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Abstract
Design guidelines require that high objects on the inside of horizontal curves be cleared so as to
provide sufficient sight distance. An example of the guidelines that require such clearance is the
AASHTO’s Green Book. The Green Book has an analytical model for determining minimum clearance for a given design sight distance. The model is well suited for middle sections of long curves.
Applying such clearance to sections near beginnings and ends of the curves and to sections where
there is reverse of curvature will result in over-clearance. Over-clearance implies extra cost of
earthwork where highways pass in cut zones. To avoid such extra costs the guideline suggests using the graphical method to determine exact clearance offsets. The graphical method is accurate
but it is also tedious and time consuming. This study developed analytical models for efficiently
determining clearance offsets that match the offsets determined with the graphical method. The
offsets are ordinates from driver paths to flat roadside spirals that make the boundary of the
roadside area to clear. Mathematical equations for the spirals comprise of terms related to highway speed (in the form of design sight distance), curve features, and driver locations. In turn,
these terms define magnitudes of the offsets to the spirals. Combination of the terms results in
many parameters to the extent of making difficult development of design charts for offsets. However, examining suitability of published offset charts for simple curves as estimates of offsets for
sites with reverse curves leads to finding that the charts are suitable as long as the reverse curves
have common tangents that are at least as long as 25% of design sight distance. For reverse curves
with no common tangents, offset charts have been developed and presented in this paper. Practitioners can use these charts or the derived equations to determine clearance offsets for new sites
as well as for existing sites that are deficient in design sight distance.
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1. Introduction

Geometric design guidelines require that sufficient sight distance be provided at all sections of highways. This
requirement is automatically met on straight sections of highways since sightlines from drivers to downstream
objects are within travel lanes. On curved sections, the sightlines act as chords by going through the inside of the
curves. To meet the sight distance requirement on the curved sections, design guidelines recommend that the inside of the curves be cleared of high objects that block the sightlines. Each guideline has a model for determining the extent of clearance that provides design sight distances. For example, the model for determining minimum clearance offsets in the AASHTO’s guideline [1]—(the Green book) is presented by Equation (1). In the
equation, the design sight distance is the selected length of visibility of a highway section that allows drivers to
perform specific maneuvers such as passing, stopping, or evasive maneuvers.


 28.65 × S  
=
M R 1 − cos 

R




(1)

where
M is the clearance offset;
R is the radius of driver path;
S is the design sight distance.
The model in Equation (1) was derived with consideration that both a driver and a downstream object are on
horizontal curves such that the distance between the driver and the object is design sight distance. That consideration fits well sites with curves that are longer than design sight distance. Moreover, the offsets in the equation
are derived as middle ordinates that bisect sightlines, making the model suitable for middle sections of curves. If
these offsets are applied at other sections of long or short curves the requirement of sight distance will be met
but with extra clearance. Extra clearance may imply extra earthwork and hence extra cost where highways pass
through cut zones. Extra clearance may also result in unaesthetic roadside since the extra clear area could be
used for decorative landscaping without negatively affecting required sight distance.
The Green Book implicitly acknowledges that offsets in Equation (1) may not be suitable for all locations.
The book then suggests using two other methods for locations where designers feel Equation (1) is inapplicable.
The first method is the computational method by Raymond [2]. Background mathematics of the computational
method is not known but the method works for sites with isolated simple as well as spiraled curves that are
longer than design sight distance. A curve is considered isolated if its curvature does not affect safety of other
curves and also its safety is not affected by other curves. That condition is met where there is large spacing between curves such that a driver on one curve does not have to monitor a dangerous object on a downstream
curve. On those sites, a tangent section between any two curves is at least longer than design sight distance.
Where tangent sections are shorter than design sight distance the curves are not isolated and may form either
compound or reverse alignmentsdepending on the direction of turning.
The second method suggested in the Green Book is the graphical method. This method works on all: isolated,
compound, and reverse curves. Its drawbacks are that it is tedious and time consuming. For long, researchers
have proposed substitute methods [3]-[8] that overcome these drawbacks. However, these studies focused on
isolated horizontal curves and not reverse curves.
Easa [9] developed analytical models for available sight distance based on discrete objects that are located on
selected locations of roadsides of reverse curves. Easa developed a table of minimum sight distance for given
values of radii, radii ratios, central angles, obstacle ratios, and available clearance offsets for reverse curves with
common tangents that are164 ft (50 m) in length. Practitioners can use the table for determining clearance offsets required to satisfy design sight distances where common tangents are 164 ft long. More tables are needed to
cover a wide range of values of common tangents, which is possible for design guidelines. Other models on
available sight distance were developed by Lovell and others [10]-[12]. Further work was done by Lovell and
Iida [13] who developed an algorithm that used GPS data to determine the boundary of the roadside area to clear
such that design sight distance was provided. Lovell and Iida [13] called that boundary the clear zone envelope.
However, no design table or design chart was developed probably due to many parameters involved.
The first objective of this paper is to develop an analytical model for efficiently determining minimum clearance offsets that would otherwise be determined with the accurate but inefficient graphical method. The offsets
guarantee that available sight distances are at least equal to design sight distance on reverse curves. The second
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objective is to use the developed model to develop design charts through screening out factors that have small
significance in the model. The scope of this paper is limited to reverse curves whose sum of lengths of their two
circular arcs and the common tangent between the arcs is greater than design sight distance. Where the sum is
shorter than design sight distance drivers have to monitor more than two downstream curves at a time, the design which may be unsafe and unaesthetic.

2. Modeling of Analytical Offsets
Development of mathematical equations for analytical offsets requires understanding the geometry of the roadside area to clear. The graphical method suggested by the Green Book is the basic and simplest way for describing the geometry of the roadside area. To describe the geometry, consider a reverse horizontal alignment
ABCDEF shown in Figure 1(a). Point A is at distance S upstream of B and point F is at distance S downstream
of point E. To determine the extent of clearance using the graphical method, a designer draws sightlines (chords)
that intersect segments of the alignment. Each segment intersected has to have length that is equal to design
sight distance S. The sightlines are drawn at convenient intervals, say 20 ft. The dashed lines in Figure 1(a)
represent a few sightlines. After drawing the sightlines, the designer draws a roadside curve that touches all
sightlines tangentially. That roadside curve is represented by the red dashed curve in Figure 1(a). The roadside
curve so obtained is the boundary of the roadside area to clear. Lovell and Iida [13] called the roadside curve the
clear zone envelope and hence in this paper so as to maintain consistency in the subject. In Figure 1(a), there
are two envelopes, envelope 1 on the inside of curve 1 and envelope 2 on the inside of curve 2.
In Figure 1(a) it is seen that as a driver travels from point A downstream, increasing is the length of a sightline from driver eyes to the point where the sightline touches the envelope tangentially. Therefore, the envelope
can simply be expressed using the relationship between the length of the sightline from the eyes to the envelope

Figure 1. The graphical method and clearance envelopes. (a) Graphical method for the roadside clearance envelope; (b) Locations where sightlines are not tangents to envelopes.
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and driver location. The length of the sightline from the eyes to the tangential point on the envelope is termed
here as the horizontal sightline tangent length and is denoted by TH. Increase in TH can locally (using locus concepts) be described with motion of the point of tangency of the sightline and the envelope. TH increases as the
point of tangency moves along the sightline and away from driver eyes. Combination of the motion of the point
of tangency and rotation of the sightline results in the point of tangency tracing the locus that is the envelope.
Before the increase in TH is formulated, one consideration is made. The consideration is that, the common
tangent CD (in Figure 1(a) and Figure 1(b)) is shorter than sight distance thus clearance envelope 1 on the inside of curve 1 is traced as the driver travels from A to B1. Just downstream of B1 the sightline becomes a common chord to both curve 1 and curve 2 as shown by line B2D2. When the driver reaches point B3 the sightline is
no longer a common chord and the clearance envelope 2 on the inside of curve 2 starts to trace. Sightlines for
driver locations between B1 and B3 are not considered in derivation of equations for the envelopes since the
sightlines are swinging in the area that is already clear. In other words, sightline B2D2 does not touch either
envelope so B2D2 is not a critical sightline and is not a relevant sightline for determination of minimum offsets
or offsets to the envelopes.
The distance from point A to driver location B1 (in Figure 1(b)) must be known before equations for envelope
1 are derived. Let d be the distance from A to B1 with point A acting as the origin of an x-y coordinate system.
The positive sense of the y-axis is on the inside of curve 1 consistent with the positive sign of clearance offsets.
To determine length AB1, location of point D1 needs to be determined first. Point D1 is the object location corresponding to driver location B1 and also point D1 is where the sightline touches curve 2 tangentially before the
sightline becomes a common chord to the two curves. To determine location of D1 the mathematical equation
for curves 2 is used. Equation (2) is the equation of the circular curve 2.

( x − x2 )

2

+ ( y − y2 ) =
R22
2

(2)

where
x2 and y2 are coordinates of the center of curve 2;
R2 is the radius of curve 2.
Differentiating Equation (2) with respect to x yields Equation (3). Equation (3) is also for the slope at any
point on curve 2.
x − x2
dy
= −
y − y2
dx

(3)

Since point D1 is the end of the sightline it is also the location of the downstream object. The slope of curve 2
at D1 is found by plugging coordinates of object location in Equation (3) to yield Equation (4). Since coordinates
of object location that make the sightline tangent to curve 2 are unknown, an additional equation that has the
coordinates of the location of the object is needed for solving location of D1.
x − x2
dy
= − o
yo − y2
dx

(4)

where
xo and yo are object coordinates at point D1.
The additional equation for determining location of D1 is that of the slope of a sightline. The slope of the
sightline is found by using coordinates of driver and object locations as in Equation (5). The slope of the
sightline is also the trigonometric tangent of angle θ at which the sightline inclines to the x-axis.
y −y
∆y
= tan
=
(θ ) o d
xo − xd
∆x

(5)

where
xd and yd are coordinates of driver location at point B1;
θ is the angle at which a sightline inclines to the x-axis.
Since point D1 is where a sightline touches curve 2 tangentially, the slope of the sightline and the slope of
curve 2 are equal at D1. The equality is expressed by equating the right hand side of Equation (4) to that of Equation (5) to yield Equation (6).
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(6)

To obtain coordinates of D1 Equation (6) is solved iteratively by changing values of distance d (Figure 1(b))
and using the values of d to determine coordinates of driver and object locations. The solution is obtained when
the sides of Equation (6) are equal. The coordinates of object location that satisfy Equation (6) are the needed
coordinates for point D1.Parallel with obtaining the coordinates is obtaining of the geometric parameters of
envelope 1 at D1. The parameters are dmax which is the location of the driver at B1 (Figure 1(b)) and TH,max which
is the longest sightline tangent B1D1.

2.1. Equations for Envelope 1
Geometric or local definition of envelope 1 is that it is a locus traced by a point (the point of tangency of a
sightline to the envelope) as the point moves along the sightline and as the sightline rotates and translates. During these movements, the distance between a driver and a downstream object is fixed at the design sight distance.
It is hypothesized that the motion of the point of tangency along the sightline is uniform for a given domain of
driver and object locations. That is, for a given domain the horizontal sightline tangent length TH increases at a
constant rate. An example of a domain is when a driver is on the approach tangent and an object is on curve 1.
Another example is when the drive is on curves 2 and the object is on the receding tangent. All domains are organized in two major cases according to lengths of curve 1 and curve 2. The first case is for sites with long
curves and the second case is for sites with short curves. Under these two cases there are sub-cases as presented
in the subsections below.
2.1.1. Case 1: Long Curves
This section presents derivation of envelope curves for sites with components of reverse curves that are longer
than design sight distance. There are four sub-cases considered for each component curve. The first sub-case is
when a driver is on the approach tangent (like point B in Figure 2) and an object is on curve 1. The second subcase is for both a driver and an object being on curve 1. The third is when a driver is on curve 1 and an object is
on the common tangent. The fourth sub-case is for a driver on curve 1 (like point C in Figure 2) and an object
on curve 2. Below is the presentation of the sub-cases starting with sub-case 1(a).
1) Case 1 (a): A driver on approach tangent, an object on curve 1
The sightline tangent length TH in Figure 2 increases as d (location of driver B downstream of PC1 − S ) increases. Equation (7) is for the linear relationship between TH and d. The domain of the equation is PC1 − S ≤
d ≤ PC1 or 0 ≤ d ≤ S . The linear coefficient C1 is obtained by inserting in Equation (7) known values of TH
and d. The values are d = S (i.e. the driver is at PC1) and TH = TM (as in Figure 2). TM is the length of TH corresponding to the offset presented earlier by Equation (1).

Figure 2. Formulation of envelope 1 for long curves.
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TH = C1 ⋅ d

(7)

where
TH is the distance from driver eyes to the envelope;
d is the location of driver downstream of PC1 − S ;
C1 is the constant rate of change of TH;
 28.65 × S 
T
C1 = M ; and TM = R1 ⋅ sin 
.
S
R1


The part of envelope 1 represented by Equation (7) is a spiral since its radius decreases gradually from infinity at PC1 − S to R1 − M (where M is given by Equation (1)) at PC1 + 0.5S . This spiral is different from, and
flatter than the Euler’s spiral used for transitioning turning. The differences are presented in detail in [14].
2) Case 1 (b): A driver and an object on curve 1
When both a driver and an object are on curve 1 the distance from driver eyes to the point the sightline touches the envelope tangentially is half the length of the sightline. It is half the length of the sightline since the offset
(given by Equation (1)) from driver path to the sightline bisects the sightline. The formula for TH in this sub-case
is given by Equation (8). The domain for this case is PC1 ≤ d ≤ PT1 − S . It is worth noting that constantness of
TH in Equation (8) will yield constant offsets that are equal to the values given by Equation (1). Constantness of
the offsets also implies that the part of the envelope in this sub-case is a circle of radius R1 − M .
TH = TM

(8)

where
TM is the length of the sightline to offset M in Equation (1);
 28.65 × S 
TM = R1 ⋅ sin 
 = C1 S .
R1



3) Case 1 (c): A driver on curve 1, an object on common tangent
The length of TH starts to increase again after the driver passes station PT1 − S . Equation (9) is for the spiral
envelope in this sub-case and its domain is PT1 − S ≤ d ≤ PT1 − S + Tc or L1 ≤ d ≤ L1 + Tc since station PT1 is
the same as S + L1 . The first term of Equation (9) was obtained from the previous sub-case above and it serves
as the initial value of TH within this sub-case. The constant C2 is obtained by inserting d= S + L1 and TH = S
since TH = S covers all value of Tc within the range 0 ≤ Tc ≤ S .

TH =
TM + C2 ( d − L1 )

(9)

where

C2 =

S − TM
.
S

4) Case 1 (d): A driver on curve 1, an object on curve 2
In this sub-case TH starts with the value obtained by inserting in Equation (9) the upper limit of its domain i.e.
d= L1 + Tc . TH then increases until it reaches its maximum value TH,max which is also length CD in Figure 2.
The local (that of locus) meaning of TH,max is the maximum value of TH obtained when the tangent point has
moved such that it has caught up the object at point D in Figure 2. The point catching up the object at D implies
that envelope 1 has been completely traced by the point. Point C (in Figure 2) is the driver location corresponding to TH,max; point C is at distance d = dmax from PC1 − S . Equation (10) below is for the envelope in this subcase. The domain of the equation is PT1 − S + Tc ≤ d ≤ d max or L1 + Tc ≤ d ≤ d max . The constant C3 is obtained
by inserting d = dmax, and TH = TH,max in Equation (10).

TH = TM + C2Tc + C3 ( d − L − Tc )
where

C3 =

TH ,max − (TM + C2Tc )
d max − L − Tc
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Equations (7) to (10) are grouped together in one equation with four regimes as given in Equation (11).

C1 ⋅ d ,
T ,
 M
TM = 
TM + C2 ( d − L ) ,
T + C T + C ( d − L − T ) ,
c
2 c
3
 M

d≤S
S ≤ d ≤ L1
L1 ≤ d ≤ L1 + Tc

(11)

L1 + Tc ≤ d ≤ d max

This equation is complemented by the equation for the angle at which a sightline inclines to the approach
tangent. The equation for that angle was presented earlier as Equation (5).
2.1.2. Case 2: Short Curves
On sites where components of reverse curves are shorter than design sight distance, derivation of envelope equations is similar to case 1 but with a few differences. One of the differences is that case 2 has one more sub- case:
that of driver and object being on tangents. Another difference is that segments of the envelope are all spirals, no
circular part as in case 1(b). Below is presentation of derivation of equations for those spiral segments.
1) Case 2(a): A driver on approach tangent, an object on curve 1
On sites with lengths of curve 1 that are shorter than design sight distance the first regime of Equation (11)
above is applicable but with a narrower domain. The domain is PC1 − S ≤ d ≤ L1 or 0 ≤ d ≤ L1 (where L1 is
the length of curve 1). The domain is narrower since L1 is shorter than S. Equation (12) is for this sub-case as a
replica of the first regime of Equation (11).
TH = C1 ⋅ d

(12)

2) Case 2(b): A driver on approach tangent, an object on common tangent
Equation (13) is for this sub-case and its domain is L1 ≤ d ≤ L1 + Tc for short common tangents and L1 ≤ d ≤
S for long common tangents. The first term of Equation (13) is from case 2(a) after setting d = L1 in Equation
(12). The resulting value is maximum for case 2(a) but minimum for case 2(b). The coefficient C4 is obtained by
setting d = dM and TH = TM in Equation (13), where dM is the driver location corresponding to the middle offset
M at the middle of the curve (station PC1 + 0.5 L1 ). TM is half the length of the sightline since the middle offset
at PC1 + 0.5 L1 bisects the sightline as shown in Figure 3.

TH =C1 L1 + C4 ( d − L1 )

Figure 3. Middle offset M and tangent length TM.
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where
C4 =

TM − C1 L1
;
d M − L1

dM is the driver location corresponding to middle offset M;
TM is the value of TH corresponding to M.
The driver location dM in the formula for C4 in Equation (13) above is given by Equation (14).

dM =
S − 0.5 ( S − L1 )

(14)

The sightline tangent TM in C4 is derived using Figure 3 as shown below.
TM = AC + CD = AC + BE

(15)

TM =
AB ⋅ cos (θ ) + BE

(16)

T=
0.5 ( S − L1 ) ⋅ cos (θ ) + R ⋅ sin (θ )
M

(17)

where
=
θ 0.5∆ .

3) Case 2(c): A driver on approach tangent, an object on curve 2
This sub-case is relevant on sites where lengths of common tangents are shorter than S − L1 including sites
with no common tangents. Equation (18) is for this sub-case and its domain is L1 + Tc ≤ d ≤ d max if dmax ≤ S. If
dmax ≤ S tracing of envelope 1 is completed before a driver reaches PC1 otherwise the domain is L1 + Tc ≤ d ≤ S .
The first two terms of Equation (18) are from case 2(b) after setting d= L1 + Tc in Equation (13). The coefficient C5 is obtained by setting d = dmax and TH = TH,max in Equation (18). The value of dmax is the location of a
driver corresponding to the maximum length of sightline tangent to envelope 1. After d = dmax the sightline becomes a common chord to both curve 1 and curve 2.

TH = C1 L1 + C4Tc + C5 ( d − L1 − Tc )

(18)

where

C5 =

TH ,max − ( C1 L1 + C4Tc )
d max − L1 − Tc

4) Case 2(d): A driver on curve 1, an object on common tangent
This sub-case is for sites with lengths of common tangents that are longer than S − L1 . Equation (19) is for
this sub-case and its domain is S ≤ d ≤ L1 + Tc . The first two terms of Equation (19) are from case 2(b) if d = S
is inserted in Equation (13). The coefficient C6 is obtained by setting d= S + L1 i.e. driver is at PT1 and TH = S
in Equation (19). TH = S covers all value of Tc within the range 0 ≤ Tc ≤ S .

TH = C1 L1 + C4 ( S − L1 ) + C6 ( d − S )

(19)

where
C6 =

S − C1 L1 + C4 ( S − L1 ) 
L1

5) Case 2(e): A driver on curve 1, an object on curve 2
This sub-case is for both sites that have common tangents that are shorter than S − L1 and those with common tangents that are longer than S − L1 . For former sites the relationship for sightline length is given by Equation (20). The domain for Equation (20) is S ≤ d ≤ d max . The first three terms of Equation (20) are obtained by
setting d = S in Equation (18). For sites with common tangents that are longer than S − L1 Equation (21) is used.
The domain for Equation (21) is L1 + Tc ≤ d ≤ d max . The first three terms of Equation (21) are from case 2(d)
when d= L1 + Tc in Equation (19). The coefficient C7 in (20) and (21) is obtained by setting d = dmax and setting TH = TH,max in the respective equations.

TH = C1 L1 + C4Tc + C5 ( S − L1 − Tc ) + C7 ( d − S )
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where
C7 =

TH ,max − C1 L1 + C4Tc + C5 ( S − L1 − Tc ) 
d max − S

TH =C1 L1 + C4 ( S − L1 ) + C6 ( L1 + Tc − S ) + C7 ( d − L1 − Tc )

(21)

where
C7 =

TH ,max − C1 L1 + C4 ( S − L1 ) + C6 ( L1 + Tc − S ) 
d max − L1 − Tc

2.2. Equations for Envelope 2
Equations for envelope 2 are also derived by tracking increases of TH for each case. The easiest way is by starting from PT2 + S and moving towards PC1 − S . That way will end up with equations like those presented
above. Due to limitation of space, it is avoided to duplicate the effort through re-derivation of the equations.

2.3. Coordinates of Envelope Curves
Equations for TH and θ represent the envelopes in polar like form. The equations can be used to determine rectangular coordinates along the envelopes. Equation (22) and (23) use TH and angle θ for determining the coordinates.

=
x xd + Ts ⋅ cos (θ )

(22)

=
y yd + Ts ⋅ sin (θ )

(23)

2.4. Clearance Offsets
Offsets are normal ordinates from driver path to clearance envelopes. For the section from PC1 − S to PC1,
like point B in Figure 4, the offsets are simply y-coordinates given by Equation (23) above. For any location on
curve 1, an offset is given as radius minus length DE (in Figure 4). Point D has coordinates D ( x, y ) while the
center of the highway curve 1 is E ( S , R ) . Equation (24) is for the offset from the curved driver path to envelope 1.
CD = R1 − DE = R1 −

(x − S)

2

+ ( y − R1 )

2

(24)

For a point on the common tangent between PT1 and PC2, say point G, offset FG is given by the radius minus
projection of line EF on the radius at PT1. Equation (25) is for that offset.
FG= R1 − EF ⋅ cos ( β − ∆ =
) R1 −

(x − S)

2

+ ( y − R1 ) ⋅ cos ( β − ∆ )
2

(25)

For a point on curve 2, like point I, offset HI is given by the distance from H ( x, y ) to the center of curve 2
minus the radius R2. Equation (26) presents offset HI.
HI = HJ − IJ =

( x − x2 )

2

+ ( y − y2 ) − R2
2

(26)

Equations (24) to (26) are grouped together as regimes of one equation in Equation (27).
Envelope 2 uses the same Equation(27) if offsets are determined from PT2 + S considering the driver in the
opposite direction (i.e. traveling from PT2 + S to PC1 − S ).
X ≤ PC1
 y,

2
2
 R1 − ( x − S ) + ( y − R1 ) ,
PC1 < X ≤ PT1

m=
(27)
2
2
 R1 − ( x − S ) + ( y − R1 ) ⋅ cos ( β − ∆ ) , PT1 < X ≤ PC2

2
2

PC2 ≤ X
 ( x − x2 ) + ( y − y2 ) − R2 ,
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Figure 4. Relationship between offset and location.

where
X is station of an offset; m is an offset.

3. Verification
Equations for envelopes and offsets are verified using the graphical method since the equations aim at efficiently
reproducing offsets determined with the graphical method. The graphical method is recommended in the Green
Book as the general method for determining offsets. Offsets determined with the graphical method are geometrically sound and have been accepted by researchers and practitioners. It is known in practice that the graphical
method is tedious and time consuming but its value makes it worth to use one time to validate analytical models.
Consider a two lane highway with design speed of 50 mph. The design sight distance on this highway is the
stopping sight distance of 425 ft. One of reverse curves on the highway has curve 1 with length of 170 ft and radius R1 = 650 ft. Curve 2 has a length of 255 ft and radius of R2 = 700 ft. The common tangent Tc between PT1
and PC2 is 200 ft. Figure 5(a) presents lines for offsets determined with analytical equations and offsets determined with the graphical method. All offsets in the figure use one driver path as reference line. The lines for
analytical offsets match well the accurate offsets produced with the graphical method. Therefore, the analytical
offsets are sound. That is, the hypothesis that TH increases at uniform rate is practically accurate for each case
considered. Unknown exact and complex equations for the envelopes may show some nonlinearity in the future
but that nonlinearity is ignored without serious errors in offsets.
Presentation of offset lines in Figure 5(a) may be wrongly perceived as offsets on one side of a highway since
the offset lines are on the same side of the horizontal axis. Such presentation may work well for offsets on compound curves. To avoid that wrong perception, the curves have been re-presented in Figure 5(b) to emphasize
reverse of curvature. Figure 5(b) hence reflects clearance on the inside of each circular arc. For the rest of the
paper, offset curves will be presented in the style of those in Figure 5(b).

4. Design Charts
Derived equations for envelopes and offsets have many variables. Offsets to envelope 1 are a function of S, R1,
L1, Tc, R2, and L2. The factor that determines the extent to which offsets to envelope 1 depend on R2 and L2 is Tc.
There is maximum dependency when Tc = 0 and no dependency when Tc ≥ S. It is therefore difficult to produce
a 2D design chart or table with these seven factors. However, the offset curves in Figure 5 above are close to
symmetrical curves. Mauga [14] developed one design chart for simple curves and the chart has offset lines that
are symmetrical about station PC + 0.5L. It is worth examining how much the offset chart for simple curves may
be applicable to reverse curves before embarking in the task of combining numerous variables of reverse curves.
Figure 6 presents graphs for the examination.
Figure 6(a) presents offset lines for a 50 mph two-lane highway reverse curve and for two simple curves. The

178

T. Mauga

Figure 5. Verification of analytical offsets. (a) Curves of horizontal clearance offsets; (b)
Offset curves presented in emphasis of reverse curvature.

offsets for simple curves were obtained by lengthening the common tangent to S. For a driver travelling from
PC1 − S the reverse curve has the following characteristics: R1 = 800 ft, L1 = 255 ft, Tc = 0, R2 = 660 ft, L2 =
170 ft, and lane width of 12 ft. The offset lines in Figure 6(a) have been coincided at PC + 0.5L for each travel
direction. Offsets to envelope 2 were produced by considering a driver moving from PT2 + S to PC1 − S .
Figure 6(a) shows that for a reverse curve without a common tangent, use of offset charts for simple curves will
conservatively clear more than required area near the point of reverse curvature. Over-clearance guarantees that
available sight distance is greater than design sight distance but with extra cost in cut zones. The fact that offsets
for simple curves are greater than offsets needed for reverse curves was also reported by Easa [9]. Pure reverse
curves need smaller offsets since their envelopes have smaller curvature due to sightlines reversing direction of
rotation sooner than on simple curves or reverse curves with long common tangents. It is noteworthy that reversal of curvature without a common tangent is not recommended in the Green Book due to the problem of transition of superelevation and other related problems.
Increasing the value of Tc while keeping other geometric features constant yields different results. Figure 6(b)
is for the example in Figure 6(a) but with Tc = 106.25 ft which is 25% of the design sight distance. It is seen that
discrepancy between the offset lines has decreased tremendously near the maximum offsets. Addition of the
common tangent has removed big differences in the offsets. Where there is still difference between the offset
lines, first, the maximum difference is approximately 5 ft, second, the 5 ft difference is an overestimation as op-
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Figure 6. Comparison of simple and reverse offsets: no tangent and short tangents. (a) reverse curves with Tc = 0; (b) reverse curves with Tc = 0.25S.

posed to underestimation, and third, the 5 ft overestimation is insignificant since it is on the locations where
clearance provided by lanes and shoulders (12 ft) is bigger than the required 5 ft offset.
To examine the offsets for simple curve more, a longer common tangent is tested. Figure 7(a) presents the
Tc 0.5
=
S 212.5 ft . It is evident that there is very small discrepancy between
offset lines for the curves where=
the offset lines on small portion of the highway. For the 50 mph reverse curve with R1 = 800 ft and R2 = 660 ft,
the minimum length of common tangent that is required for transitioning superelevation is 395 ft. The common
tangent of 212.5 ft is much smaller than the 395 ft but still yields very small differences between offsets for isolated curves and offsets for reverse curves.
Using the 300 ft (70% of S) common tangent that is recommended in the Green Book, it is found that there is
no practical difference between offsets for isolated curves and reverse curves as shown in Figure 7(b). Therefore, as long as there is a reasonable length of common tangent, offset charts for simple curves may be used to
determine roadside clearance for reverse curves. For reverse curves with no common tangent, a designer may
use equations that have been derived in this paper or charts in Figure 8 to clear the roadside. Figure 8(a) is for
the radii ratio of R1/R2 = 0.67, Figure 8(b) is for R1/R2 = 1, and Figure 8(c) is for R1/R2 = 1.5. The radii ratios in
the figure are such that the flatter radius is not more than 50% of the sharper radius. Bigger values may be unsafe.
The charts in Figure 8 imply that offsets are for curve 1 of the reverse curve or are to envelope 1 only. But
they are for both curves since each direction has curve 1. The charts are for R/S ratios that are greater than 1.5
since at R/S ratios greater than 1.5 offset values are not sensitive to the R/S ratio [14]. To demonstrate how to use
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Figure 7. Comparison of simple and reverse offsets: long common tangents. (a) reverse
curves with Tc = 0.5S; (b) reverse curves with Tc = 300 ft (≈0.7S).

the charts, consider a two lane 50 mph highway with a reverse curve with the following features: R1 = 670 ft, L1
= 255 ft, R2 = 1000 ft, L2 = 340 ft. Determination of offsets for the first curve follows steps below:
=
R1 R2 670
=
ft 1000 ft 0.67 , use Figure 8(a).
The sight distance is 425 ft for 50 mph.
=
L1 S 255
=
425 0.6 , use the line labeled 0.6 in the figure.
The maximum offset in the Green Book is given by
M AASHTO =
670 1 − cos ( 28.65 × 425 670 )  =
33.42 ft .

For each location ratio X/S (Table 1 column 3) an offset ratio is read on the vertical axis of Figure 8(a) as
recorded in column 4. The offset ratios are then multiplied by MAASHTO of 33.42 ft to obtain offsets (column 5).
The offsets presented in column 5 of Table 1 are only minimum values. Implementing the offsets in the field
will guarantee that available sight distances are equal to the design sight distance of 425 ft. Implementing offsets
that are greater than those in Table 1 will result in available sight distances that are greater than 425 ft.

5. Summary and Conclusion
The current Green Book and some other geometric design guidelines do not have an analytical model for clearance
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Figure 8. Design charts for reverse curves with no common tangents.

of insides of reverse curves. Applying the Green Book’s model for simple curves to reverse curves will overclear sections near beginnings, ends, and near points of reverse of curvature. Over-clearance of roadsides implies extra cost of earthwork where highways pass through cut zones but it also implies unaesthetic roadsides
due to extra clearance of decorative landscape features. To solve the problem, this paper developed an analytical
model for clearance offsets on the inside of horizontal reverse curves. The analytical offsets were validated using offsets determined manually with the graphical method. Offsets determined with the graphical method are
accurate since the method has not only been recommended in the Green Book but also has been accepted by researchers and practitioners. The only problem with the graphical method is tedium and time consumption.
The analytical model developed in this paper has many variables that make difficult development of design
charts. Examination of published offset charts for isolated simple curves revealed that the charts provide a very
good estimation of offsets for reverse curves if the reverse curves have common tangents whose lengths are at
least 25% of design sight distance. For reverse curves with common tangents whose lengths are 50% of
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Table 1. Determination of offsets using offset charts.
Station

Location X (ft)

X/S

m/MAASHTO

Offset (ft)

PC−S

000

0.00

0.00

0.00

PC−325

100

0.24

0.01

0.33

PC−225

200

0.47

0.06

2.01

PC−125

300

0.71

0.21

7.02

PC−25

400

0.94

0.50

16.71

PC

425

1.00

0.59

19.72

PC+75

500

1.18

0.78

26.07

PC+110

535

1.26

0.81

27.07

PC+175

600

1.41

0.73

24.40

PT

680

1.60

0.42

14.04

PT+20

700

1.65

0.31

10.36

PT+120

800

1.81

0.02

0.67

design sight distance or those that are 300 ft long (the 300 ft is recommended in the Green Book), there was
negligible difference between simple offsets and offsets produced for reverse curves. All lengths of common
tangents analyzed were shorter than the minimum length of common tangent that was required for transitioning
reversal of superelevation. Therefore, the offset charts for isolated simple curves may be used accurately for reverse curves as long as the common tangents are at least 25% of design sight distance. Use of charts for simple
curves avoids development of numerous charts for reverse curves since there are many parameters involved
some of which have very little impact on offsets.
Pure reverse curves are not recommended in the Green Book. Should practitioners choose to have part of their
highways with pure reverse curves, the practitioners may use the derived equations or the design charts presented in Figure 8 to determine roadside clearance offsets. Practitioners may still use offsets for simple curves
on pure reverse curves but it will result in over clearance at locations near points of reverse of curvature. Equations derived in this study and charts developed from those equations will find application in the areas of roadside design aiming at preserving safety and mobility of highways.
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