportional to
the detuning. It is clear that a long-lived entanglement depends on different parameters contributions such as the
detuning, environment and coupling strength which is proportional to the amplitude of the driving field intermediate-state transitions [34]-[44]. The physical reason why the linear entropy and atomic inversion are very sensitive to any change of the detuning, comes from the fact that the detuning is the main factor in the Rabi
oscillation, χ p . Finally, iin contrast to the long-distance of the steady-state entanglement predicted in this model and its generalizations, the conformal calculations show that the coupling strength parameter, λ , plays an
important role in controlling the length of this period, where the scaled time has been considered as units of
1 λ.
At the end of this Section, we point out that the different values of the system parameters lead to the same
one-to-one correspondence between the atomic inversion and the entanglement. One interesting problem in
quantum information processing that exhibits connections between the collapse-revival phenomenon and
long-lived entanglement, where the long collapse period of the atomic inversion has been shown at the same
time of the steady-state entanglement known as the long-lived entanglement. In this equivalence the divergence
of the collapse’s length depends on the system parameters. It is interesting to note that the basic features of entanglement in this model at different values of the detuning parameter turn up in the context of localization phenomena.

0.4.
Figure 2. The same as Figure 1 but detuning parameter ∆ has a nonzero value, ∆ λ =
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4. Conclusion

We have shown that long-distance steady state entanglement in a driven central spin interacting with antiferromagnetic spin bath systems can be coherently controlled through the tuning difference between the Larmor frequency and the magnetic field frequency. This entanglement is measured by analyzing the dynamical behavior
of the linear entropy. We also found that there exist one-to-one correspondence between the long-lived entanglement and collapse regime of the atomic inversion. Surprisingly enough, using different values of the system
parameters the steady state entanglement can be achieved whenever the off-resonant case is considered. The results presented here help to identify clearly which types of parameters can be used to obtain a long-lived entanglement. The entanglement dynamics become quite irregular as the coupling strength of the spin bath increases.
This happens because of the competing interaction of the field between the atom and the spin bath. Since the interest in spin bath is quite relevant in relation to the so-called quantum non-demolition measurements hence, our
results may be useful in that context.
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