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ABSTRACT
Three cumulative damage models are examined for the case of cyclic loading of AISI 6150 steel, S2 glass fibre/epoxy
and E glass fibre/epoxy composites. The Palmgren-Miner, Broutman-Sahu and Hashin-Rotem models are compared to
determine which of the three gives the most accurate estimation of the fatigue life of the materials tested. In addition,
comparison of the fatigue life of the materials shows the superiority of AISI 6150 steel and S2 glass fibre/epoxy at lower
mean stresses, and that of steel to the composites at higher mean stresses.
Keywords: Glass Fiber Reinforced Plastic (GFRP), Cumulative Damage Distribution, Low Cycle Fatigue (LCF), High
Cycle Fatigue (HCF)

1. Introduction
Technological advances require light and durable structures, as is the case in the automotive industry. For this
reason composites have replaced metals in many applications. In the case of heavy-duty vehicle suspensions, the
market has expanded to composite leaf springs as a replacement of the conventional steel beams. Composites
weigh less than metals and have high strength and stiffness [1]. When selecting a material for cyclic loading
applications, knowledge of its fatigue life is crucial. It is
impossible to predict the fatigue failure of individual
specimens, and therefore a statistical approach in determining the fatigue life of materials is necessary. The
Weibull distribution helps predict the fatigue life and
failure of materials using failure data from specimens
subjected to certain loading conditions and is essential
when the materials involved are brittle as in the case of
composites [1,2].
The ensemble of attempts to calculate the damage
caused by cycling, as well as its accumulation when cycling includes more than one stress amplitudes, is Cumulative Damage Theory [3]. The concept of cumulative
damage can be discussed either based on residual
strength, being the instantaneous static strength that the
material can still maintain after being loaded to stress
levels causing damage, or the estimation of cumulative
damage through damage models, such as the ones discussed in this study [4].
Copyright © 2011 SciRes.

Contrary to the case of homogeneous isotropic materials such as metals where fatigue failure is characterized
by the initiation and propagation of a crack, fatigue failure in composites is the result of accumulated damage
[1,5]. In metals the strength of the material may change
little, if at all, during cycling fatigue, while crack propagation is what will define the fatigue damage [6]. Composites behave very differently, as their strength starts
decreasing slowly early in their fatigue life, and as failure
approaches, the rate of decreasing strengths becomes
very rapid [7]. The damage generated in a material under
loading can be predicted using damage models even
when minimum information on the fatigue of the material is known.
The intensity of the stress being applied has a different
effect in composites and metals. In a metal structure the
stresses that are critical in designing a metal structure are
low stresses, while in composites it is higher stresses that
define low cycle fatigue, that become critical when designing a composite structure [8].

2. Damage Models and Materials
This study uses the following three damage models to
predict and compare the damage caused in AISI 6150
steel and unidirectional Glass Fiber Reinforced Plastics
(GFRP), S2 glass fibre/epoxy and E glass fibre/epoxy,
under cyclic loading conditions:
Palmgren-Miner [9-11]:
MSA
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where ni is the number of cycles under the applied stress,
Ni the cycles to failure under this same stress, σi and σk
are the stresses applied, Ultimate is the ultimate strength,
Sk is the ratio of the applied stress to the ultimate strength,
and K is the number of repetitions of the loading cycle.
When each of these equations equals 1, the damage accumulated leads to failure. However, damage is still being caused even if the right hand side of the above equations is less than 1 [3,4,9-13].
A specimen may be subjected to one or more stress
levels and undergo cycling. When there are two stress
levels, where 1 and 2 are imposed on the specimen for
an amount of n1 and n2 cycles, respectively, n2 is the
number of cycles that will lead the specimen to failure,
called the residual lifetime. Residual lifetime can be predicted by all three of the above models, when their mathematical expression equals 1, i.e. at failure. The couples i and ni are the stress and respective number of cycles used to create a damage curve. The damage curve
shows the ultimate damage caused to the specimen, when
its residual life is zero. Such a curve is called S-N curve.
Each point on a damage curve, defined by (, n), represents the damage caused to a specimen after n cycles
under a load . As a result it can be concluded, that
damage is a way to describe the life of the specimen that
is spent when it is loaded at . The ratio ni/Ni represents
a life fraction for the specimen being loaded at i [3].
The Palmgren-Miner model defines damage in the material, in the form of life fractions, the sum of which when
1 defines failure of the material when no more residual
life remains to be expended. The other two models also
define damage in the form of life fractions, but in these
two cases the models account for the loading sequence,
Copyright © 2011 SciRes.
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which is not accounted for in Palmgren-Miner.
The Palmgren-Miner damage rule, also referred to as
Miner’s sum, expresses damage in terms of cycles applied at a stress level, divided by the number of cycles
that lead to failure at this stress level. Each such ratio
represents a percentage of life consumed [3,8,12]. When
the summation of all these ratios equals 1, as given by (1),
the specimen has failed. In the Palmgren-Miner damage
rule the order in which the stresses are applied to the
specimen has no effect in its fatigue life [11].
When a metal component is undergoing a two-stress
level loading, damage, according to Palmgren-Miner rule,
is greater when the first stress is higher than the second
stress (in such case the sum in (1) is close or higher than
1), and less damage occurs when the loading sequence is
a low to high stress (when the sum in (1) is less than 1)
[11,12]. Broutman and Sahu presented a modified Miner’s sum, in order to account for this discrepancy of
Miner’s sum from unity. Broutman and Sahu used the
linear strength reduction curves, and assuming that the
residual strength is a linear function of the fractional life
spent when the component is loaded at a given stress
level, predicted more accurately the fatigue behavior in
GFRP, especially at higher stress levels [12].
Hashin and Rotem used the concept of damage curve
families to represent residual lifetimes for two-stress level loading, as well as the fact that equivalent residual
lives are expended by specimens that undergo different
loading schemes1. They developed a cumulative damage
model to predict damage in two-stress level loading,
which can be expanded for use in multi-stress level
loadings [3].
As mentioned above, the Palmgren-Miner rule has
been shown not to account for loading sequences, as the
sum can be calculated irrespective of the loading order.
As a result for a high-low stress test the predicted cumulative damage by this model is greater than 1, and for a
sequence of low-high stress the sum is less than 1 [3,
11,12]. The other two models, which take into account
the order of loading, give more accurate results. Palmgren-Miner and Hashin-Rotem rules have been initially
designed and tested on metals, although later used in
GFRP damage predictions. Broutman-Sahu rule was developed and tested on GFRP.
A classification of the damage models can be made
based on their linearity or non-linearity, and according to
the parameters required for their calculation [1]. Consequently, Palmgren-Miner is a linear stress independent
model, Broutman-Sahu is a linear stress dependent model
and Hashin-Rotem is a non-linear stress dependent mod1

This is referred to as the equivalent loading postulate that states: “cyclic loadings which are equivalent for one stress level are equivalent
for all stress levels” [3].
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el.
The materials investigated in this study are AISI 6150
steel with an ultimate tensile strength of 1.24 GPa [14],
and unidirectional laminate composites with +/–5˚ fiber
orientation and ultimate flexural strength of 1.28 GPa for
S2 glass fibre/epoxy and 1.08 GPa for E glass fibre/epoxy
[15].
AISI 6150 is a chromium-vanadium steel commonly
used in the manufacturing of leaf-springs for heavy duty
vehicles. For the production of leaf springs the steel is
quenched in oil at 850˚C and then tempered at 500˚C. A
surface treatment of shot peening is then followed in order to induce compressive residual stresses to the surface
of the leaf spring and therefore, enhance its fatigue life
[11,14,16,17]. The shot peening intensity used is approximately 0.3 in the Almen C scale. In this study the
steel data used is based on experiments carried out on
chromium-vanadium steel springs that have undergone,
quenching, tempering and shot peening.
S2 glass fibre/epoxy and E glass fibre/epoxy are very
common composite alternatives to steel in the manufacturing of leaf springs for heavy-duty vehicles [15]. The
unidirectional nature of the composites assures a transverse isotropic environment [5,13]. The direction of the
fibers plays a crucial role in determining the fatigue life
of the material, especially in loading conditions that involve bending [5,13].
All three materials are used in the manufacturing of
leaf springs for heavy-duty vehicle suspension systems.
The fatigue life data for both steel and composites is the
result of static fatigue tests on individual leaves. The
apparatus used to conduct the AISI 6150 steel tests [14]
and that used to test the fatigue life of S2 glass fibre/epoxy and E glass fibre/epoxy [15] are very similar.
In both cases a single leaf spring was mounted on a test
rig as shown in Figure 1, a downward concentrated load
was applied to the center of the leaf spring using a hydraulic cylinder. The magnitude of the load was regulated with a load cell, and the number of cycles was
counted. Displacement transducers measured the deflections in different parts of the leaf. The specimens were
cycled under a specific load until failure occurred.

3. Results
Damage was calculated for a range of maximum stresses
from 500 MPa to 1100 MPa (corresponding to a range of
mean stresses from 256 MPa to 560 MPa), and for a
loading ratio of approximately 0.2. These stress amplitudes correspond to both low cycle (LCF) and high cycle
(HCF) fatigue loading in both materials. A two-parameter
Weibull analysis was performed for each of the three
damage models mentioned above [2,18-20], in order to
decide which model gives more realistic results for
Copyright © 2011 SciRes.

Figure 1. The test rig in the AISI 6150 steel leaf spring static
fatigue tests [14].

damage and fatigue life, when compared to experimental
data [14,15].
A scale parameter α and a shape parameter β for each
damage model were calculated through the analysis of
the accumulated damage and fatigue life (Table 1).
When the shape parameter β is larger than 1, failure increases with time [18]. In the case of the two linear models for steel we can see that the failure of the material is
dependent on time. However, for the majority of our
models, and especially all the models of the composites,
damage accumulate independently of time. In these cases
damage is purely dependent on the loading, and the
shape parameter β is less than 1. The scale parameter α
gives the mean value of damage caused in the material
after one loading cycle. From Table 1 it can be concluded that for the case of the two linear models, damage
per cycle is larger for the composites, especially in E
glass fibre/epoxy, by at least one order of magnitude
when compared to steel damage. However, in the case of
the non-linear model, Hashin-Rotem, damage caused per
cycle is higher in E glass fibre/epoxy, followed by steel.
However, the mean damage per cycle in steel as predicted by the Hashin-Rotem model has no significant
difference from that caused in the S2 glass fibre/epoxy
composite.
The cumulative distributions for damage are shown in
Figure 2(a) for steel and Figures 2(b) and 2(c) for the
composites. As it can be seen from Figure 2(a), the two
linear models coincide at lower stresses. Broutman-Sahu
and Palmgren-Miner models give almost identical results
up to the mean stress of 360 MPa. Compared to the two
linear models, Hashin-Rotem gives a higher probability
of failure at stresses between 256 MPa and 350 MPa and,
and lower probability between 360 MPa to 460 MPa and
462 MPa to 560 MPa. However, it agrees with Broutman-Sahu at 485 MPa. The Hashin-Rotem model estimates an approximately 95% probability of failure at 560
MPa, which is just 1% higher than that estimated at the
MSA
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Table 1. Shape and scale parameters for all damage models.
Palmgren-Miner Broutman-Sahu Hashin-Rotem
β 6150 steel

1.18

1.89

0.40

β E glass/fibre

0.22

0.28

0.38

β S2 glass/fibre

0.28

0.37
–6

3.51 × 10

0.42
–6

1.17 × 10–2

α 6150 steel

6.21 × 10

α E glass/fibre

1.29 × 10–3

2.68 × 10–4

0.41

α S2 glass/fibre

5.06 × 10–5

2.08 × 10–5

8.49 × 10–3

(a)

(b)

(c)

Figure 2. Cumulative distribution of damage versus mean
stress: (a) AISI 6150 steel, (b) S2 glass fibre/epoxy composite, (c) E glass fibre/epoxy composite.
Copyright © 2011 SciRes.
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same mean stress lever by the two linear models.
For the S2 glass fibre/epoxy composite (Figure 2(b))
the two linear models give similar results at almost all
mean stresses. For the interval between 256 MPa and 350
MPa, Hashin-Rotem gives a lower probability of failure
than Broutman-Sahu and Palmgren-Miner. For stresses
from 350 MPa to 485 MPa Hashin-Rotem gives higher
probability of failure, but at 485 MPa gives a failure
probability very close to that of the other two models.
For the case of the S2 glass fibre/epoxy composite, Hashin-Rotem gives failure probability at 560 MPa, same as
that estimated by the model for the case of the steel,
which is approximately 95%, 2% lower than the estimate
of the two linear models at the same mean stress.
In the case of E glass fibre/epoxy composite, the two
linear models give almost identical results. Both Palmgren-Miner and Broutman-Sahu show a constant probability of failure at low mean stresses up to 280 MPa. For
both cases of the linear models failure probability at
these mean stress levels is approximately 19%. Figure
2(c) shows that the Broutman-Sahu model gives a bit
lower probability of failure at mean stresses between
350 MPa and 400 MPa, and higher values at 460 MPa to
485 MPa. However, these values of failure probability
when compared to the results of the Palmgren-Miner
model differ by at most 1%. At 560 MPa, all three models give a prediction of total failure, where cumulative
damage is 1. This is due to the fact that this mean stress
level at a stress ratio of 0.2 corresponds to a maximum
stress of 1.1 GPa, which is higher than the ultimate tensile strength of the material. The Hashin-Rotem model
starts with lower probability of failure, than the linear
models, but the cumulative damage increases between
280 MPa and 360 MPa, giving a probability 5% higher
than the Palmgren-Miner model. Above the mean stress
of 360 MPa it agrees with the two linear models, with
differences less than 0.1%.
For all three materials, and especially in the cases of
steel and E glass fibre/epoxy, it is observed from the
graphs that the curve based on the Hashin-Rotem model
is a smooth curve resembling a best-fit line for the other
two curves of the two linear damage models. It is also
worth mentioning that the deviation of Hashin-Rotem
from the other two models is larger in the case of the S2
glass fiber/epoxy composite and smaller in E glass fibre/epoxy. The maximum deviation in steel at 360 MPa
is 26% less than the other two models. In the S2 glass
fibre/epoxy Hashin-Rotem deviates the most from the
two linear models between 462 MPa to 485 MPa. At
these mean stress levels the non-linear model gives approximately 31% more damage probability than Palmgren-Miner and Broutman-Sahu models. Finally, in E
glass fibre/epoxy the highest deviation of the HashinMSA
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Rotem model from the two linear ones is 7% and occurs
at 358 MPa.
A final observation regarding probability of failure
shows that the composites start with higher probability of
failure at lower stresses (28% failure probability estimated by the linear models for S2 glass fibre/epoxy, 19%
for E glass fibre/epoxy, as compared to 15% for steels),
but slowly show lower cumulative damage than steel
between 350 MPa to 360 MPa2. This can be explained by
the inhomogeneous nature of composites that fail due to
damage accumulation, and the fact that in steel failure is
based on crack initiation and propagation. From the
above comparison it can conclude that the composites
accumulate damage from the beginning of loading when
a crack in steel is most probably not even initiated yet.
However, at the point where failure probability for steel
is higher than that of the composites, it can be suspected
that a crack in the steel material has formed and is being
propagated. At the highest mean stress where calculations were made, at 560 MPa, the composites’ failure
probability estimate given by the two linear models is at
least 3% higher than the estimate in steel. The composite
materials’ components, matrix and fibers, do not carry
equal amounts of loading and as a result fatigue differently. Damage accumulation may occur through a range
of microstructural mechanisms such as fibre fracture and
fibre/matrix deboning [5]. For this reason, the composites
end up with a higher chance of failure at 560 MPa. This
can also be understood by looking at the fatigue life
curves of the materials (Figure 4(c)).
The mean stresses 256 MPa to 360 MPa correspond to
HCF above 106 cycles for the S2 glass fibre/epoxy composite, but only 105 for the steel and E glass fibre/epoxy.
The damage accumulation leading to failure of the
composites is also obvious from the graphs as the LCF,
460 MPa to 560 MPa mean stress, is less than that of the
steel.
Figure 2 shows cumulative damage distribution for
one cycle (K = 1). The fatigue life of the materials can be
calculated by calculating the value K when each of the
three models equals 1, i.e. at failure. Figures 3(a), 3(b),
and 3(c) give the mean stress versus cycles to failure for
the steel, S2 glass fibre/epoxy and E glass fibre/epoxy
composites, respectively. The short dash line in each
graph is experimental data from literature [14,15].
2

The Hashin-Rotem model gives similar results in S2 glass fibre/epoxy
and steel. The Ultimate Tensile Strength (UTS) of both the steel and
the above composite differ by 40 MPa in magnitude, with the composite having the higher UTS. The non-linear nature of the Hashin-Rotem
model fails to account significantly for this small difference in the
magnitude of the ultimate strength. As a result, this model gives almost
identical results for the probability of failure, under the same mean
stress, for the two materials.

Copyright © 2011 SciRes.
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Figure 3. Mean stress versus life to failure: (a) AISI 6150
steel, (b) S2 glass fibre/epoxy composite, (c) E glass fibre/
epoxy composite.

In the case of the steel, the two linear models give
similar results at lower stresses up to 280 MPa, while at
higher stresses they differ by one order of magnitude,
with the Broutman-Sahu model giving better fatigue life.
The experimental results give a lower fatigue life for the
same stresses, with 48% difference in life cycles at a
mean stress level of 560 MPa when compared to Palmgren-Miner model results, and 79% difference when
compared to results from the Broutman-Sahu model. The
Hashin-Rotem model greatly underestimates the fatigue
life of steel by two orders of magnitude at the mean
stress of 256 MPa, and more than four orders of magniMSA
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tude at 560 MPa, when compared to experimental data.
In the case of the S2 glass fibre/epoxy composite,
Broutman-Sahu and Palmgren-Miner give similar up to
360 MPa, and differ by 86% at 560 MPa, while Hashin-Rotem model underestimates the composite’s life,
as in the case of steel, by three orders of magnitude at
low mean stresses. The stress dependent model Broutman-Sahu starts with lower fatigue life at lower stresses
and shows higher life predictions at higher stresses, when
compared to Palmgren-Miner model. This is based on the
fact that the Palmgren-Miner model is not sensitive to
small changes in stress, as it is a stress independent model. Although small, these changes in stress are important
in a material that fails by accumulating damage while
being cyclic loaded. When the predictions of the damage
models are compared to experimental data, we see that
the two linear models predictions are within one order of
magnitude higher, at very low mean stresses, while this is
the case when experimental data is compared to the
non-linear model predictions at high mean stresses,
above 400 MPa.
The results for E glass fibre/epoxy are not very different from those of S2 glass fibre/epoxy, as far as comparison among the three damage models is concerned.
The two linear models give a fatigue life that differs by
less than one order of magnitude at low mean stresses up
to 280 MPa (Palmgren-Miner gives a fatigue life 15%
higher than Broutman-Sahu). At higher stresses Broutman-Sahu shows better results, which are 92% higher
than Palmgren-Miner at 512 MPa. Hashin-Rotem underestimates the fatigue life of the composite, as is the case
of this model in the previous two materials. At low mean
stresses the non-linear model predicts a fatigue life three
orders of magnitude smaller than that predicted by the
Palmgren-Miner model, while at higher stresses these
predictions are one order of magnitude smaller than the
Palmgren-Miner predictions and two orders of magnitude
less than the fatigue life given by the Broutman-Sahu
model. A similar pattern to S2 glass fibre/epoxy composite is seen at low mean stresses, when compared to the
predictions of the damage models to experimental data
for the material. However, at higher mean stresses it is
the Palmgren-Miner model that agrees with experimental
data. The Hashin-Rotem model remains within one order
of magnitude below experimental data, at all mean stresses.
It is worth mentioning that for all three materials the
experimental results fall between the linear and non-linear
models. In the case of the composites, predictions of fatigue life using the damage models give better results at
HCF levels. It can be seen how damage accumulation
may affect composite materials if close attention is paid
to what happens when, as is the case of this study, the
Copyright © 2011 SciRes.
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mean stress rises above 460 MPa. At this stress level the
fatigue life of the composite drops by 72%, in S2 glass
fibre/epoxy and 99% in E glass fibre/epoxy, compared to
19% in the case of steel, which fails by crack initiation
and propagation mechanisms. However, it should be reminded that the experimental results for steel are taken
from fatigue tests carried out on steel leaf springs that
have been surface treated by shot peening. The effect of
this surface treatment cannot be accounted for when using the damage models examined in this study. As mentioned before, the fiber direction in the composite plays
significant role in determining the fatigue life of the material [5,13]. A different fibre direction than the one of
the composite specimens in the experimental data used in
this study could have resulted in a fatigue life higher or
lower than that of steel.

4. Discussion and Conclusions
Based on this study, the following conclusions can be
drawn:
It can be seen that the larger the probability of failure,
the smaller the fatigue life of the material. In addition,
the deviation of Hashin-Rotem from the two linear models is proportional to the amount of underestimation of
the fatigue life.
The non-linear models in the steel and S2 glass fibre/
epoxy composite give very close results of predicted fatigue life, especially at lower stresses, and predict fatigue
lives that show small differences between them. However, the predictions for S2 glass fibre/epoxy are slightly
better than those for steel and E glass fibre/epoxy composite.
The linear models predict similar probability of failure
for all materials at high mean stresses, above 485 MPa.
For E glass fibre/epoxy composite and steel this similarity can also be observed at low mean stresses below 358
MPa for the two linear models, and 280 MPa for all three
damage models. The life predictions based on the linear
models are better in the case of the composites at mean
stresses below 460 MPa. Above this stress level the
composites moves fast towards the LCF region, while
steel remains above 105 cycles of life.
It can be argued therefore, that composites are superior
to steel in applications of mean stresses below 460 MPa.
Experimental results may show otherwise, but one should keep in mind the effect of shot peening on the surface of the steel that renders the material more resistant
to fatigue failure.
When comparing the cumulative distribution of damage diagrams as well as the fatigue life curves of the materials, it is hard to decide upon a damage model that will
give equally good predictions in both cases of materials.
For the AISI 6150 steel, it is the linear, stress independent
MSA
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(a)

(b)

(c)

Figure 4. Cumulative graphs for all materials: (a) Cumulative distribution of damage versus mean stress for all damage
models, (b) Mean stress versus life to failure for all damage models, (c) Mean stress versus life to failure, experimental results.

Palmgren-Miner model that better estimates, closer to
experimental results, the fatigue life of the material. Although it gives a higher fatigue life than the one experimentally measured, it should be taken into consideration
that undetected pre-existing flaws can greatly affect the
life of a specimen. Such effects will demonstrate themselves by lowering fatigue life of the piece, but cannot be
Copyright © 2011 SciRes.

accounted for when using the damage models presented
in this study, and as a result will not be obvious from the
estimated fatigue lives.
The case of the composites seems to be a more complicated one when deciding upon an optimal damage
model among the three examined in this study. Concerning the fatigue life of the materials, at low stresses both
MSA
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linear models, and especially Broutman-Sahu, give predictions close enough to experimental results, within less
than an order of magnitude for S2 glass fibre/epoxy
composite. At higher mean stresses, above 400 MPa, it is
the non-linear model, Hashin-Rotem, which can best
predict the fatigue life of the composite. The fatigue life
of E glass fibre/epoxy composite is more accurately predicted at high mean stresses by the Palmgren-Miner
model, while for the rest of the mean stress range all
three damage models deviate form experimental results
the same, and the question that determines the most appropriate model among them is whether overestimation
or underestimation is the desired in the predictions.
Damage models can give great insight to the behavior
of materials under different types of loading. Choosing
the right model however, is an important task when
overestimation or underestimation of fatigue is to be
avoided. This study focuses on materials that are cyclically loaded, and experimental data from cyclic loading
in bending is used to compare the predictions to [13-15].
Linear models tend to give an overestimated prediction
of the fatigue life of the materials, while the non-linear
models will give significantly underestimated results
compared to experimentally deduced values. It is clear
that for both the steel and the composites linear models
give more accurate, although overestimated results. The
dependence of the model on stress information is important at lower stresses in the case of composites, where
Broutman-Sahu estimates were in closer agreement with
experimental data. In the case of steel experimental data
and both linear models agree at low stresses. However,
the stress independent model is better in predicting the
fatigue life of steel [11]. This can once more be explained by the different ways in which the two types of
materials fail. Caution should always be taken when relying on such damage models to predict probability of
failure and fatigue life of an S2 or E glass fibre/epoxy
composite and AISI 6150 steel, and if possible should
always be compared with those of experiments done on
the materials, as there exist a variety of factors, such as
surface treatments and defects, the effects of which cannot be accounted for in the damage models.
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