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Abstract
The sequential comparison test is a tool for evaluation of the operational innovation in information technology service delivery processes. Due to the strong variability of these processes, the
evaluation is done in comparison with the parallel running servers taken as reference. We consider the streams of service-completion events. When the time between events (TBE) is exponentially distributed, the binomial sequential probability ratio test (SPRT) can be used for evaluation.
The effect of deviations from the exponential distribution on the characteristics of the test is analysed. We suggest a novel criterion that allows analysing robustness of the test. We show that the
main factor influencing these characteristics is the coefficients of variation (CV) of the TBEs. Thus
just by using CV of the TBEs, we may conclude whether the test is robust or not. We also suggest
approach of handling the case when test for pair of single TBEs is not robust (case of CV > 1). Transition from a single server to a group of servers and from a single stream to a superposed stream
of events improves robustness, since superposition of event streams brings the TBEs’ distribution
closer to the exponential. Superposition makes it possible to deal with the problem for CV > 1. The
analytical dependency of the fixed sample size test (FSST) robustness vs. CV permits simple estimation of robustness of the test in question. The advantage of the test is shown vs. the FSST, and
illustrated on a real-life case.
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1. Introduction

The theme of the paper was dictated by experimental design problems attendant on the assessment of the effect
of innovations in the parameters of the service process run by information technology systems (IT)—for example, the one client service time (OCST).
The need for simultaneous comparison testing in such a case arises from the rapidly changing conditions of
the server activity [1], so that a reference is necessary to assess the effectiveness of an innovation, or (for example) that of training a new server group at a call centre [2]. For this purpose a comparison test is available [3] in
which two systems are involved, one of which is tested as innovative in some respect, and the other used as the
reference. The underlying assumption is that the TBE in both items is exponentially distributed. On practice this
assumption looks overly constraining.
The OCST can have a variety of distributions. For example, Brown et al. [4] assign to it a lognormal one with
a CV (the ratio of the standard deviation and expectation) exceeding 1. The throughput capacity of the service
process is frequently increased by recourse to a group of servers carrying out identical functions. This service
process we shall present as a stream of events, which terminates in the completion of service to a client [1]. The
unified stream of such events will have a distribution close to the exponential by Palm-Khinchine theorem
[5]-[8]. If the test is run during the period of heaviest traffic of the workday, when clients have to wait in a
queue and the servers are fully engaged, the above service process depends only on the OCST and the group size,
so that the assessment problem is reduced to comparison of the mean TBE’s (MTBE) of two such processes.
In [3], it was shown that the above comparison test was reduced to the binomial sequential probability ratio
test (SPRT), first described by Wald [9]. Its advantage is that it needs a substantially smaller average sample
number (ASN) for a decision to be taken [10]. The idea of the sequential test is that after each step one of three
decisions is made: accept null hypothesis and finish test, or reject null hypothesis and finish test, or proceed with
the test for further refinement.
The natural question was how the characteristics of the test will change on deviation from the TBE of the exponential distributions for the processes under comparison.
Analogous problems arise in other fields, for example, in testing for reliability [3] [11], where the TBE is often other than exponential [12], with high uncertainty as for the actual distribution.
The planning aspects of the comparison SPRT (CSPRT) for a pair of streams with exponential TBE’s have
been addressed rather in full [13]-[18], but a still open topic of particular interest is the influence of deviations
from exponentiality on the test characteristics. This influence determines the robustness of the test, which is
critical in the practical application of the latter.
The earliest approach to the SPRT’s robustness is due to Wald [9], who formulated a requirement for the test
whereby the I- and II-kind error probabilities (α, β) should not exceed prescribed limits instead of being specifically set. Usually, the term robustness is associated with small deviations of α and β from the nominal, under
small departures from the model assumptions [19]-[22]. The checked characteristics sometimes include also the
ASN (Quang [23]). In practical terms, however, of greater interest is the following presentation of the problem,
which is close to Wald’s approach: are the test characteristics (say α, β and ASN) not worse (or only insignificantly worse), than the nominal within the practically relevant range of departures from model assumptions
(such as exponentiality of the TBE).
Harter and Moore [24] ran a computer experiment with a view to verifying that the parameter of the exponential distribution (MTBE) is not less than the prescribed value, and noted the criticality of robustness in the practical application of the test. In their paper, the above authors concluded that for the TBE’s distributions satisfying Weibull’s law (considered instead of exponentially) α, and β decrease with an increase of the shape parameter SWeib, with SWeib > 1, and become less than the nominal values, while decreasing significantly with an increase
of SWeib. Based on that, the authors concluded that the test is not robust; although cases with SWeib > 1 are common, a decrease in α and β improves the credibility of the findings. Another limitation of this work is that the
results relate only to the Weibull distribution, although in practice it is difficult to determine its actual distribution. Thus it is preferable to have a factor not associated with a specific distribution.
The above case was treated theoretically by Montagne and Singpurwalla [25], with the behaviour of the hazard function (events rate) chosen as a defining characteristic of robustness. In that work the authors caution
about the effect of α and β reduction on the interpretation of the tests and its possible effect on practical tests. To
establish robustness they use monotonicity of the hazard function. These results are difficult to apply to distributions whose hazard function is not monotonic, such as the lognormal often encountered in practice [4] [12].
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In this work, we investigate the dependence of robustness on the coefficient of variation CV (the ratio of the
standard deviation and expectation). This parameterization allows us to describe robustness in terms of one
value and not of the whole function (like the hazard function), thus there is no need to require monotonicity of
the hazard function.
The results obtained in the above studies are not relevant to CSPRT, as the latter is designed to compare two
processes, each of which is characterized by its distribution.
The next step in extending the results for more general case, the so-called life distribution, was carried out by
[26]. In that paper the expression for the domain of robustness becomes much less tractable due to generality of
the addressed distributions. By contrast, in our paper we are concerned with domains of robustness where error
probabilities do not increase significantly, although we allow those values to drop.
More characterizations of double-sided robustness that is robustness that controls both significant reductions
and increases of the test’s characteristics (for example α, and β) were done in [27]. There, a sufficient condition
for the double-sided robustness is expressed under a mild additional requirement. We are more concerned with
one-sided robustness and suggest characterization of the robustness domain in terms of CV.
Robustness of SPRT under small convex perturbation by noise was considered by Kharin and Kishylau [7].
This type of perturbation as a rule leads to distributions outside of the parametrised family of distributions. By
contrast, we are interested in robustness under perturbation of parameters of the distribution.
It is advisable to assess the robustness of the discussed CSPRT in comparison with other tests that can be used
as an alternative. The problem of comparison testing can be solved with the FSST, whose description goes back
to Mace [28]. The FSST continues until a predetermined sample size (number, SN), and then the null hypothesis
is verified. The test is uniformly most powerful for a given SN, i.e. in a certain sense it is optimal (Ghosh [29],
Section 1.3). Thus, it is often used for comparative assessment of other tests [30].
Representative distributions of service time are lognormal [4] [31], exponential [32], hyper-exponential (a
mixture of exponential distributions) [33], Erlang’s [34] [35]. TBE distributions for the superposition of events
streams from the large number of servers (streams superposition) [1] are exponential or near exponential, even
though the service time distribution for each server is not quite similar to the exponential [5]. For a small number of superposed streams, the TBE can be approximated by Weibull and gamma distributions [1].
Based on the above, we can draw the following conclusions:
• Robustness is crucial for the practical application of the test.
• For the suggested CSPRT there are no studies concerned with its robustness.
• For the test under consideration the usability of CV as a strong factor affecting the robustness needs to be
verified. The significant advantage of CV is that it is a simple measure not associated with a specific distribution.
• The robustness of the CSPRT must be evaluated in comparison with the FSST.
• Robustness should be assessed for the most typical TBE distributions: Weibull, gamma, lognormal.
Contributions of the paper:
• We suggest a novel criterion that allows analysing robustness of the test. We show that the main factor influencing these characteristics is CV of the TBEs. Just by using CV of the TBEs we may conclude whether the
test is robust or not. Note that CV is easy to evaluate in practice.
• We also suggest approach of handling the case when test for pair of single TBEs is not robust (case of CV > 1).
Transition from a single server to a group of servers and from a single stream to a superposed stream of
events improves robustness, since superposition of event streams brings the TBEs’ distribution closer to the
exponential.
• The analytical dependency of the fixed sample size test (FSST) robustness vs. CV permits simple estimation
of robustness of the test in question. The advantage of the test vs. the FSST is shown, and illustrated on a
real-life case.

2. Description of Comparison Tests and Evaluation Methodology of Their
Robustness
2.1. Comparison Sequential Probability Ratio Test (CSPRT)
2.1.1. Description of CSPRT
The purpose of the CSPRT test is to verify the hypothesis Н0 about the MTBE ratio Φ for the new (marked θnew)
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and the reference (marked θref) items:

Φ =θ ref θ new

(1)

H 0 : Φ ≥ Φ0 ,

Pa ( Φ 0 ) = 1 − α

H1 : Φ < Φ 0 ,

Pa ( Φ1 ) = β

(2)

where Pa(Φ)—the acceptance probability of H0 at given Φ (the operational characteristic—OC of the test), and
Φ1 =Φ 0 D

(3)

where D > 1 is the discrimination ratio of the test; Φ0, D, α, β—are fixed.
The CSPRT procedure including optimal parameters’ choice was suggested in [36] and developed in full details in papers [3] [13]-[15].
During the CSPRT two compared items are tested simultaneously (Figure 1) [3]. When an event occurs with
one of the items, it immediately goes into the initial state. At this point, the decision is made either to stop the
test and accept/reject the hypothesis H0, or to continue the test until the next event.
As applied, for example, to the work of an IT service centre, an “item” is the group of servers, an “event”—
completion of service to a client, and an “initial state”—beginning of service to the next client. The assumption
here is that there is a workload for all servers.
For the test in question with exponential TBE, the estimate of Φ is time-invariant and changes only at the
moment of an event with one of the items, [3]. The probability PR(Φ) that the next event will occur with the reference item is calculated as the probability that one random variable is greater than the other, or:
PR ( Φ=
) 1 (1 + Φ )

(4)

This permits presentation of the tests in binomial form and their reduction to the well-known SPRT [3] [10].
Figure 2 shows the test space in discrete coordinates (n, r) which are the new and reference item number of
events respectively. The test begins at point (0,0) and with each event in either item, moves one step to the right
(new item) or upward (reference item). In terms of the binomial test that verifies hypotheses (2), events with a
new item correspond to a success and events with a reference item—to a failure. The probability of an upward
step towards the reject boundary, irrespective of the point’s coordinates, is given by (4).
The test stops when it leaves the continue zone, bounded by parallel oblique boundaries and by truncation
lines parallel to the coordinate axes. H0 is accepted when the lower and right-hand boundary is crossed a point
denoted ADP—Accept Decision Point and is rejected when the upper and left-hand boundary is crossed at
RDP—Reject Decision Point. Originally, the theory of Wald’s SPRT did not include truncation, and as a result
there was a possibility that the test would continue much longer than the average duration. Truncation is used to
limit the duration and remove this drawback [1] [16]. The boundaries are plotted according to principles outlined
in Wald [10].
2.1.2. Methodology of CSPRT Robustness Estimation
We used the Monte Carlo method to establish robustness of the CSRPT for non-exponential distributions of
ТBЕref and TBEnew. We considered a CSPRT with known Accept/Reject lines, hence with known ОС and ASN,
for exponential TBEs. We applied the obtained test to the TBEs corresponding to a non-exponential distribution
belonging to one of the frequently-used families. Note that in the general case the probabilities PR of a step up
depend on both the time elapsed since the last step up and that elapsed since the last step to the right. Hence the
test requires that the whole set of TBEs be considered. This was achieved as follows.
Simulation was implemented as shown in Figure 1. The time intervals between the steps for the reference and
new items ТBЕref and TBEnew were generated using given distributions. Moving from T = 0 along the T axis,

Figure 1. Scheme of test course. Note. Upward marks—events of the
reference item; downward marks—those of the new item; T—time
axis, common to both items; ADP—accept decision point.
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Figure 2. Plan of truncated CSPRT and example of
test course. Note. The characteristics of CSPRT for
hypothesis (2): α = 0.2, β = 0.1, D = 3, Φ0 = 1. In
terms of the binomial test n—success number and
r—failure number. TA—truncation apex.

each point representing an event in the reference item (upward marks, Figure 1) matched an upward step in
Figure 2, and one representing an event in the new item (downward marks) – a step to the right, and so on until
the Accept or Reject boundary was crossed. At this juncture the test was stopped and the final point recorded.
The results from a large number of simulation runs yielded the OC and ASN of the test.

2.2. Comparison Fixed Sample Size Test (FSST)
2.2.1. Description and Calculation Methodology for FSST Parameters
Mace [28] describes a test for checking the hypotheses (2), which continues up to a pre-set SN, namely r and n
for the reference and new items respectively, not necessarily equal. When these SN have been reached, a decision is taken on acceptance/rejection of the null hypothesis.
Let us denote by Tnew and Tref the total working times of the respective items, up to stopping of the test. When
the TBE distribution is exponential, 2Tref/θref and 2Tnew/θnew have an χ2-distribution with 2r and 2n degrees of
freedom respectively, and the [Tref/(2rθref)]/[Tnew/(2nθnew)] ratio obeys an F-distribution with the same degrees of
freedom.
The null hypothesis (2) is accepted when (5) is satisfied, and rejected in the opposite case:
F > с

(5)

where
F = (Tref 2r ) (Tnew 2n )

(6)

c = Φ 0 q F (α , 2 r , 2 n )

(7)

qF (α , 2r , 2n ) -quantile of F-distribution with 2r, and 2n degrees of freedom at probability α. The necessary n
and r are obtainable as per
D ⋅ q F (α , 2 r , 2 n ) =
qF (1 − β , 2r , 2n )

(8)

This calculation requires that a ratio be set between n and r, e.g. on the basis of the expected rates of events
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from the compared items [16]. If the rates are close, it is reasonable to set n = r.
2.2.2. Methodology of FSST Robustness Evaluation
For 2r → ∞, the χ2-distribution converges to the normal and respectively the normalization Tref/(rθref) converges
to the normal with expectation 1 and standard deviation 1 r

(

Tref

( rθ )  N (1,1
ref

)
r)

(9)

The χ 2r2 -distributed random value can be presented as the sum of 2r i.i.d. random variables. It is usually accepted that for 2r > 30, the resulting distribution is sufficiently close to the normal.
For an exponential distribution, CV = 1. For other distributions, CV can differ from 1 and accordingly

Tref

( rθ )  N (1, C
ref

V

)

(

r ≡ N 1,1

reff

)

where reff is the effective number of events
reff = r CV2

(10)

All the above hold for Tnew and neff; hence for (r > 15) & (n > 15) the robustness of the FSST can be evaluated
through αreal and βreal as follows:
• Calculating r, n, c by (7)-(8) for specified α, and β.
• Calculating reff, neff by (9)-(10) for specified CV.
• Calculating αreal, and βreal by (11) for the reff, neff, c found above.
1 − FF ( c Φ1 , 2reff , 2neff
=
α real FF ( c Φ 0 , 2reff , 2neff ) , β real =

)

(11)

where FF ( c Φ 0 , 2reff , 2neff ) —cumulative function of F distribution with 2reff, and 2neff degrees of freedom.
When CV < 1 for both input event streams, the degrees of freedom in (11) increase in accordance with (10);
hence αreal, and βreal are less than their nominal counterparts. In other words, the FSST is robust at CV ≤ 1 for
both streams.
Subsection 3.3 presents a calculation example illustrating this conclusion.

3. Robustness of the CSPRT for Various Distributions of TBEs. Comparison with
FSST
We illustrate the study on the test example with the following nominal characteristics (i.e. those for exponential
TBEs):
Φ0 = 1, D = 1.5, αreal = 0.10, βreal = 0.10

(12)

The parameters of the boundary for the test (after the example in Figure 2) are:
Accept line: min[n = (r+12.66)/1.224; n = 117],
Reject line: min[r = 1.224 × n + 12.39; r = 95];
here n = 117 and r = 95 are the TA’s coordinates (Figure 2).
Since the results for αreal and βreal are similar, the figures show only those for αreal. Due to the similarity of the
results for the Weibull, gamma and lognormal distributions, we provide figures only for the Weibull.
Note that for the Weibull and gamma distributions, the hazard function is monotonic. In this case our results
are similar to those [25] concerning the robustness of non-comparison tests. For the lognormal distribution, the
hazard function is not monotonic, and the methods of [25] are not applicable even in the case of non-comparison
tests.

3.1. Robustness of the CSPRT for Weibull-Distributed TBEs
Figure 3, Figure 4 present a calculation example of the test characteristics (αreal, ASN(Φ0)) for Weibull-distributed TBEs and different shape factors. The nominal characteristics of the test were as in (12). In the above figures these values (12) are reached at WeibShapenew = WeibShaperef = 1. The behaviour of βreal is analogous to
that of αreal in Figure 3.
Figure 3 indicates that deviations of the TBE distributions from the exponential have a strong effect on the
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Figure 3. αreal of CSPRT vs. shape factors of Weibull-distributed TBEs of new and
reference items for the test with nominal characteristics (12).

Figure 4. Contour plot for ASN(Φ0) Note. Under the same conditions as Figure 3.

test characteristics. At the same time, increase of the shape factor above 1 results in a substantially improved OC
(smaller αreal, and βreal). A slight reduction below 1 in one of the shape factors, combined with an increase in the
other above 1, does not cause deterioration of the OC versus the nominal. The test’s ASN (Figure 4) decreases
when both factors decrease below 1, and slightly increases when the factors increase above 1. Note that the
maximal test duration remains the same.

3.2. Coefficient of Variation Influence
The analysis of dependences of αreal, and βreal on form parameters of non-exponential distributions of TBE, fol-
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lowing the steps outlined in Subsections 3.1 showed that the CV is the most significant factor affecting variation
of αreal, and βreal.
In Figure 5 the contour plots are shown for dependences of αreal on CV of TBEs compared flows for the three
distributions: Weibull, gamma, and lognormal. These graphs are almost identical, especially the Weibull and
gamma. The dependences for βreal are similar. In summary, we conclude that αreal, and βreal are almost independent of the type of TBE distribution, and completely determined by their CV.
The line αreal = 0.1 in Figure 5 is an example of the robustness onset border for the CSPRT. The graphs show
that decrease of CV below 1 dramatically reduces the probability of the wrong decision. Some increase in CV
over 1 for one of the compared TBE stream distributions, while reducing CV for another stream, does not degrade the characteristics of the CSPRT. Emergence outside the curve αreal = 0.1 results in their significant deterioration.

3.3. Robustness of FSST and Comparison with CSPRT
In this subsection, we evaluate the robustness of FSST. Note that for this test we are able to provide a good approximation and a closed-form solution without use of simulation (see Subsection 2.2).
The methodology presented in Subsection 2.2.2 yielded the parameters for an FSST with characteristics (12).
As per (7)-(8), the following was obtained:
r = n = 81, с = 0.816

(13)

Figure 6 presents the results for the relevant αreal, βreal vs CV, which is the same for both TBEref and TBEnew.
Accordingly, it was found that αreal = βreal (FSST curve). It is seen that αreal, and βreal are less than (i.e. superior
to) their nominal counterparts at CV < 1; in other words, under these conditions the FSST is robust.
Figure 6 contains also the data for the CSPRT with characteristics (12) and with Weibull-distributed TBEs.
This test is described in detail in Subsections 2.1 and 3.1. It is seen that the tests are practically equivalent in
terms of robustness, but the ASN of the CSPRT (see Figure 4) is substantially less than the SN of the FSST (SN =
r + n = 162). The proximity of the dependences of αreal, βreal vs CV for the CSPRT and FSST makes possible an

Figure 5. CSPRT. Contour plot of αreal vs CV of TBEs for various distributions of
TBFs. Notes. The test with nominal characteristics (12). Weibull—continuous lines,
gamma—the dottedlines, lognormal—dashed-dottedlines.
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Figure 6. αreal, βreal vs. CV of TBEs of both compared streams. Note.
The tests with nominal characteristics (12).

analytical estimate of CSPRT robustness based on CV of the TBE distributions.

4. Stream Superposition for CSPRT Application for CV > 1
As follows from the preceding Section, direct application of CSPRT to the assessment of OCST is inefficient,
since the OCST is usually characterized by a lognormal TBE distribution with CV significantly exceeding 1. In
other words, αreal and βreal of CSPRT are significantly greater than nominal, hence the test is not robust.
However, it is possible to use CSPRT to compare the mean OCST of two groups of servers. In this case, the
superposition of streams from one server group (Figure 7) forms a stream with TBE distribution close to exponential. In [1] it was shown that the stream distribution of TBEs obtained upon superposition of 15 or more
server streams does not essentially differ from the exponential, even when the OCST distribution is far from
exponential. In other words, the test with superposed input streams becomes more robust. The larger the number
of the superposed streams, the closer to the original is the test’s characteristics. We submitted a patent application for this testing method.

5. Application to a Real Life Example
5.1. Design of the Test
Our results, described earlier in the paper, were applied to the design of the experiment for the performance
evaluation in the call centre of a large IT corporation.
The purpose of the experiment is to establish if innovation consisting in automation of some probes and
scripts that are usually run by a service associate (server) may improve the overall average tickets processing
time.
As the medium of service requests is fast changing, it is natural to assign the processing to two groups working in parallel, one for testing the new technology and the other as a reference.
The experiment for hypothesis (2) was set for the following:
(14)
Φ0 = 1.10, Φ1 = 1.01, α = 0.1, β = 0.1
In other words, if the suggested innovation reduces the overall average tickets’ processing time by 10% (or Φ0 =
1.10, see (1)), then the probability of rejecting H0 erroneously should be α = 0.1. Moreover, if the reduction is
only by 1% (i.e. Φ1 = 1.01), then the probability of accepting H0 erroneously should be β = 0.1.
Applying the methodology described in [37] and under an exponential distribution of the OCST, the binomial
SPRT with OC and ASN as per Figure 8 was designed. Figure 8 also shows a SN of the FSST, evaluated by the
results of Subsection 2.2.1. The parameters of the boundary for the test (after the example in Figure 2) are:
Accept line: min  n =
2309 
( r + 55.84 ) 0.9487; n =
(15)
Reject line: min [ r= 0.9487 * n + 55.43; r= 2191]
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Figure 7. Streams superposition: (a), (b)—streams from single servers, (c)—resulting superimposed stream.

Figure 8. OC and ASN of the test with boundaries as in (15) under assumption of the exponentially distributed TBE. Note. Pa is the OC of the test; CSPRT truncation—by TA (see
Figure 2).

here n = 2309 and r = 2191 are the TA’s coordinates (Figure 2).

5.2. A Priori Information about Streams under Comparison
Before running the experiment we collected information about the distribution of the OCST of the reference
technology. The mean value of the OCST is μOCST = 23 min and the coefficient of variation CV_OCST = 1.19. Figure 9 shows the cumulative distribution of the OCST and its lognormal fitting.
Comparing this data with Figure 5, it is clear that for such event streams the binomial SPRT is inefficient,
since αreal and βreal will be significantly above their targets. This is why we apply this test to the merged streams
as indicated below.

5.3. Test Setup
Based on the actual capabilities of the call centre, each of the groups under comparison consisted of 8 servers.
When necessary these servers were replaced with others working under the same technology. This enabled the
groups of servers to work continuously until the test was completed. The excess of the tickets were redirected to
other groups that we do not consider here.
Since processing time exceeds 85 min on very rare occasions (Figure 9), such a ticket is transferred to the
server of the highest level (and hence more competent).
After a ticket was processed, the end times of processing were merged into one stream of events. For all 8
servers, the MTBE in the resulting stream was approximately 23/8 = 2.9 min. The TBE of the stream was close
to exponential as predicted by the Palm-Khinchine theorem; hence we can apply the binomial SPRT.

5.4. Simulation-Based Estimate of the Test Characteristics
This estimate was obtained under the above-mentioned assumption of the non-exponential OCST (Figure 9).
Both α and β were increased to 0.11 compared with the target (14). These increases are satisfactory from a prac-
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Figure 9. Cumulative distribution function of the OCST (one
client service time) and its lognormal fitting.

Figure 10. Simulation results for Expected Duration (ED) of
CSPRT and Duration (D) of FSST.

tical point of view. The ASN showed a reduction by approximately 5%. Note that the increased number of servers improves the properties of the test. Figure 10 shows the expected duration of the test for MTBEref = 2.9 min.
It also shows an estimate of the FSST duration with α = β = 0.11 and illustrates a significant advantage of the
suggested CSPRT over the FSST. We run extended simulation with 10’s of thousands tests simulations; the
number of tests simulations was determined by relative error in α and β do not exceed 1% to get understanding
of the system behaviour.
Note that the results of the case study confirm the conclusion of the paper.

6. Conclusions
1) Innovation in service delivery processes, in terms of reduced mean service time, can be assessed through the
Comparison SPRT (CSPRT), which, on the average, is faster than the alternative FSST.
2) As the CSPRT is designed on the assumption of an exponential distribution of the TBE, we study its robustness and that of its alternative FSST under various distributions of the compared TBEs.
3) It is shown that the main influencing factor for the test characteristics is the coefficients of variation (CV) of
the TBEs. This effect is weakly connected to other parameters of the TBE distributions.
4) For the proposed CSPRT, reduction of the TBEs’ CV to less than 1 makes for drastic improvement in its OC
(reduced αreal, βreal). In other words, in these cases the CSPRT can be rated as robust. It is not robust when CV are
significantly greater than 1 for both streams under comparison. The CSPRT may be applied for comparison of the
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mean service time for two groups, since superposition of event streams for each group has a distribution close to
the exponential; in other words, the CSPRT is robust under these conditions. We submit a patent application for
that method of testing.
5) The comparison FSST manifests robustness like the CSPRT, but its sample number is substantially larger
than the ASN of the CSPRT.
6) The analytical dependency of the FSST’s robustness on CV permits simple estimation of that of the CSPRT.

Acknowledgements
The research project was supported by the Israel Ministry of Absorption and the Planning and Budgeting Committee of the Israel Council for Higher Education.

References
[1]

Grabarnik, G.Y., Michlin, Y.H. and Shwartz, L. (2012) Designing Pilot for Operational Innovation in IT Service Delivery. Network Operations and Management Symposium (NOMS), Maui, 16-20 April 2012, 1343-1351.

[2]

Gans, N., Koole, G. and Mandelbaum, A. (2003) Telephone Call Centers: Tutorial, Review, and Research Prospects.
Manufacturing & Service Operations Management, 5, 79-141. http://dx.doi.org/10.1287/msom.5.2.79.16071

[3]

Michlin, Y.H. and Grabarnik, G. (2007) Sequential Testing for Comparison of the Mean Time between Failures for
Two Systems. IEEE Transactions on Reliability, 56, 321-331. http://dx.doi.org/10.1109/TR.2007.896679

[4]

Brown, L., Gans, N., Mandelbaum, A., Sakov, A., Zeltyn, S., Zhao, L. and Haipeng, S. (2005) Statistical Analysis of a
Telephone Call Center: A Queueing-Science Perspective. Journal of the American Statistical Association, 100, 36-50.
http://dx.doi.org/10.1198/016214504000001808

[5]

Daley, D.J. and Vere-Jones, D. (2008) An Introduction to the Theory of Point Processes. Vol. II. Springer, New York.
http://dx.doi.org/10.1007/978-0-387-49835-5

[6]

Kella, O. and Stadje, W. (2006) Superposition of Renewal Processes and an Application to Multi-Server Queues. Statistics & Probability Letters, 76, 1914-1924. http://dx.doi.org/10.1016/j.spl.2006.04.041

[7]

Khinchine, A.Ya. (1955) Mathematical Methods in the Theory of' Queueing, Moscow. Translation (1960), Griffin,
London.

[8]

Palm, C. (1943) Intensity Variations in Telephone Traffic. Ericsson Technics, 44, 1-189. (English Translation by NorthHolland, Amsterdam, 1988.)

[9]

Wald, A. (1947) Sequential Analysis. John Wiley & Sons, New York.

[10] Wald, A. and Wolfowitz, J. (1948) Optimum Character of the Sequential Probability Ratio Test. The Annals of Mathematical Statistics, 19, 326-339. http://dx.doi.org/10.1214/aoms/1177730197
[11] Hollander, M. and Proschan, F. (1972) Testing Whether New Is Better Than Used. The Annals of Mathematical Statistics, 43, 1136-1146. http://dx.doi.org/10.1214/aoms/1177692466
[12] IEC 61703-2001. Mathematical Expressions for Reliability, Availability, Maintainability and Maintenance Support
Terms.
[13] Michlin, Y.H., Grabarnik, G. and Leshchenko, E. (2009) Comparison of the Mean Time between Failures for Two
Systems under Short Tests. IEEE Transactions on Reliability, 58, 589-596. http://dx.doi.org/10.1109/TR.2009.2020102
[14] Michlin, Y.H. and Grabarnik, G. (2010) Search Boundaries of Truncated Discrete Sequential Test. Journal of Applied
Statistics, 37, 707-724. http://dx.doi.org/10.1080/02664760903254078
[15] Michlin, Y.H. and Grabarnik, G. (2011) Comparison Sequential Test for Mean Times between Failures. In: Eldin, A.B.,
Ed., Modern Approaches to Quality Control, InTech Pub., 453-476.
http://www.intechopen.com/source/pdfs/22149/InTech-Comparison_sequential_test_for_mean_times_between_failure
s.pdf
[16] Michlin, Y.H., Ingman, D. and Dayan, Y. (2011) Sequential Test for Arbitrary Ratio of Mean Times between Failures.
International Journal of Operations Research and Information Systems, 2, 66-81.
http://dx.doi.org/10.4018/joris.2011010103
[17] Michlin, Y.H., Ingman, D. and Levin-David, L. (2012) Sequential Test for Reliability under Allowance for Target Uncertainty. IEEE Transactions on Reliability, 61, 1019-1029. http://dx.doi.org/10.1109/TR.2012.2220911
[18] Michlin, Y.H., Kaplunov, V. and Ingman, D. (2012) Sequential Testing for Two Exponential Distributions at Arbitrary
Risks. International Journal of Quality & Reliability Management, 29, 451-468.
http://dx.doi.org/10.1108/02656711211224884

714

[19] Huber, P.J. (1981) Robust Statistics. Wiley, Hoboken. http://dx.doi.org/10.1002/0471725250

Y. H. Michlin et al.

[20] Staudte, R.G. (1990) Robust Estimation and Testing. Wiley, New York. http://dx.doi.org/10.1002/9781118165485
[21] Stigler, S.M. (2010) The Changing History of Robustness. The American Statistician, 64, 277-281.
http://dx.doi.org/10.1198/tast.2010.10159
[22] Wilcox, R. (1997) Introduction to Robust Estimation and Hypothesis Testing. Academic Press, San Diego.
[23] Quang, P.X. (1985) Robust Sequential Testing. The Annals of Statistics, 13, 638-649.
http://dx.doi.org/10.1214/aos/1176349544
[24] Harter, L. and Moore, A.H. (1976) An Evaluation of Exponential and Weibull Test Plans. IEEE Transactions on Reliability, 25, 100-104. http://dx.doi.org/10.1109/TR.1976.5214992
[25] Montagne, E.R. and Singpurwalla, N.D. (1985) Robustness of Sequential Exponential Life-Testing Procedures. Journal of the American Statistical Association, 80, 715-719. http://dx.doi.org/10.1080/01621459.1985.10478174
[26] Chaturvedi, A., Tiwari, N. and Tomer, S.K. (2002) Robustness of the Sequential Testing Procedures for the Generalized Life Distributions. Brazilian Journal of Probability and Statistics, 16, 7-24.
[27] Gordienko, E., Novikov, A. and Zaitseva, E. (2009) Stability Estimating in Optimal Sequential Hypotheses Testing.
Kybernetika, 45, 331-344.
[28] Mace, A.E. (1974) Sample Size Determination. Robert E. Krieger Pub. Co., New York.
[29] Ghosh, B.K. (1991) Brief History of Sequential Analysis. In: Ghosh, B.K. and Sen, P.K., Eds., Handbook of Sequential
Analysis, Marcel Dekker, New York, 1-19.
[30] Eisenberg, B. and Ghosh, B.K. (1991) The Sequential Probability Ratio Test. In: Ghosh, B.K. and Sen, P.K., Eds.,
Handbook of Sequential Analysis, Marcel Dekker, New York, 47-66.
[31] Mandelbaum, A., Sakov, A. and Zeltyn, S. (2001) Empirical Analysis of a Call Center. Technical Report, Technion,
Israel Institute of Technology. http://iew3.technion.ac.il/serveng/References/ccdata.pdf
[32] Koole, G. and Mandelbaum, A. (2002) Queueing Models of Call Centers: An Introduction. Annals of Operations Research, 113, 41-59. http://dx.doi.org/10.1023/A:1020949626017
[33] Koole, G. (2009) Optimization of Business Processes: An Introduction to Applied Stochastic Modeling. Lecture Notes.
[34] Albin, S.L. (1986) Delays for Customers From Different Arrival Streams to a Queue. Management Science, 32, 329340. http://dx.doi.org/10.1287/mnsc.32.3.329
[35] Davis, J.L., Massey, W.A. and Whitt, W. (1995) Sensitivity to the Service-Time Distribution in the Nonstationary Erlang Loss Model. Management Science, 41, 1107-1116. http://dx.doi.org/10.1287/mnsc.41.6.1107
[36] Michlin, Y.H. and Migdali, R. (2004) Test Duration in Choice of Helicopter Maintenance Policy. Reliability Engineering & System Safety, 86, 317-321. http://dx.doi.org/10.1016/j.ress.2004.01.006
[37] Michlin, Y.H. and Shaham, O. (2013) Planning of Truncated Sequential Binomial Test via Relative Efficiency. Quality
and Reliability Engineering International, 29, 369-383. http://dx.doi.org/10.1002/qre.1387

715

