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Abstract 
The results of molecular-dynamics (MD) simulation are obtained for structural and thermody-
namic properties of the molten system, Na1‒xPbx (x ≤ 0.1), at 698 K in the model of nearly free 
electronic gas (NFE approximation). The all numerical experiments are carried out by unified 
procedure: 1) equilibrating the MD cell 1 ps; 2) calculating partial radial distribution functions 
gαβ(r) in 1, 5, and 10 ps; 3) data handling for calculating other characteristics. It follows from this 
that lead impurity in liquid sodium at concentration in the range of 1% - 10% is characterized by 
micro-heterogenetic structure in the form of cluster compounds with variable composition. Just 
therefore the sodium alloys, Na-MIV, with four-group elements of Periodic table have no eutectic in 
this range of additive concentrations. This eutectic is needed for modifying sodium coolant of the 
fast nuclear reactor. Therefore it is reasonable to find an alternative alloy of sodium with additive 
from adjacent groups which has a eutectic in this range of concentrations, for example, the eutec-
tic, Na0.929Tl0.071, with melting point of 64˚C. The modified sodium coolant by isotope, 205Tl, can ap-
pear attractive for inhibiting the chemical activity of sodium just as the lead alloyed one. 
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1. Introduction 
A non-ideal solution of lead in liquid sodium takes place in the whole range of Na-Pb alloy composition but the 
strongest effects are observed nearby 20% and 50% of lead concentration [1]-[3] due to existence of clusters, 
(Na4Pb)n and (NaPb)m, in the alloy. The first kind of clusters is set conditions for existing of the compound, 
Na15Pb4, in this system and managing the liquid-alloy microstructure in the phase diagram nearby sodium.  

This effect is disclosed in analyzing the structural factors, SNN(q), SNC(q), and SCC(q), calculated on various 
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models [2] [4] [5] and by a sharp change of the alloy entropy [1] or an increase of the alloy electric resistance [3] 
[6] as well as a deviation of alloy composition fluctuations from the ideal mixture as a function of SCC(q)q→0 de-
pending on the composition of the Na-Pb alloy [2].  

In that case, the cluster model is the most realistic for considering the Na-Pb alloy in the range of composition 
nearby sodium. Therefore, a new molecular-dynamic (MD) studying of its microstructure and atomic dynamics 
with small additive of lead can be useful to develop a concept for composition improving the sodium coolant in 
particular inhibiting its chemical activity and an automatic shut-down of sodium fires in the environment. This is 
obtained by protecting effect of lead-sodium clusters [7]-[9]. At the same time, it is necessary to have eutectic of 
sodium with this inhibitive additive for stabilizing the coolant composition [7] [9]. That is why we are seeking 
eutectic in the alloy, Na1−xPbx at x ≤ 0.1 [8] [10].  

MD simulating structural and thermodynamic properties of liquid alloy, Na1−xPbx (x ≤ 0.1) at 698 K are stu-
died in the model of nearly-free electronic gas (NFE approximation) [11] [12] allowing to use local potentials 
for calculating atomic interaction. 

2. Paired Interaction Potentials of Sodium and Lead Particles  
In the linear approximation of free-electron-gas density, enαβ , as a function of lead content in the molten alloy, 
Na-Pb, it is possible to present their pair potentials in the form  

( ) ( ) ( ) ( ) ( )2 2
2

2 2 2
0

sin1 1 d
π 8π b b

Z Z e qrqU r q V q V q q
r q qre

α β α β
αβ ε

∞  Ω Ω
= + − ⋅  

 
∫ .               (1) 

Here, Zα and Zβ are charges of the alloy ions; ( )bV qα  and ( )bV qβ  are the form-factors of their pseudo-po- 
tentials. The dielectric function, ε(q), of the electron gas is given by Lindhard relation  
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where ( ) 2 24πe q e qν =  and the function of electronic polarization, X(q), has the form  
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,                        (3) 

and is defined by numerical density of ions, n Nαβ αβ= Ω  [12]-[14], average electron density, en Z nαβ αβ αβ= , 
of the melt; its average valence, Z c Z c Zαβ

α α β β= + , with the atomic portions, cα and cβ, of components, α and  

β, by Fermi coefficient, ( )1 323πF eq nαβ αβ= , and G(q) from [15].  

In Equation (1), a choice of lead potential is problematic due to fitting character of them in the classical MD 
simulation [16]-[19]. Therefore for a comparison, we use two lead potentials: the local Fiolhais one [20] in the 
version, Fi(I), with α = 2.95, R = 0.403 a.u., and Heine-Abarenkov potential (HA). For sodium, we use the same 
Fiolhais potential but with α = 3.499 and R = 0.494 a.u.  

The files of these potentials are calculated in the range of ( )min 0.5 50Rαβ − − Å  with the step 0.005 Å. Their 

minima have coordinates: NaNa
min 3.5R  Å , NaPb

min 3.5R  Å , and PbPb
min 3.1R  Å , from data of radial distribution  

function (RDF) of atoms in the melt, Na0.9Pb0.1 [5]. The plots of these potentials are shown in Figure 1. 
The parameters of MD calculations are collected in Table 1. The molar volumes, Ωαβ, of minor lead additives 

are found from data [21]-[23] for the melt, Na1−xPbx, and linear approximation, x → 0. The MD results are com-
pared with experimental data of pure sodium at T = 698 K for density, Na 850.02ρ =  kg/m3, and with the MD 
calculations for Na0.9Pb0.1 [13], the ones for Na0.2Pb0.8 [5], and experimental data [24] for two alloys: Na0.985Pb0.015 
and Na0.921Pb0.079.  

3. Infotainment of Numerical Experiments  
The all numerical runs are carried out by the same procedure: 1) balancing out the ensemble of particles (1 ps); 2) 
calculating the pair RDF, gαβ(r), in the points of time: 1, 5, 10 ps; and 3) processing the obtained data for calcu-  
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(a)                                                         (b) 

Figure 1. The plots of pair Fiolhais potential, Fi(I), for sodium, UNaNa(r), and Heine-Abarenkov potential (HA) for lead, 
UPbPb(r), as well as the mixed ones, Fi(I)-HA, for sodium-lead pair, UNaPb(r) (a), the comparison of Fi(I)-Fi(I) and Fi(I)-HA 
for UPbPb(r) (b) at three lead concentrations in liquid sodium: 2%, 6% and 9%.                                          
 
Table 1. The parameters for MD simulation of pure sodium and melt, Na1−xPbx, into the MD cube with the edge length, L, at 
698 K.                                                                                                  

Melt Ωαβ, a.u.  L, Å  nαβ, 1/Å3  NNa  NPb  Zαβ  enαβ , 1/Å3  Fqαβ , 1/Å 

Na  303.1 62.7 0.02227 5488 - 1.00 0.02227 0.8703 

Na0.98Pb0.02 298.5 94.2 0.02261 18522 378 1.06 0.02397 0.8920 

Na0.975Pb0.025 297.3 89.8 0.02270 16000 410 1.08 0.02440 0.8973 

Na0.97Pb0.03 296.2 89.8 0.02279 16000 495 1.09 0.02484 0.9026 

Na0.96Pb0.04 293.8 90.3 0.02296 16000 667 1.12 0.02572 0.9132 

Na0.95Pb0.05 291.5 89.9 0.02315 16000 842 1.15 0.02662 0.9237 

Na0.94Pb0.06 289.2 90.0 0.02333 16000 1021 1.18 0.02753 0.9342 

Na0.93Pb0.07 286.9 90.1 0.02352 16000 1204 1.21 0.02846 0.9445 

Na0.92Pb0.08 284.6 90.2 0.02371 16000 1391 1.24 0.02940 0.9548 

Na0.91Pb0.09 282.3 90.3 0.02390 16000 1583 1.27 0.03036 0.9651 

 
lating the following characteristics.  

1) Average kinetic, ( )kin iE tα , potential, ( )pot iE tα , and total, ( )tot iE tα , energy of α particles in the point of 
time, ti, and a pressure of the system defined by the virial equation  

( )1
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= − ∑∑ .                              (4) 

2) Partial RDF, gNaNa(r), gNaPb(r), and gPbPb(r), the average weighted ones, g(r) and N(r), structure factor, S(q), 
taking into account the atomic density of components: Na Na n N V= , Pb Pb n N V= , at Na Pb  n n n= +  and neu-
tron scattering lengths, bNa, bPb:  
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( ) ( ) ( ) ( )NaNa NaNa NaPb NaPb PbPb PbPbg r W g r W g r W g r= + + ,                    (5) 

where ( )2
Na Na Pb Pb   ab a a b bW n b n b n b n b= + ;  

( ) ( ) ( )2
NaPb NaPb4N r pr g r W g r= +   ,                          (6) 

( ) ( ) ( )2 2
NaNa P b

,
b Pb b n n S qS q n nb bα β α β αβ

α β
= +∑ .                      (7) 

Here, Sαβ(q) is the partial structure factor as  

( ) ( ) ( ) ( )1 2 2

0

sin
4π 1 dab ab a b
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q αβδ ρ ρ

∞

= +  − ∫ ,                    (8) 

with δαβ as Christoffel criterion equal to 1 at a b=  and 0 at a b≠ .  
3) Correlative Bhatia-Thornton function, gNN(r), is for studying density fluctuations of the binary melt inde-

pendently of its constituents, another one, gCC(r), is for studying composition fluctuations of the melt and gNC(r) 
is for studying cross-correlations between these fluctuations:  

( ) ( ) ( ) ( )
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                (9) 

and the corresponding structure factors are  

( ) ( ) ( ) ( ) ( )
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.          (10) 

Finally, the structure factor, S(q), weighted by neutron scattering lengths, bNa, bPb, and by component concen-
trations, cNa, cPb, is defined as  

( ) ( ) ( ) ( ) ( )2 2 22NN NC CCS q b S q b bS q b S q b = + ∆ + ∆  ,                (11) 

where Na Na Pb Pbb c b c b= + , 2 2
Na PNa P b

2
bb c cb b= + , Na Pbb b b∆ = − .  

4) The bound, SCC(q → 0), of structural factor of root-mean-square fluctuations in the melt equal to 
( ) ( )20CCS N c= ∆  allows to investigate its topology [7] [12] [13]:  

( ) ( )
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.                            (12) 

Here, the loosing coefficient is ( ) ( )0 0NC CCS Sδ = − .  
5) The isothermal coefficient of the melt compressibility is  

( ) ( )20 0T NN CC BS S V Nk Tχ δ − =                           (13) 

and the module of all-round compression  

1lw
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6) The full coordination number, Ztot, at the coordinate, 1
minR , of the first RDF minimum is 
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where ( )
1
min

2
min

0

4π d
R

Z n r g r rαβ
β αβ= ∫  and Warren-Cowley coordination number [12] [13] is:  

W WCCa Z Z=                                    (16) 

Here, ( ) ( )Pb NaNa PbNa Na PbPb NaPb– –CCZ c Z Z c Z Z= +  and ( ) ( )W Pb NaNa NaPb Na PbPb PbNaZ c Z Z c Z Z= + + + . If 
W 0α > , the melt is preferably homogeneous one and it is heterogeneous at W 0α <  for any binary system.  
The MD simulation results presented below are the averaged data obtained by 5 and 10 ps of numerical expo-

sition of binary system, Na-Pb. 

4. Results of MD Simulating the Melt, Na1−xPbx (x ≤ 0.1)  
Heine-Abarenkov potential (HA) for lead, UPbPb, is softer and makes the potential well wider than the more rigid 
Fiolhais potential, Fi(I) (see Figure 1(b)). Increasing the content of lead in liquid sodium practically does not 
influence on Fi(I) potential for sodium, UNaNa, but strengthens UPbPb and UNaPb as it is shown in Figure 1(a). One 
can see that UPbPb(r) has a deep minimum in comparison with UNaNa(r) and UNaPb(r). It causes clustering lead 
particles into liquid sodium with forming an addition solution of nanoparticles, Na15Pb4, [9] in broad varying the 
composition of Na-Pb alloy in sodium side of the phase diagram that is proven by the MD simulated concentra-
tion dependence of the system specific potential energy shown in Figure 2. It is insignificantly decreased with 
increasing lead concentration and achieves a hardly noticeable minimum at 5% of lead in liquid sodium. Then, it 
monotonously grows with increasing lead concentration, i.e. it doesn’t disclose features for polymorphic chang-
ing the liquid matrix attached to eutectic [10]. At the same time, a static pressure in the MD cell of binary melt, 
Na-Pb, is changed considerably (±15%) in a complicated manner showing, at least, two conjugated minima in a 
point neighborhood of 5% and 8% of lead content, as shown in Figure 3. 

One can see that the micro-structural transformation of Na1−xPbx alloy at x ~ 6% is more complicated than the 
simple model of reformation of clusters (the red dotted line). An apparent minimum of pressure near 5% of lead 
content indicates to partial ordering the melt due to cluster growth up to their subsequent reformation into the 
binary system, Na-Pb. It is proven by results of calculating a Warren-Cowley coordination number (16) pre-
sented in Figure 4. It is seen that the melt particles are ordered in liquid sodium when lead concentration is in 
two intervals (3% - 5%) and (7% - 9%). It is illustrated by a quasi-peritectic at ~10% and a compound at ~20% 
of lead in the liquidus of the system, Pb-Na [25] shown by the phase diagram in Figure 5.  

Thus, the 5% and 9%-solutions of lead in liquid sodium can be considered as a modified sodium coolant be-
ing micro-non-homogeneous that is important for auto-quenching sodium fires. Taking into account the mini-
mum of specific potential energy at x ~ 0.05 (see Figure 2), one is to prefer the melt, Na0.95Pb0.05, as an ad-
vanced coolant for fast reactors.  
 

 
Figure 2. Normalized potential energy, Epot/NkBT, of liquid Na1-xPbx alloy as a function of 
lead content for two models, Fi(I)-Fi(I) and Fi(I)-HA, of interaction between sodium and 
lead particle.                                                                  
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Figure 3. Plots of static pressure in the melt, Na1−xPbx, as a function of lead content 
for two models of sodium and lead pair potentials: Fi(I)-Fi(I) and Fi(I)-HA; the red 
dotted line is a model for cluster reforming the alloy near 6% of lead.                 

 

 
Figure 4. Plots of Warren-Cowley coordination number (16) for liquid Na1−xPbx al-
loy as a function of lead concentration (%) for two models of sodium and lead pair 
potentials: Fi(I)-Fi(I) and Fi(I)-HA.                                          

 

 
Figure 5. The phase diagram for binary system, Pb-Na [25].           
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At the same time, the correlative Bhatia-Thornton functions (9) in the form of gCC(r) for the composition 
fluctuations of Na-Pb melt (see Figure 6(a)) and in the form of gNC(r) for cross-correlations between its density 
and composition fluctuations of its (see Figure 6(b)) indicate to steady-state micro-heterogeneity of 9%-lead 
solution in sodium. On can see that the primary coordination of like particles (positive values of gCC) and unlike 
atoms (negative value of gCC) is increased more than 1.8 times when the concentration of lead in sodium melt 
becomes half as much again (of 6% to 9%) as well as a generation of micro-inclusions induced by density fluc-
tuations of the melt (positive values of gNC). Just the depth of negative gCC(r) and the height of positive gNC(r) 
characterize the stability of quasi-molecular clusters in liquid metal.  

At the same time, the large negative values gNC (r) (see Figure 6(b)) as indicating cluster localization of qua-
si-molecular bonds for lead 9%-solution in liquid sodium only 1.2 times more than in the 6%-solution that spe-
cifies the growth of clusters at increasing lead concentration.  
 

 
(a) 

 
(b) 

Figure 6. The correlative Bhatia-Thornton functions (9) for four compositions of Na1−xPbx 
alloy as composition fluctuations (а) and cross-correlations between density and composition 
fluctuations of the melt (b) at 698 К for Fi(I)-HA model of sodium and lead pair potentials.     
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So, it follows from results of MD simulating Na1−xPbx melt for 0.01 < x < 0.10 that lead impurity in liquid so-
dium is characterized by the micro-non-homogeneous state as compound clusters of variable composition in the 
liquid matrix of sodium. Just therefore the binary system, Na1−xPbx, in this interval of lead concentration has no 
eutectic which is to be found in the range of 0 < x < 0.01 if it is generally on sodium side of this phase diagram.  

One will talk about that below. Here, we notice that binary melt, Na1−xPbx, at x < 0.01 will not possess enough 
inhibitive ability for auto-quenching sodium fires. Therefore its usage as a coolant of fast reactors is not inter-
ested.  

For the binary melt, Na0.95Pb0.05, its usage as a coolant will have technological difficulties caused by stratifica-
tion of such the alloy on different micro-phases at solidification. The subsequent melting such the mixture will 
be accompanied by forming a viscous suspension which complicates the coolant operation at the stage of full 
dissolution in sodium of solid compound micro-particles (Na15Pb4)n. Therefore it is reasonable finding an alter-
native melt for Na0.95Pb0.05 which would have eutectics near this composition.  

5. Diluted Solution of Lead in Liquid Sodium  
The phase diagram of Na1−xPbx is investigated multiply but the diluted (x  1) one is not studied for some rea-
son. As shown in [26], the liquidus of this system at x < 0.07 is not determined due to lack of experimental data. 
According to [27], the system, Na1−xPbx, at x ~ 0.001 has the eutectic. At more values of x, the liquidus temper-
ature grows sharply at first and then smoothly up to a border of studied range at 7.8% as shown in Figure 7.  

One can see that the liquidus curve at 0.1% of lead content is broken that is interpreted by authors of [27] as a 
eutectic. The liquidus temperature at x ≥ 0.066 in [27] coincides with the data of [28] obtained for lead concen-
tration in liquid sodium in the range of 6.6% - 20.0%.  
 

 
(a) 

 
(b) 

Figure 7. The phase diagram of Pb-Na system on sodium side (a) 
and its details (b) below 0.16% of lead concentration in liquid 
sodium [27].                                             
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As opposed to lead, other elements of IV group of Periodic table don’t form eutectics on sodium side of bi-
nary systems [29]. At the same time, solubility curves have a common form shown in Figure 8. The solubility 
of these elements in liquid sodium has exponential dependence on converse temperature [27] [29]: 

lnx H RT S R= ∆ + ∆                                  (17) 

where R is the gaseous constant and T is Kelvin temperature. Parameters (∆H, ∆S) of this equation for elements 
of IV group of Periodic table are presented in Table 2. The parameters of these elements solubility in liquid so-
dium have no basic distinctions. Hence, one can assume that lead demonstrates eutectic degeneracy on sodium 
side of phase Na-MIV diagram (see Figure 5) and the impurity for significant eutectic, Na1−xMx at x > 0.01, is to 
be found among the elements of VI period from the left of IV group. 

6. Lean Solution of Heavy Metals in Liquid Sodium 
It is known [10] that the binary system, Na1−xMx, can have eutectic at x ≥ 0.01 if impurity, M, for example, thal-
lium in sodium at x < 0.01 forms a homogeneous introduction solution [9] and then makes polymorphic transi-
tion in the colloidal one. Its phase diagram in sodium [30] is shown in Figure 9. One can see that the system, 
Na1−xTlx, has the simple eutectic at x = 0.071 and melting point of ~64˚C.  

Thallium as a heavy metal (with atomic number of 81, density of 11.85 g/cm3, melting point of 304˚C, and the 
boiling one of 1473˚C) [31] belongs to main III subgroup in VI period of Periodic table. The content of this 
element in earth is about 0.7 mg/kg [32] and it consists of two stable isotopes: 205Tl (70.5%) and 203Tl (29.5%) 
[31]. First of them has a low neutron-capture cross-section (~0.5 barn) as opposed to the second one (~130 barn) 
[33].  

Thus, the attention is merited by studying eutectic, Na0.929Tl0.071, which as modified sodium coolant with 
enriched isotope, 205Tl, can appear attractive for suppressing its chemical activity in environment due to thallium 
has this activity at iron level. It is on the one hand, and on the other, a high boiling point of thallium excludes its 
volatility from the sodium melt.  
 

 
Figure 8. Temperature dependence of solubility in 
sodium for germanium, tin, and lead [29].            

 
Table 2. Thermodynamic parameters of Periodic-table IV group elements for their solubility in liquid sodium.              

Element, MIV  Compound  ∆H, kJ/mol  ∆S, J/mol·K  x range, %  T, K  Ref.  

Carbon  Na2C2 104.5  -  0.00 - 0.10  872 - 1223  [34] 

Germanium  NaGe 44.31  
40.19  

29.51  
22.08  

0.00 - 0.99 
0.28 - 4.00  

371 - 653  
573 - 823  

[29] 
[35] 

Tin  Na15Sn4 
46.75  
45.00  

50.71  
45.08  

0.00 - 3.60  
0.01 - 0.88  

371 - 594  
373 - 533  

[29] 
[35] 

Lead  Na15Pbn4 29.58  23.09  0.10 - 0.52 371 - 443  [27] 
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Figure 9. The phase diagram of system, Na-Tl [30].                              

7. Conclusions  
It is specified that the minor additive (1% - 10%) of lead in liquid sodium is characterized by forming compound 
clusters with variable composition. Just therefore the binary systems Na-MIV of sodium and elements from the 
periodic-table forth-group have no eutectics in this composition range and cannot be used as a modified sodium 
coolant due to changing its composition at solidification.  

It is to find an alloy of sodium with another additive from adjacent groups which has a eutectic in this compo-
sition range, for example the simple eutectic of system, Na1−xTlx, at x = 0.071 with melting point of ~64˚C. This 
molten alloy as sodium coolant with enriched isotope, 205Tl, can appear attractive for inhibiting its chemical ac-
tivity of sodium because this alloy is to have protective clusters just as the lead alloyed one. 
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