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Abstract 
In this study, fatigue tests under different R ratios were conducted on the 
AZ61 Mg alloy to investigate its fatigue lifetimes and fatigue crack growth 
(FCG) behavior. The fracture surface of the failed specimens was investigated 
using a scanning electron microscope to study the size of the intermetallic 
compounds from which the pioneer fatigue crack initiated and led to the final 
failure of the specimen. To determine the maximum size of the intermetallic 
compounds existing within the cross section of the specimen at higher risk, 
Gumbel’s extreme-value statistics were utilized. In the present study, the in-
termetallic compounds contained within the specimen were assumed to be 
the initial cracks existing in the material before the fatigue tests. A modified 
linear elastic fracture-mechanics parameter, M, proposed by McEvily et al., 
was used to analyze the short FCG behavior under different stress ratios, R. 
The relation between the rate of FCG and M parameter was found to be use-
ful and appropriate for predicting the fatigue lifetimes under different R ra-
tios. Moreover, the probabilistic stress-fatigue life (P-S-N) curve of the ma-
terial under different R ratios could be predicted with this method, which uti-
lizes both the FCG law and a statistical distribution of sizes of the most dan-
gerous intermetallic compounds. The evaluated results were in good agree-
ment with the experimental ones. This correspondence indicates that the es-
timation method proposed in the present study is effective for evaluation of 
the probabilistic stress-fatigue life (P-S-N) curve of the material under dif-
ferent R ratios. 
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1. Introduction 

Magnesium alloys are attractive materials from the viewpoints of lightness, di-
mensional stability, cutting performance, specific strength, and recyclability. For 
these reasons, they are used in various industrial products, such as car compo-
nents and structural materials. At present, the process of die-casting is widely 
used for these alloys. However, the use of extruded materials is increasing, and it 
is of importance to understand the fatigue performance of the extruded Mg al-
loys.  

It is well known that defects and intermetallic compounds are contained in 
Mg alloys when they are processed. It is considered that these defects and inter-
metallic compounds strongly influence the statistical distribution of the fatigue 
lifetimes and fatigue crack growth (FCG) behavior. Several studies on the fatigue 
of extruded Mg alloys [1] [2] [3] [4] [5] have been performed. However, there 
are few studies on the distribution of the fatigue lifetimes of the extruded Mg al-
loys. 

In this study, fatigue tests under different R ratios were conducted using an 
extruded Mg alloy to investigate the statistical distribution of fatigue lifetimes. 
Further, the FCG behavior of the material was also investigated. Then, the sizes 
of the intermetallic compounds, from which the main crack initiated and caused 
the final failure of the specimen, were investigated in detail by observations of 
the fractured surfaces of the specimens using a scanning electron microscope 
(SEM).  

The statistical distribution of sizes of the most dangerous intermetallic com-
pounds was investigated. For the data analysis, Gumbel’s extreme-value statistics 
[6] were utilized. After that, the fatigue lifetimes under different R ratios were 
evaluated using the M parameter proposed by McEvily et al. [7]. Then, the 
probabilistic stress-fatigue life (P-S-N) curves of the material were estimated us-
ing the distribution of sizes of the intermetallic compound. The estimated results 
were in good agreement with the experimental ones.  

2. The Modified LEFM Approach for the Short FCG 

To evaluate the FCG behavior and stress-fatigue life (S-N) curve at different 
stress ratios, the modified linear elastic fracture mechanics (LEFM) method 
proposed by McEvily et al. [7] was used in the present study. The method will be 
explained briefly below. 

The modified LEFM approach [7] is based upon the constitutive law ex-
pressed by 

( )2
eff effth

d ,
d

a A K K
N
= ∆ −∆                      (1) 

where A is a material constant; ΔKeff is the range of the effective stress intensity 
factor and is defined as Kmax, the maximum stress intensity factor in a loading 
cycle, minus Kop, the stress intensity factor at the crack-opening level; and ΔKeffth 
is the effective range of the stress intensity factor at the threshold level. 
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The growth behavior of short fatigue cracks differs from the growth of large 
fatigue cracks in the following three important aspects. 

2.1. Elastic-Plastic Behavior 

Irwin [8] proposed that the linear-elastic approach could be extended to include 
the elastic-plastic behavior, i.e., those cases where the crack-tip plastic zone size 
is large with respect to the crack length, by increasing the actual crack length, a, 
by one-half of the plastic zone size. If the plastic zone size is assumed as that de-
fined by Dugdale [9], then the modified crack growth length, amod, is given as 

max
mod

1 sec 1
2 2 Y

a a a aF
σπ
σ

 
= + − = 

 
.               (2) 

where maxσ  is the maximum stress in a loading cycle, Yσ  is the yield strength, 
and F, the elastic-plastic correction factor, is given by 

max1 sec 1 .
2 2 Y

F
σπ
σ

 
= + 

 
 

2.2. Transient Crack Closure 

The level of crack closure developed in the wake of a crack varies from zero for a 
newly formed crack up to Kopmax for a macroscopic crack. The following expres-
sion has been proposed [10] to describe this transient in crack closure behavior: 

( )( )max min1 ,k
op opK e K Kλ−∆ = − −                (3) 

where ΔKop is the value of Kop − Kmin in the transient range; k is a material con-
stant (units m−1), which determines the rate of crack closure development; λ is 
the length of the newly formed crack (units m); and Kopmax is the magnitude of 
the crack opening level associated with completion of the transient period of 
growth. The value of λ at the end of the transient period is generally less than a 
millimeter.  

2.3. Kitagawa Effect [11] 

In a very short crack range, the rate of crack growth is determined by the range 
of cyclic stress rather than the range of the stress intensity factor (Kitagawa effect 
[11]). To achieve a smooth transition from ΔK control of the rate of FCG for 
cracks of macroscopic size to σ∆  control for cracks of microscopic size (the 
Kitagawa effect [11]), the following driving force for FCG, ΔK, is now genera-
lized [12] [13] [14] to take into account geometries other than just the cen-
ter-cracked panel as 

( )2 eK r F Y aFπ π σ∆ = + ∆                   (4) 

where the value of Y depends upon the crack shape. If it is assumed that the ini-
tial crack shape in an unnotched specimen is semi-circular, then the value of Y is 
0.73 [15].  

The magnitude of re is of the order of 1 µm. Its value is determined by setting 
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a equal to re, ΔK equal to the effective range of the stress intensity factor at the 
threshold level, ΔKeffth (da/dN = 10−11 m/cycle), and σ∆  equal to the stress 
range at the fatigue strength level, ELσ∆  (107 cycles), i.e., 

2
effth

e
EL

1
4.5

K
r

Fπ σ
 ∆

=  ∆ 
                     (5) 

In this modified approach, re is considered the effective length of an inherent 
flaw. In this interpretation of re, a newly formed crack is only significant when its 
length exceeds re, as for crack lengths less than re the stress intensity factor asso-
ciated with re will be larger.  

It is pointed out that there is no relationship between re and an actual defect, 
such as intermetallic compounds, in the actual material. It is merely an adjusta-
ble parameter introduced, as in the El Haddad, Topper and Smith’s case [16], to 
deal with the Kitagawa effect [11] in a quantitative manner. 

2.4. A Generalized Expression for the Rate of FCG 

Considering these three aspects, i.e., the elastic-plastic behavior, crack closure, 
and Kitagawa effect, Equation (1) becomes 

( ) ( )( )
2

e max min effth
d 2 1
d

k
op

a A r F Y aF e K K K
N

λπ π σ − = + ∆ − − − − ∆    (6) 

The use of Equation (6) requires that the following independent material con-
stants be known or estimated: A, ELσ∆ , Yσ , k, Kopmax, and ΔKeffth.   

Equation (6) can be expressed in a more compact form as 

2d ,
d

a AM
N
=                          (7) 

where M, the net driving force for FCG, is the quantity in brackets in Equation 
(6). 

3. Experimental Procedures and Materials 
3.1. Materials and Specimens 

The material used was an extruded Mg alloy AZ61. Its chemical composition 
and mechanical properties are listed in Table 1 and Table 2, respectively. As can 
be seen in Table 1, the present magnesium alloy contains 6% Al, 0.6% Zn, and 
0.4% Mn. 

For the fatigue tests in the present study, round bar specimens were used. 
Figure 1(a) shows the shape and dimensions of the specimen used. As can be 
seen from the figure, the specimen has a gauge diameter of 6 mm and a gripping  
 
Table 1. Chemical composition of the material used (mass%). 

Al Zn Mn Fe Si Cu Ni Mg 

6.03 0.57 0.38 0.002 0.008 0.0016 0.0005 Bal. 
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Table 2. Mechanical properties of the material used. 

Tensile Strength 0.2% Proof stress Elongation Vickers Hardness 

312 [MPa] 285 [MPa] 18.3[%] 59.5 

 

 
Figure 1. Shapes and dimensions of (a) round-bar specimens and (b) plate type speci-
mens. 

 
diameter of 12 mm. For the measurement of the crack opening stress intensity 
factor, a single edge notched (SEN) specimen, as shown in Figure 1(b), was 
used. A strain gauge was attached at a point 1 to 2 mm in front of the crack tip, 
and the crack opening stress intensity factor, Kop, was measured using the elastic 
compliance method that utilizes the relation of load-strain. 

3.2. Experimental Procedures 
3.2.1. Fatigue Test 
To study the fatigue lifetimes and FCG behavior, two types of fatigue tests, the 
rotating bending fatigue test at stress ratio of −1 (R = −1) and push-pull fatigue 
test at R = 0.1 and 0.5, were conducted under laboratory air conditions. The fa-
tigue tests at R = −1 were carried out using the rotating bending fatigue test ma-
chine at 15 Hz using the round bar specimens (Figure 1(a)).  

The push-pull fatigue tests were conducted using a servo-hydraulic fati-
gue-testing machine at 15 Hz. The replica method was employed to investigate 
the short FCG behavior. The fatigue tests were periodically interrupted at a con-
stant interval during the fatigue process to obtain replicas of the specimen sur-
faces. The crack lengths recorded on the replicas were observed with an optical 
microscope with a magnification of 200. For a calculation of the stress intensity 
factor, K, for the surface fatigue crack, the following expression was used: 

,K Y aσ π=                         (8) 

where σ  is the applied stress amplitude, a is the half crack length, and Y is a 
crack-shape correction factor. A value of 0.73 for Y was used, assuming that the 
crack-shape is semi-circular.  

3.2.2. Through Thickness FCG Behavior 
To study the FCG behavior of the through thickness fatigue crack, three-point 
bending fatigue tests were conducted at R = 0.1 and at a frequency of 15 Hz, us-
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ing the servo-hydraulic fatigue testing machine. The notched specimen, as 
shown in Figure 1(b), was used for the fatigue tests. The tests were conducted in 
laboratory air at room temperature. The crack lengths were measured using the 
replica method. For a calculation of the stress intensity factor, K, the following 
expression was used [17]. 

( )2

3 ,
2

SPK a F
tW

π α= ⋅  ,a
W

α =                   (9) 

( )
( )( )
( )( )

2

3/2

1.99 1 2.15 3.93 2.7

1 2 1
F

α α α α
α

α α

− − − +
=

+ −
 

where P is the applied load, S is length of the supporting point, t is specimen 
thickness, W is specimen width, and a is the crack length. The crack opening 
stress-intensity factor, Kop, during a loading cycle was determined by affixing 
strain gauges ahead of the crack tip. At that time, the elastic compliance method 
[18] was used. 

3.2.3. Statistical Distribution of the Sizes of the Compounds 
To clarify the crack initiation sites in the eight fatigue-fractured specimens, the 
fracture surfaces of these specimens were examined using an SEM. It was found 
that the pioneer crack that caused the final failure of the specimen was initiated 
from the intermetallic compounds contained in the specimen. This result was 
common to the eight test pieces. Then, the sizes (areas) of the intermetallic 
compounds were measured for each specimen. The statistical distribution of the 
areas of the intermetallic compounds was utilized for estimation of the P-S-N 
curves of the Mg alloy used. To do this, the square roots of the areas of the crack 
initiation sites were plotted on a Gumbel’s extreme probability paper. 

4. Experimental Results and Discussion 
4.1. S-N Curves 

Figure 2 shows S-N curves for the three different stress ratios, R = −1, 0.1, and 
0.5. The data attached with the arrows in this figure indicate that, up to the plot-
ted number of cycles, the specimen was not yet broken. For the stress ratio R = −1, 
the statistical distributions of fatigue lives are also shown in Figure 2. The statis-
tical fatigue tests were conducted at three stress amplitudes, 180 MPa, 170 MPa, 
and 160 MPa, using fifteen to twenty specimens for each of them. As seen in the 
figure, the stress amplitude, aσ , at constant fatigue lives, such as 105 and 106 
cycles, increases with a decrease in the values of R, from 0.5 to −1. For R = −1, 
the range of data variation at the high stress amplitudes, 180 and 170 MPa, is 
almost the same. However, at a lower stress amplitude of 160 MPa, the extent of 
variation in fatigue life becomes larger. 

Figure 3 shows optical-microscope images of specimen surfaces that were fa-
tigued at a constant stress amplitude of 170 MPa. As can be seen in these photo-
graphs, many black spots are distributed on the specimen surface. Using an electron  
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Figure 2. Relationship between σa and Nf for three levels of R with drawing fitting curves 
by least-square method. 
 

 
Figure 3. Examples of the specimen surface showing existences of the many intermetallic 
compounds. (a) Nf = 23,840; (b) Nf = 67,519; (c) Nf = 422,744; (d) Nf = 1,428,495. 
 
probe micro-analyzer (EPMA), these black spots were identified as an interme-
tallic compound, Mn-Al. As shown in Figure 3, the fatigue lifetimes, Nf, in-
creased with a decrease in the intermetallic compound density. This result indi-
cates that the density of the intermetallic compound is a critical factor that con-
trols the fatigue lifetime length. 

In these fatigue tests, conducted at a constant stress amplitude of 170 MPa, the 
fatigue lifetime, Nf, for each of the specimens increased with a decrease in the 
number of intermetallic compounds contained in the specimen.  
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4.2. FCG Behavior 

To investigate crack initiation and FCG behavior, successive observations of the 
unnotched specimen surfaces during the fatigue process were conducted using 
the replica method. Figure 4 shows a typical FCG behavior, i.e., 2a vs. N rela-
tion, of the specimen tested at stress amplitude of 165 MPa and stress ratio of −1 
(R = −1). Here, 2a is the crack length and N is the number of cycles of the re-
peated stress. The specimen failed at 49,496 cycles. The figure shows that the fa-
tigue crack initiated at about 10% of the fatigue lifetime. This result means that 
the fatigue life Nf can be approximated by the crack growth life Np, neglecting 
the crack initiation life Ni. The same trends were also confirmed in other similar 
tests. 

Figure 5 shows the fracture surface of the specimen fatigue fractured at stress 
amplitude of aσ  = 160 MPa under stress ratio, R = −1. As can be seen in the 
figure, the fatigue crack initiated from the intermetallic compound (Mn-Al), in-
dicated by the white arrow. It can also be seen that the intermetallic compound 
existed just beneath the specimen surface. This finding was common with other 
observations. 

4.3. Statistical Distributions of Intermetallic Compounds Existing  
on the Fracture Surface of the Tested Specimen 

To investigate the size of intermetallic compounds at the crack initiation site of 
the specimen, the fracture surfaces of the eight specimens fatigued at the same 
stress amplitude were investigated using SEM. From the SEM observations, al-
though the amount if experimental data is small, the projected area of the inter-
metallic compound of each sample was measured. Figure 6 shows the distribution 
of the square roots of the intermetallic compound areas observed at the fracture 
origins in the eight specimens. The data were plotted on an extreme-value proba-
bility paper [6]. The horizontal and vertical axes of this figure show the square  
 

 
Figure 4. Relationship between 2a and N with R = −1 and σa = 165 MPa. As seen in the 
figure, fatigue crack initiated at about 10% of the fatigue lifetime. 
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Figure 5. Fracture surface of the fatigued specimen (σa = 160 MPa, R = −1). As indicated 
by the white arrow in the figure, the fatigue crack initiated from the intermetallic com-
pound, Mn-Al. 
 

 
Figure 6. Extreme-value distribution of square root of the inclusion area at fracture ori-
gin. 
 
roots of area, area1/2, and cumulative probability of area1/2, F(area1/2), respective-
ly. As can be seen, the experimental data are well approximated by the straight 
line drawn in the figure and are represented by the following double exponential 
function: 

( )
1/2

1/2 max
max

area
area exp exp ,F

γ
α

   − = − −   
     

           (10) 

where F(areamax
1/2) indicates the cumulative probability of the square root of the 

area, area1/2, of the intermetallic compound at the fracture origin, and α  and 
γ  are material constants. Using the least-square method, the values of these 
constants, α  and γ , were evaluated as 3.19 and 11.7, respectively.  
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5. Discussion 
5.1. Derivation of S-N Curves Using the M Parameter 

The value of re in Equation (6) is less than 1 μm, approximately. When cracks are 
generated from large intermetallic compounds having a diameter of 20 μm or 
more, the length of the initial crack is longer than the value of re. In such a situa-
tion, we can ignore the Kitagawa effect [11], and thus, the first term on the right 
side of Equation (6) can be deleted. Regarding the crack initiation mechanism, it 
is presumed that part of the interface between the intermetallic compound 
(Mn-Al) and the matrix Mg is loosened or broken by interfacial sliding or stress 
concentration owing to the fatigue load, and the crack is generated from the in-
terface. 

A detailed study on the crack initiation mechanism will be needed in the fu-
ture. In the following discussion, for simplicity, we assume that the largest in-
termetallic compound is equivalent to the pioneer crack causing the final failure 
of the specimen. That is, the diameter of the largest intermetallic compound is 
assumed to be equal to the initial crack length of the pioneer crack. 

( )( ) 2 2
max min

d 1
d

ka
op effth

a A Y aF e K K K AM
N

σ π − = ∆ − − − − ∆ =     (11) 

Figure 7 shows the log-log plot of the relation between the rate of fatigue 
crack propagation da/dN and the modified linear elastic fracture-mechanics pa-
rameter M. The values of the parameters used for calculation of M can be de-
rived from Figure 8 by using the through crack as discussed in 3.2.2 Section. 
The values of the parameters are listed in Table 3. In Figure 7, the data for the 
short surface fatigue crack obtained from the rotating bending fatigue tests (R = 
−1) are plotted. In addition, the FCG data for the through thickness fatigue crack 
at R = 0.1 are also plotted in the figure. 

As seen in the figure, the rate of FCG, da/dN, for both the surface crack and 
through thickness cracks can be expressed by using the M parameter (solid line 
in Figure 7). Therefore, the relationship between da/dN and M of the extruded 
Mg alloy can be expressed by Equation (12). 

9 2d 9.0 10 .
d

a M
N

−= ×                      (12) 

It is possible to regard the FCG life, Ng, as equal to fatigue lifetimes, Nf, as the 
fatigue crack initiates early in the fatigue process. FCG life can be estimated by 
numerically integrating Equation (12), from an initial crack length (ai) to the 
critical crack length (ac). 

( )9 21 9.0 10 dc

i

a
f g a

N N M a−= = ×∫              (13) 

 
Table 3. Parameters used for the calculation. 

Kopmax Keffth σy k 

2.0 [MPam1/2] 0.6 [MPam1/2] 285 [MPa] 16000 [m−1] 

 

DOI: 10.4236/msa.2018.913072 1002 Materials Sciences and Applications 
 

https://doi.org/10.4236/msa.2018.913072


K. Masuda et al. 
 

 
Figure 7. Log-log plot between da/dN and M parameter for the short surface crack, and 
da/dN vs. ΔKeff − ΔKeffth for the through crack. 
 

 
Figure 8. Relation of fatigue crack length Δa and Kop for through crack by plate type spe-
cimen. 
 
with the assumption that crack size is equivalent to diameter of the intermetallic 
compound, an initial crack length, ai, can be determined by using the extreme-value 
of maximum area of the intermetallic compound. In the present study, to eva-
luate the S-N curves, the average intermetallic-compound diameter, 14.5 μm, 
was used as the value of 2ai. The critical crack length, ac, should be determined 
from the value of the fatigue fracture toughness. However, for the sake of sim-
plicity, in this study, a constant value of 4 mm was used regardless of stress am-
plitude. Figure 9 shows the comparison between the experimental data and cal-
culation results. As can be seen in the figure, the calculated S-N curves for the 
three R values are in good agreement with the experimental values, except for R 
= 0.1. 
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5.2. Evaluation of the P-S-N Curve 

The fatigue failures of the present Mg alloy specimens were caused by the crack 
that initiated from the most dangerous intermetallic compound in the specimen. 
Thus, the distribution of square root of the area of the intermetallic compound 
shown in Figure 6 was used for estimation of the P-S-N curve of the material. 
The square roots of the area of the intermetallic compound, with different values 
of cumulative probability such as 0.01, 0.5, 0.99, were determined from Figure 6 
and Equation (10). These values of area1/2 and of the corresponding diameters 
for different values of cumulative probability are listed in Table 4.  

The estimated P-S-N curves are shown by the blue solid curves in Figure 10. 
Here, P(Np) = 0.01, P(Np) = 0.5, and P(Np) = 0.99 indicate the cumulative proba-
bilities of fatigue failure of the material, respectively. In the figure, the experi-
mental fatigue data are also shown for a comparison purpose. From this figure, 
relatively good agreement can be seen between the estimated P-S-N curves and 
experimental data. Therefore, the distribution of the square roots of the maxi-
mum intermetallic-compound areas is convenient and useful for evaluation of 
the distribution of the alloy fatigue lifetimes.  

In the present study, the distribution of fatigue lifetimes of the extruded Mg 
alloy was derived considering only the statistical distribution of the sizes of in-
termetallic compounds existing at the crack initiation site. To predict a more  
 

 
Figure 9. Comparison of S-N curves between experimental and numerical results for 
three levels of R. 
 
Table 4. Square roots of the area, area1/2, of the intermetallic compound for several values 
of cumulative probability. These values were determined from the distribution of the ex-
treme-value of square roots of the areas of the intermetallic compound at the fracture 
origin shown in Figure 6 and Equation (10). 

Cumulative probability (%) F(area1/2) 1 50 90 

Square root of the area of the intermetallic compound 6.83 μm 12.9 μm 26.4 μm 

Diameter of the intermetallic compound 7.70 μm 14.5 μm 29.8 μm 
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Figure 10. P-S-N curves at different R ratios, −1, 0.1, 0.5. The experimental results also 
plotted in the figure for a comparison purpose. 
 
accurate distribution of fatigue lifetimes, it is also necessary to consider the sta-
tistical variations in crack growth life. 

In addition, for the sake of simplicity, the distribution of fatigue life was esti-
mated by using the area distribution of intermetallic compounds at a small 
number of crack-occurrence sites under a constant stress amplitude. However, 
to obtain a more accurate fatigue life distribution, it is necessary to measure the 
area of more intermetallic compounds. 

6. Conclusions 

In the present study, the fatigue lifetimes and distributions of the fatigue life-
times of an extruded Mg alloy were investigated at different stress ratios. Then, 
the intermetallic compounds contained within the specimen were assumed to be 
the initial cracks existing in the material before the fatigue tests. A modified li-
near elastic fracture-mechanics parameter, M, proposed by McEvily et al. [7], 
was used to analyze the short FCG behavior under different stress ratios, R. 
Moreover, the probabilistic stress-fatigue life (P-S-N) curve of the material un-
der different R ratios could be predicted with this method, which utilizes both 
the FCG law and a statistical distribution of sizes of the most dangerous inter-
metallic compounds. It follows that the following conclusions were obtained 
through the present study. 

1) The stress amplitude, aσ , at constant fatigue lives increased with a de-
crease in the values of R, from 0.5 to −1. For R = −1; at high stress amplitudes of 
180 and 170 MPa, the ranges of data variation for the fatigue lifetimes were al-
most the same. However, at a lower stress amplitude of 160 MPa, the extent of 
data variation for the fatigue lifetimes became larger than that at higher stress 
amplitudes, 180 and 170 MPa. 

2) Many intermetallic compounds (Mn-Al) were contained in the extruded 
Mg alloy AZ61. The fatigue lifetimes of the Mg alloy AZ61 increased with a de-
crease in the density of intermetallic compounds. This result indicates that the 
density of intermetallic compounds is a critical factor that controls the fati-
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gue-lifetime length. 
3) The modified linear elastic fracture-mechanics parameter M, proposed by 

McEvily et al., was found to be effective to analyze the short FCG behavior of the 
extruded Mg alloy AZ61. The S-N diagrams at different stress ratios estimated 
by using the M parameter were in good agreement with the experimental results. 

4) For evaluation of the distribution of fatigue lifetimes, the distribution of the 
extreme-value for the square root of the area of the intermetallic compound and 
the relation, da/dN vs. M, were used. Good agreement was confirmed between 
the experimental and calculated results. 
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