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Abstract

The Copenhagen interpretation is the most authorized interpretation of quantum mechanics, but there are a
number of ideas that are associated with the Copenhagen interpretation. It is certain that this fact is not nec-
essarily desirable. Thus, we propose a new interpretation of measurement theory, which is the linguistic as-
pect (or, the mathematical generalization) of quantum mechanics. Although this interpretation is superficially
similar to a part of so-called Copenhagen interpretation, we show that it has a merit to be applicable to both
quantum and classical systems. For example, we say that Bell’s inequality is broken even in classical sys-

tems.
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1. Introduction

It is well known (cf. [1]) that quantum mechanics is for-
mulated in an operator algebra B( H ) (i.e., an operator
algebra composed of all bounded linear operators on a
Hilbert space H with the norm ||F||B(H) = supy, -
|Full, ) as follows:
(A) quantum mechanics
(physics)

= [quantum measurement] + [causality]

(probabilistic interpretation ) (kinetic equation )

Also, the Copenhagen interpretation due to N. Bohr (et
al.) is characterized as the guide to the usage of quantum
mechanics (A). Although quantum mechanics (A) with
the Copenhagen interpretation is generally accepted as
one of the most trustworthy theories in science, it should
be noted that there is no definitive statement of the Co-
penhagen interpretation, that is, there are a number of
ideas that are associated with the Copenhagen interpreta-
tion. We do not think that this fact is desirable.

Measurement theory (mentioned in Section 2 later or
refs. [2-6]) is, by an analogy of the (A), constructed as
the mathematical theory formulated in a certain C -alge-
bra A (i.e., a norm closed subalgebra in B(H), cf. [7])
as follows:

(B) measurement theory
(language)
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= [measurement] + [causality]
(Ru]c 1 in Section 2) (Ru]c 2 in Section 2)

Note that this theory (B) is not physics but a kind of
language based on the mechanical world view since it is
a mathematical generalization of quantum mechanics
(A).

When A =B, (H), the C-algebra composed of all
compact operators on a Hilbert space H, the (B) is called
quantum measurement theory (or, quantum system the-
ory), which can be regarded as the linguistic aspect of
quantum mechanics. Also, when A is commutative (that
is, when A is characterized by C,(Q), the C -algebra
composed of all continuous complex-valued functions
vanishing at infinity on a locally compact Hausdorff
space Q (cf. [7])), the (B) is called classical measure-
ment theory. Thus, we have the following classification:

(C) measurement theory

quantum measurement theory
(when A=B;(H))

classical measurement theory
(whcn A=C, (Q))

That is, this theory covers several conventional system
theories (i.e., statistics, dynamical system theory, quan-
tum system theory).

The purpose of this paper is to propose an interpreta-
tion of measurement theory (B). Since the (C) says that
this interpretation should be common in classical and
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quantum measurement theories, it is also regarded as a
new interpretation of quantum mechanics.

2. Measurement Theory

Now we shall explain the measurement theory (B). Let
A(g B(H )) bea C’-algebra, and let A" be the dual
Banach space of A . Thatis, A" { p| p is a continu-
ous linear functional on A}, and the norm ||p|| 18
defined by sup {|p(F)| |F € A such that||F|, (—||F||B(H))
<1} . Define the mixed state p (e A*) such that
lol,. =1 and p(F)=0forall F €A such that F >0.
And define the mixed state space &" (A*) such that

S" (A*):{peA*|pisamixed state}. (D

A mixed state p(e G"(A ( . )) ) is called a pure state if
it satisfies that p=6p +(1-0)p, for some p,,p,
eGm(A ) and 0<@<1 implies p=p, = p,.Put

Gh (A*)z{p e@" (.A*)|pis apure state}. )

which is called a state space. It is well known (cf. [7])
that GP(BC(H)*)={|U>(U| (i.e., the Dirac notation)
o, 1s a point

| Jull, =1} and Gp(c (Q)"):{&mo .
(0)8,, (do)=T(a,)

(vf €C,(Q)). The latter implies that Gp(CO (Q)*)
can be also identified with Q such as

&°(Cy(Q) )24, © @ eQ.

Here, assume that the C’ -algebra A(g B(H )) has
the identity | . This assumption is not unnatural, since,
if 1 ¢A, it suffices to reconstruct the above A such
that it includes A U{l} . According to the noted idea (cf.
[8]) in quantum mechanics, an observable O:=(X,F,
F) in A is defined as follows:

1) [Field] X is a set, ]-'(c; P(X), the power set of
X) isafield of X, thatis, “E,5, e F=F UE, e F”,
“"e]::>X\:‘e.7:”

2) [Finite additivity] F is a mapping from F to
A satisfying: a): for every Ee F, F(E) is a non-
negative element in A such that 0<F(Z)<I, b):
F()=0 and F(X)=1, where 0 and | is the 0-cle-
ment and the identity in A respectively. ¢): for any

measure at @, € Q}, where _[ f(

finite  decomposition {Z,E,,-- ,:n,---,EN} of =
(ie, B2, eF(n=1,2,3,---,N), U, B =E, E NE,
=@ (i#])),itholds that F(2)="F (")
Remark 1 [Countable additivity] The assumption of
the countable additivity (i.e., F(E)= 1imN_mZ:‘:1F (Z,)

in the sense of weak-topology ) may be rather half-fin-

[I]
Il
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ished. If the countable additivity is required, it is, by the
reason mentioned in Remark 3 and 6 later, recommended
to start from the W' -algebra A such that A< Ac
B(H) as discussed in Appendix later (cf. [5]). However,
our interest in this paper is not mathematics but the in-
terpretation of measurement theory. Thus, all arguments
will be discussed under the above finite additivity (i.e., 1)
and 2)).

With any system S, a C" -algebra A(g B(H)) can
be associated in which the measurement theory (B) of
that system can be formulated. A state of the system S is

represented by an element p(e Gp(A*)) and an ob-

servable is represented by an observable O:=(X,F,F)
in A . Also, the measurement of the observable O for

the system S with the state p is denoted by M (O, S[ ])
0 =(x,;f,|:),s[p])). An ob-

server can obtain a measured value X(e X) by the

(or more precisely, M A(

measurement M , (O,Sp])

The Rule 1 presented below is a kind of mathematical
generalization of Born’s probabilistic interpretation of
quantum mechanics (A). And thus, it is a statement
without reality.

Rule 1 [Measurement] The probability that a meas-
ured value x(e X) obtained by the measurement

M, (O:: (X,]—‘,F),S[po]) belongs to a set Z(e F) s
givenby p, (F(Z)).

Remark 2 Again note that Rule 1 is a statement with-
out reality (i.e., a kind of incantation or spell). Thus, it is
unnecessary (or precisely speaking, impossible) to an-
swer the question: “What is measurement (or, system,
state, observable, probability, etc.)?”” However, surpris-
ingly, as seen in [2-6] or Section 4 later, man’s linguistic
competence enables us to use Rule 1. This is essential to
our approach to the interpretation of quantum mechanics.

Next, we explain Rule 2 in (B). Let A, (< B(H,))
and A,(cB(H,)) be C’-algebras. A continuous lin-
ear operator @, : A, - A, is called a Markov opera-
tor, if it satisfies that 1): @ ,(F,)>0 for any non-
negative element F, in A,, ii): ®,,(1,)=1,, where

I, is the identity in A, (k =1,2). Here note that, for any

observable O, :=(X,F,F,) in A,, the (X,F,®,,F,)
is an observable in A, which is denoted by @, ,0,.
Also, the dual operator ®;, : A, — Aj; clearly satisfies
that @], (6'“ (A ))c@"‘(A ).

Let (T,<) be a tree, i.e., a partial ordered finite set
such that t <t, and t, <t, implies t <t, or t, <t,.
Assume that there exists an element t, €T, called the
root of T, such that t <t (VteT ) holds. Put
T2 ={(t.t,)eT |t <t,}.
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tty

Definition 1 [Markov relation] The family {CD

A, > A

the Heisenberg picture), if it satisfies the following con-
ditions 1) and 2).

1) Witheach teT,a C"-algebra A is associated.

2) For every (t,t,)eT.?, a Markov operator @, , :
A, > A, is defined. And it satisfies that @, tzd)tz 4
—d)t],t3 holds for any (t.t), (t.t)eT .

The family of dual operators

o], :6"(4) > (4))}

is called a Markov relation (due to the Schrddinger pic-
ture). However, it is not formally used in measurement
theory.

Now Rule 2 in the measurement theory (B) is pre-
sented as follows:

Rule 2 [Causality] The causality is represented by a

Markov relation {®, , : A — A }

Remark 3 If an 1nﬁn_1te tree T is required, we must start
from a W™ -algebra A (cf. Appendix later). However,
in this paper, we, for simplicity, assume the finiteness of
T . Also, by the same reason mentioned in Remark 2, the
question: “What is causality?” is nonsense. What we can
do in measurement theory is only to trust in man’s lin-
guistic competence.

L2 is called a Markov relation (due to

(ty.t)eTS

(ti.t )€T<

(t.t ET<

3. An Interpretation of Measurement
Theory

The measurement theory (B) asserts “Describe any ordi-
nary phenomenon according to Rules 1 and 2”. Still,
most readers may be perplexed how to use Rules 1 and 2
since there are various usages. Thus, the following prob-
lem is significant.

(D) How should Rules 1 and 2 be used?

Note that reality is not reliable since Rules 1 and 2 are
statements without reality. Thus, we want to define the
new interpretation such that
(E) the new interpretation is a guide to the most useful

(or, powerful, “Occam’s razor’-like) usage of
Rules 1 and 2.

Now we can present our main assertion in this paper
as follows:

(F) The new interpretation defined in the (E) is charac-
terized as the following (F,) — (F5).

Here,

(Fy) Consider the dualism composed of “observer” and
“system (= measuring object)”.

(F) Only one measurement is permitted. And thus, the
state after a measurement is meaningless since it

Copyright © 2011 SciRes.

can not be measured any longer.

(F3) The causality should be assumed only in the side
of system, however, a state never moves. Thus, the
Heisenberg picture should be adopted. Also, the
observer does not have the space-time. Thus, the
question: “When and where is a measured value
obtained?” is meaningless,

and so on.

The above may be rather similar to a certain part of so
called Copenhagen interpretation. However, note that we
do not assume “the state after a measurement (= wave-
function collapse)” and “the Schrodinger picture”, which
are often investigated in so-called Copenhagen interpre-
tation.

Also, some may consider that the above proposal (F)
is too optimistic, since the following question is not yet
answered:

(G) Does the most useful usage of Rules 1 and 2 exist?
Or, is it determined uniquely?

However, we may be allowed to be optimistic until
another most useful usage (or, a powerful rival candidate)
will be discovered. In other words, we expect the readers
to read the overwhelming predominance of the (F) in the
following section or refs. [2-6].

4. Examples and Remarks

What we want to assert in this paper is only the (F). Thus,
it is desirable that the each one reader verifies the supe-
riority of the (F) in our papers [2-6]. However, in this
section we take up some simple examples, which pro-
mote the readers’ understanding of the (F). Note, for
completeness, that all examples are consequences of
measurement theory with the interpretation (F).

Example 1 [Parallel measurement, the law of large
numbers] For each k= -,K', consider a measure-
ment M, (O (Xk,}'k,F ) pk]) However, the in-
terpretation (F,) says that only one measurement is per-
mitted. Thus, we consider the spatial tensor C" -algebra

®F A (g B(®L<:1 H, )), and consider the product space

Xt X, and the product field X, 7, , which is defined
by the smallest field that contains a family

XE B e Fk=1.2,.K }.
Define the parallel observable
®, 0y :(><I<K:1XK»XLK:v}—karIE )
in the tensor C’ -algebra ®; A such that
F(448) = O R (8)) (V5 € Ak =1,2,,K).

K

Then, the above {M A (Ok,S[pk])}k:1 is represented
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K
by the parallel measurement M®Li1 4 (®k=10ks[®5m]j’

which is also denoted by ®; M A (Ok,S[pk]) . Consider

a particular case such that, A=A, O=(X,F,F)=
(X FoR)s p=p (Yk=1,2,---,K). Let (X, X,, -, X )

(e X K) be a measured value by the parallel measure-

ment ® M, (O, S[p]). Then, using Rule 1, we see the

law of large numbers, that is, for sufficiently large K,

#{k=1,2,--- K|x €&}
F(Z))=
p (F(2) ”
holds (cf. [2,4]), where # A] is the the number of ele-
ments of the set A. This is, of course, most fundamental
in science. Also, this is the reason that the term “prob-
ability” is used in Rule 1.

Notation 1 [ (O S )} It is natural to consider

>+
that a measurement M , (O =(X,F,F), S[p]) is usually
taken in order to know the state p . Thus, when we want
to emphasize that we do not know the state p, the me-
asurement M, (O, S ) is often denoted by M , (O, S[*l)'
Remark 4 [Maximum likelihood estimation in classical
measurements] Consider the classical cases in (C). It
may be usual to consider that Rule 1 leads the following
statement (cf. [3,4]), i.e., maximum likelihood estimation
in classical measurements:
(H) When we know that a measured value obtained by

a measurement M (O1 =(X,, A, Fl),S[*]) be-
longs to E (e F), there is a reason to infer that
1= po(e (‘SP( 0 (Q) )) where

[*
po(eep( )) is defined by p, (F(E,))=

(VEeF)

the unknown state

axpgep(cﬂ(g)*) p(F(E))) ifitexists.
Although this (H) is surely handy, note that the (F,)
says that it is illegal to regard the p, as the state after

the measurement M, @ (O ],S[ ]). Thus, strictly speak-
0 *

ing, the (H) is informal. And thus, it should be reconsid-
ered in Example 2 below.

Example 2 [Maximum likelihood estimation in meas-
urements] By a similar method as the lead of the (H), we
can easily see the following statement (), which should
be regarded as the measurement theoretical form of ma-
ximum likelihood estimation (cf. Corollary 5.5 in [4]).

() When we know that a measured value obtained by a
measurement M , (O (X, xX,,FKFE,F),S " ])
belongs to =, X X, , there is a reason to infer that

Copyright © 2011 SciRes.

the probability that the measured value belongs to
=, XE, (VE, e F,) is given by the following con-
ditional probability:
P (F (E‘l XEz))
Po (F (El X xz))

where p, (e &P (A*)) is defined by p,(F(Z,xX,))
p(F(E,xX,)) if it exists. Here, note that the

3

smx (o

P, 1s not the state after the measurement M , (O, S[*] )

This (I), which also includes quantum cases, is most
fundamental in statistics, and thus, we believe (cf. [2-6])
that statistics is one of aspects of measurement theory.
For the relation between the informal (H) and the formal
(1), see Remark 5 later.

Example 3 [Simultaneous measurement] For each
k=1,2,---,K, consider a measurement

M, (0, = (X 5o )8y ) -
However, since the (F,) says that only one measurement

K
is permitted, the {MA (Ok,S[p] )}

k=1

should be recon-

sidered in what follows. Under the commutativity condi-
tion such that

F(2)F(E;)=F(E)FR(E)

. 4)
(vai eF,VE, eF,,i+ j),
we can define the simultaneous observable
X<, 0, = (X,f_, X, B/ F xS Fk) in A such that
(Xk 1 Fi )( :1Ek): F(E)F (Ez)”‘FK (EK) (5)

VE, € F,Vk=1,---,K).
k € 7%

K
Then, the above {M A (Ok,S[p] )} is, under the
k=1
commutativity condition (4), represented by the simulta-

neous measurement M , (Xfleok, S[p )

Remark 5 [The relation between (H) and (I)] Consider
the (1) in the classical cases, i.e., A=C,(Q). And as-
sume the simultaneous observable F =F XF, in (3).
Then, putting p, = wo (i.e., the point measure at @),

we see that

[F ( 1)XF2 (Ez)}(a)o) _
[F(
= po(Fz (:2))

Since this equality holds for any O, =(X,,%,F,) and any
=, € F,, some may want to regard the p, as the state

after the measurement M (O1 =(X,, A, Fl),S[*]) in
the (H). Thus, in spite of the (F;), the (H) may be al-

[1]

Q)=

[I]

><
N
[ I—
—_
B
~
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lowed in classical cases if the p, may be regarded as
something represented by the term such as “imaginary
state” (cf. [5]). This is the meaning of the informal (H).
Example 4 [How to use Rule 2 (Causality)] Consider a
tree (T = {to=t1="‘»tn}a5) with the root t, . This is also

characterized by the map n:T/t —>T such that

n(t)=max{seT|s<t}. Let {® :A, _)Af}tt o2
be a Markov relation, which is also represented by

{ )t At _> }teT/ 10
(Xt,}:,Ft) mthe A, be given foreach teT . And let

0, €GP (./410 ) . Consider “measurements” such as
(J) for each teT, take a measurement of an observ-
able O, for the system with a “moving state”

{Po’{ &7 (A ) > 8" (A )}ta/{to}}’

where the meaning of “moving state” is not clear yet.
Recalling that the (F;) says that a state never moves, we
consider the meaning of the (J) as follows: For each
seT,put T, = {t eT |t > S} . And define the observable

Os = ( ter, Xos Mo, ]—'t,F ) in A, (due to Heisenberg
picture) as “follows:

R 0, (if s eT/n(T))
O = ~ . (6)
O, ><(><t€7[,l({s})<l)n(t),t Or) (1f sen(T ))

. Let an observable O, :=

if the commutativity condition holds (i.e., if the simulta-
neous observable O ><( X en (5 Pt 6t) exists) for

each sen(T). Using (6) iteratively, we can finally
obtain the observable O, in A~ Thus the above (J) is

represented by the measurement M (OtO,S . This

also satisfies the (F;).

Remark 6 [Kolmogorov extension theorem] In the
general cases such that countable additivity and infinite
T (in Remarks 1 and 3) are required, the existence of
the above Oy, is, by using the Kolmogorov extension
theorem in probability theory [9], proved in the W™ -
algebraic formulation (cf. [4,5] and Appendix later). We
think that this fact is evidence that the interpretation (F,)
is hidden behind the utility of the Kolmogorov extension
theorem. Recall the following well-known statement that
always appears in the beginning of probability theory:
(K) Let (X,]: ,P) be a probability space. Then, the

probability that an event Z(e F) occurs is given
by P(E),
which, as well as Rule 1, is a statement without reality.
We consider that the Kolmogorov extension theorem is
regarded as one of the finest answers to the problem:
How should the statement (K) be used? That is, in

[po]
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mathematical probability theory, the answer is presented
as the form of a basic theorem (i.€., the Kolmogorov ex-
tension theorem). On the other hand, in measurement
theory, the problem (D) is answered by the interpretation
(F).

Remark 7 [Wavefunction collapse] Again reconsider
the (J) in the simplest case that T = {t,,t,}, n(t,)=t,.
(O S we know that

> el )
the measured value belongs 0 Ey (e F, ) . Then, it may
be usual to consider that a certain wavefunction collapse
happens by the measurement, that is, &° (A:; ) >
o p° 6P (A: ) And continuously, we take a mea-

Taking a measurement M A

surement M 4, | Py .,

0

D, Oy, S[ } . Here, the probability

that a measured value belongs to =, (e F, ) is, by Rule 1,

given by p;0 ((Dt()stl F (51))- However, this g (thO’t] F (51))
must be equal to the conditional

po(ﬁ(EOXEl))
pO(/F\(EOXXI))

if the commutativity condition holds (i.e., the simultane-
ous observable

610—0 XD O

tosty

probability

= (X, xX,. A, BE, F=F xo, F |
0 1 0 1

to.
exists). This implies that it suffices to consider only the

measurement M (O X O O S[p]). That is, two

fos

measurements M 4, (OtO,S[pO]) and

M, | ®,,0,. s{ "ﬂ

are not needed. Also, if the commutativity condition is
ignored in the argument of the wavefunction collapse, it
is doubtful.

Example 5 [Bell’s inequality] According to [11], we
shall study the following steps [1-3] in measurement
theory.

[Step 1]: Put X ={-1,1}. Let a=a, +a,v~1 and
b= +B-1 be complex numbers such that |a|z
\/|a1|2 Jr|052|2 =1 and |b|E\I|ﬁl|2 +|ﬁ’2|2 =1. Consider
a probability space (XZ,P<X2),vab) such that

Vab ({(1’1)}) “Va ({(_1’_1)}) = (1 —o,f -, p )/4

Va ({(L-D)}) = vy ({11} = (1+ @ B+ 3,) /4.

Define and calculate the correlation function P(a,b)
such that

JQIS



40 S. ISHIKAWA

P(a,b)=

(X,Xp)eXxX

X X)Vap ({(XI’ Xy )}) =-af-a,p,
(7

Our problem is as follows.
(L) Find a measurement

M, (Oab = (XZ,P(XZ), Fab),S[pﬂ])in a C'-algebra
A such that v,, (2)=p, (F, (E))

(VEEP(XZ)).

This will be answered in the following step [2].
[Step: 2]. In what follows, we shall investigate the (L)

in two cases (i.e., quantum case [A = B((C2 ®(C2)J and

classical case [ A=C,(QxQ)]).
1): Quantum case

[A=B(C)®B(C*)=B(C*®C?) (cf.[10,11])]

Put e —[L} ez—[ﬂ (eC).

For each ¢ e {a,b}, define the observables
0, =(X,P(X).G,)
in B ((C2 ) such that

1|1 CT 1|1 -C
U EICICE
Further consider the quantum system composed of two

particles formulated in B((C2 ®C’ ) Put p, = |y, ) (v
and o, =y | e &7 (B(C* ©C) ) ) where v, =

(e, ®e,—e,®e)/v2 and y,=e ®e . Consider the
unitary operator U (e B((C2 ®(C2) such that Uy, =y..

Define the observable

0, =(x2,79(x2), F =U"(G,®G,)U)

in B ((C2 ®C? ) Thus we get a measurement

MB(C2®C2)(Oab’S[Po]) in B(Cz®(cz)'

This clearly satisfies the (L) since we easily calculate that,

for each (x,,X,)e X?,

2o (Far (106 3)})

(v R ({03 )}
(w(ea (1))@, (1))
Vab ({(Xl’xz )})

Copyright © 2011 SciRes.

2): Classical case [ A=C, (Q)®C, (Q)=C, (QxQ)]
Let w, (: (a)(’] ,a)(;’)) eQxQ,and put p, =,

“

(e &°(C, (QxQ)*),
And define the observable O, = (Xz,’P(XZ), Fab) in
C,(2xQ) such that

|:Fab ({(Xsz )})}(a’o )=V <{(Xls %, )})

Thus we get a measurement Mc .0 (Oab,S[(s ]),
o)
which clearly satisfies the (L).

[Step: 3]. For each k=1,2, let a* (= af +a;\/—71)
and pk (= B+ pi-1 ) be complex numbers such that
|ak|=|bk|=1. Further, consider the parallel measure-
o 2 2 .
=(X%P(X).Fy, )-8a) i

the tensor C’ -algebra ®ij

ment &, M, (O

albl
:le, by which the meas-
ured value X(e X 8) is obtained as follows:

— 11 11 1212 21 21 22,22
x—((xl J Xy ),(x1 ) Xy ),(x1 JX) ),(x1 JX) ))

e x X?
ij=1.2

Here, the (7) says that, for each i, j=1,2,
i wi)— iy i i
) 2 stotn(m (4.4
)(l ,X2 e X x
=-a, ! -, 3]
Thus, putting

1++/-1 1-
a'=v-1,b' = ,al=1,b*= ,
2 2

0

we calculate that

‘P(a‘,b‘)—P(a‘,bz) =242 (8)

+‘P(a2,b')+ P(az,bz)

Therefore, we can conclude that

(M) Bell’s inequality (i.e., a certain inequality such as
“the left-hand side of (8)’<2, (cf. [10,11])) is
broken in classical systems as well as in quantum
systems.

This may be somewhat significant since it says that the
non-commutativity of B((Cz) is not necessarily indis-
pensable for the (8). Although the above discussion in
the steps [1-3] is easy and similar to that of [11], it
should be noted that we can not assert the (M) if we do
not have measurement theory (particularly, classical
measurement theory ) with the interpretation (F).
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5. Conclusions

Since we advanced from quantum mechanics (i.e., the
mathematical formulation of Heisenberg’s uncertainty
principle; [12]) to classical measurement theory, at first
we had no way except relying on so-called Copenhagen
interpretation in our investigations. That is, we investi-
gated classical measurement theory [2-6] without the
clear answer to the problem:

(N) What is the Copenhagen interpretation? What is
“interpretation”? Or, how should Rules 1 and 2 be
used?

However, in this paper we assert that we can master
measurement theory thanks to man’s linguistic compe-
tence if we know the interpretation (F), which may be
characterized as the essence extracted from various ideas
in so-called Copenhagen interpretation.

Although N. Bohr said, in the Bohr-Einstein debates
[13,14], that the interpretation of a physical theory has to
rely on an experimental practice, we consider that the
reality should be abandoned if we hope that measurement
theory includes classical measurements. In this sense, we
agree with A. Einstein, who never accepted the Copenha-
gen interpretation as physics. That is, in spite of Bohr’s
realistic view, we propose the following linguistic view:
(O) In the beginning was the language called meas-

urement theory (with the interpretation (F)). And,
for example, quantum mechanics can be fortu-
nately described in this language. And moreover,
almost all scientists have already mastered this
language partially and informally since statistics (at
least, its basic part) is characterized as one of as-
pects of measurement theory (cf. [2-6]).

If it is so, measurement theory may be a miraculous
language, which is common in almost all fields of sci-
ence. We want to consider that this miracle was origi-
nally discovered by J. von Neumann in his famous book
[1]. That is because we think that measurement theory
(with the interpretation (F)) is the necessary consequence
of his Hilbert space formulation.

Although we believe that the interpretation (F) is the
unique answer to the problem (D), this should be of
course examined seriously. Thus, we hope that our pro-
posal (F), which is the common interpretation of classi-
cal and quantum systems, will be discussed from various
viewpoints.
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Appendix: W -algebraic formulation

The C’-algebraic formulation (mentioned in this paper)
is fundamental and essential in measurement theory.
However, as mentioned in Remarks 1 and 3, the
W*—algebraic formulation (cf. [5]) is, from the mathe-
matical point of view, more handy than the C-algebraic
formulation (just like the Lebesgue integral is more
handy than the Riemann integral). Thus we think that
each of two formulations has its merits and demerits. In
what follows, according to [5], in which there is a part
that should be corrected, we shall add the W' -algebraic
formulation.

Consider the pa1r c] called a basic structure.
Here, A(c B(H)) isa éléebra and A(A cAc
B(H ) isa pamcular C’-algebra (called a W'-algebra)
such that A is the weak closure of A in B(H). Let
A~ be the pre-dual Banach space, whose existence is
assured (cf. [7]).

For example, we see (cf. [7]) that, when A =B, (H )s

1) A" = “trace class”, A= ( ) A« = “trace
class”.

Also, when A =C,(Q),

2) A" = “the space of all signed measures on Q 7,

A= (Qv)(cB(L(Qv))), A=L(Qv),
where v is some measure on Q (cf. [7]).

For instance, in the above 2) we must clarify the

meaning of the “value” of F(w,) for Fel”(Qv)

and w, €Q . This is easily done as follows. Let
GP (A*) be as in (2). An element F(e . A) is said to
be essentially continuous at po(e Gp(A* , if there

uniquely exists a complex number ¢« such that
*) 1fp(e A, p||f —1) converges to  p, (e 6“(.4 ))
in the sense of weak topology of A" (i.e.,
(VGGA(QA)%) then p(F)

P (G) = Po (G)
converges to « .

And the value of p, (F) is defined by the o .

An observable O:=(X,F,F) in A is defined as
follows:

1) [o -field] X is a set, ]-'(g P( ) the power set
of X) is a o -field of X, that is, “&,5,,--e F =
U, B, eF?”, “:eF:>X/_eF”

2) [Countable additivity] F is a mapping from F to
ZeF, F (E) is a
non-negative elementin A such that 0 < F (E)<1,b):
F(@)=0 and F(X)=1, where 0 and | is the 0-cle-
ment and the identity in A respectively. c)' for any
= (e,
NE; =0

A satisfying: a): for every

countable decomposition {EI,EZ,M,E ,}
—_— CON e —_—
:,:nef(n=l,2,3,---) , U 8, = =

n
=
=,
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(i#j)), it holds that F(Z)=)"" F(E,) in the sense
of weak” topology in A .

Now we can present Rule 1 in the W' -algebraic for-
mulation as follows.

Rule 1' [Measurement] The probability that a meas-
ured value x(e X) obtained by the measurement

M;(O:=(X,]-',F),S[po]) belongsto aset Z(e F) is

givenby p,(F(Z)) if F(Z) is essentially continuous
at p, (e (Gl (.A*)) .

Next, we explain Rule 2. Let [.A“ZJB(H ) and
|:.A2,.A2:| o be basic structures. A continuous linear
operator @122 ‘A, (with weak” topology) — A (with
weak topology) is called a Markov operator, if it satis-
fies that 1): ®,,(F,)>0 for any non-negative element
F, in Ay,2): ®,(l,)=1,, where I, is the identity
in Ay, (k=1,2). Here note that, for any observable
0,:=(X,7,F,) in A, the (X,F,®,F) is an
observable in A, .

Remark 8 In addition to the above 1) and 2), it may be
natural to assume that @, (A4,)c A and

sup{"(l)L2 (F, )"A] oy, < 1} =1.

However, from the mathematical point of view, this as-
sumption is not necessarily needed.

t (T,<) be a tree, i.e., a partial ordered set such
that “t <t, and t, <t;” implies “t <t, or t, <t ”.
Here, note that T is not necessarily finite.

Assume the completeness of the ordered set T. That is,
for any subset T'(cT) bounded from below (i.e., there
exists t'(eT) such that t'<t (vteT')), there
uniquely exists an element inf(T')eT satisfying the
following conditions, 1): inf(T')<t(vteT’), 2): if
s<t (vteT’),then s<inf(T').

Definition 1' [Markov relation] The family

{(Dthtz Z.th e Ztl}

(due to the Heisenberg picture), if it satisfies the follow-
ing conditions 1) and 2). .

1) With each teT, a basic structure [A,At]
is associated.

2) For every (t,t,)eT., a Markov operator ®, , :
th —>Ztl is defined. And it satisfies that ®, @
=, holds forany (t.t,), (t,.t;) eT’.

Now Rule 2 is presented as follows:

Rule 2' [Causality] The causality is represented by a

Markov relation {(I)tl,t2 :7412 —>7411}

(1 a)er? is called a Markov relation
102 )€l

B(H)

SRS}

(t1tp)eT2 I
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