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Abstract 
The aim of this study was to develop an efficient and realistic response surface optimization tech-
nique for the design of V-belt drive for optimum power output of the drive in machinery design. 
Optimization mathematical model of the V-belt drive was constructed. The power output of the 
belt drive was modeled and optimized by the Response Surface Methodology (RSM). Analysis of 
variance was used to evaluate the extent of influence of each independent variables on the power 
output response of the belt drive. A RSM optimization process was proposed to calculate optimal 
power output for V-belt drive given a set of pulley diameter for the drive employed in a tilling 
machine. The analysis showed that optimum power output of the drive for workshop light opera-
tion machinery could be obtained at driving and driven pulley radius range of 550 - 900 mm and 
250 - 500 mm. An optimum power output of 1418.76 kW was obtained at driving and driven pul-
ley radius of 846 and 486 mm respectively for a farm tilling machine. 
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1. Introduction 
The V-belt drive system is usually designed for specific function and operating conditions in machinery [1]. It is 
used for the transmission of power in many engineering applications from a driver pulley to the driven pulley 
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through friction between the belt and the pulleys. The belt drive has been successfully used as drive mechanism 
in fans and blowers, automotive engines, pump equipment, industrial machines [2]-[4] and agricultural equip-
ment [5] among other applications. The drive is frequently used because of its ability to absorb shock, and its 
ease of installation [6] [7]. The V-belt drive consists a V-belt mounted on two grooved pulleys kept at distance 
apart. The pulley groove angle is made smaller than the belt section angle so the belt can wedge itself into the 
groove thus increasing friction. The side compression of the pulley walls yields elastic penetration into the 
groove resulting into radial components of the friction forces [8]-[10]. The groove angle depends upon the belt 
section, pulley radius, and the angle of contact of the belt and pulley. In view of this, optimum groove angle is 
required for the system in order to avoid excessive belt pull on the pulley-shaft elements which can result in 
unwanted vibration. 

The wedging of the V-belt in the pulley groove increases the force of friction between the belt and pulley. The 
wedging action and the transmitted torque increase with reducing groove angle. The groove angle for V-belt is 
usually between 300 - 400. During the operation of the belt drive, the belt is carried forward by the driving pul-
ley via the interfacial friction between the belt and the driving pulley, the belt then carries the driven pulley for-
ward via the interfacial friction between the belt and the driven pulley [11]. The power requirement of the drive, 
the speed of the driving and the driven pulleys, the pulleys radius, and the pulley center distance are important 
design consideration for the V-belt drive. It is evident that the friction between the belt and pulleys is responsi-
ble for the power transmission and effective power transmission will depend upon the friction developed be-
tween the belt and the pulley contact surface [12]. The mechanics between belt and pulley in their contact zone 
has been well studied [13] [14] and considerable experimental studies have been done on the contact between 
the pulley groove and the V-belt as discussed in [15] [16]. The Coulomb friction law has been successfully used 
to model the contact forces [17]-[20]. Nishizawa [21] proposed a friction expression model for V-belt drive. The 
model is able to predict the power transmission output for the belt by incorporating the macro influence of the 
belt slip during operation. The state of power transmission for the belt with the influence of the macro slip limit 
is clarified and a new macro slip limit is obtained for the belt operation. 

The belts are usually tightened to ensure friction between the belt and the pulleys. However, the installation 
tension should not be more than necessary to transmit the rated torque otherwise excessive bearing loads and 
shaft stresses may occur [22]. The pre-tensioning of the V-belt drive is based upon the total tightening force re-
quired to transmit the power. In automobile industry, the belt tensions are required to be as small as possible to 
reduce belt fatigue and prolong bearing life. However the small tension could results in power loss and belt slip 
which is not acceptable. The belt-pulley function model and the belt interaction with the pulley groove have 
been identified as a major source of error in the use of such belt drive for power transmission [13]. Therefore an 
understanding of the belt-pulley interaction for optimum contact phenomena cannot be overemphasized. 

In machine design optimization process for machine parameters are usually carefully evaluated to determine 
output performance characteristics for each design candidate [23] [24]. Such optimization approach has been 
successfully used in engineering components design and related activities [25] [26]. Some optimization tech-
nique using response surface methodology (RSM) had been attempted for mechanical systems, [25] combined 
the RSM and the Hybrid Mean Value method for reliability based design optimization which tends to eliminate 
the effect of uncertain that may arise from design variables which may cause large variation in the performance 
parameter of the mechanism. The RSM often used for computational efficiency had also been applied in solving 
reliability based design optimization (RBDO) problems. [26] used the method to estimate the effect of the re-
sponse surface error on engineering systems whose variance in input variables causes subsequent variances in 
the product output performance of the system. Belt drives allow achieving optimum design solutions for power 
transmission in industrial machines. Model for searching optimal parameter for undamped multi-ribbed belt 
drive system used in passenger vehicles was developed in [27]. The model incorporate sensitivity of the fre-
quency and steady state harmonic responses of the system. The model was able to optimize the belt drive per-
formance especially in reducing the influence of vibration during operation. Nonlinear model for maximizing 
the fatigue life in the design of V-belt had been developed [28], the model present an effective algorithm and its 
efficiency involving mechanical design problems. The relative sliding of the belt with respect to the pulley re-
sulting in belt drive speed loss was investigated in [29]. The relation between the belt-drive parameters and the 
speed loss was obtained using response surface methodology and the optimum operating conditions were deter-
mined using the design optimization procedure. The prediction of the RSM was found to be in good agreement 
with the empirical results often encountered in literatures. 
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The present study tends to use the RSM approach for the optimization of the output power transmission of a 
V-belt drive considering the various constraint associated with the effective performance of the drive. 

2. Problem Formulation 
The parameter of the V-belt drive include the length of the belt, the belt speed, the size of the pulleys, the pul-
leys center distance, the belt tensions, and the belt size. It is desired to choose a subset of these as design va-
riables and formulates the objective function which will model the power transmission of the drive subject to the 
appropriate constraint which depend upon the performance and geometry of the drive. 

2.1. Design Variables 
The design variables are chosen to define the geometry of the belt drive. This includes the radii of the driving 
and the driven pulley, and the pitch length of the V-belt. Figure 1 provides a schematic drawing of the belt drive 
showing the variables employed. 

2.2. Objective Function Formulation 
The basic characteristics essential for the design of the belt drive transmission are the input and output power, 

inP , outP  and the rotational speed Aω , Bω . The objective of this study is to maximize the power transmission 
of the drive. The input power to the belt from the driving pulley could be written as; 

in A AP τ ω=                                          (1) 

And the output power received from the belt by the driven pulley could be written as; 

out B BP τ ω=                                         (2) 

where Aτ  is the torque that pulley-A delivers on the belt and Bτ  is the torque that pulley-B received from the 
belt.  

Belt drives depend for their operation on friction between the belt and the pulleys. The relation between the 
belt friction coefficient µ and the transmission torque τ could be obtained for the driving and driven pulleys re-
spectively as follows; 

A A A AN Rτ µ=  and B B B BN Rτ µ=                               (3) 

 

 
Figure 1. Scematic drawing of belt drive.                                                               
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To develop adequate traction, the belt must be given a certain amount of pretension, 0T . As the torques are 
transmitted by the system a tension difference 1 2T T−  between the tight and slack sides will occur and induce 
friction on the contact surfaces between the V-belt and the pulleys. The frictional contact behavior on the fric-
tional surfaces and the tension existing in the V-belt is well discussed in [6]. The changing in the belt tension 
causes changes in strain in the elastic belt which make the belt move relative to the rotating pulleys [7]. A speed 
differential known as creep is then developed between the belt and the pulley causing the belt span at the tight 
side to travel slightly faster than the belt span at the slack side. This creep phenomenon may be expressed as a 
ratio of the speeds [30], 

( )1B

A

v
v

ε= −                                         (4) 

where the slippage factor ε lies between the values 0.005 to 0.03. Denoting an assumed constant belt speed by vb, 
the output power by the belt can be obtained as expressed; 

( ) ( )1 2 1bP T T v ε= − −                                    (5)  

The tensions 1T  and 2T  transmitting the power is defined by considering the influence of the centrifugal 
force on the belt system in operation as follows [31]; 

2
1 t bT T vρ= −  and 2

2 s bT T vρ= −                               (6) 

where tT  and sT  are the tensions on the tight side and slack side of the belt respectively. 2
bvρ  is the centri-

fugal force. The maximum torque that can be transmitted between the belt and the pulley occurs when limiting 
friction is developed around the arc of contact. The forces acting on a short length of the belt which subtends an 
angle ofδθat the centre of the pulley are shown in Figure 2. Consequently the maximum possible ratio of ten-
sions between the “tight” and “slack” sides of the belt for a drive between pulleys of unequal radius was deter-
mined as [32]; 

sin1

2

e
iT

T

µ θ
β=                                         (7) 

β is the V-half angle of groove in degree. The power output for the drive is obtained as expressed in Equation 
(8).  

An accurate running tension can be achieve for the drive by setting an initial installation tension to which  

( )sin
1 1 e 1

i

bP T v
µ θ
β ε

− 
= − −  

 
                                (8) 

 

 
Figure 2. Ratio of driving tension for V-belt. (a) V-groove belt-pulley contact of friction force 
(mR/sinb). (b) Driving Tensions.                                                                            
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usually depends upon the belt length, belt elasticity, pulley geometry, and the center to center distance of the 
pulleys. Assuming that the length of the belt is constant and the belt elasticity is linear, the following equation 
applies [10]; 

1 2 02T T T+ =                                          (9) 

The effect of the initial tension as determined in Equation (9) could be obtain with the re-expression of the 
power output Equation (8) as obtained in Equation (10). 

( ) ( ) ( )
sin

2
0

sin

1 e2 1
1 e

i

i
b bf P T v v

µ θ
β

µ θ
β

ρ ε
−

−

 
− = = − − 

 + 

R                         (10) 

where R is the design vector of the system taken as follows: 

A

B

R
R

 
=  
 

R                                         (11) 

Assuming that µ, β, and bv  are constants, then the parameters T0 and iθ  provides the measure of the power 
transmitted and are used as the basis for the objective function in the problem formulation.  

2.3. Formulation of the Constraints 
In the constraint set, a condition for maximum power transmission could be obtained by the limitation on the in-
itial tension in the belt expressed as [33]; 

2
1 0 3 0bg T vρ= − =                                      (12) 

A geometrical relation could be captured with coordinate system as defined in Figure 2 and the following 
geometrical relations are obtained for the angle of lap on the driven pulley; 

π 2iθ φ= −                                         (13) 

1sin A BR R
C

φ − − =  
 

                                    (14) 

where AR  and BR  are the radii measured from the pulley center to the centroidal axis of the V-belt. C is the 
center-to-center distance of the drive system. 

The calculations involving the belt length are usually based on the pitch length, pL  of the drive. For any 
given belt section, the pitch length and center-to-center distance are obtained as [8]; 

( ) ( )22 πp A B A BL C R R R R C= + + + −                              (15) 

( ) ( ) ( )2 20.25 π π 8p A B p A B A BC L R R L R R R R    = − + + − + − −     
              (16) 

The center-to-center distance of the V-belt drive is limited to the following inequalities to prevent excessive 
vibration of the slack side [9]; 

( )6 A BC R R≤ +  and 2 AC R>                                 (17) 

The constraint on the ratio of tension could be obtained from Equations (7), (13) and (14) as follows: 

( ) 1
2 exp π 2sin 0A BR Rg R

C
µ −  +  = − >      

                          (18) 

Combining Equations (14) and (17) the constraint on the center-to-center distance can be obtained as: 

( )3 csc 6 0A B

A B

R Rg R
R R

φ−
= − ≤

+
                                (19) 

and 



N. A. Raji et al. 
 

 
37 

( )4 csc 0
2
A B

A

R Rg R
R

φ−
= >                                 (20) 

The optimization problem could therefore be stated as follows: 

Maximize ( ) ( ) ( )
sin

2
0

sin

1 e2 1
1 e

i

i
b bf P T v v

µ θ
β

µ θ
β

ρ ε
−

−

 
− = = − − 

 + 

R  

Subject to 2
1 0 3 0bg T vρ= − =  

( ) 1
2 exp π 2sin 0A BR Rg R

C
µ −  +  = − >      

 

( )3 csc 6 0A B

A B

R Rg R
R R

φ−
= − ≤

+
 

( )4 csc 0
2
A B

A

R Rg R
R

φ−
= >  

2.4. Optimization 
The above system of the objective function equation and the constraints are nonlinear functions of the design 
variables. Response surface methodology was used for the optimization of the power output. FORTRAN 90 
code was developed to simulate the objective function subject to the constraints as shown in flowchart Figure 3. 
The actual values from the FORTRAN 90 code simulation for the model Equations (10)-(20) were used directly 
for the RSM experiment design. The behavior of the power output, P, obtained in the simulation data were mod-
eled as functions of the driving pulley radius, RA, and driven pulley radius, RB using the Response Surface Me-
thodology (RSM). The response surface methodology was obtained from the design expert software version 
7.0.0. 

Response surface methodology usually aim at determining the optimum settings for the variables and to see 
how the variables perform over the whole experimental domain, including any interactions such as the simulta-
neous influence of the deriving and driven pulley parameters on the power output of the V-belt drive system. 
The driving pulley and driven pulley radius were taking as two independent variables which determine the re-
sponse of the power output P of the belt drive. The experimental design and statistical analysis were performed 
according to the response surface analysis method using Design Expert 7.0.0 software. Historical data obtained 
from the FORTRAN simulation was employed to study the combined effect of the pulley radii RA and RB. The 
dependent variable (P) measured is the power output of the belt drive system.  

A cubic order three dimensional surface model was obtained to describe the relationship between the power 
output and the pulley radii. The model was able to account for the curvature of the response and the interaction 
of the independent variables in the response surface. The data point (P, RA, RB) defines a curved surface in 3D 
space represented by the following polynomial [33].  

2 3
0 1 1 1

q q q
j j jj j jj j ij i jj j j i jy x x x x x eβ β β β β

= = = <
= + + + + +∑ ∑ ∑ ∑ ∑                  (21) 

The parameters iβ  are constant coefficients known as the regression coefficients. These coefficients meas-
ure the expected change in the response P per unit increase in Ra when the Rb is held constant and vice versa 
and is established by regression analysis in the RSM programme. j jxβ∑  is the main effect, 2

jj jxβ∑  and 
3

jj jxβ∑  are the curvature, ij i ji j x xβ
<∑ ∑  is the interaction and e is the error. All the coefficients were ob-

tained by the use of the Design Expert software package. The goodness of fit for each property model was con-
firmed by the R2 values and the probability obtained from the analysis of variance (ANOVA). The optimum 
values of the power output was obtained from the numerical analysis of the RSM package. 

3. Results and Discussion 
3.1. Simulation 
The simulation results as obtained from the FORTRAN 90 code is shown in Table 1. 
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Figure 3. Flow of optimal power output for V-belt drive.                                                                            

 
Table 1 shows the dependency of the power output on the Pulley radii for the combined influence of the pul-

ley radii the power output of the V-belt drive. The data in the table was populated in the RSM actual-design 
value frame for the 100 observations obtained. The RSM capable of developing model fits for the data was used 
to develop the model describing the relationship of the power output on the combined influence of the driving 
and driven pulley radii. Table 2 shows the result of the model fit for the data as analyzed using the RSM. 
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Table 1. Actual data as obtained from FORTRAN 90 code simulation for the V-belt drive.                                                   

V-Belt Drive Power Output (kW) Simulation Data for Pulley Radius Range of 100 - 1000 mm 

Driving 
Pulley  

Radius Ra 
(mm) 

Driven Pulley Radius, Rb (mm) 

100 200 300 400 500 600 700 800 900 1000 

100 0 745.49 745.49 745.49 745.49 745.49 745.49 745.49 745.49 745.49 

200 1435.64 1435.64 971.21 745.21 403.44 403.44 403.44 403.44 403.44 403.44 

300 403.44 1304.74 1304.74 1304.74 902.29 740.12 542.38 174.42 174.42 174.42 

400 174.42 1435.77 1257.24 1257.24 1065.87 971.06 865.72 745.08 599.67 403.27 

500 403.27 1566.7 1350.04 1232.44 1232.44 1083.82 1010.03 930.37 843 745.05 

600 745.05 745.05 1435.82 1304.84 1217.18 1217.18 1095.62 103519 971.02 902.2 

700 902.2 902.2 1520.51 1371.99 1276.64 1206.84 1206.84 1103.98 1052.79 999.02 

800 999.02 999.02 1628.11 1435.84 1332.24 1257.32 1199.37 1199.37 1110.2 1065.8 

900 1065.8 1065.8 1065.8 1498.93 1384.97 1304.87 1243.23 1193.72 1193.72 1115.02 

1000 1115.02 1115.02 1115.02 1566.75 1435.85 1350.1 1284.82 1232.5 1189.29 1189.29 

 
Table 2. Model summary statistics for power output of V-belt drive.                                                   

Source Std. Dev. R-Squared Adjusted 
R-Squared 

Predicted 
R-Squared PRESS  

Linear 10,080.81 0.399718 0.3873414 0.3575078 1.06E+10  
2FI 9845.115 0.433363 0.4156556 0.3739285 1.03E+10  

Quadratic 8955.198 0.540939 0.516521 0.4649792 8.79E+09  
Cubic 8080.128 0.642175 0.6063921 0.5178865 7.92E+09 Suggested 

 
The results suggest cubic order polynomials for the description of the power output relationship with the pul-

ley radii. This was obtained by focusing on the model that maximizes the adjusted and predicted R-square val-
ues for the system. The cubic order model compared to the other models has the lowest standard deviation, 
higher R2 values and low predicted residual sum (PRESS) of squares for the drive indicating that the cubic mod-
el is the most suitable for describing the power output of the system. 

3.2. Analysis of Variance 
The Analysis of Variance (ANOVA) for the response surface cubic model of the power output is as shown in 
Table 3 with estimated values of the regression coefficients. The ANOVA is employed in order to determine 
which of the pulley parameter is significant in describing the behavior of the power output. The R2 values were 
obtained from the F-test. The significant parameters are as shown in Table 3. Parameters with P-values less than 
0.05 are significant to the description of the power output. 

The F-values for the model with p-values <0.0001 implied that such model is significant. This means that 
there is only 0.01% chance that the model F-values as large as obtained could occur due to noise. 

The model terms with p-values less than 0.05 are considered to be significant and influence the power output 
considerably. The smaller values of the p-values suggest that there is curvature in the response surfaces. This is 
in line with rejecting the hypothesis that a particular regression coefficient does not influence the power output. 
The driven pulley main effect B, the curvature term B2 and the driving pulley main effect term A has the most 
significant influence on the power output of the drive with F-value of 31.46, 25.70 and 23.96 respectively. This 
is followed by the curvature term B3 of the driven pulley and interaction term AB with F-value of 19.08 and 
8.46.  

The normal probability of the power output is shown in Figure 4. 
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Table 3. ANOVA for power output of V-belt drive.                                                                            

 Sum of  Mean F P value 

Source Squares DF Square Value Prob> F 

Model 1.05E+10 9 1.172E+09 17.946596 <0.0001 

A 1.56E+09 1 1.565E+09 23.963765 <0.0001 

B 2.05E+09 1 2.054E+09 31.46416 <0.0001 

A2 88,595,158 1 88,595,158 1.3569802 0.2471 

B2 1.68E+09 1 1.678E+09 25.700491 <0.0001 

AB 5.52E+08 1 552,488,641 8.4622699 0.0046 

A3 76,073,345 1 76,073,345 1.1651881 0.2833 

B3 1.25E+09 1 1.246E+09 19.084515 <0.0001 

A2B 1.41E+08 1 140,787,789 2.156396 0.1455 

AB2 2E+08 1 199,561,274 3.0566083 0.0838 

Residual 5.88E+09 90 65,288,468   
Cor Total 1.64E+10 99    

 

 
Figure 4. Normal plot of residuals for the Poer out of the V-belt drive.                                                   

 
It was observed that the residuals tend to aligned with the normal distribution assumptions as defined by the 

straight lines. This implies that the errors are normally distributed. Predicted values from the model could there-
fore be considered useful for information extraction for the belt drive. 

3.3. Power Output 
The surface response and the contour plots of the power output are as shown in Figure 5 and Figure 6. 
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Figure 5. Surface plot for power output.                                                   

 

 
Figure 6. Contour plot for power output.                                           

 
The plots show the combined influence of the pulley radii on the power output of the V-belt drive. The con-

tour plots of the power output of the drive shows increasing power output with increasing driving pulley radius 
and reducing driven pulley radius. The power output however reduces as the driving pulley radius increases 
above 550 mm for small driven pulley radius. This phenomenon places limit on the pulleys parameter. Improved 
power output could therefore be obtained from driven pulley radius of 225 mm. Also the power output is limited 
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to a maximum driving pulley radius of about 900 mm beyond which the power output of the drive reduces. The 
contour range of optimized power output could therefore be obtained at driven pulley radius range of 250 - 500 
mm and driving pulley radius range of 550 - 900 mm. the limitation could be explained as due to the design 
constraint of the minimum range pulley belt-pulley lap angle which should be less than 180 degrees as obtained 
in theoretical models.  

The power output region for optimized value is exposed on the contour plot of Figure 6. It is cleared from the 
plot that the optimum power output could be obtained at 550 < Ra < 900 mm and 250 < Rb < 500. The predicted 
optimum power output is 1418.76 kW at driving and driven pulley radius of 846 and 486 mm respectively. The 
standard pulley radius for the belt drive operation could be selected within these limits for optimum power out-
put delivery for such drive. 

4. Conclusion 
In this paper, we proposed a formulation for optimizing the V-belt drive design in machinery. The formulation 
attempted to optimize the power output from the drive. Constraints on the pulley sizes, belt pitch length, pulley 
center-to-center distance, and tension ratio were also proposed. The resulting optimal design showed that the 
driven pulley size had substantial influence on the optimal power output of the drive compared to the driving 
pulley size. The curvature of the power output response was however explicitly described by the driving pulley 
parameter which was investigated for its sensitivity to the active constraints. The predicted optimum power out-
put was 1418.76 kW at driving and driven pulley radius of 846 and 486 mm respectively. The standard pulley 
radius for the belt drive operation could be selected within these limits for optimum power output delivery for 
such drive. The proposed formulation provided a good starting point for the power transmission design using the 
V-belt drive for machinery. Additional development of the formulation could consider the number of belts and 
pulleys required for power transmission mostly in heavy duty industrial machinery. 
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