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Abstract

Entanglement of tripartite spin states under Lorentz transformations is studied in the context of
Bell’s inequality and positive partial transpose criterion. First the relativistic analogue of Bell’s
inequality is discussed for three qubit states by explicit calculation of the Wigner rotation. We use
the relativistic invariant spin operator which is related to the Pauli-Lubanski pseudo vector. For
observers at rest the Bell’s inequality is speed-independent and maximally violated. For moving
observers it's shown that Bell’s inequality is violated and the amount of violation depends on the
boost speed. We show that in ultrarelativistic limit Bell’s inequality is still maximally violated. We
also obtained the critical value for satisfying Bell’s inequality. The critical value of boost speed for
violation of inequality for particles moving in the center of mass frame is greater than that for
particles moving with the same momentum. Second we investigate the entanglement distillability
of tripartite mixed spin states under Lorentz transformations in the context of Werner states. We
show that there are states that will change from distillable (entangled) into separable for a certain
value of rapidity.
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1. Introduction

Relativistic entanglement and quantum nonlocality are investigated by many authors [1]-[32]. Lorentz boosts
entangle the spin and momentum degrees of freedom, so the entanglement between the spins changes if viewed
from a moving frame. M. Czachor [7], investigated Einstein-Podolsky-Rosen experiments with relativistic mas-

“Corresponding author.

How to cite this paper: Amiri, F. and Moradi, S. (2014) Tripartite Entanglement and Lorentz Transformation. Journal of
Quantum Information Science, 4, 173-193. http://dx.doi.org/10.4236/jqis.2014.43017



http://www.scirp.org/journal/jqis
http://dx.doi.org/10.4236/jqis.2014.43017
http://dx.doi.org/10.4236/jqis.2014.43017
http://www.scirp.org/
mailto:shahpoor.moradi@gmail.com
http://creativecommons.org/licenses/by/4.0/

F. Amiri, S. Moradi

sive spin-1/2 particles. The degree of violation of the Bell’s inequality is shown to depend on the velocity of
the pair of spin particles with respect to the laboratory. He considered the spin singlet of two spin-1/2 massive
particles moving in the same direction. He introduced the concept of a relativistic spin observable: which is
closely related to the spatial components of the Pauli? Lubanski vector. For two observers in the lab frame mea-
suring the spin component of each particle in the same direction, the expectation value of the joint spin mea-
surement, i.e., the expectation value of the tensor product of the relativistic spin observable of each constituent
particle, depends on the boost velocity. Only when the boost speed reaches that of light, or when the direction of
the spin measurements is perpendicular to the boost direction, the results seem to agree with the EPR correlation.
Czachor considered only the changes in the spin operator part by defining a new relativistic spin operator. There,
the state does not need to be transformed since the observer is at rest.

Alsing and Milburn [2] studied the Lorentz transformation of maximally entangled states. By explicit calcula-
tion of the Wigner rotation they described the observation of the entangled Bell states from two inertial frames
moving with the constant velocity with respect to each other. They concluded that entanglement is Lorentz inva-
riant. Terashima, et al. [30] [31] considered relativistic Einstein-Podolsky-Rosen correlation and Bell’s inequa-
lity. They showed that the degree of the violation of Bell’s inequality decreases with increasing the velocity of
the observers if the directions of the measurement are fixed. They extended these considerations to the massless
case. Ahn, et al. [1] [17] investigated the Bell observable for entangled states in the rest frame seen by the mov-
ing observer and showed that the entangled states satisfy the Bell’s inequality when the boost speed approaches
the speed of light. In this paper we would like to study the tripartite entanglement in relativistic regime.

The outline of the paper is as follows. In Section 2 we present a brief discussion on the Bell’s inequality for
three qubit states. In Section 3 we calculate the Lorentz transformation of three-qubit states. After that we derive
the relativistic spin joint measurement of transformed state. Then we derive the expectation value for three-qubit
GHZ and W states and calculate the Bell observable for these states. In Section 4 we consider the particles with
Gaussian momentum distributions and investigate the distillability of entanglement using the Werner states. We
conclude with a discussion in Section 5.

2. Bell’s Inequality

Bell demonstrated that no local and realistic theory could ever agree with all predictions of quantum mechanics
[33]. His theorem showed that the idea of completing quantum mechanics, so that the resulting theory would be
deterministic, is impossible [34]. Bell’s type inequality for tripartite systems are constructed from correlation
function

E(a,b.c)=(y|(a-3)®(b-5)®(c-&)|w). 1

here a, b and c are real three-dimensional vectors of unit length. For each measurement, one of two possi-
ble alternative measurement is performed: a or a' for particle 1, b or b" for particle 2, ¢ or ¢’ for
particle 3. One form of the inequality which is proposed by Mermin is [35]

¢=|E(a,b,c’)+E(a,b’,c)+E(a’b,c)-E(a’b',c’)| <2, )

Two fundamental classes of three qubit states which violates the Bell’s inequality are Greenberger-Horne-
Zeilinger (GHZ) and W states

|GHZ) =%(|000)+|111)), ©)
) =%(|110)+|101)+|011)), (4)

here 0 and 1 represent the spins polarized up and down along the z-axis. The GHZ and W states are fully sym-
metric, i.e. invariant under the exchange of any two qubits, and greatly differ each other in their correlations
properties.

For a GHZ state if measurements are made in the xy-plane the correlation function to be

E(a,b,c)=cos(4 +¢, +4,), ®)
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where we labeled the angles from the x-axis. The correlation function E (a, b,c) can take the value either +1 or
—1 under both realistic theory and quantum mechanical theory, thus the maximum value of ¢ is 4. For example
with the following suitably chosen measurement settings,

a=b=c=y,
a'=b'=c'=x,

(6)

Bell’s inequality for GHZ state is maximally violated with ¢ =4 . For W state with measurement in xz-plane
we have

b.c

XTXTZ

b.c

(W|a®b®c|W)=§(a -ab,c, —a,bc,)-a,bc,

U]

= —§C05(91 +0, + @)—%cos@l cos 8, cos b,

where the polar angle & specifies the measurement direction of the spin observable a, etc. With the follow-
ing suitably chosen measurement settings,
a=hb=c=x,
! ! ’ (8)
a'=b'=c' =z,

we have ¢=3.

3. Relativistic Entanglement of Quantum States and Bell’s Inequality

We consider three-particle states described by state vectors made from | p, p, p. )|spins) where
| PAPsPc)=|Pa)| Ps)| Pc) is @ product state vector of length 1, that represents a state for the momenta of the
three particles composed of a state where the momentum of particle A is concentrated around a value p, and
etc., and spins represents a state for the spins of the three particles.

We assume that three particles move with the same momentums, for example in x-direction, then the GHZ
and W-states are written as

|GHZ), =%(|000)+|111))| P, P, P), ©)
|w)=%(|011}+|101)+|011))| P, P, P), (10)

For calculation of Bell observable, we use the relativistic spin operator defined by M. Czachor [7]

(\/1—7ai+a“)-5
\/1+/32 [(e-a)" -1]

where the subscripts L and | denote the components which are perpendicular and parallel to the boost direc-
tion. First we define

a=

(11)

A= ([1+ p7 (a2 -1) [ 1+ 52 (02 -1) |[1+ 2 (< —1)})]/2 . (12)

a, =a, +iyl-fa,. (13)

Effects of relativistic spin observable A®b®¢E on three-qubit states is presented in Appendix B, using them
we obtain the expectation value of GHZ as follows

(GHZ|a®b®¢|GHZ) = A {ab,c, ~\L- 57 (30,5, 30,6, ~ab,c, )| (14)

One can easily show that the expectation value (14) for set vectors (6) is boost independent and the inequality

is maximally violated. For W state we have
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(Wlaebedw)= %A’l {\ll—ﬁz (a,b.c, +ab,c, +a,b,c,)
(15)

+(1_’32 )3/2 (aybzcy +a,b,c, +ab,c, —gazbzcZ J}

Similar to GHZ state the inequality is violated as non relativistic case. The Bell values for GHZ and W states
are invariant because the states (9) and (10) are seen by observers at rest. If observers move with velocity re-
spect to particles we should Lorentz transform these states. So we considered the effect of Wigner rotation on
the GHZ and W states. For applying Lorentz transformation on states we express GHZ and W states using crea-
tion operator in the rest frame

IGHZ>=%{a§(p1)a3(pz)a$(p3)+af(pl)af(pz)af(p3)}®o- (16)
|W>=%{af(pl)af(pz)a§(p3)+af(pl)aé(pz)af(ps)wé(pl)af(pz)af(pg)}d)o- (17)

where @, is Lorentz invariant vacuum state. We consider the case in which the boost speed is perpendicular to
momentums of particles. In our case particles move in zy-plane and observers move in x-direction. A Lorentz
transformation A changes each |p) to |p) then

| PaPePe), =|Pa)y|Pe)y|Pe), (18)

which describes momenta concentrated around the Lorentz transformed values Ap,,Aps and Ap.. This is
the unitary transformation on the space of momentum states that would represent the Lorentz transformation if
the particles had no spins. The Lorentz transformation changes the state vector for momenta and spins as follows

| PaPs Pc)[sPins) = | PaPs Pe ), Da(Pa)Ds (Ps)De (P )[spins) (19)
where D, (p,).Dg(ps) and D.(p.) are operators on the spin states for particles A, B and C,
respectively, and D(p) means D(W (A, p)).

Now we calculate the Lorentz transformation of GHZ and W states. First we introduce the general pure state

of three qubits | z):
| ) = A|000)+ B|001) + C|010) + D|011) 2
+E|100)+ F|101) + G|110) + H |111), 20

where

|A|2 +|B|2 +|C|2 +|D|2 +|E|2 +|F|2 +|G|2 +|H|2 =1.

Using relations in Appendix A, Lorentz transformation of GHZ state becomes |GHZ)' :i|;()| PP, Ps),
with V2
A= Déo Dgo Dgo + Dél DO21D031'
B= Déo Dgo D130 + D(1>1 Dozl D131’
C= Déo Dfo Dgo + Dél Dfl Dgl,
D= Déo Dfo Dfo + Dél Dlzl Dfl, 1)
E= Dllo Dgo Dgo + D111 D021 Dgl
F= Dllo Dgo Dlso + D111D51D131v
G= DllO DIZO Dgo + D111 Dllegl’
H= Dllo Dlz0 Dfo + Dlll Dlzl Dfl,
where D' is Wigner representation for particle i . In a similar manner for W state we have
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o1
|W> :$|Z>|p1p2p3>/\ where

A= Déo Dgl D031 + Dél Dgo D031 + Dél Dgl Dgo
B= Déo D021 D131 + Dnggo D131 + Dé1 D021D130
C= Déo D121 Dgl + D(l)l Dlz() Dgl + Dél D121 Dgo
D= Déo D121 D131 + Dtl)l Dlzo D131 + Dél D121 D130

E = D},DZ D¢ + D},D; D, + D;,DZ D, @)
F = D},D{,D], + D;,D D + D}, DDy}
G= Dllo D121 D031 + D111 Dlzo Dgl + D111 D121 Dgo
H= D1lo D121D131 + D111D120 D131 + D111D121D130-

We obtain the degree of violation for two cases.

Cassl. p,=p,=p,=pk

In this case Wigner representations of the the Lorentz group for particles are written by

D(W (A, )= DW (A, p,)) = D(W (4,p,)) - [Z?j((jjj)) ;‘:(gj/j))], )

where wigner rotation ¢ is defined in Appendix A, relations (140) and (141). Then for GHZ state we have
A=cos®(5/2)+sin’(5/2),
H =cos®(5/2)-sin®(5/2),
B =C =E =cos®(5/2)sin(5/2)-sin* (5/2)cos(5/2),
D =F =G =cos’(5/2)sin(5/2)+sin? (5/2)cos(5/2),
and for W state
A=3sin?(5/2)cos(5/2),
(

H =3cos?(5/2)sin(5/2),
B =C =E =sin®(5/2)—cos® (5/2)sin(5/2),
D =F =G =cos’(5/2)—sin*(5/2)cos(5/2),

Casell. p,+p,+p,=0

We assume particles are emitted in a plane in a configuration in which the three momenta lie at angles of
2r/3 to each other. In this situation particles are in the center of mass frame with the following momentums

P, =-2|p|, (24)

1. 43
P L) , 25
P, [2” 5 yjlpl (25)

13
| Z,_N2 , 26

therefore

n =Yy, (27)

()
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13
n,=——y+—1z,
2=V
n ——Ey—ﬁz
) 2

Wigner representations of the the Lorentz group for particles 1, 2 and 3 respectively are written by

cos(8/2) sin(5/2)

D(W (A, p,))= (—sin (5/2) cos(é/Z)J,

) cos(5/2)+i§sin(5/2) —%sin(ﬁ/z)
D(W(A' pz)):D (W(A’ pa)): 1 NG :
Esin(5/2) cos(5/2)—i7sin(5/2)

In this situation for GHZ state coefficients are
A= cos® (5/2)+%sin3 (5/2)+%sin2 (6/2)c0s(5/2),
H :cos3(5/2)—%sin3(6/2)+%sin2(5/2)005(6/2),
B=C = %cosz (5/2)sin(5/2)—%005(5/2)5in2 (5/2)
+i§(cos(5/2)sin2 (5/2)-sin* (5/2)),
F 6" =——cos” (9/2)sin(8/2)~cos(3/2)sin’ (5/2)
—i?(cos(&/z)sinz (8/2)-sin’ (5/2)),

D= %cos(&/Z)sin2 (6/2)+cos® (5/2)sin(5/2) +%sin3 (6/2),

E =%cos(5/2)sin2 (5/2)—c052(5/2)sin(5/2)—%sin3(5/2),
and for W state
A= —%sin2 (6/2)cos(5/2),
H :+%sin3(§/2),
B=C" =%cos2 (5/2)sin(5/2)—sin3(5/2)+i¥sin2 (6/2)cos(5/2),
F=G" =cos’ (5/2)+i§sin3 (8/2)+iV/3sin(8/2)cos?(5/2)

—%sin2 (6/2)cos(5/2),

D = cos® (5/2)+%sin2 (6/2)cos(5/2),

(28)

(29)

(30)

(1)

(32)
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E =—cos’ (5/2)sin(5/2)—%sin3 (5/2). (33)
Now the spin joint measurement for the state |;() for measurement in xy plane is given by
(x|a®b®c|y)=2A"R(E Da,bjc;, + F'Ca,byc, +G'Ba,b,cy +H Aa b, c, ). (34)
In ultra relativistic limitas g —1 we get
(x|a®b®c|z) > 2|:XEX2*| R{AH"+G'B+F'C+ED}, (35)

which is not correlated. In non-relativistic limit
(x|a®b®c|y) > 2(abe, —aybe, —abc, —abec,)=2cos(¢ +d, +4,). (36)

XX X XMy Ty

here we consider to the vector set inducing the maximal violation of Bell’s inequality for GHZ state in non rela-
tivistic case. With set vector (6) we have

(X|R®%@%| 7)=2R[E'D+F'C+G'B+H"A]
(2|]§®9®%|7)=2R[E'D+FC-G'B-H"A]
(2|]§®%®§|7)=2R[E'D-F'C+G'B-HA]
(2|3®§®F|7)=2R[-E'D+F C+G'B-H"A|
Then for GHZ and W state we have
= 4R(AH"), (37)

:SSR(AH*)/S, (38)
For case I the Bell observable for GHZ state takes the form
e =cos® 5 +3c0s 6. (39)
In ultrarelativistic limitas g — 1, (39) reduces to
e - sech®y +3sechy < 4. (40)

In this limit amount of violation for very high energy particles goes to zero, but for low energy particles ap-
proaches to 4, similar to non-relativistic limit B — 0. When particles are in the center of mass frame (case 1)
Bell observable for GHZ state to be

e _ L coss® + 2c0s 52+ Beoss+ 2. (41)
16 8 16 2
which for ultrarelativistic limitas g —1 reduces to
(2) 1 3 3 2 33 3
&’ — —sech®y +—sech®y +—sechy +—. 42
¢ 16 Xty X+ g+ (42)

For very high energy particles amount of violation is &g (2) =15, but for low energy particles SG) 4 which
is maximally violation of Bell’s inequality. In order functlon of B for ultrarelativistic particles

cos(é/z)z[(1+\/l—7 /2}]/2, (43)
sin(5/2) ~ [ ~i- g /2} , (44)

then the amount of violation takes the form
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~ 1= (4-5). (45)
It’s obvious that critical value f. for satisfying Bell’s inequality in case I is 0.8, and in case Il is 0.97. For W
state and case | we arrive at

&) =3sin’ 5. (46)
Using relations (144) and (145) takes the form
3
&Y =3 'BSZ'—nhZ _ (47)
\J1- % +cosh
In ultrarelativistic limitas B —1 reduces to
&) =3tanh® . (48)

For low energy particles amount of violation goes to zero and for high energy particles g&}) — 3. It is inter-
esting that in non-relativistic case o M _5 0. One can obtain the critical value for boost speed when particles are
high energitic. In this limit 8W - 3ﬁ3 then S, =0.87 . For measurement in xz-plane we have

(;(|a®b®c|;():A’l{(l—ﬂ2) (A*+D*+F*+G*~H*-C*-E*-B’)a,c,

+2(1-*)R(AB-C'D-F'E+GH)a,b,c,
+2(1-*)R(AC-B'D-EG+FH)anbc,

2(1- g2 R(AD+BC-E'H-F'G)abc,
+2El-§2;m(A(*E—B*F—c*G+D*H)a)becZ “
+2(1-p°) R(AF+B'E-C'H-D'G)abc,

+2(1-p°) R(KG-BH+C'E-D'F)abc,

+2R(A'H +B'G+CF+D E)abc}

XXX

with the set of vectors (8) we obtain
E(a,b,c’)

2%(AG"~BH"+CE"-DF’),
E(a,b',c)=2%(AF +BE"-CH"-DG"),
E(a’,b,c)=2%(AD"+BC" -EH"-GF’),
E(ab',c’)=(A’+D*+G* +F*-C*-B*~E’ - H?).
For W state in the case I the Bell observable reads
:|2AD—28H +3B2-3D%? - A?/3+ H2/3| :%cosa(gcos2 5-5). (50)

It’s obvious that in relativistic domain Bell’s inequality is violated for W states. Bell observable in order func-
tion of B for ultrarelativistic particles takes the form

&Y z% 1-8° (4- ). (51)

The critical value for violation of inequality is 0.66, which is smaller than GHZ state case. For case Il we
have
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&? = i(25 cos® 5 +53c0s” 5 +155C08 5 +55). (52)
Y96

For ultrarelativistic particles the critical value is 0.73.
Finally we consider the case in which the momentums and boost are not in the same plane. In this case Wign-
er matrices D(W) takes the form

6, . . 0, . . 0,
(1] cos7+|sm7smp —sm7cos,o
D\*(W (A, p))= : (53)
sinﬁcos cosﬁ—isinﬁsin
2 P 2 2P
with
coshécoshlJrsinhésinhlsinacow
cos7p= — 2 2 12 2 , (54)
\/2+zcosh §cosh;(+§sinh ysinh &sindcos ¢
S sinhésinle
sin?": 22 , (55)
\/;-F;COSh gcosh;ﬁ%sinh xsinh &sindcos ¢
and
Y cos p = cos 6, (56)
Ysin p =sin@sin g, (57)
Y = sin? @sin’ $ + cos’ 6. (58)

Assume that three particles move with the momentums p. Then the Bell observable for GHZ state to be

0
£ = 4{00337’)(4+9/4cos4 p—6c0s’ p)
2% 2
+3/8cos 7sm (2p) (59)

)
—3/2005?"(1/20054 p—3c0s? p+2)},
which in nonrelativistic limit gives the value 4.

4. Distillability of Entanglement

In the previous section for simplicity we assumed that momentum of particles are sufficiently localized around
momentum p. Realistic situation involve the wave pockets with Gaussian form. In this section we consider the
specific situation in which Alice (A), Bob (B) and Charlie (C) share a tripartite mixed state which is mixture of
Greenberger-Horne-Zeilinger (GHZ) state with identity, with respect to an inertial frame S . Moreover, in order
realize the effects of relativity on distillability, we also consider another inertial frame S', where relatives A’,
B’ and C' of A, B and C are moving with relative velocity v, with respect to S. For a composite
system of three qubits one can consider the Werner state [36]

1_
p=q|GHZ><GHZ|+TqI8Xs, (60)

or in the matrix form
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1 q
=(3g9+1 0 0 0 0 0 0 =
8( 9+1) 2

0 =(1-q) 0 0 0 0 0 0

0 0 =(1-q) 0 0 0 0 0

0 0 0 g(l—q) 0 0 0 0

p= . (61)
0 0 0 0 =(1-q) 0 0 0
0 0 0 0 0 =(1-q) 0 0
1

0 0 0 0 0 0 E(l_q) 0

q 1

= 0 0 0 0 0 0 =(3g+1

2 8( 9+1)

The basis is {|000>,|001),|010),|011>,|100>,|101>,|110),|111)} . To determine whether or not this state is en-
tangled we use the partial transpose criterion [37]. We say a density matrix p has a positive partial transpose if
its partial transposition has no negative eigenvalues. The eigenvalues of partial transpose of density matrix are

1-5q
8

, zfzg:@:“;l, (62)

j{l:
R 3

Then the state to be entangled for q >% and separable for q < % The GHZ state is made up of three par-

ticles, say electrons with mass m, having two types of degrees of freedom: momentum p and spin s=1/2.
The former is a continuous variable while the latter is a discrete one. Each particle is assumed to be localized, as
in a box, and its momentum p will be described by the same Gaussian distribution. Then the GHZ state is

|GHZ), =%(‘P§a)(pa)‘l’i")(pb)‘P§°)(pc)+‘P‘f)(pa)‘P%b)(pb)‘Pé“)(pC)). (64)
where p,, p, and p, are the corresponding momentums vectors of particles A, B and C and
#(p)=0(p)0)= (7] e)-atem-( o | ®
U CSEES R E S T RIS U I )
w0 ()=0(z)i0=[ ") e)=a(r~{ ) @

with Gaussian momentum distributions
g(p)=7Y'w¥exp(-p*/2w*). (68)

If we trace the momentum degrees of freedom we obtain the usual GHZ state. The general density matrix
for three particle systems with momentums p,, p, and p, isgiven by
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P:i _Z;leijklmn‘Iji(pa)®\Pj(pb)®\Pk(pc){\Pl(p;)®\{jm(pg)®\Pn(pé)}T-

In our case the coefficients F,,,, are
3q+1
I:000000 =Fn = d )
8
_ _9g
Fmooo - I:000111 -5
2
1-q
F001001 = F110110 = F101101 = F100100 = F011011 = F01001o = g

(69)

(70)

(71)

(72)

For obtaining the Lorentz transformation of density matrix (69), we need the relativistic properties of spin en-
tropy for a single, free particle of spin-1/2. The quantum state of a spin-1/2 particle can be written in the mo-

mentum representation as follows

where

f(|a1( p)|2 +[a, ( p)|2)dp =1.
The density matrix corresponding to state (73) is
, ) p! p" * p/ a pﬂ *
. ):[ax N2 (0 a(P)a( )}
a(p)a,(p") & (p)a(p")
By setting p’'= p”"= p and integrating over p we obtain the reduced density matrix for spin

1( 1+n, n —in,
O =— . )
2(ng+in,  1-n,

n, = J([a: (p)f ~faz () e

n—in, = '[ai(p)az (p) dp.

Under the Lorentz transformation the states (65)-(67) transformed as [15]

where the Bloch vector n is given by

A[‘Pl(p)]{siggg} | 3 a(p),
sin—>

A[‘PZ(p)]:(_bka((pr;)J: _ 57 g(p)-
cos?’)

Now under Lorentz boost density matrix (69) transformed into
DpD’ = _zleijkImnD(pa)\Pi ( pa)® D(pb)qjj ( pb)® D(pc)q}k ( pc)
ij=1,

x{D(p,) ¥, (P:)®D(p,) ¥, (P;)®D(p.) W, (PO} -

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)
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The reduced density matrix for spin is obtained by setting p,=p,, P, =p,, P, =Pp; and tracing over
momentum

T=Tr e [DpDT]

= % T, (D)W, (R)[D(P) ¥ ()] ]

ij,=12

, (82)
®Tr, {D(pb)‘Pj(pb)[D(pb)‘{’m(pb)] }
®Tr, {D(p.) ¥ (p)[D(P.) ¥, (p.)] |
To leading order w/m <1 we have [15]
n,=n zl—(ﬂtanhé] , n,=n, =0, (83)
2m 2

where cosh¢& :(1— Vig )7]/2 and B is boost speed. Larger values of w/m are possible and mathematically

correct, though not necessarily physically consistent. The case of w~m would produce fast wave-packet
spreading, yielding an undesired particle delocalization. It can be appreciated in Equation (82) that the expres-
sion is decomposable in the sum of the tensor products of 2x2 spin blocks, each corresponding to each par-
ticle. We compute now the different blocks, corresponding to the four possible tensor products of the states (79)

and (80)
ms@w el -5 L )
Trp{A(p)‘Pz(p)[A(p)%(p)T}%[l;” 1fn} (85)
a3 o' =
(a3, 0 0] @

With the help of Equations (84)-(87), it is possible to compute the effects of the Lorentz transformation, asso-
ciated with a boost in the x direction, on any density matrix of two spin-1/2 particles with factorized Gaussian
momentum distributions. In particular density matrix (81) reduced to

p 00 0 0 0 0 p
p, 0 0 O O p, O

0
0 0 p, 0 0 p, 0 O
0 0 O 0o 0 O
i Z% 0 0 0 Z 2: 0o 0 o0 (88)
0 0 p, 0 0 p, 0 0
0 p, 0 0 0 0 p, 0
p, 00 0 0 0 0 p
where
py=1+3q0%, p, =1-qn*, p, = qn(3+n*), p, =qn(n’ -1). (89)

To determine whether or not this state is entangled we use the partial transpose criterion [37]. We say a den-
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sity matrix o has a positive partial transpose if its partial transposition has no negative eigenvalues. The par-
tial transpose criterion provides a sufficient condition for the existence of entanglement in this case: if at least
one eigenvalue of the partial transpose is negative, the density matrix is entangled. The eigenvalues of PT den-
sity matrix are

= gfbral <3 )
=Ll 47
=Ltsfoesr )
/14=%{1—q(3n+n2+n3)}
S
(o)
ST
o =glava(r-n-r)

-1
The eigenvalue 4, for q>N = [n(3+ n+ nz)] always is negative. Then in the interval 1/5<q<N dis-

tillability of state is possible in rest frame S but is impossible in moving frame S’. Then there are states that
will change from distillable (entangled) into separable for a certain value of n, showing the relativity of distil-
lability and separability.

5. Summary

In conclusion, we obtained the relativistic spin joint measurements for Lorentz transformed three-qubit states as
momentums of particles are perpendicular to the boost speed. We show that in ultrarelativistic limit joint mea-
surements are uncorrelated. Using Bell’s inequality, we studied the nonlocal quantum properties of states in re-
lativistic formalism. Bell’s inequality is maximally violated in rest frame or in moving frame with rest particles,
but is not always violated as seen by moving observer, because the degree of violation of Bell’s inequality de-
pends on the velocity of the particles and observer. In non-relativistic case the spin degrees of freedom and mo-
mentum degrees of freedom are independent. But in relativistic regime Lorentz transformations of spin of par-
ticle depend on its momentum. Lorentz transformations can change the entanglement of the spins of massive
particles.

EPR experiment for three qubits is investigated for two cases. In the first case particles move with the same
momentum and in the second case particles move in the center of mass frame. Bell’s inequality is maximally vi-
olated in relativistic regime. In ultrarelativistic limit inequality is still maximally violated, which is not same as
two-qubite case [1] [17]. For W state when measurement performed in xy-plan in ultrarelativistic limit inequality
is violated, but in non-relativistic limit reaches to zero. Finally, for very high energy particles we obtained a critical
value for satisfying Bell’s inequality. For GHZ and W states critical value for violation of Bell’s inequality when
particles move in the center of mass is greater than the case when particles move with the same momentum.

For particles with Gaussian momentum distributions we show that there are states that will change from dis-
tillable (entangled) into separable for a certain value of n, showing the relativity of distillability and separability.
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Appendix A: Wigner Representation of the Poincare Group [38]-[43]

Poincaré transformation is combination of proper Lorentz transformation with space-time translation a*

X = A“X" +a*, (90)
The unitary transformation in the Hilbert space of state vectors corresponding to the Poincaré transformation
is given by
ia, P _i"’aﬁMaﬁ
U(Aa)=e""e? , (91)
where anti-symmetric tensor M, is related to generators of boosts and rotations respectively as follows
i i i1
K :MO, \] :E‘C"Jijk’ (92)
and o is the anti-symmetric tensor
0 & & <&
- 0 60 -0,
= ) 93
Cw=l_e 6, 0 6 ®3)
-5 60, -6, 0

Here £=etanh™* g with e isanormal vector in the boost direction g . Finally P, are the generators of
space-time translations. The commutation relations between the generators of Poincare group are

[P“.P]=0, (94)
[Py’MvaJ:i(g,uvPa_g#an)’ (95)
[M“, M =—i(g“M” —g" "M +g”M* — g’ M"), (96)

The concept of intrinsic spin and angular momentums can be generalized to relativistic situation using the
Pauli-Lubanski tensor

3 1 va,
W =—2a" "M, P, (97)
with components
W°=p-J, W =P°J-pxK. (98)
This tensor satisfies in following relations

PW*=0, [R.W"]=0, (99)

(W, M ]=i(g"w* —g“w"), (100)

[WH W | =is" W, p,. (101)

From the algebra of the generators one finds that P“P, and W*W, commute with all generators and
therefore are invariants under Poincaré transformation. These operators are Casimir operators of the algebra.
Single particle states form the unitary representation of the group of Poincaré transformation. States | p,s,/l)
labelled using of mutually commuting operators. Mass m from eigenvalue m? of P“P,, three momentum
vector p from operator p,spin s from eigenvalue s(s+1) of operator —W“Wﬂ/m2 and polarization or
spin projection A from eigenvalue of helicity operator

—r_- - (102)

188
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or z-component in rest frame W?*. The helicity is most continent since it is invariant under rotation and under
Lorentz boosts along p. Also the helicity of a massless particle is Lorentz invariant. One can show the eigen-
values of W? is m’s(s+1).

w?| p:O,s,ﬂ):—mz(%M‘”Mw—MOiMOiJ| p=0,s,1)

—mZ%M”Mij |p=0,5,4)=-m?J%|p=0,5,1)=—m’s(s+1)| p=0,5,4). (103)

Then we have
P“|p,s,A)=p"|p.s,A),  p“p,=m’. (104)
S?|p,s, Ay =s(s+1)| p,s, 4), s=0,%,l,g,2,--~, (105)

S-p -s,—s+1,---,s-1,s
—|p,S,A)=4|p,s, 1), A= 106
Hlpsa)=alpsd) a0 109

For a particle of nonzero mass m, one can define intrinsic spin S and orbital angular momentum L using

0 .J
ms =W —W—p0=P°J—pr—M, (107)
m+ P m+ P
L=J-S. (108)
Note that SZ:—W“W#/m2 is Lorentz invariant and that S' and L' satisfy the following relations
[P#,s]=0, (109)
[s',8)]=is"s,, (110)
(31,87 ]=ie"s,, (111)
[U.U]=ig*, [U,s']=0, (112)
5:S-p—PS.
—-i|S K, |[=—24—"—" 1, 113
R (113)

. . 1 . .
In the rest frame the spin vector is S =—W . Actually S is the spatial part the vector W transformed to
m

the rest frame of p. That is

s, :[Aplw]j , (114)
where A is the pure Lorentz transformation which maps the time axis into the direction of the vector p
A;'p=(m,0,0,0), (115)
the explicit form of the matrix A;l is
T N e L p”
[A; ],, =[] = O™ (116)
i, ppf
[A)] =a)+ (117)

k m(m+ po)'

Another candidate for spin operator is based on the center of mass operator defined by
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q=X—i—'Dz+—IOXS , (118)
2p; Py(po+m)
here s, denotes finite-dimensional angular momentum matrices corresponding to the (2s+1)-dimensional
representation of the rotation group. Then the spin correspondingto g is

S=J-L
=XXP+S—Qxp
=ﬂs+£1—ﬂJ(e-s)e (119)
Po Po

=1- B (s—(e-s)e)+(e-s)e

The eigenvalues of a-S are therefore

A, = /1\/1+ Vs ((e ay —1), (120)

where 1=-s,-s+1,---,s-1s and a is an arbitrary direction. For s=1/2 the generators of the Lie algebra
of three-dimensional Euclidian rotations SO(3) or the group SU (2) are pauli matrices (O'X,ay o, ) . So the
normalized operator corresponding to the spin projection along an arbitrary direction is [7]

a-s (\/1—7al+a”)~&
|

a=

= (121)

] \/1+,BZ [(e~a)2 —1} ,

where the subscripts L and | denote the components which are perpendicular and parallel to the boost direc-
tion. Operator & is related to the Pauli-Lubanski pseudo vector which is relativistic invariant operator corres-
ponding to spin.

Irreducible representation of Poincaré group constructed from irreducible representation of little group which
leaves the reference four momentum k invariant. The rotation R, takes the three-vector initially pointing in
the z-direction into a three-vector pointing along the direction of p associated the four vector p. If the direc-
tionof p isdirected by polar angle 6 and an azimuthal angle ¢, then

Zig33 032 —ig3
U(R,)=e"e™ e (122)

The rotation is a sequence of three rotations: first about the z-axes by angle —¢ then about the y-axes by an-
gle ¢ then again around the z-axes by angle ¢. The Lorentz boost L, which takes an initially massive state
at rest into a state with momentum p is

UL )= expl i Pk tannt| P || 123
( P) exp[ ||p| an \/m )

The pure Lorentz boost Z; which takes an initially massive state at rest into a state with momentum |p| Z

is
u(z,)= exp{—iK3 tanh™ [%B (124)

Now choose k* =(m,0,0,0) as the reference momentum, then the little group is the ordinary spatial rota-
tions. The states are then constructed as follows

|p.s,4)=NU (L, )U(R,)[k.s,2). (125)
The normalization factor N, is chosen to satisfy

(p.s" 2| p.s,A)=(2n)’(2E, )8* (p'= P)J,gSyr, (126)
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under Poincaré transformation
U(A.a)]p,s,4)=Ne""U (A)U (L, )U(R,)[k,s,4)
= N,EU (L )U (R U (RJU (LU (A)U (1)U (R, ks, 2)

_ szeia*’u (Lo JU (Ryp )| K05, 27) (K, 5, AU (RAELAAL,R, ) k.5, 2) (127)
=N N’lzDM( (A, p))e* | Ap,s, "),
where
W (A, p)=RELLALR,. (128)

The Dﬁ?} are the conventional (2s+1)-dimensional unitary matrices representing the three-dimensional
rotation group. Note that p=L,k and Ap=ALk =L,k hence L‘AlpAka =k . Since it leaves k invariant
W (A, p) should be a pure spatial rotation. It is a member of the little group. In the following discussion, we
omit the normalization factors, suchas N because these do not affect the result of our discussion.

Creation and annihilation operators may be defined in terms of their effect on the normalized multi-particle
states. The creation operator a}(p) is defined as the operator that adds a particle with quantum number

(p.4)

i
a ( p)(l) P P2l @ P. 2. P, Podz (129)

here A labels spin z-components (or helicities, for massless particles). Now the multipartite state is expressed
by acting on the vacuum with N creation operators

D opiamui = & (P, (P2)-25, (P ) Do, (130)

where @, is Lorentz invariant vacuum state. We will need the transformation properties of the creation and
annihilation operators. We consider to inhomogeneous proper orthochronous Lorentz transformation propriety
[40]

UO(A) P, P2Ap Z D/il/l ( (A pl)) /12/12( (A pz)) ’ Piad, Paadz (131)
where p,, isthe three vector part of Ap, . Transformation of creation operator is
U(A)a) (p)U™(A)=DL) (W (A, p)) al(p,) (132)
=
Outline of derivation of the representation of the Wigners little group for spin-1/2 particles is as follows [43]
D(W (A, p))=D"(L,,)D(A)D(L,). (133)
where
A m .
D(LAp)z( Pt Me by (134)
2m(m+(Ap),)
D(A)= cosh ° +(o- )smh ° (135)
with
(Ap), = pocosh& +(p-e)sinh &, (136)
P, =pP—(p-e)e+(p,sinh&+ p-ecoshé)e, (137)

here tanh & = g . After some mathematical manipulation

D(W (A, p)):[(m+(Ap)o)(m+ po)]#2 x{cosh%(m+ po)+sinh§ p-e—isinhga—-( pxe)}. (138)
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which can be written in the abbreviated form

1) J D, D
D(W (A, p)):cos—p+i(o—~n)sin—p:[ 0 Ol], (139)
2 2 10 Dll
with
5 coshécoshlJrsinhésinhleﬁ
cos7": 2 2 2 2 , (140)

\/;+;cosh §coshz+%sinh ysinhé&e- p

sinhésinh ZLox p
2 2

)
sin—n= (141)

. =
\/;+;cosh §cosh;(+%sinh ysinh&e-p

here cosh x = p°/m, p=p/|p|. We consider the case in which the boost speed is perpendicular to momen-
tums of particles. In this case we have

(1+ \/1—7)(cosh z+1) "

cos(5/2) = : (142)
(¢72) 2(«/1—ﬁ2 +cosh ;()
1/2
(1= 5" ) (cosh £ -1)
sin(8/2) = , (143)
(572) 2(\/1—ﬂ2 +cosh ;()
where in ultrarelativistic limitas g —1 take the forms
1+sechy V2
cos(5/2) - — | (144)
1/2
sin(a/z)—{%} . (145)

Appendix B
Effects of relativistic spin observable 4 ® b®¢ with the boost in x-direction on three-qubit states are
A& ®b ®¢|000)
—a b, |111)+1- B2a, b, c, [110)+ 1 A?a, b.c, |101)
+(1-B)a, b,c, [100) +y1- A7a,b,c,, [011)+ (1~ 57 )a,b,c, |010)
+(1- ) a,byc,, [001)+ (1- 5°) ab,c, [ 000),
AA®H®¢[001)
=ayb,c, [110)- N a,b,c,[111)+ Ny a,b,c,, [100)
~(1-£%)ayb.c, [101) +/1- f7a,b, c;, [010) — (1~ £2)a,b,c, |011)
+(1- ) a,bic;, 000) (1 52) " a,bc, | 001),

277Xy 7177172
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AA®b®¢|010)

—a, b, |101)+1- ?a, b} c,[100)—\1- A?a, b,c, |111)
~(1-£)ayb,c, [110)++1- f?a,c, b}, |001) + (1~ 47 )a,b;,c, | 000)
~(1- B)abic, |011)— (1- 52)"” a,b,c, 010),

AA®H®E[011)
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