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Abstract

The cosmological constant problem arises because the magnitude of vacuum
energy density predicted by the Quantum Field Theory is about 120 orders of
magnitude larger then the value implied by cosmological observations of ac-
celerating cosmic expansion. We pointed out that the fractal nature of the
quantum space-time with negative Hausdorff-Colombeau dimensions can
resolve this tension. The canonical Quantum Field Theory is widely believed
to break down at some fundamental high-energy cutoff A, and therefore
the quantum fluctuations in the vacuum can be treated classically seriously
only up to this high-energy cutoff. In this paper we argue that the Quantum
Field Theory in fractal space-time with negative Hausdorff-Colombeau di-
mensions gives high-energy cutoff on natural way. We argue that there exists
hidden physical mechanism which cancels divergences in canonical
QED,,QCD,, Higher-Derivative-Quantum gravity, etc. In fact we argue that
corresponding supermassive Pauli-Villars ghost fields really exist. It means
that there exists the ghost-driven acceleration of the universe hidden in
cosmological constant. In order to obtain the desired physical result we ap-
ply the canonical Pauli-Villars regularization up to A, . This would fit in
the observed value of the dark energy needed to explain the accelerated ex-
pansion of the universe if we choose highly symmetric masses distribution
between standard matter and ghost matter below the scale A,, ie,

fom (1) = —1f 0 (#0), 1 =mMC, 41 < p1g¢ , p1,5C < A, The small value of the cos-
mological constant is explained by tiny violation of the symmetry between
standard matter and ghost matter. Dark matter nature is also explained using
a common origin of the dark energy and dark matter phenomena.
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1. Introduction

1.1. The Formulation of the Cosmoloigical Constant Problem

The cosmological constant problem arises at the intersection between general
relativity and quantum field theory, and is regarded as a fundamental unsolved
problem in modern physics. A peculiar and truly quantum mechanical feature of
the quantum fields is reminded that they exhibit zero-point fluctuations every-
where in space, even in regions which are otherwise “empty” (i.e. devoid of mat-
ter and radiation). This vacuum energy density is believed to act as a contribu-
tion to the cosmological constant A appearing in Einstein’s field equations
from 1917,

1 8nG _,
R -—0 RZC_4T’MV (1)

w o Juv

where R, and Rrefer to the curvature of space-time, g, isthe metric, T

uv

is the the energy-momentum tensor,

1 0 0 O
c*Al0 -1 0 O
T =T + 2
e 8rGI0 0 -1 0 @
0 0 0 1

where T, is the energy-momentum tensor of matter. Thus Ty =Ty +¢,,
T,5 =T, +6,,P,, where

g, =—P, =c*1/8nG. (3)

Reminding that under Lorentz transformations (¢,,P,)— &},(¢,,P,) > P,
the quantities &, and P, are changes by the law

, &, +p°P, , P +p%,

g, = P = .
1-p 1-p

Thus for the quantities ¢, and P, Lorentz invariance holds by Equation (3)

(1].

In modern cosmology it is assumed that the observable universe was initially

4)

vacuumlike, Ze., the cosmological medium was non-singular and Lorentz inva-
riant. In the earlier, non-singular Friedmann cosmology, the Friedmann un-
iverse comes into being during the phase transition of an initial vacuumlike state
to the state of “ordinary” matter [2] [3].

The Friedmann equations start with the simplifying assumption that the
universe is spatially homogeneous and isotropic, 7.e. the cosmological principle;
empirically, this is justified on scales larger than ~100 Mpc. The cosmological

principle implies that the metric of the universe must be of the form Robert-
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son-Walker metric [2]. Robertson-Walker metric reads

dr?
1—kr?

ds? = dt? —a’ (t){ +17(d6” +sin’ 6dg? ) |. (5)

For such a metric, the Ricci curvature scalar is R=-6k and it is said that
space has the curvature k. The scaling factor a(t) rescales this curvature for a
given time # producing a curvature k(t)=k/a(t). The scaling factor a(t) is
given by two independent Friedmann equations for modeling a homogeneous,

isotropic universe reads
. " G
a’=—ca —k,a=—€(g+3p) (6)

and the equation of state
p=p(e), (7)

where p is pressure and & is a density of the cosmological medium. For the

case of the vacuumlike cosmological medium equation of state reads [2] [3] [4]:
p=-¢ (8)

By virtue of Friedman’s Equation (6) in the Universe filled with a vacuum-like
medium, the density of the medium is preserved, ie. ¢ =const, but the scale
factor a(t) grows exponentially. By virtue of continuity, it can be assumed that
the admixture of a substance does not change the nature of the growth of the
latter, and the density of the medium hardly changes. This growth, interpreted
by analogy with the Friedmann models as an expansion of the universe, but al-
most without changing the density of the medium! was named inflation. The
idea of inflation is the basis of inflation scenarios [2].

Non-singular cosmology [2] [4] suggests that the initial state of the observable
universe was vacuum-like, but unstable with respect to the phase transition to
the ordinary non-Lorentz-invariant medium. This, for example, takes place if, by
virtue of the equations of state of the medium, a fluctuation decrease in its den-
sity d violates the condition of vacuum-like degeneration, p=-& or, which is
the same, 3p+&=-2¢ <0, replacing it with

-2 <3p+e<0. 9

According to Friedman’s equations, it corresponds to an accelerated expan-
sion of the cosmological medium, accompanied by a drop in its density, which
makes the process irreversible [2]. The impulse for expansion in this scenario,
the vacuum-like environment, is not reported to itself (bloating), but to the
emerging Friedmann environment.

In review [5], Weinberg indicates that the first published discussion of the
contribution of quantum fluctuations to the cosmological constant was a 1967
paper by Zel’dovich [6]. In his article [1] Zel’dovich emphasizes that zeropoint
energies of particle physics theories cannot be ignored when gravitation is taken
into account, and since he explicitly discusses the discrepancy between estimates

of vacuum energy and observations, he is clearly pointing to a cosmological con-
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stant problem. As well known zeropoint energy density of scalar quantum field,
etc. is divergent

g (M) = ch)g J‘:«/ p? +m?c? p°dp = . (10)

(Znh

In order to avoid difficulties mentioned above, in article [1] Zel’dovich has
applied canonical Pauli-Villars regularization [7] [8] and formally has obtained a
finite result (his formulas [1], Eqs. (VIII.12)-(VIII.13) p. 228)

1 = c*a
Evac = 7 Puac :gjo f(#)#4(lnﬂ)dﬂ:8nev (11)
where
[ f(u)du= [ f () pidu =] f () u'du=0. (12)

Remark 1.1.1. Unfortunately, Equation (11) and Equation (12) give nothing
in order to obtain desired numerical values of the zero-point energy density ¢.

In his paper [1], Zel’dovich arrives at a zero-point energy (his formula (IX.1))
3
Eppe = m(%) ~10"g/cm*®, 2 ~10™" cm2, (13)

where m (the ultra-violet cut-of) is taken equal to the proton mass. Zel’'dovich
notes that since this estimate exceeds observational bounds by 46 orders of mag-
nitude it is clear that “... such an estimate has nothing in common with reality”.
In his paper [1], Zel'dovich wrote: Recently A. D. Sakharov proposed a theory
of gravitation, or, more precisely, a justification GR equation based on consider-
ation of vacuum fluctuations. In this theory, the essential assumption is that
there is some elementary length L or the corresponding limiting momentum
P, = 71/L . Shorter lengths or for large impulses theory is not applicable. Sakha-
rov gets the expression of gravitational constant G through L or p, (his for-
mula (IX.6))
Sl et

cg=t- " (14)
hooopg

This expression has been known since the days of Planck, but it was read
“from right to left”: gravity determines the length Z and the momentum p,.
According to Sakharov, L and p, are primary. Substitute (IX. 6) in the expres-
sion (IX. 4), we get

m°c® m°c’

e _ng\/ae _W. (15)
That is expressions that the first members (in the formulas (VIIL.10), (VIIIL.
11)) which are vanishes (with p, — o0 ). Thus, we can suggest the following in-
terpretation of the cosmological constant: there is a theory of elementary par-
ticles, which would give (according to the mechanism that has not been revealed
at the present time) identically zero vacuum energy, if this theory is applicable

infinitely, up to arbitrarily large momentum,; there is a momentum p,, beyond
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which the theory is non applicable; along with other implications, modifying the
theory gives different from zero vacuum energy; general considerations make it
likely that the effect is portional p,®. Clarification of the question of the exis-
tence and magnitude of the cosmological constant will also be of fundamental
importance for the theory of elementary particles.

Nonclassical Assumptions

(I) In contrast with Zel’dovich paper [1] we assume that Poincaré group is
deformed at some fundamental high-energy cutoff A, [9] [10] [11] in accor-

dance with the basis of the following deformed Poisson brackets
{X#,XV} — %—l(nyOV _Xvn,uo)7{p/1’ pv} — 0,
(16)
{Xy, pv} — _nuv +%—177/10 pv

where 1,v=012,3, " =(+1,-1,-1,-1) and is a parameter identified as the
ratio between the high-energy cutoff A, and the light speed. The correspond-
ing to (16) momentum transformation reads [11]

pI: 7(p0_upx) r_ }/(px_upO/Cz)
D1 (e) (1) po—rup | 1 (ce) (7 —1) po - yup, | 17)
ro_ py r_ pz
p)’ - -1 ' pz - -1 1
1+(cse) " [(r=1) o —rup, ]~ L+(cs) [(r-1)py—rup, ]
and coordinate transformation reads [11]
L V(t—UX/CZ) o = 7(x—ut)
(o) [(r-Dpo-run ] Lo(e) [(7-Dpo-run]

' y ' z
y = = = = ,
L+ (c2e) *[(7-1) o —yup, | L+ (cs) " [(7 1) po ~7up,]
where y = wll—uz/cz . It is easy to check that the energy E =cs¢, identified as
the high-energy cutoff A,, is an invariant as it is also the case for the funda-
mental length |, =#ac/E =/ .
Remark 1.1.2. Note that the transformation (17) defined in p-space and the

transformation (1.1.18) defined in x-space becomes Lorentz for small energies
and momenta and defines a large invariant energy |,'. The high-energy cutoff
A, is preserved by the modified action of the Lorentz group [9] [10].

This meant that the canonical concept of metric as quadratic invariant col-

lapses at high energies, being replaced by the non-quadratic invariant [9]:

” p||2 _ 7% PPy , (19)
(1+ Ly, po)
or by the non-quadratic invariant
L @
(21, mo)
where IA* =A'ab=0123.
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Remark 1.1.3. Note that:

1) the invariant (16) is infinite for the new negative invariant energy scale of
the theory A, = —I,Zf , and it’s not quadratic for energies close or above and

2) the invariant (17) is infinite for the new positive invariant energy scale of
the theory A, =I."

Remark 1.1.4. It is also clear from Equation (16) and Equation (17) that the
symmetry of positive and negative values of the energy is broken. The two theo-
ries with the two signs of |, obviously are physically distinct; and we know of
no theoretical argument which fixes the signs of A

The massive particles have a positive invariant || p"2 >0 which can be identi-
fied with the square of the mass || p"2 =m?, (c =1). Thus in the case of the in-
variant (16) we obtain

2_ 2
PPt py e (-1 ) (21)
(1+ I, po)

From Equation (18) we obtain

2 412
ml, 1 m*1y A
= —— 4+ ——+ +m°). 22
Po 1-m’}  fi-m? \/1—mzli* (p ) 22

In the case of the invariant (17) we obtain
2 2

Po—P . :mZ]poe(—oo,IXi)_ (23)
(1—IA* po)
From Equation (20) we obtain
m?l, 1 m*l2
=— - +m 24
A o \/1 — +(p*+m?). (24)

The action for a scalar field ¢ must be invariant under the deformed Lo-

rentz transformations. The invariant action reads [10]

S =

ab 2
ljd4XM+m—¢z. (25)

2 [1+ Iy 80¢)J 2

Thus there is no linear field equation.
Remark 1.1.5.Throughout this paper, we use below high-energy cutoff A,

the perturbative expansion
=—Jd4 [ ¢)(@ b¢)+7¢> J+0(|A*)- (26)
and dealing in Lorentz invariant approximation
——Id“ ( 9)(0,0)+ 22 qu. (27)

since for |, <1 the expansion (26) holds.
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(IT) The canonical concept of Minkowski space-time collapses at a small dis-
tance |, = A to fractal space-time with Hausdorff-Colombeau negative di-
mension and therefore the canonical Lebesgue measure d*x being replaced by
the Colombeau-Stieltjes measure with negative Hausdorff-Colombeau dimen-
sion D™:

(dn(x,g))g :(vc(s(x))d“x) , (28)

&

where (Vg (S(X)))g = {Us(x)r’ + SJIJ and s(x)= \/)(#7 , see Section 3 and

[12].

(III) The canonical concept of momentum space collapses at fundamental
high-energy cutoff A, to fractal momentum space with Hausdorff-Colombeau
negative dimension and therefore the canonical Lebesgue measure d°k , where

k= (k k,,k ) being replaced by the Hausdorff-Colombeau measure

X1y 1z

A(D)d" K A(D)a(D7)p dp

(|k|‘D7‘ +5j [pD +5j 7
where A(Di)= ZTEDi/Z/F(Di/Z) and p= |k| =K, +k,+k, and where

D* —|D’| < -6, see Section 3 and ref. [9]. Hausdorff-Colombeau measure (29)

avoids classical divergence (10) of the zeropoint energy &, (m) and instead

dD*,D’ A

(29)

Equation (10) one obtains

£ (D) = [0 pyp? +m? +A(D*)A(D‘)I:dpp2—\wg pt. (30)

( ooy gj
See Section 5 and ref. [12].

Remark 1.1.6. If we take the Planck scale (ie. the Planck mass) as a cut-off,
the vacuum energy density &, (p,,m) is 10" times larger than the observed
dark energy density &,,. Several possible approaches to the problem of vacuum
energy have been discussed in the contemporary literature, for the review see [5],
[12]. They can be roughly devided into five different groups: 1) Modification of
gravity on large scales. 2) Anthropic principle.

3) Symmetry leading to &, =0. 4) Adjustment mechanism, see. 5) Hidden
nonstandard dark matter sector and corresponding hidden symmetry leading to
Evee =0, see [12].

(IV) We assume that there exists the nonstandard dark matter sector formed

by ghost particles, see [12].

1.2. Zel’dovich Approach by Using Pauli-Villars Regularization
Revisited. Ghosts as Physical Dark Matter

Remind that vacuum energy density for free scalar quantum field is
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an[p? + g2 pPdp = K[\[p? + 2 pdp = KI (1), (31)

where g =m,C. From Equation (31) one obtains [1]

&(u)=7

1 C J-w
2 (2nh)3 0

4
£ J _Pdp L _KF (u). (32)

N

For fermionic quantum field one obtains
() =Kl (u), p(p)=—4KF (p). (33)
Thus free vacuum energy density & and corresponding pressure p is

s=Zi:CiI(,ui),P:Zi:CiF(yi). (34)

From Equation (34) by using Pauli-Willars regularization [7] [8] in general
case one obtains [1]

&= If w)du, P = jf F(u)du (35)

In order to obtain asymptotical expansion on the parameter p, of the quan-

tity e ( Py m) = Iopo d®py/p® +M? let us evaluate now the following integral

P b, .
(. po)=f|°2vpz+ﬂ2dp= J P s dp+ [ 2o adp
Pu

(36)
2 Po 2
_Ip \p?+ ptdp = J'p /1+%dp+j p /1+%dp
Py Pu
and
F(ﬂp)_l"f p*dp lf p*dp 1’}‘) p*dp
1 Mo - -
Soypi+ut S pP+ud 35 pPHu
L} e 1% p'ep o7
33 D2 + 1 2’
# 1+ 4
p
where p, =ru,r>1u/p<1/r <1. Note that
H 1t 1pt 148
i E?‘é? 16 p°
(38)
1 1 1
PP PP+ 4’ = ptedpttl La

2 8 p 16p°
By inserting Equation (38) into Equations (36) one obtains
e bl 1y Po 148 s,
| (1, py)=Cut TPt M P gk In N _§D_§+ Po O(,u ) (39)

where Cu' = J‘Op“ p\/p? + 1°dp . Note that
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By inserting Equation (40) into Equation (37) one obtains

1 1 1 p 5 u°
Fup,)=Cou+—pt——z2p2+=u*In| =2 |+ —L2 4+ p%O(4?). (41
(/U po) oM 12 Po 12/“ Po 8# [,Uj 32 pg Po (,u ) (41)

By inserting Equation (39) and Equation (41) into Equations (35) one obtains
1 4ﬂeff 1 Zﬂeff ) 1 Heff .
&=5 00 [ f(u)du+Z o [ f(u)pidu| Co—Sinpy | [ (u) p'du
0 0 0
1/’eff . 1 1 Heff 6 Heff s .
+§I )t (Inp)du—| = | = [ f(u)bdu+O| [ f(u)e’ |,
0 0 0
(42)

1 4,ueﬁ Zueff ) 1 Hetf 4
P=15P | f(u)du=5 pi [ f(u)u d#+(Cz+§|n poj [ () p'du
0 0 0
1l’eff . 5 1 Heff 6 Heff 8 "
= [ f(w)ut (Inp)du+| = | | F(u)ubdu+O| [ f(u)e |py°.
8 p? )32 4 )
We choose now
Hetf Heff Heff
[ f(u)du= [ f(u)’du= [ f(u)u'du=0. (43)
0 0 0

By inserting Equation (43) into Equations (42) one obtains

1 Hetf

#(ta) =g [ 1(#)4* (Inu)du+0(py?).
’ (44)
l/‘eff 4 »
Pt )=—5 | T(u)u (In z)due+0O( po?).
0
Taking the limit p — o in Equation (44) gives
1,Ueff 4
8(ﬂeﬁ)=§f f(pe) e (Inge)dps,
’ (45)
1,Ueff 4
Pt ) =5 | f(a) " (Inpr) i
0
Thus finally we obtain [3]
17 c'A
g(ﬂeﬁ):_p(lueff)zg _c[ f(,u),ud(ln/l)d/lzgnG (46)

Remark 1.2.1. Remind that Pauli-Villars regularization consists of introduc-
ing a fictitious mass term. For example, we would replace a propagator
]/(k2 —m + ie) , by the regulated propagator

N a 1

AK) =2 = I (47)

SOk —m? +ie  kP-mi+ie K -m? +ie

where a,=1 and m;,i=12,---,N can be thought of as the mass of a fictitious
heavy particle, whose contribution is subtracted from that of an ordinary particle.

Assume that m? / k® <1, if we expand each term of this sum (46) as a power se-
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riesin k*+ie we get

1
o )

(K* +ie)

& am’
A(kz) = ZIN:O k2 +i6 +Z’\1 —+ZiN:OO

(K vie)

For a renormalizable theory the maximum supercriticial power of divergence
of any integral is quadratic, so that the O(ZI/ ka) terms are ultraviolet finite.
The finiteness of the regulated integral is then guaranteed by requiring that

' a=0>" am?=0. (49)

Remark 1.2.2. Note that in order to apply Pauli-Villars regularization to QFT
with Lagrangian £ ((p, v,0,9,0 #l//) we would replace the Lagrangian
£(gp,w,8#(p,8ﬂw) by Lagrangian £(g,l/_/,6ﬂg, 6ﬂy_/) , where [7]:

p(X)=p(x)+Y b@, (x,/,znz),y_/(x) =y (X)+) ¥, (x,%f), (50)
where commutator for @, and anticommutator for 17, reads
(00 (422 ), @0 (X, 12 ) | = =190 (X=X, 12 S,
{y?m (x,xrf]),y?n (x’, %,f)} :—ignS(x—x', %f)&mn.
From Equations (50)-Equations (51) one obtains
[2(x).0(x) =121, pbEA(x =X 1),
[y (). (X) ] ==X &GS (X=X, 57 ).
Assume now that
Y b =0,3" pbZu? =030 ecc,=0,3" stcl=0. (53)

From Equations (53) it follows directly that QFT with Lagrangian
£(g£, ¥,0,0, 8#1,2) is finite QFT with indefinite metric [4], see Remark 1.2.1.
Remark 1.2.3. Note that “bad ghosts” represent general meaning of the word

(52)

“ghost” in theoretical physics: states of negative norm [7] or fields with the
wrong sign of the kinetic term, such as Pauli--Villars ghosts ¢, whose existence
allows the probabilities to be negative thus violating unitarity. The quadratic la-
grangian .E; for ¢ begins with a wrong sign kinetic term [in (+——-) sig-

nature]
1
Li=-3000,0% G0

Remark 1.2.4. Note that in order to obtain Equations (44), the standard
quantum fields do not need to couple directly to the ghost sector. In this paper
the ghost sector is considered as physical mechanism which acts only on a func-
tion f(x) in Equations (43). It means that there exists the ghost-driven acce-
leration of the universe hidden in cosmological constant A .

Remark 1.2.5. As pointed out in paper [13] even if the standard model fields
have no direct couplings to the ghost sector, they will indirectly interact with it

through gravity, and the propagation of gravity through the ghost condensate
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gives rise to a fascinating modification of gravity in the IR. However, no modifi-
cations of gravity can be seen directly, and no cosmological experiment can dis-
tinguish the ghost-driven acceleration from a cosmological constant.

Remark 1.2.6. In order to obtain desired physical result from Equations (45),
Le,

£ =0.7x10°g-cm™ = 2.8x10 " GeV* /r’c® (55)

we assume that
f(u)=fom (1) + fym (1), (56)

where f, (u) corresponds to standard matter and where f, (u) corres-
ponds to a physical ghost matter.
Remark 1.2.7. We assume now that

|f(ﬂ)|:{o<ﬂn)’n>l ot (57)
0 /u>/ueff

From Equation (57) and Equation (45) it follows directly that

.Ueff

|p(:ueff)| | He ) | I f(u) 4 (In ) dpa <O(/ueff+5|n:ueff> (58)

Remark 1.2.8. However serious problem arises from non-renormalizability of

canonical quantum gravity with Einstein-Hilbert action
=——[d*xy-gR. 59
e —_[d'x/g (59)

For example taking A® particles of energy a per unit volume gives the gravi-

tational self-energy density of order A°, ie, the density &, divergesas A°
g, ~GA°®, (60)

where A isa high-energy cutoff [5].
In order to avoid these difficulties we apply instead Einstein-Hilbert action
(59) the gravitational action which includes terms quadratic in the curvature

tensor
3=-[dxJ-g(aR, R - BR* + 2k "R), (61)

Remark 1.2.9. Gravitational actions (61) which include terms quadratic in the
curvature tensor are renormalizable [14]. The requirement that the graviton
propagator behaves like p™ for large momenta makes it necessary to choose
the indefinite-metric vector space over the negative-energy states. These nega-
tive-norm states cannot be excluded from the physical sector of the vector space
without destroying the unitarity of the S matrix, however, for their unphysical
behavior may be restricted to arbitrarily large energy scales A, by an appropri-
ate limitation on the renormalized masses m, and m,.

Remark 1.2.10. We assume that MyC >> g, M,C>> fg .

Remark 1.2.11. The canonical Quantum Field Theory is widely believed to

break down at some fundamental high-energy cutoff A, and therefore the
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quantum fluctuations in the vacuum can be treated classically seriously only up
to this high-energy cutoff, see for example [15]. In this paper we argue that
Quantum Field Theory in fractal space-time with negative Hausdorff-Colombeau

dimensions [12] gives high-energy cutoff on natural way.

2. Ghosts as Physical Dark Matter
2.1. Paulu-Villars Ghosts As Physical Dark Matter

Before explaining the role of PV ghosts, etc. as physical dark matter remind the
idea of PV regularization as a conventional UV regularization. We consider, as
an example, the scalar field theory with the interaction A¢*.Lagrangian density

of this theory reads

1 /] mg 2 4
ﬁzia’(ﬂaﬂ(ﬂ—7¢’ +Ap" (62)
This theory requires UV regularization (e.g. in (2+1) and (3+1) dimensions).
Let us show that it is sufficient to introduce N extra fields with large mass play-
ing the role of the regularization parameter. Lagrangian density can be rewritten

as follows

2

e-s ) (STt feriots

- N - N
P=Q+P=D  P.P=D. AO.

Here the symbol “::” means that in perturbation theory we drop Feynman di-
agrams with loops containing only one vertex. The ¢, is usual field with mass
m, and the ¢,,i=1---,N is the extra field with mass m,,i=1---,N . It can be
shown that in (3+1)-dimensional theory the introduction of one PV field is suf-
ficient for the ultraviolet regularization of perturbation theory in 4. One can
show that momentum space Feynman diagrams in the original theory with La-
grangian density (62) diverge no more than quadratically [16] [17] [18] (beside
of vacuum diagrams) shown in Figure 1.

If we consider now Feynman diagrams in the theory with Lagrangian density
(63) we see that propagators of fields ¢, and @ sum up in corresponding di-
agrams so that we obtain the following expression which plays the role of regu-

larized propagator

a. 1 N a.
Ak?) =" ! = T (64)
( ) Z:’:"kz—mf+i0 k? —mZ +i0 Z:':"kz—mj2+i0
where k* =k -k’ +k? +kZ . Integral corresponding to vacuum diagram is
d*k d*k < a;

3= A(k?) = > L (65)

J.(Zn)4 () I(zn)“ 0K? —m? +i0

To do this integral, since it is convergent, we can Wick rotate.
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Figure 1. One-loop massive va-
cuum diagram.

Remark 2.1.1. All the integrals in quantum field theory are written in Min-
kowski space, however, the ultraviolet divergence appears for large values of
modulus of momentum and it is useful to regularise it in Euclidean space [17].
Transition to Euclidean space can be achieved by replacing thr zeroth compo-
nent of momentum Kk, — ik, , where the integration over the fourth component
of momenta goes along the imaginary axis. To go to the integration along the
real axis, one has to perform the (Wick) rotation of the integration contour by
90° (see Figure 2). This is possible since the integral over the big circle vanishes
and during the transformation of the contour it does not cross the poles.

Then we get

ak3

Je _—j Ezjokz (66)

To do this integral, since it is convergent, we can deal with regularized

integral

ak3

S(eA)= L EZ,okz (67)

where ¢ <0,Axwo, ie. I(&,A)~ T, . Weassume now that Pauli-Villars con-
ditions given by Equations (48) holds. Let us consider now the quantity
a kg

3,23, ( j dke X" °k2+77m (68)

where 7 €(0,1], and therefore from Equation (68) we obtain
~ i N A _
> |n 0 I EZJ LaK QijoajL kedke =0, (69)

since Equations (48) holds. From Equation (68) by differentiation we obtain

d i a;mik;
d_ Sy = 8_J‘g EZJ 0/ 5 e (70)

(ke +m})

and therefore from Equation (39) we obtain
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‘\K“

S/

\) +m +ic

o [ ]
\/122 +m? —ie
A

Figure 2. The Wick rotation of the integration contour.

~

d a;miks
i, a L

EZJ =0 2 S \2

7= (ke +am; )] (71)
A

= ZZ, Laym? [ Tke'dke =0,

since Equations (48) holds. From Equation (70) by differentiation we obtain

Z, oER =_I dk Z,o

a;mike

(k2 i)

s (72)
R; ()= , m’j ok, X
’ (k2 +pm?)
E
Note that
ia;m’ K3 ia.m?  _j a.m?
R, ~ dk E _ G e 73
()= 4n® Lo ke (ké+nmf)3 4n* 4pm®  16m°p 73
Thus
d - Nl N am’
E‘Sﬂ :ijo omj(n)dnzzj':olén; Inn (74)
and
- N ams
3,=20 1;57:; (ninn—-n), (75)
Therefore
~ ~ N am
J(g,A): ‘5'7|q—1 __ZJ:O 1:5112] =0, (76)

since Equations (48) holds. Thus integral (65) corresponding to vacuum diagram

by using Pauli-Villars renormalization identically equal zero, Ze.

~ d4k 2
Renp, (‘S)z A( )_ 421 02 _

(2n)’

0. 77
m +|0 77

(2r)
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Let us consider now how this method works in the case of the simplest scalar

diagram shown in Figure 3. The corresponding Feinman integral has the form

~(w2y 1 d*k
S(p )_(2n)4J(kz-m§+io)[(p2—k2)-m§+io]' 7
Regularized Feinman integral (78) reads
1 a.d’k
Sreg ( p? ) = (ZT)JZT_O : (79)

(k? =m? +i0)[ (p* —k*)—m? +i0 ]

where N =1. To do this integral, since it is convergent, we can Wick rotate.

Then we get
- 2\_ | N a;d’k
Jreg(p ) (27'5)4ij_O(kz+m?)|:(p2—k2)+m?:|. (80)
The integral (80) can be written as
- 2 it N a;d’k
~re = d i
a (P ) (2n)4'c[ XJZJo[k2+p2x(l—x)+mf]2
(81)
ajkédkE

L1
:#gdszlo

[ké + pzx(l—x)+mf]2'

To do this integral, since it is convergent, we can deal with regularized

integral
Ry N— a k2dk,
S (P26 A)=—[dx[ D ! : (82)
g( ) 8“2%[ J; J0[k,§+p2x(1—x)+mﬂ2
Let us consider now the quantity
Y N— a k2dk,
3, (p%eA)=—[dx| D ! : (83)
’7( ) 87f2'<[ L '_O[ké+p2x(1—x)+rymf]2

where 7 €(0,1], and therefore from Equation (83) we obtain 3, ( p?, e, A) =0,
since Equations (48) holds. From Equation (83) by differentiation we obtain

k

p-k

Figure 3. The simplest scalar diagram.
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a;mikZdke
[kz +p*x(1- x)+77mf]3

S L amn ()

o, () == o] B

(84)
1
(p n A,g)zjdx kedke -
0 [kz + pzx(l—x)+77mj?]
=_0 p2x 1 x +77m
From Equation (84) we obtain
d o
E\s”(pz,g,A) o= Z, MR (p?7,6,A)
(85)

¢ dx
=T ZT:O J,[ 2.2

167t2 m?p?x(1-x)+7’

From Equation (85) we obtain

~ _ dn
\Sreg( )_ 167 2210 J.([ Im_zpzx(l X) 77 (86)

Note that

1

szpzx(zf e nz[m}zpz (1- x)+n]ln[m‘2p2x(l x)+77]‘ -1

=[m}2p2x(1—x)+l]ln[mj‘2pzx(l—x)+1:| (87)
—[mj’z p?x(1- x)] In [mjfz p?x(1- x)]—l.

Thus

Sreg( )= 161 22?01 J,[ J.mfzpzx(l X) .
ST ZZJ ; dex{[m‘zpzx 1- x)+1]|n[m‘2p2x(l x)+1]
[ p’x(1-x) }In[m‘zpzx (1-x) J} 16712 Z?‘jaj
T ZZ'J“OI J_[dx{[m p*X(1=x)+1]In[ m? p?x(1-x) +1]

a1

{[mgzpzx(l x)+1}|n[m52p2x(l X +1]
|

- 16In2 )
~[mg?p*x(2-x) [ m;* p*x(1-x) ]

o fe [ o1 1 i pex(a x) 1]
[mepnt i 0]}

From Equation (88) we obtain

(88)
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SR —16;2 j;dx{[moz p*X(1-x)+1]In[ mg?p’x(1-x) +1]

~[ma? p2x(1-x) Jin[mg? p2x(1-x) )

16:1_2 _(tdx{[ml‘2 px(1- x)+1] In [ml‘z p°x(1- X)*‘ﬂ

—[ml‘z p*x(1- x)] In [ml‘z p*x(1- x)]}

We assume now that m;*p® <1 and from Equation (89) finally we obtain

Sreg ( pz) = _16i1'[2 _l[dx{[mgz pZX(l— x)+1:||n|:m62 pzx(l_ X)+1:|
0

~[me?p*x(1-x) JIn[ m? p*x (1~ x)}} +0(m;*p?).

Remark 2.1.2. The simple renormalizable models with finite masses

(89)
+

(90)

m.,i=1---,N which we have considered in the section many years regarded
only as constructs for a study of the ultraviolet problem of QFT. The difficulties
with unitarity appear to preclude their direct acceptability as canonical physical
theories in locally Minkowski space-time. However, for their unphysical beha-
vior may be restricted to arbitrarily large energy scales A, mentioned above by

an appropriate limitation on the finite masses m; .

2.2. Renormalizability of Higher Derivative Quantum Gravity

Gravitational actions which include terms quadratic in the curvature tensor are
renormalizable. The necessary Slavnov identities are derived from Bec-
chi-Rouet-Stora (BRS) transformations of the gravitational and Faddeev-Popov
ghost fields. In general, non-gauge-invariant divergences do arise, but they may
be absorbed by nonlinear renormalizations of the gravitational and ghost fields

and of the BRS transformations [14]. The geneic expression of the action reads

lym =—[d*xy=g (R, R - BR® + 2k °R), (91)
where the curvature tensor and the Ricci is defined by Rjav :8vl"fla and

R, = R:“M correspondingly, x° =32nG . The convenient definition of the gra-
vitational field variable in terms of the contravariant metric density reads
xh*" = g’“’ﬁ—n"". (92)
Analysis of the linearized radiation shows that there are eight dynamical de-
grees of freedom in the field. Two of these excitations correspond to the familiar
massless spin-2 graviton. Five more correspond to a massive spin-2 particle with
mass M,. The eighth corresponds to a massive scalar particle with mass m;.
Although the linearized field energy of the massless spin-2 and massive scalar
excitations is positive definite, the linearized energy of the massive spin-2 excita-
tions is negative definite. This feature is characteristic of higher-derivative mod-
els, and poses the major obstacle to their physical interpretation.
In the quantum theory, there is an alternative problem which may be substi-

tuted for the negative energy. It is possible to recast the theory so that the mas-
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sive spin-2 eigenstates of the free-fieid Hamiltonian have positive-definite ener-
gy, but also negative norm in the state vector space.

These negative-norm states cannot be excluded from the physical sector of the
vector space without destroying the unitarity of the S matrix. The requirement
that the graviton propagator behaves like p™ for large momenta makes it ne-
cessary to choose the indefinite-metric vector space over the negative-energy
states.

The presence of massive quantum states of negative norm which cancel some
of the divergences due to the massless states is analogous to the Pauli-Villars re-
gularization of other field theories. For quantum gravity, however, the resulting
improvement in the ultraviolet behavior of the theory is sufficient only to make
it renormalizable, but not finite.

The gauge choice which we adopt in order to define the quantum theory is the
canonical harmonic gauge: 0 ,h*" =0. Corresponding Green’s functions are

then given by a generating functional

2(7,) = NJ|IT,., 0" |[dc” ][dC. Jo (F)

xexp[i(lSym +[dxC,F;, DA C +x[d'xT, h* )]

T ouv

(93)

Here F*=F]h"", If;V = 5;5V and the arrow indicates the direction in which
the derivative acts. N is a normalization constant. C° is the Faddeev-Popov
ghost field, and C_ is the antighost field. Notice that both C° and C, are
anticommuting quantities. D%” is the operator which generates gauge trans-
formations in h*", given an arbitrary spacetime-dependent vector £”(X) cor-

responding to  x* = x* + k£* and where

DYE" (X)=0"E" +0°E" ", &"
(94)
+1(0,Eh™ +0,&"N - £°0, " —8, &)
In the functional integral (93), we have written the metric for the gravitational
field as [Hﬂévdh”v] without any local factors of g = det(g W) . Such factors
do not contribute to the Feynman rules because their effect is to introduce terms
proportional to &* (O)Id“xln(—g) into the effective action and &* (0) is set
equal to zero in dimensional regularization.
In calculating the generating functional (93) by using the loop expansion, one
may represent the & function which fixes the gauge as the limit of a Gaussian,

discarding an infinite normalization constant
4 T H H l -1 4 T
5 (F )N'AILTPJEXD[I(EA J'd XF.F|]. (95)

In this expression, the index z has been lowered using the flat-space metric
tensor 77, . For the remainder of this paper, we shall adopt the standard ap-
proach to the covariant quantization of gravity, in which only Lorentz tensors
occur, and all raising and lowering of indices is done with respect to flat space.
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1
The graviton propagator may be calculated from |, +EA’1Jd4XFTFr in the

usual fashion, letting A — 0 after inverting. The expression %A'1Jd4XFTFT

contains only two derivatives. Consequently, there are parts of the graviton
propagator which behave like p™? for large momenta. Specifically, the p
terms consist of everything but those parts of the propagator which are trans-
verse in all indices. These terms give rise to unpleasant infinities already at the
one-loop order. For example, the graviton self-energy diagram shown in Figure 4

2
has a divergent part with the general structure (64h) . Such divergences do cancel

when they are connected to tree diagrams whose outermost lines are on the mass
shell, as they must if the S matrix is to be made finite without introducing
counterterms for them. However, they greatly complicate the renormalization of
Green’s functions.

We may attempt to extricate ourselves from the situation described in the last
paragraph by picking a different weighting functional. Keeping in mind that we
want no part of the graviton propagator to fall off slower than p™ for large

momenta, we now choose the weighting functional [14]
T\ _ H 1 -1 4 2,47
o, (e )—exp{l(EA [dxe, e H (96)

where €" is any four-vector function. The corresponding gauge-fixing term in

the effective action is

—%KZA_l-[d4XFT ?F". (97)

The graviton propagator resulting from the gauge-fixing term (97) is derived
n [14]. For most values of the parameters « and g in |, it satisfies the
requirement that all its leading parts fall off like p™ for large momenta. There
are, however, specific choices of these parameters which must be avoided. If
a =0, the massive spin-2 excitations disappear, and inspection of the graviton
propagator shows that some terms then behave like k™. Likewise, if
38 —a =0, the massive scalar excitation disappears, and there are again terms
in the propagator which behave like p~. However, even if we avoid the special
cases =0 and 38—« =0, and if we use the propagator derived from (97),
we still do not obtain a clean renormalization of the Green’s functions. We now
turn to the implications of gauge invariance. Before we write down the BRS
transformations for gravity, let us first establish the commutation relation for
gravitational gauge transformations, which reveals the group structure of the

theory. Take the gauge transformation (94) of h*", generated by & and

h h

Figure 4. The one-loop graviton self-energy diagram.

DOI: 10.4236/jmp.2019.107053

747 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.107053

J. Foukzon et al.

perform a second gauge transformation, generated by 7*, on the h*" fields
appearing there. Then antisymmetrize in £“ and 7“. The result is
oDy
sh*e

Dy” (&°n” —n°&” ) = xDy” (8,&'n" ~0,&7" ), (98)

where the repeated indices denote both summation over the discrete values of
the indices and integration over the spacetime arguments of the functions or
operators indexed.

The BRS transformations for gravity appropriate for the gauge-fixing term (96)
are [13]

(a) Sarsh™ = kD" C* 4,
(b) SgrsC* =—x°0,C“CP 54, (99)
(€) 8rsC, = —x* AT F.54,

where 61 is an infinitesimal anticommuting constant parameter. The impor-
tance of these transformations resides in the quantities which they leave inva-
riant. Note that

Sans (0,C7C”) =0 (100)
and
Oas (DL7C) =0, (101)

As a result of Equation (101), the only part of the ghost action which varies
under the BRS transformations is the antighost C_. Accordingly, the transfor-
mation (99¢) has been chosen to make the variation of the ghost action just can-
cel the variation of the gauge-fixing term. Therefore, the entire effective action is

BRS invariant:

1 - T, ~CT vha
5BRS(|sim —EK‘ZA 'F.O°F" +C,F,; DiC j:o. (102)
Equations (99), (100), and (102) now enable us to write the Slavnov identities
in an economical way. In order to carry out the renormalization program, we
will need to have Slavnov identities for the proper vertices.
A) Slavnov identities for Green’s functions

First consider the Slavnov identities for Green’s functions.
Z(‘Dtv’ﬁo-’ﬂr’ K/JV’ Lo')
= NJ[IT,.,dn* J[dc”][dC, ] (103)
xexp|ig(n*,C7,C,,K,,, L. B,C7)+ B,C7 +C. B +xT,h* |.
Anticommuting sources have been included for the ghost and antighost fields,
and the effective action I has been enlarged by the inclusion of BRS invariant

couplings of the ghosts and gravitons to some external fields K, (anticom-

muting) and L (commuting),

=1, —%KZA_IFTDZ F'+C.F; D/C”+xK, DI +x°L,0,C°C”. (104)
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¥ is BRS invariant by virtue of Equation (99), Equation (100), and Equation
(102). We may use the new couplings to write this invariance as

+*ATTOPF %. (105)

T

X &2 . & &
5K, sh* 5L, 6C°

In this equation, and throughout this subsection, we use left variational deriv-
atives with respect to anticommuting quantities: O f (C“) =6C'of / oC’ . Equ-
ation (105) may be simplified by rewriting it in terms of a reduced effective ac-

tion,
2:i+%K2A’1FTD2FT. (106)

Substitution of (106) into (105) gives

X OX X OX

+ =0, (107)
6K, oh* oL, 6C”
where we have used the relation
aps B g (108)
“ oK, oC,

Note that a measure
[IT,..an J[dc][dC. ] (109)

is BRS invariant since for infinitesimal transformations, the Jacobian is 1, be-
cause of the trace relations
-
(a)—2= ___o,
K yoh )
o (110)
r
oC?oL,

(b) :
both of which follow from I d*x0,C* = 0. The parentheses surrounding the in-
dices in (110a) indicate that the summation is to be carried out only for g <v.
Remark 2.2.1. Note that the Slavnov identity for the generating functional of
Green’s functions is obtained by performing the BRS transformations (99) on
the integration variables in the generating functional (103). This transformation
does not change the value of the generating functional and therefore we obtain

N| [dehﬂv}[dc“][dc‘f]( KT DY - x2,0,C7C

B R N _ _ (111)

+ KON BIPE, 0 Jexpl[§(S+ T, 0 + B,C7+C,B7) | =0.
Another identity which we shall need is the ghost equation of motion. To de-
rive this equation, we shift the antighost integration variable C. to C.+dC,,

again with no resulting change in the value of the generating functional:
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TR e

xexp[i (Z+«T, 0 +B,C7+Cp° )]

(112)

We define now the generating functional of connected Green’s functions as
the logarithm of the functional (103),

W[Tﬂv,ﬁa,p’f,Kw,LJJz—iInZ[Tw,BJ,/)”,K#V,LJJ. (113)

and make use of the couplings to the external fields K
(112) in terms of W

and L, to rewrite

uv

W 2 W g OW
KT, ——-f, —+x" A" p'0°F, —=0. 114
uv 5K#V ﬁo— 5LO_ ﬂ v 5-'—#‘/ ( )
Similarly, we get the ghost equation of motion:
-1t T
KFL + 47 =0. (115)

av
B) Proper vertices
A Legendre transformation takes us from the generating functional of con-
nected Green’s functions (113) to the generating functional of proper vertices.
First, we define the expectation values of the gravitational, ghost, and antighost

fields in the presence of the sources T, B.,and B and the external fields

K, and L,
@M (W)= o
(0)e” (=57 (116)
O (=550

We have chosen to denote the expectation values of the fields by the same
symbols which were used for the fields in the effective action (104).

The Legendre transformation can now be performed, giving us the generating
functional of proper vertices as a functional of the new variables (116) and the
external fields K v and L,

r[h*,c’.C, K,.L, ]
=W[T,.B,.5 KL, |-«T, h* -B,C"~Cp".

In this equation, the quantities T,,, B ,and 7 are given implicitly in terms

(117)

v
of h*",C°,C_, K, ,and L, by Equation (116). The relations dual to (116) are
ST
T =,
(a) K MV (X) 5h,uv (X)
= ST
b X)= , 118
( ) 0'( ) §CU (X) ( )
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v

Since the external fields K, and L, do not participate in the Legendre

transformation (116), for them we have the relations

(a) or _ oW
5K”:(x) 5KW(X) (119)
oI oW

(b)

5L (x) oL, (x)

Finally, the Slavnov identity for the generating functional of proper vertices is
obtained by transcribing (114) using the relations (116), (118), and (119)

of oL  oF ol snirp F . h* or _,, (120)
6K, oh* SL, 6C° g oC”
We also have the ghost equation of motion,
,larv 5F —5—F:O (121)
" oK, o6CY

Since Equation (120) has exactly the same form as (105), we follow the exam-
ple set by (106) and define a reduced generating functional of the proper vertic-

es,
~ 1 24-1(F v 2(Er -
F=T+2xA (B, ) (FLh). (122)
Substituting this into (120) and (121), the Slavnov identity becomes

oL or o o
5K, sh*  SL, 5C°

=0. (123)

and the ghost equation of motion becomes

K E° o —£_=0.

— 124
6K, 6C (124

Equations (123) and (124) are of exactly the same form as (107) and (108).

This is as it should be, since at the zero-loop order
r®-s (125)

C) Structure of the divergences and renormalization equation

The Slavnov identity (123) is quadratic in the functional T . This nonlinearity
is reflected in the fact that the renormalization of the effective action generally
also involves the renormalization of the BRS transformations which must leave
the effective action invariant.

The canonical approach uses the Slavnov identity for the generating functional
of proper vertices to derive a linear equation for the divergent parts of the
proper vertices. This equation is then solved to display the structure of the di-
vergences. From this structure, it can be seen how to renormalize the effective
action so that it remains invariant under a renormalized set of BRS transfor-
mations [14].

Suppose that we have successfully renormalized the reduced effective action
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up to n—1 loop order; that is, suppose we have constructed a quantum exten-
sion of ¥ which satisfies Equations (107) and (108) exactly, and which leads to
finite proper vertices when calculated up to order n—1. We will denote this re-

normalized quantity by )

. In general, it contains terms of many different
orders in the loop expansion, including orders greater than n—1. The n-1
loop part of the reduced generating functional of proper vertices will be denoted
by "V,

When we proceed to calculate ™

, we find that it contains divergences. Some
of these come from n-loop Feynman integrals. Since all the subintegrals of an
n-loop Feynman integral contain less than w loops, they are finite by assumption.
Therefore, the divergences which arise from w-Ioop Feynman integrals come
only from the overall divergences of the integrals, so the corresponding parts of
'™ are local in structure. In the dimensional regularization procedure, these
divergences are of order ¢ = (d —4)71, where dis the dimensionality of space-
time in the Feynman integrals.

)

There may also be divergent parts of ' which do not arise from loop inte-

grals, and which contain higher-order poles in the regulating parameter €. Such

divergences come from n-loop order parts of z ()

which are necessary to en-
sure that (107) is satisfied. Consequently, they too have a local structure. We

may separate the divergent and finite parts of r.

™ = i)

finite *

(126)

If we insert this breakup into Equation (123), and keep only the terms of the

equation which are of n-loop order, we get
orgy o ot org) orgy ar® ar® org
oK, sh* oK, oh* oL, 6C° 4L, 6C°
__y" | M Lo , Wi Ll
o sK,, sh 6L, SC°

(127)

Since each term on the right-hand side of (127) remains finite as ¢ —0,
while each term on the left-hand side contains a factor with at least a simple pole
in e, each side of the equation must vanish separately. Remembering the Equa-
tion (125), we can write the following equation, called the renormalization equa-

tion:

R =0, (128)

div
where
IO Z o [OIN) O

R= + + + . (129)
oh* 6K, oC? oL, oK, oh* &L, 6C°

Similarly by collecting the n-loop order divergences in the ghost equation of
motion (124) we get
g Ty ey

dv _, 130
oK, 6C, (130)
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In order to construct local solutions to Equations. (128) and (130) remind that
the operator R defined in (129) is nilpotent [14]:
R2=0. (131)
Equation (131) gives us the local solutions to Equation (128) of the form
Fg?v)=S(hﬂv)+9{[x(hﬂv7c0,6ﬂKW,Lﬁ)], (132)

~

where 3 is an arbitrary gauge-invariant local functional of h*” and its deriv-
atives, and X is an arbitrary local functional of h*",C_,C,,K o and L7 and
their derivatives. In order to satisfy the ghost equation of motion (130) we re-

quire that
iy =1 (hv.c7.K,, -«"'C,F;,.L,). (133)

div ' uv! o
D) Ghost number and power counting

Structure of the effective action (104) shows that we may define the following

conserved quantity, called ghost number [14]:

Ngpost [hw} =0, Nypoq [Ca] =41, Nypos [CJ =-1,

Nagnost | K = =1 Nogos [ Ly | = 2. (434
From Equations (134) follows that
Ngnost [Z]= Ngnost [T] = 0. (135)
Since
Ngnost [R] = +1, (136)
we require of the functional X (-) that
Ngpost [ X ] = ~1. (137)

In order to complete analysis of the structure of Fg?3 , we must supplement
the symmetry Equations (132), (133), and (137) with the constraints on the di-
vergences which arise from power counting. Accordingly, we introduce the fol-
lowing notations:

Ng = number of graviton vertices with two derivatives,

Ng = number of antighost-graviton-ghost vertices,

Ny = number of K-graviton-ghost vertices,

N, = number of L-ghost-ghost vertices,

I =number of internal-ghost propagators,

E. = number of external ghosts,

E: =number of external antighosts.

Since graviton propagators behave like p™, and ghost propagators like p?,
we are led by standard power counting to the degree of divergence of an arbi-
trary diagram,

D=4-2ng +2l; -2n, —3n_-3n, —E¢. (138)

The last term in (2.2.48) arises because each external antighost line carries

with it a factor of external momentum. We can make use of the topological rela-

tion
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2lg =2ng =2n_+n, —E. —E¢ (139)

to write the degree of divergence as
D=4-2n. -n_-2n, -E. - 2E;. (140)

C

Together with conservation of ghost number, Equation (140) enables us to
catalog three different types of divergent structures involving ghosts. These are il-
lustrated in Figure 5. Each of the three types has degree of divergence D =1-2n..
Consequently, all the divergences which involve ghosts have n. =0. Since the
(n)

degree of divergence is then 1, the associated divergent structures in I'y, have
an extra derivative appearing on one of the fields. Diagrams whose external lines
are all gravitons have degree of divergence D =4-2n_. Combining (140) with
(n)

div

(137), (133), and (132), we can finally write the most general expression for I'
which satisfies all the constraints of symmetries and power counting:

i) =3(h )+ (K,, -x"C.F, )P (h7 )+ LQ7 ()7 ], (141)

T uv

where P*" (h“ﬂ ) and Q7 (h“ﬂ ) are arbitrary Lorentz-covariant functions of
the gravitational field h*", but not of its derivatives, at a single spacetime point.
S(h” V) is a local gauge-invariant functional of h*’ containing terms with
four, two, and zero derivatives. Expanding (141), we obtain an array of possible

divergent structures:

div

I“(n) ZS(h”V)+5IﬂP”V+(KK —6 = )(5D50 CQ\JP”V

oh*” pe R e she

= =z 5Ppo— vAa ~ 7 v o aY:
_(KKpa_Cera)é.hﬂv D: C _(KK#V_ 4 ﬂ")D(/; (Q‘EC ) (142)
~x’L,0,(Q7CT)C’ -x’L,0,C7Q/C”
kL, 0% crpree 4Pl Q7a,C7C .

oh*”

The breakup between the gauge-invariant divergences S and the rest (142) is de-

termined only up to a term of the form [14].

(b)
K Bk Rk St g
(c)
" Cc
B o OO
L %
\"'\'--_ __4___-.0_

Figure 5. The three types of divergent diagram which
involve external ghost lines. Arbitrarily many gravitons
may emerge from each of the central regions,(a) Ghost
action type,(b) K type, (c) L type.
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The breakup between the gauge-invariant divergences S and the rest of (142)

jd“x(n*” +Kh‘”)%, (143)

a term proportional to

v

which can be generated by adding to P
n* +xh* =.[gg” . The profusion of divergences allowed by (142) appears to
make the task of renormalizing the effective action rather complicated. Although
the many divergent structures do pose a considerable nuisance for practical cal-
culations, the situation is still reminiscent in principle of the renormalization of
Yang-Mills theories. There, the non-gauge-invariant divergences may be elimi-
nated by a number of field renormalizations. We shall find the same to be true
here, but because the gravitational field h*" carries no weight in the power
counting, there is nothing to prevent the field renormalizations from being non-
linear, or from mixing the gravitational and ghost fields. The corresponding re-
normalizations procedure considered in [14].

Remark 2.2.2. We assume now that:

1) The local Poincaré group of momentum space is deformed at some funda-
mental high-energy cutoff A, [9] [10].

2) The canonical quadratic invariant || p||2 =3"p,p, collapses at high-energy

cutoff A, and being replaced by the non-quadratic invariant:
2 Uab Pa Py
Il =75
(1+ I, po)

3) The canonical concept of Minkowski space-time collapses at a small dis-

(144)

tance |, = A' to fractal space-time with Hausdorff-Colombeau negative di-
mension and therefore the canonical Lebesgue measure d*x being replaced by
the Colombeau-Stieltjes

measure

(dry(x,g))g =(vg(s(x))d4x) , (145)

&

where

(146)

see subsection IV.2.

4) The canonical concept of local momentum space collapses at fundamental
high-energy cutoff A, to fractal momentum space with Hausdorff-Colombeau
negative dimension and therefore the canonical Lebesgue measure d°k , where
k= (k k,, k ) being replaced by the Hausdorff-Colombeau measure

x1 Ny 1Rz

A(D)¢" K A(D")A(D)p° p

CEEC e |

see Subsection 3.4. Note that the integral over measure d® Pk s given by

d°> P k2 (147)
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formula (185).

Remark 2.2.3. (I) The renormalizable models which we have considered in
this section many years regarded only as constructs for a study of the ultraviolet
problem of quantum gravity. The difficulties with unitarity appear to preclude
their direct acceptability as canonical physical theories in locally Minkowski
space-time. In canonical case they do have only some promise as
phenomenological models.

(II) However, for their unphysical behavior may be restricted to arbitrarily
large energy scales A, mentioned above by an appropriate limitation on the
renormalized masses M, and m,. Actually, it is only the massive spin-two ex-
citations of the field which give the trouble with unitarity and thus require a very
large mass. The limit on the mass m; is determined only by the observational

constraints on the static field.

3. Hausdorff-Colombeau Measure and Associated Negative
Hausdorff-Colombeau Dimension

3.1. Fractional Integration in Negative Dimensions

Let 7+ be a Hausdorff measure [19] and X c R" is measurable set. Let

s(x) be a function s:X — R such that is symmetric with respect to some

centre X, € X, Ze. s(x) = constant for all x satisfying d(x,%,)=r for arbi-

trary values of r. Then the integral in respect to Hausdorff measure over

n-dimensional metric space Xis then given by [19]:
21 e

s(x)duy =—————| s(r)r>dr. 148

.[x ()ﬂH F(D+/2)IO () (148)

The integral in RHS of the Equation (148) is known in the theory of the Weyl
fractional calculus where, the Weyl fractional integral W ° f (x), is given by

Lj:(t— x)"™ f (t)dt. (149)

WDf(X):F(D)

Remark 3.1.1. In order to extend the Weyl fractional integral (148) in nega-
tive dimensions we apply the Colombeau generalized functions [20] and Co-
lombeau generalized numbers [21].

Recall that Colombeau algebras Q(Q) of the Colombeau generalized func-
tions defined as follows. Let Q be an open subset of R". Throughout this paper,
for elements of the space C” (Q)(O'l]
by £e(0,1] we shall use the canonical notations ({8 (X))g and (u, )‘9 o)
u, eC” (Q), <(0,1].

Definition 3.1.1. Weset G(Q)=¢,, (Q)/ N (Q), where

&0 (@)=](u,), ec (@)
u, (X)| =O(g’p)a55 —)0},

of sequences of smooth functions indexed

VK cc Q,Va e N" 3p e N with

SupxeK

01] (150)
N(Q)= {(ug)g cC”(Q)"|VK cc @, Va e N" vgeN
sup,. |u, (x)|=0(&%) as £ > 0}.
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Notice that G(Q) is a differential algebra. Equivalence classes of sequences
(u,), will be denoted by cl [(u‘9 )J is a differential algebra containing D'(Q2)
as a linear subspace and C”(Q) as subalgebra.

Definition 3.1.2. Weyl fractional integral |W,° f (X)j in negative dimen-

&

sions D" <0, D™ #0,-1,---,-n,---,ne N is given by

F(D)(f(t_x)“ f(t)ct]

or (151)

(WED:f(x))E: L (|,

r(p) g+(t—x)‘D [+

WP f(x)=

&

where ge(Ol and J |f dt|<oo Note that (WD” ( )) eg( ) Thus
in order to obtain appropriate extension of the Weyl fractional integral
wo f( ) on the negative dimensions D_<0 the notion of the Colombeau
generalized functions is essentially important.
Remark 3.1.2. Thus in negative dimensions from Equation (148) we formally
obtain

n° /2 s(r
o) - 2 (o] <2 s

where ge(O,l] and D™ #0,-2,---,-2n,---,ne N and where (uﬁé"g) is ap-
propriate generalized Colombeau outer measure. Namely Hausdorff-Cofombeau
outer measure.

Remark 3.1.3. Note that: if s(0)=0 the quantity (Ié.DﬁDf takes infinite
large value in sense of Colombeau generalized numbers, ie, (IgDﬂD?) =5 0,
see Definition 3.3.2 and Definition 3.3.3.

Remark 3.1.4. We apply through this paper more general definition then

(3.1.4):

(Ix ( )d:uHCg )SZ 4nD+/2nD’/2_ {J,:rWlSD(r)er :(l?'D’)E, (153)

SCTENCRa L

where £e(0,1]] and D*21, D #0,-2,---,-2n,---,neN and where

,u,E;’E ) is appropriate generalized Colombeau outer measure. Namely
Hausdorff-Colombeau outer measure. In Subsection 3.3 we pointed out that
there exists Colombeau generalized measure (d,uHC . ) and therefore Equa-
tion (151) gives appropriate extension of the Equat10n£(148) on the negative

Hausdorff-Colombeau dimensions.

3.2. Hausdorff Measure and Associated Positive Hausdorff Di-
mension

Recall that the classical Hausdorff measure [19] [22] originate in Caratheodory’s
construction, which is defined as follows: for each metric space X, each set
F= {Ei}ieN of subsets E; of X, and each positive function ¢ (E) , such that
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0<¢"(E)<o whenever E €F , a preliminary measure ¢; (E) can be
constructed corresponding to 0< & <+, and then a final measure u*(E), as

follows: for every subset E — X , the preliminary measure ¢ (E) is defined by
¢g(E)={énzN{zieN§+(Ei)| E U, E.diam(E )<}, (154)

Since ¢; (E)>¢, (E) for 0<6, <8, <+, the limit
#(E)= lim ¢; (E)=supg; (E) (155)

exists for all E — X . In this context, " (E) can be called the result of Cara-
theodory’s construction from ¢*(E) on F. ¢; (E) can be referred to as the

size § approximating positive measure. Let ¢ (Ei .d +) be for example
¢ (E.d*)=0(d")[diam(E,)]" ,0<©(d"), (156)

for non-empty subsets E;,ie N of X Where @(d+) is some geometrical fac-
tor, depends on the geometry of the sets E;, used for covering. When Fis the
set of all non-empty subsets of X, the resulting measure (E,d*) is called
the d"-dimensional Hausdorff measure over X; in particular, when Fis the set of

all (closed or open) balls in X,
@(d*)ég(d*):nd;(zd*)r(u%) (157)

Consider a measurable metric space (X » My (d )), XCR"de (—oo,+oo) . The
elements of X are denoted by x,y,z,---, and represented by n-tuples of real
numbers X = (X, X,,**+, X, )

The metric d(x,y) isafunction d:XxX — R, isdefined in 2 dimensions

by

d(x, )/):Z[@,-()/i—xi)(y,-—xj)T/2 (158)

ij
and the diameter of a subset E — X is defined by

diam(E)=sup{d(x,y)|x,y € E}. (159)

Definition 3.2.1. The Hausdorff measure g, (E,D+) of a subset Ec X
with the associated Hausdorff positive dimension D" e R, is defined by ca-

nonical way

4 (E,D*):Iim{ inf {¥,..¢"(E.D")] EcUiEi,vi(diam(Ei)<5)}]

50| {Ei}icy

D*(E):sup{d+ eR, |d">0,u, (E,d+)=+oo}.

(160)

Definition 3.2.2. Remind that a function f:X — R defined in a measura-
ble space (X,Z,u), is called a simple function if there is a finite disjoint set of
sets {E,,,---,E,} of measurable sets and a finite set {,---,c,} of real num-
bers such that f(x)=¢ if xeE and f(x)=0 if xg¢E . Thus

f(x)=>, @zxe (X), where g (X) is the characteristic function of E . A
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simple function fon a measurable space (X,Z,x) is integrable if 4(E;)<o

for every index 7 for which ¢; # 0. The Lebesgue-Stieltjes integral of fis defined
by

[fdu=3" au(E) (161)

A continuous function is a function for which lim,_, f(x)=f(y) whenev-
er lim,_, d(xy)=0.
The Lebesgue-Stieltjes integral over continuous functions can be defined as

the limit of infinitesimal covering diameter: when {E;}  is a disjoined cover-

ieN
ingand X €E; by definition (3.2.12) one obtains

[, f(x)du (xD")

{ZUH(J inf 3 (E.,,D*(E))}.

{Ey} with U B;=E;

(162)

From now on, X is assumed metrically unbounded, ie. for every xe X and

r>0 there exists a point y such that d(x,y)>r. The standard assumption
that D' is uniquely defined in all subsets E of X requires X to be regular (ho-
mogeneous, uniform) with respect to the measure, 7.e.
e (Br (x), D*) = 1], (Br (y), D*) for all elements X,ye X and (convex)
balls B (x) and B,(y) of the form B_,(x)= {Z ld(x,z)<rxze X} . In
the limit diam(E;) — 0, the infimum is satisfied by the requirement that the
variation overall coverings {Eij }ijeN is replaced by one single covering E;, such
that Uj E; = E 2. Hence

[, f(x)du; (x. D7) = dlar!(ig%u;xf (x)¢" (E.D"). (163)

The range of integration X may be parametrized by polar coordinates with
r=d(x,0) and angle Q. {Eri o }i , can be thought of as spherically symme-
tric covering around a centre at the origin. In the limit, the function

- (Er,Q’ D*) defined by Equation (156) is given by
e, (x, D)= lim  ¢"(E ,,D")=dQ" *r® “dr, (164)

diam(E; ,,)—>0

Let us assume now for simplification that f(x)=f(|x|)=f(r) and

lim f (r)=0. The integral overa D" -dimensional metric space Xis then given

by

D*

[ f(x)dus (x D7) =], f(x) Z’T—;ij(r)rﬂ’**ldr. (165)
%)

The integral defined in (163) satisfies the following conditions.
1) Linearity:

Jy [aufu(x)+a, 1, (x)]duis (x. D)
=a,f f( (%) dagy (%, D*)+a2f f,(x)du (x,D7).

2) Translational invariance:

(166)
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[ F(x+%)du (D7) = [ £(x)du (x,D) (167)

since dg, (X— X D+) =du, (X, D+) .
3) Scaling property:

[, f(ax)du (D7) =a® [ f(x)du(x,D") (168)

since dg, (x/a, D+) —a " dy, (X, D*).
4) The generalized & D (X) function:
The generalized & > (x) function for sets with non-integer Hausdorff di-

mension exists and can be defined by formula

If x)& (x— xo)du,j(x,D*)zf(xo). (169)

3.3. Hausdorff-Colombeau Measure and Associated Negative
Hausdorff-Colombeau Dimensions

During last 20 years the notion of negative dimension in geometry was many
developed, see [12] [23] [24] [25] [26] [27].

Remind that canonical definitions of noninteger positive dimension always
equipped with a measure. Hausdorff-Besicovich dimension equipped with
Hausdorff measure dg, (X, D*) .

Let us consider example of a space of noninteger positive dimension equipped
with the Haar measure. On the closed interval 0<x<1 there is a scale
0<o <1 of Cantor dust with the Haar measure equal to X° for any interval
(0,x) similar to the entire given set of the Cantor dust. The direct product of
this scale by the Euclidean cube of dimension k-1 gives the entire scale k+o,
where keZ and oe(0,1) [24].

In this subsection we define generalized Hausdorff-Colombeau measure. In
subsection III.4 we will prove that negative dimensions of fractal equipped with
the Hausdorff-Colombeau measure in natural way.

Let Q be an open subset of R", let Xbe metric space X SR" andlet Fbe
a set F= {Ei}ieN of subsets E; of X Let ¢(E,x,X) be a function
{FxQxQ—>R.Let Cf(Q) bea set of the all functions ¢ (E,x) such that
¢(E,x)eC” (QP whenever E e F . Throughout this paper, for elements of the
space C/ (Q)(O’l of sequences of smooth functions indexed by &e(0,1] we
shall use the canonical notations (Q (E, X))g and (¢,), so ¢, eCZ(Q),
e(0,1].

Definition 3.3.1. We set G (Q)=¢,, (F.Q)/ N (F,Q), where

& (F.2)={(¢,), eC7 (@)

SUPe. e [C (B X)| = O( 7P ) as & > 0,
N(F.0)-{(£,), eC7 (@)
¢ (Ex)|=0(&)as e —>0}.

VK cc Q,Va e N" 3p e N with

(170)
vgeN

SupEeF;xeK

Notice that G, (Q) is a differential algebra. Equivalence classes of sequences
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(¢.), will be denoted by cl [({8 )J or simply [(Q )J .
Definition 3.3.2. We denote by R the ring of real, Colombeau generalized

numbers. Recall that by definition R =§&,, (R)/N(R) [21], where

& (R)= {(X‘g ), € R(O’l]‘(Ela € R)(Elgo € (0,1])V8 <& [|X£| < g”]}, o
N(R)= {(Xg )8 € R(O’l]‘(Va € R)(Elgo € (O,l])Vg <&, [|X€| <& ]}

Notice that the ring R arises naturally as the ring of constants of the Co-
lombeau algebras G(Q) . Recall that there exists natural embedding FR=R
such that forall reR, F=(r,) where r,=r forall £e(0,1]. We say that
ris standard number and abbreviate r e R for short. The ring R can be en-
dowed with the structure of a partially ordered ring: for r,se R ne R,,n<1
we abbreviate r<; s or simply I Sﬂi S if and only if there are representa-
tives (r,) and (s,) with r,<s, forall ¢e(0,7]. Colombeau generalized

number reR with representative (r, )(g we abbreviate
()] ~

Definition 3.3.3. 1) Let § € R. We say that ¢ is infinite small Colombeau
generalized number and abbreviate & ~; 0 if there exists representative (6, )E
d, =O(€q) as £—>0.2) Let AcR. We say
that A is infinite large Colombeau generalized number and abbreviate
A=, @ if AF =~ 0.3)Let R, be RU{o} Wesaythat ® R, is infinite
Colombeau generalized number and abbreviate © =;

and some qeN such that

5 if there exists repre-

sentative (©,) where ©, = forall £e(0,1]. Here we set
& (R,)=&, (R)U{(©,),}, N(R,)=N(R) and R, =&, (R,)/N(R,).

Definition 3.3.4. The singular Hausdorff-Colombeau measure originate in
Colombeau generalization of canonical Caratheodory’s construction, which is
defined as follows: for each metric space X, each set F ={E, }iEN of subsets E;
of X, and each Colombeau generalized function (gg(E,X,X))g, such that: 1)
0< (é’s (E, X,)'())E , 2) (é’g (E,X,X))g =; ©, whenever EcF, a preliminary
Colombeau measure (¢5 (E.x X, g))g can be constructed corresponding to
0 < 6 <+, and then a final Colombeau measure (,ug (E, X, )v())‘9 , as follows: for
every subset E < X, the preliminary Colombeau measure (¢§ (E.x X,g))g is
defined by

¢ (Ex. %)= sup {¥, & (B xX)|EcJ,, E.diam(E ) <5} (172)
i fieN

Since for all £e(0,1]: ¢ (E,x,X,&)> és, (E,x,X,&) for 0< 6, <5, <+,

the limit

(u(E.x %)) =( lim ¢5(E,x,>‘<,g))g ~(inf ¢5(E,x,)‘(,g))g (173)

00, 6>0

exists for all E < X . In this context, ( ,u(E, X, X, 8))8 can be called the result of

Caratheodory’s construction from (gg (E.x, )'())6 on F and (¢5 (E.x X, 5))

can be referred to as the size & approximating Colombeau measure.
Definition 3.3.5. Let (Q (Ei ,D",D7, X, X)) be

&

&
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+

®,(D*)e, (D" )[diam(E;)]’
(gf(Ei’D+'D7'X’X))g - [d(x,i)}‘Di‘ s )
0 if x ¢ E;

if xeE;
(174)

where €€ (O,l],@)l(D+),@)2 (D’) >0. In particular, when F is the set of all
(closed or open) balls in X,

D+
-D* 7
@l(D*)=2—’I+ (175)
F(1+ D j
2
and
b
_ 2P g2
®2(D ): D’ 3
r(uzj‘ (176)

D™ #-2,-4,-6,---,~2(n+1),--

Definition 3.3.6. The Hausdorff-Colombeau singular measure
(,uH (E, D*,D7, X, )'(,g)) of asubset E — X with the associated

&

Hausdorff-Colombeau dimension D (D_) eR,,D” eR, isdefined by

(,uHC (E, D*, D_,X,)'(,g))g

= [mL;L}jEN{Z‘GN(Q (E.D".D",x, x)) |E <|J,E, Vi(diam(E; ) < 5)}D :
o* :sup{D* >0|(ﬂHC(E,D*,D’,X,X,5))g =oo@},
(177)

The Colombeau-Lebesgue-Stieltjes integral over continuous functions
f:X > R can be evaluated similarly as in Subsection II1.3, (but using the limit
in sense of Colombeau generalized functions) of infinitesimal covering diameter
when {E}.

ieN

(J, f (x)duc (E,D", D" x,%,8)).

:[diar!(ig‘)ﬁo{zua—xf(xi){ei,.} inf Zj;g(Ei,D*,D,xi,X)D.

with | E; oE;

is a disjoined covering and X; € E;:

(178)

&

We assume now that X is metrically unbounded, ie. for every xe X and
r>0 there exists a point y such that d(x,y)>r. The standard assumption
that D* and D~ is uniquely defined in all subsets £ of X requires X to be

regular (homogeneous, uniform) with respect to the measure, Ze.
(ﬂ;lc (Br (X)! D+, 57, X, X,S)) = (,ugc (Br (}7), 5+, Di, X', y,g))g , where

d(x,x)=d(x,y) for all eiements X,¥,x,Xx'e X and convex balls B, (X)
and B, (y) ofthe form B,(X)={2|d(X,Z)Sr;X,ZeX} and

Br(y):{z|d(y,z)£ ryze X}. In the limit diam(E;)— 0, the infimum is
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satisfied by the requirement that the variation over all coverings { E; } , s re-
ije

placed by one single covering E,, such that Uj E; & E 2. Therefore
([, f (x)dee (E,D", D7, x Xg))

(d'am o 2ueex ()€ .(E.D".D",x 'X)j (179)

Assume that f(x)=f(r),r =|r|. The range of integration X may be para-
metrized by polar coordinates with r=d(x,0) and angle . {Erm } can be

thought of as spherically symmetric covering around a centre at the origin. Thus
(j f(r)due (E.D, D7, x,% g))

(dlam ZUE S f(R)¢ (E D*,D ,X,,X)) :

&

(180)

Notice that the metric set X < R" can be tesselated into regular polyhedra;

in particular it is always possible to divide R" into parallelepipeds of the form

IL ={X=(X1,---,Xn)e X | x; =(ij —1)ij +7;,0<y; AX;, :1,---,n}.
(181)

For n=2 the polyhedra TI; ; isshown in Figure 6. Since Xis uniform

(dyHc(x, D*,Iﬁ’,x,i,g))gz dlalm=|m ).{( n,f)*,lfi,x,i)}
z{.‘
= aim 77, —AX"Df (182)
dlam(”u,---‘in) |Xj_ij|‘ ‘+g

11>
— >
I
fiN

5t |’

ol ee)
=5+

&

Notice that the range of integration X may also be parametrized by polar

coordinates with r=d(x,0) and angle Q. E,, can be thought of as spher-
ically symmetric covering around a centre at the origin (see Figure 7 for the
two-dimensional case). In the limit, the Colombeau generalized function
(/,“g (EF_Q, D*,D, r,O))‘g is given by

(d,uHc (r,Q, DY, 5’,5))8

dQ® P Mdr  (183)

=| lim ¢ ET’Q,E*,D,{I’,Q},O] —
(e bt 57

11>
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1 |

Ar

Figure 7. The spherical covering E .

When f(x) is symmetric with respect to some centre Xe X , ie. f(x) =
constant for all x satisfying d(x,X)=r for arbitrary values of 1, then change of

the variable
X—=>Z=X—-X (184)

can be performed to shift the centre of symmetry to the origin (since X'is not a
linear space, (184) need not be a map of X onto itself and (184) is measure pre-

suming). The integral over metric space Xis then given by formula
(.[x f (X)d,uHC (E, D*,D,x, X,g))
ax® P [P (r) (185)
= ~—dr
r(o*/2)r(o/2)(*° ,, Pl

&

3.4. Main Properties of the Hausdorff-Colombeau Metric Meas-
ures with Associated Negative Hausdorff-Colombeau Dimen-
sions

Definition 3.4.1. An outer Colombeau metric measure onaset X CR" isa
Colombeau generalized function [(¢g (E))g] €0 (Q) (see Definition 3.3.1)
defined on all subsets of X satisfies the following properties.

1) Null empty set: The empty set has zero Colombeau outer measure
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[(¢.(2)), ]=0. (186)
2) Monotonicity: For any two subsets A and Bof X
ASB[(4.(A), ]=: [ (4:(8)). ] (187)

3) Countable subadditivity: For any sequence {Aj} of subsets of X pairwise

(6.(Urn) =[50 () ) ase)
4) Whenever d(A,B) Inf{d( y)|XeA,yeB} >0
[(2.(aUB)), ]=[(4.(A), ]+[(¢.(B)), ] (189)

where d, (x,y) isthe usual Euclidean metric: d, (X, y)=+/D(X% -V, )2 .
Definition 3.4.2. We say that outer Colombeau metric measure

disjoint or not

(#.),,6<€(0,1] isa Colombeau measure on o-algebra of subests of X CR" if

( M, )g satisfies the following property:

U @Lljﬂ} (Z7.e.(4)). ) (190)

Definition 3.4.3. If U is any non-empty subset of n-dimensional Euclidean

space, R",the diamater |U| of Uis defined as
U] =sup{d(xy)|x,yeU]| (191)

If FcR",and a collection {Ui }ieN satisfies the following conditions:

1) |U|<s for all ieN, 2) FclJ U, then we say the collection
{u, }ieN is a 0-cover of F.

Definition 3.4.4. If F cR" and s,q,5 >0, we define Hausdorff-Colombeau

content:
(H3*(F.e)). me{z Ll }] (192)

Sl e

where the infimum is taken over all d-covers of Fand where
X, = (X X ) €U, for all ieN and |x| is the usual Euclidean norm:

o =255

Note that for 0< 6, <8, <1,¢€(0,1] we have
H3 (F.e)>H3 (F,e) (193)

since any 0, cover of Fisalsoa 0, coverof F ie. H;l‘q (F , 8) is increasing as
0 decreases.
Definition 3.4.5. We define the (s,q)-dimensional Hausdorff-Colombeau

(outer) measure as:
(H*(F.2)), =(limHz" (F.2)) . (194)

Theorem 3.4.1. For any d-cover, {U,}.

. of F and for any (0], t>s:
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HY (F,e) <5 H* (F,e). (195)

Proof. Consider any d-cover {U,} = of F. Then each |Ui|t_S <5 since

ieN
|Ui|s J,80:
[SHIE VA VAR VA (196)

From (196) it follows that

t t—s s
|Ui| s5 |Ui| (197)
[ +& [x["+e
and summing (196) over all i e N we obtain
B VY A VY
: <8 _ : (198)
R R M

Thus (195) follows by taking the infimum.

Theorem 3.4.2. 1) If (H 54 (F,g))g <3 5 ,andif t>s,then
(H"(F.¢)) =0;.

2)If 0, <, (H*"(F,¢)) ,andif t<s,then (H'(F,s)) =o0,.

Proof. 1) The result follows from (195) after taking limits, since Ve e (0,1]
by definitions follows that H*“(F, g) <o,

2) From (3.4.10) V& e(0,1],V6>0 follows that

1
§Sft

H*(F,e)<HY (F,¢). (199)

After taking limit & — 0, we obtain H"*(F,&) =, since
lim, ,,(6°) " =o0 and lim,,H3* (F,&)=H*(F,¢)>0.

Definition 3.4.6. We define now the Hausdorff-Colombeau dimension
dim,. (F,q) ofaset F(relativeto q>0)as

dimHC(F,q):sup{s=S(Q)|(Hs’q(':’5)> :wné}

~inf {s=s(a)|(H*"(F.2)) =0,}.

Remark 3.4.1. From theorem 3.4.2 it follows that for any fixed q=(:

(200)

R

(H sd (F,g))‘g =0, or (H > (F,g))‘g =o0. everywhere except at a unique
value s, where this value may be finite. As a function of s, H s (F,g) is de-
creasing function. Therefore, the graph of H*%(F,&) will have a unique value
where it jumps from oo to 0.

Remark 3.4.2. Note that the graph of (H *I(F, 5))5 forafixed q=q is

o0y if s>dim, (F,q)
(Hs~q (F,g))g =10, if s>dim, (F,q) (201)
undetermined if s =dim, (F,q)

Definition 3.4.7. We say that fractal F CR" has a negative dimension rela-
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tiveto q>0
if dim,.(F,q)-q<0.

4. Scalar Quantum Field Theory in Spacetime with
Hausdorff-Colombeau Negative Dimensions

4.1. Equation of motion and Hamiltonian

Scalar quantum field theory and quantum gravity in spacetime with noninteger
positive Hausdorff dimensions developed in papers [28] [29] [30] [31]. Quan-
tum mechanics in negative dimensions developed in papers [32] [33] Scalar
quantum field theory and quantum gravity in spacetime with
Hausdorff-Colombeau negative dimensions originally developed in paper [12].
In this section only free scalar quantum field in spacetime with negative dimen-
sions briefly is considered.

A negative-dimensional spacetime structure is a desirable feature of superre-
normalizable spacetime models of quantum gravity, and the most simply way to
obtain it is to let the effective dimensionality of the multifractal universe to
change at different scales. A simple realization of this feature is via suitable ex-
tended fractional calculus and the definition of a fractional action. Note that be-

low we use canonical isotropic scaling such that:

[x*‘]:—l,y:O,l,.--,Dt -1 (202)

while replacing the standard measure with a nontrivial Colombeau-Stieltjes

measure,
dPx > d%x= (dn(x,g))g ,

(203)
[7]=D,-a,a [1,-x).

Here D, is the topological (positive integer) dimension of embedding space-
time and « is a parameter. Any Colombeau integrals on net multifractals can
be approximated by the left-sided Colombeau-Riemann--Liouville complex mil-

ti-fractional integral of a function L(t):

P

where &¢€(0,1], t is fixed and the order z(T) is (related to) the complex
Hausdorff-Colombeau dimensions of the set. In particular if

z,€C,i=1,2,---,m is a complex parameter an integral on net multifractals can
be approximated by finite sum of the left-sided

Colombeau-Riemann-Liouville complex fractional integral of a function

L(t)
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(Iyam(xe) £0)) o125 ]
SEL), 5 el ) o

(n(t) =z.m1[t_2i _[“——%Ji} |

I'(z+1)

Note that a change of variables t —> T —t transforms Equation (205) into the

form

" r(z(D))

The Colombeau-Riemann-Liouville multifractional integral (206) can be

(Fdn(ue) £(0) =z:“1[rdtM£<t——t>} S e

&

mapped onto a Colombeau-Weyl multifractional integral in the formal limit
t >+ . We assume otherwise, so that there exists lim.,, z(T) and
limg,,, L(T-t)= £[q(t),Q(t)] In particular if zeC is a complex parame-

ter a change of variables t -1 —t transforms Equation (206) into the form

m z: m T t + i{;‘ i -+ .
ZhL(18), = Zu[ﬁ dt%f[%t)ﬂ(t)}] : (207)
This form will be the most convenient for defining a Colombeau-Stieltjes field

theory action. In D, dimensions, we consider now the action
(5., = ([, n(x) £[0. (x).0,0. ()] 208)
where L[(p, 0 H(p} is the Lagrangian density of the scalar field (¢, (X))é_ and

where
(dn(x2)), =X TT (fu(xe)) dx . (f,(xe)) ‘M >R, (209)

is some Colombeau-Stieltjes measure. We denote with pair (M ,(dn(x,g))g)
the metric spacetime M equipped with Colombeau-Stieltjes measure
(d?](X,S))g . The former can be taken to be the canonical scalar field Lagran-

gian,
(£[o.(x).0,0.(x)]). = —%(6,[%8“% ) -(V(2.)), (210)

where V (¢) is a potential and contraction of Lorentz indices is done via the
Minkowski metric 77, = (—, 0, +)ﬂv . As for the Colombeau-Stieltjes measure,

we make the multifractal spacetime isotropic choice
( f(m),g)g =(f.,), .#=1-+D ~Li=1-,m, (211)

Hence the scalar field action (208) reads

(8.), =(fudn(x.2)le. (x).0,0.(x)]),

N 1 (212)
D, 7
= zj_l(jd XV, ; (x)[iay(pgaf @, +V (o, )D ,
where (Vc (X))‘g is a coordinate-dependent
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Lorentz scalar

1
[5,- (X)JDt(\lHJ) v

We define now the Dirac distribution as Colombeau generalized function by

(213)

(V.. (X))g =

&

equation
0 {fan, (xe)o ) (x.2)) =m C1y
In particular for the case m=1
(Jdn(x2)si (x.2)) =1. (215)

Invariance of the action under the infinitesimal shift ¢(x)— ¢(x)+dp(X)
gives the equation of motion for a generic weight (Vivg )g Jd=1-m:

oL m [ OV |, d | oL | _
(al_z‘;mﬂﬁ V., J‘Fdxyla(a#(&)} =0. (216)

In particular for the case m=1 we obtain

[ij - a”Vf+ d oL =0. (217)
o9, ). v, dx]8(0,0,)

From Equation (212) and Equation (216) we obtain

(B¢.), +Zl{[{%}a”% l}—(iV (0. )l =0. (218)

where [J=0,0".In particular for the case m=1 we obtain

(Do, ), +Ha\’;—v} o o, J _[iv (o, )l =0. (219)

& &

4.2. Propagator in Configuration Space with Negative-Dimensions

We define the canonical vacuum-to-vacuum amplitude by
(z[3.6]) = (j Do, exp[izrjlljdnj'g (L+p,3 )}) , (220)

where /is a source. Integration by parts in the exponent leads to the Lagrangian

density for a free field as
1 OV, 1
.50 [ormn e o | s e
v, ) 2
where

m 0,V :
S, =02t —m =L m, (222)

j.e

In particular for the case m=1 we obtain

DOI: 10.4236/jmp.2019.107053 769 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.107053

J. Foukzon et al.

o,V 5
3, =0+2£26" —m?, (223)
Vv

&

The propagator is the Green function (GE (X))‘g solving the equation
(3.6.(x)), =(87 (x.2)) , (224)

where D™ =D, (a —1) < 0. By virtue of Lorentz covariance, the Green function
G, (x) must depend only on the Lorentz interval s =X, x* =xX —t?, where
x*=t and i=1,-, D, —1. In particular, (Vé_ )g = (vg (S(X))) with the correct

scaling property is

(v.(s(x))) = ms(x)f +gjlj 5(x) = XX (225)

&

Note that
0, = o,0=02+ D, -1 d,. (226)
(s 5)'C (s+ 5)(S
Hence the inhomogeneous Equation (224) reads
Da-1 -
2+ 2225 _m (G =(5D , ) 227
e e o) e

We first consider the Euclidean propagator and denote with r = inxi +t?
the Wick-rotated Lorentz invariant. In the massless case, the solution of the
homogeneous equations for any « <0 is
_2+Dqf

: (228)

(G.(r)), =cr.p
Let us now consider the massive case.The solution of the homogeneous equa-
tion (SXGS (r))g =0 forany a<0 is
2+Dt]a|
r

(G.(r)) = (—j {ClKMM (Mr)+Cl pipyq (M) (229)

m
2 2

where C;,C, are constants and K, and |, are the modified Bessel func-

tions. The function 1,(z) is

. (2/2)v+2k
| = _— 230
(2) Zk:ok!l“(v+k+1) (230)
Formula (230) is valid providing v #-1,-2,-3,---
. (2/2)—‘v‘+2k
| )= _ 231
(2) Zk:”k!l‘(—|v|+k+l) (231)

Formula (231) is obtained by replacing v in (232) witha —v.

Ky (2) === 1, (2)-1,,(2)] (232)

_ZSin|v|n

The modified Bessel functions I-M (Z) and
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K-M (z) have the following asymptotic forms for z —0:

1 2 - 1 (Zj“’
K, (z)==I(-|)|—=| N, (2)2—F"—F|=| ,v=#-1-2,-3,---(233
—M( ) 2 ( | |)[Zj ’M( ) 1"(_|V|+1) 2 ( )
Since for small m~0 the solution must agree with the massless case (228),
we can set C, =0. To find the solution of the inhomogeneous equation, one
exploits the fact that the mass term does not contribute near the origin. Ex-
panding Equation (229) at mr~0 when a <0 (C, =0), we find

_4+Dlv‘ai‘ 24D -la. 2+Dt-‘ai‘
(G.(r) =c2 ? r[—%}(rz) 2 (234)

which must coincide with Equation (228). This gives the coefficient C, and the

L F([;tj 24Dy o]
m 2
6(r)-——5 [Dtlalj(fj Ky (M) (235)

2
2

propagator reads

5. The Solution Cosmological Constant Problem

5.1. Einstein-Gliner-Zel’dovich Vacuum with Tiny Lorentz Inva-
riance Violation

We assume now that:
1) Poincaré group of momentum space is deformed at some fundamental
high-energy cutoff A, [9] [10].

2) The canonical quadratic invariant || p||2 =3"p,p, collapses at high-energy

cutoff A, and being replaced by the non-quadratic invariant:

ab
"p"2= 17 PPy (236)

(1+IA*p0)'

3) The canonical concept of Minkowski space-time collapses at a small dis-
tance |, = A to fractal space-time with Hausdorff-Colombeau negative di-
mension and therefore the canonical Lebesgue measure d*x being replaced by

the Colombeau-Stieltjes measure
(dn(x,g))g = (vg (s(x))d“x)g , (237)

where

(v.(s0), [U()'”

S(X) = /X, X",

(238)

see subsection IV.2.

4) The canonical concept of momentum space collapses at fundamental
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high-energy cutoff A, to fractal momentum space with Hausdorff-Colombeau
negative dimension and therefore the canonical Lebesgue measure d’k, where

k= (k k, k ) being replaced by the Hausdorff-Colombeau measure

x1 Ny 1Nz

g0 ok 2 A(D_)dlyk — A(D+)A(D_) pD+‘1dp, (239)

(|k|‘D7‘ +5j (pD +5j
ZnDi/z
where A(D+)=}TE;Z5-and p=k|=Jk, +k, +k, .

Remark 5.1.1. Note that the integral over measure d® Pk s given by for-
mula (185). Thus vacuum energy density 5(D+, D™, s p*) for free quantum
fields is

g(DJr’Diuueﬁl p*):5(ﬂeﬁ)+g(ﬂeﬁl p*)+§(D+vD7'ﬂeﬁl p*) (240)

Here the quantity & () is given by formula

Heff

jdyuy)j,mﬁuf&k

Iill<

1
) ey

Heff

=K [ duf(u) [ p*+u*pdp (241)
0 p<u
Hettf

u
=K [ duf () p?+ 4 pPdp
0 0

2n
(2nh)

where K =

¢ =1.The quantity &(g,p,) is given by formula

3!

[duf(u) [ K +uPdk

& /LI ’p* = 3
(st p.) 2(27th)3 0 p<K|<p.

(242)

Hetf
=K I dut (u) J p? + 1 p2dp.
0

u<lkl<p.

The quantity §(D+,D_,,Lteﬁ, p*) (since Equation (22) holds) is given by

formula

5(D+1D_l/ueff’ p*)

Heff ﬂZIA 1 /l4|i 2 2 D* D-
=K | duf(u 4 —— +||K[ + ) |d” "k,
'c[ ( )HkH'ip* 1- %3, 1- 412, \/1—#2& (| | )

(243)

;S'Czl'
2(2nn)

Remark 5.1.2, We assume now that u

where K'=
22 «1,u'1; <1 and therefore
from Equation (243)

we obtain
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S(D+1Diuueffv p*)

it st L (244)
=K1, [ f(u)idu [ d**k+K' [ duf(u) | JK2 + 12d° P k.
0 IkI=p. 0 [NETS
From Equation (244) and Equation (239) we obtain
S(D+v D_nueff’ p*)

=K [ f () fd [ d™ Ok K du (i) [ KT+ A0k

[Kl=p. IKl>p.

(K1,8(0°) (D) [ t0u (1)) jﬁ

+KA(D)A(D) [ duf ()] P+ 4" p” dp
P (pD +€j
:(K'I/\A(D+)A<D’)Joﬂeff f(,u),uzd,u).f:i p° " ldp

+ K'A(D+)A(D')J‘OﬂEff duf (y)j: p? + % p° P dp.

(245)

Remark 5.1.2. We assume now that:
D +D*+2<-6. (246)

Note that

J‘:eff d,uf (ﬂ)I: pz +qu pD’+D*—1dp

2
o 0 /,[ -4D*
:J-(:ﬁd,uf(,u).[p* ,1+FpD P dp

=J‘0ﬂeﬁ f (y)dyI: pD_+D+dp+%J‘/’eﬁ f (,H)/sz,u_[: pD—+D+_ldp

0

1 (ue ©  pipte - D 247
—gffﬁf(u)ﬂ“dujp*pf’ ° 30||0+O(|05 ° “) (247)
D +D" 41 D +D*

J'Oﬂeff f (ﬂ)dﬂ+p—I:Eﬁ f (,Ll),uzd,u

p ,
2(D’+D*)

"D +D +1
D +D"-1
g el

Thus finally we obtain
€(D+’ Divlueff! p*)
Krp D +D*+1 P
= f d
D <D s1b (K

+([K’IAA(D*)A(D’)+O.5]j0“9" f(u)yzdy) Dp*D:; (248)

1D +D"-2
Tl ewausofp )
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Remark 5.1.3. Note that (see Equations (42)):
g(:ueff 1 p*) = g(/ueff )+g(luef‘f ' p*)

Heff

1 4/4eff 1 Zﬂeff 5 1 .
=P () dus ol [ f(u)tdu| C—Zinp. | [ f(u)p'du (249)
0 0 0

+%ﬂjﬁ f(ﬂ)ﬂA(ln#)dy_(éJs%uj‘ﬁ f(ﬂ)ﬂ6dy+o[ﬂ1ﬁ f(ﬂ)ust*‘s-

0 0
From Equation (240), Equation (248) and Equation (249) finally we obtain
S(D+, Di;,ueffi p*)zg(lueff)—‘rg(ﬂeff’ p*)+§(D+’ Di’ﬂeff’ p*)
1 4ﬂeff 1 2/Ueff ) 1 Heff .
=P [ f(ﬂ)dﬂ+z p? [ f () pPdu+ Cl—gln p. | | f(u)u'du
0

0 0

l/leff 1 1 Heff Hetf (250)
+= | f(ﬂ)ﬂ“(lnﬂ)dﬂ—[—zJ— [ f(ﬂ)ﬂsdﬂ+o£ [ f(ﬂ)uerf
8 0 p 32 0 0
+O(pD*+D*+2).
The pressure p(D+, D7, 1 p*) for free scalar quantum field is
P(D", D, st P.) = P (4 )+ P (st P.)+ P(D*. D7 g p.). (251)

s

Here the quantity p( ) is given by formula

4

K s
Pk ) =5 dut () P dp. (252)

Iolu v P* + 42*
The quantity p(s, P.) is given by formula

4

K (e
er) ot | et o
u<] pll<pe

The quantity [V)(D+, D7, 10 D, ) is given by formula
= + — K' Heff p4
p(D ,D v Hegt » p*)ﬁ— d,Ll I f(ﬂ)—zdp’ (254)

0
3 Iol>». P’ +u

where K'= ! 5.c=1.
2(2nh)
Remark 5.1.4. Note that (see Equations (42):

P(Letrr P.) = P (Hest )+ P(tlerr» P.)

Heff Heff

1 4 1 2 2
- f(u)dy—— f d
T { (#2)dpa =5 P J; (1) pdu

1 Hetf 1 A (255)
+(C2+§In pjj f(y)u“dy—gj f(u)p* (In pz)dp
0 0

(25T o] T e fo

pZ

From Equation (250), Equation (254) and Equation (255) similarly as above
finally we get
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p(D+! Di’lueffl p*)

L p“yef f (#)Glu—i pzyejﬁ f(u)pPdu
127 127

Heff (256)

[ (u)a* (In pe)dp

Heff

1
| fu)u'du—g
0

1
+(C2+§In p*j
5 1 Heft Heft ~ Dty
[_Jﬁj f(u)uedwo(f f(#)ﬂst*ero(PE P 2)-
0 0

pZ

Remark 5.1.5. We assume now that:
Heff Heff Heff
I f(u)du= I f(u)u’du= I f(u)u'du=0. (257)
0

0 0

From Equation (250), Equation (256) and Equation (257) finally we get
1 Hef 4 )
I f(u)p (In,u)d,u+0( P, ),
(258)

£22(D"\D7 phar P.) = 5

0
N . ~ 1/‘eff 4 I
p2(D"D sty p.) =5 [ f(#)w (Inu)du+0(p?).
0
Remark 5.1.6. Note that the Equation (258) can be obtained without
fine-tuning (257) which was assumed in Zel’dovich paper [1].

In order to obtain Equation (5.1.23) and strictly weaker conditions we assume

now that:
1)
| (10)| =] fum. (1) + Ty ()] = st (259)

where n>0 is an parameter, f, (x) corresponds to standard matter and

where f, (u) corresponds to physical ghost matter, see Equation (32).

2)
Heff
= p! [ f(u)du=~0,
0
Heff
l, = p2 [ f(u)p’du~0, (260)
0
Hett
ly=Inp, [ f(u)u‘du~0
0
Heff
(261)

3)

|I1+ I, + |3| < I f (y)y4(|ny)dy
0

5.2. Zeropoint Energy Density Corresponding to a Non-Singular
Gliner Cosmology

We assume now that
Hetf Hetf Hett
.[ f(u)du=0, _[ f(u)ptdu<0, .[ f(u)Pdu>0,p,> pq. (262)

0 0

0
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From Equation (250), Equation (256) and (262) we obtain
gk g(D+, D7, thes p*)

Heff Heff

=%pr f(u)pPdp— ( Lin p*j [ f(u)u'du
Heff Heff ( )
+%£ f( ) (|n,u)d,u [: jslz J- (,u),ued,u 263

Heft
+O[J‘ f(,u),ung*S (p*D +D +2),
0
and

ps p(D+vD7v,Ueff: p*)

Heff

[ (1) p'du

0

1 Heff

== p? | f(u)pldu—|C,+=1
P p*l (u)pdu ( np*j
1ﬂeff Hetf (364)

3 f(u)u (Iny)dy+(p5j312 I f(u)ubdu

0

Heff
+0(I f(ﬂ)ust:5+O(pf”D”2)
0

correspondingly. From Equation (263) and Equation (264) we obtain

Hetf

[ f(u)p'du

0

3p+g=—1 pzﬂef f(,u),uzd,u—(:%C 3 p j
4 * o 2 8 *

—gﬂefﬁ f(u)a* (In #)dﬂ+(%]%ﬂjﬁ f(u)udu

0 0

l Zﬂeff 5 l i .
P [ f(u)u dﬂ—(Cl—gln p*j [ f(u)u'du
0 0 (265)
1 Heff 1 1 Heff
= I d |
8{ (In z) y(p]%j (1) u°du
1 MHeft 4 Heff 4
== .| | () tdul=(3C, +C))| [ F (w) '
0 0
1 Hetf 5 1 MHetf
f(u)u (In,u)d,u—i-[ ] J. f(y)yed,u<0.
0 p )16
Therefore under conditions (262) the inequality
—2e<3p+¢e<0 (266)

corresponding to Gliner non-singular cosmology [2] [4] is satisfied.

5.3. Zeropoint Energy Density in Models with Supermassive
Physical Ghost Fields

We assume now that:
1) ghost fields corresponding to massive spin-2 particle with mass m, and to

massive scalar particle with mass m, appears (see Subsection 2.2) as real phys-

DOI: 10.4236/jmp.2019.107053 776 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.107053

J. Foukzon et al.

ical fields in action (91).

Remark 5.3.1. Note that their unphysical behavior may be restricted to arbi-
trarily high-energy cutoff A by an appropriate limitation on the renormalized
masses M, and m,.

Actually, it is only the massive spin-two excitations of the field which give the
problem with unitarity and thus require a very large mass (see Subsection I1.2).

2) Poincaré group is deformed at some fundamental high-energy cutoff A,
A, = A, (mg,m,) < mc? <m,c?, (267)

The canonical quadratic invariant || p"2 =n®p,p, collapses at high-energy cu-

toff A, and being replaced by the non-quadratic invariant

ab
"p"2: 17 Pa Py (268)

(1+IA*p0)'

3) The canonical concept of Minkowski space-time collapses at a small dis-
tance to fractal space-time with Hausdorff-Colombeau negative dimension and
therefore the canonical Lebesgue measure d‘x being replaced by the Colom-

beau-Stieltjes measure

(dry(x,s))c :(vg(s(x))d“x) , (269)

&

where

(vg (s(x)))g = ms(x)r? +g\]lJ s(x)= \/x”7 (270)

4) we assume that
f )= fom () + fym (), 271)

where f (u) corresponds to standard matter and where f (x) corres-
ponds to physical ghost matter.
Remark 5.3.2. We assume now that

|f (ﬂ)| :{O(y‘”),n >1 MyC < iy < < pl <My 272)

0 > g
Thus vacuum energy density g( D', D", 1, i ) for free quantum fields is
5(D+7 D7 fote + Har ) = 5(:”211 | Mg )+§(D+, D™, toge+ Mot ) (273)

Here the quantity ¢ ( L e ) is given by formula

g(ﬂ:ﬁvﬂgﬁ):;"w&ﬁdﬂf(y) J' Wﬂ(

2(2nh)’ Y i
( 2 ) K< (274)
=K [ dut(u) [ \p*+ppldp,
e p<u
2n B B s L W
where K =ﬁ,c=l. The quantity S(D ,D ,,ueﬁ,,ueﬁ) is given by for-
27h
mula
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&(D"\D thy  Hir )

= K'j;;' duf(u) |
>

2 412
ul, 1 uly 2 o\ oo
k d” " Kk,
i ﬁJll RN )]
(275)
where K’:;s, =
2(2nh)

Remark 5.3.2. We assume now that ,*? <1, and therefore from Equation
(5.3.9) we obtain

5(D+!D7!ﬂiﬁ’ﬂ§ﬁ)
gK'|Ajﬁfdyf(ﬂ)y2 [ d*>k+K' ”E“d f(u) [ YK +u2d” "k, (276)

Kt

K> \kH>«/—
From Equation (276) and Equation (239) we obtain
5(D+, Diaﬂiﬁ’ﬂ:ﬁ)

:K’IA.[;ifdyf 2 | dD*Dk+Kj‘e”d f(u) [ JK*+u2d” "k

,“eff

\kH>«f \kH>ﬁ
D*-1
-KA(D")A s g f( _pdp
( ) ( ) J H .[ﬁ( D+g)
- ¢ (277)
2 2 .D*-1
K'A(D*)A ﬂeffd f w A PTHu P Tdp
+K'A(D")A(D7) e (u )L/Z [pD+gJ
kA (D)a(D )1 dut ([ [ 0 |
+KA(D')A(D) [ duef (s0)] /o747 p° e |
Note that
2 l 2 1 4 l 6
NI 1+p—2=ﬂ(1+§%—§%+5%+-.} -

+1p 1p+1p+
2 4 847 164°

By inserting Equation (278) into Equation (274) we get

g(ﬂiﬁ ':uesz)

eff Sy 2 u 8u 16u
Ju 4 6 8
g 1p® 1p° 1p
=K ([ duf EHt Nl +---|d
J./léff (,u)[];[,up 2 4 84 164° j p]
3 5 7 9 Ju
= K[t (u) ﬂp_+1p__1p_3+ip_5+
Heft 3 25u 87u° 169u 0
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2 1 1 R
eff
= KJ.1 f(u)d,u{—g,u +—10/,l2 —%/JZ +mﬂ 2‘|"":| (279)

.Uesz 1 5 1 3 1 : 1 = 1 -n+1/2
= f du|=p?+—pu? ——pu?>+—pu? +o( )
o F(w) !{Sﬂ 04 e Tt (1)
The pressure p ( DD, i, i ) for free quantum fields is

p(D+, D_'/ugff!:uesz): p(/w‘iﬁ'ﬂesz)Jf ﬁ(D+, D_hu;ffl/uesz)' (280)

Here the quantity p (,uiff | M ) is given by formula

1 J'”Esz duf "k"2

, duf(u ——
2(2mh)’ v ( HKHLZ VK? + 4
4

K e p
= duf ———dp.
3 Léﬁ g (y)péj‘ﬁ p®+ p? P

p(/u:ffnuesz)z d*k

(281)

The quantity f)(Dﬂ D™, the s 1 ) is given by formula

5(0". - K i K oo
P(D", D7ty il ) = — ] duf (u ———d” "k, (282)
( ff ﬁ) 3 J‘.Ueff ( )p;':/; k2 +,L12
1
2(2nn)*’

where K'= ¢ =1. Note that

2 4 6
:#_1(1_1p_2+§P_4_£p_+...] (283)

By inserting Equation (283) into Equation (281) we get

p(/uiff Huesz)

K s 1 1p* 3p* 5p°
=— “ dﬂf(lu) .[ |:———p—+_p_5__p_+...:| p4dp

3 e peii 1 217 840 164
K ez 4 1 6 3 8 5 10

3 ;ﬁ d'uf('”) j {p__ ps + ps - p7 +---:|dp
3 et pelul M 2upu° 8w 16 u

Ji

) 5 7 9 1

=K g ( ){p lp 3P 5P +}
3 7 it

DOI: 10.4236/jmp.2019.107053 779 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.107053

J. Foukzon et al.

s 7 o u
L T ) [ LA S

3 Su 274 894 16104

K 13121 2 1 3

BEL R I Vi Ve L (284
K i (1 2 1 Lo 2 —n-1)2

=3 L Gt ()| gt gt P +0((ﬂiﬁ) )

6. Discussion and Conclusion

We will now briefly review the canonical assumptions that are made in the usual
formulation of the cosmological constant problem.

The canonical assumptions:

1) The physical dark matter.

Dark matter is a hypothetical form of matter that is thought to account for
approximately 85% of the matter in the universe, and about a quarter of its total
energy density. The majority of dark matter is thought to be non-baryonic in
nature, possibly being composed of some as-yet-undiscovered subatomic par-
ticles. Its presence is implied in a variety of astrophysical observations, including
gravitational effects that cannot be explained unless more matter is present than
can be seen. For this reason, most experts think dark matter to be ubiquitous in
the universe and to have had a strong influence on its structure and evolution.
The name dark matter refers to the fact that it does not appear to interact with
observable electromagnetic radiation, such as light, and is thus invisible (or
‘dark’) to the entire electromagnetic spectrum, making it extremely difficult to
detect using usual astronomical equipment. Because dark matter has not yet
been observed directly, it must barely interact with ordinary baryonic matter and
radiation. The primary candidate for dark matter is some new kind of elementa-
ry particle that has not yet been discovered, in particular, weakly-interacting
massive particles (WIMPs), or gravitationally-interacting massive particles
(GIMPs). Many experiments to directly detect and study dark matter particles
are being actively undertaken, but none has yet succeeded.

2) The total effective cosmological constant Ay is on at least the order of
magnitude of the vacuum energy density generated by zero-point fluctuations of
the standard particle fields.

3) Canonical QFT is an effective field theory description of a more funda-
mental theory, which becomes significant at some high-energy scale A,.

4) The vacuum energy-momentum tensor is Lorentz invariant.

5) The Moller-Rosenfeld approach [34] [35] to semiclassical gravity by using
an expectation value for the energy-momentum tensor is sound.

6) The Einstein equations for the homogeneous Friedmann-Robertson-Walker
metric accurately describes the large-scale evolution of the Universe.

Remark 6.1.1. Note that obviously there is a strong inconsistency between

Assumptions 2 and 3: the vacuum state cannot be Lorentz invariant if modes are
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ignored above some high-energy cutoff A,, because a mode that is high energy
in one reference frame will be low energy in another appropriately boosted
frame. In this paper Assumption 3 is not used and this contradiction is avoided.

Remark 6.1.2. Note that also, Assumptions 1, 3, 4 and 5 is modified, which
we denote as Assumptions 4 and 5 respectively.

Modified assumptions

1’) The physical dark matter.

2’) The total effective cosmological constant A is on at least the order

—n+5
|lueff |
erated by zero-point fluctuations of standard particle fields and ghost particle

In | ,ueﬁ| of magnitude of the renormalized vacuum energy density gen-

fields, see subsection 1.2.

3’) The vacuum energy-momentum tensor is not Lorentz invariant.

6.1. The Physical Ghost Matter and Dark Matter Nature

In the contemporary quantum field theory, a ghost field, or gauge ghost is an
unphysical state in a gauge theory. Ghosts are necessary to keep gauge inva-
riance in theories where the local fields exceed a number of physical degrees of
freedom. For example in quantum electrodynamics, in order to maintain manif-
est Lorentz invariance, one uses a four-component vector potential Aﬂ(x),
whereas the photon has only two polarizations. Thus, one needs a suitable me-
chanism in order to get rid of the unphysical degrees of freedom. Introducing
fictitious fields, the ghosts, is one way of achieving this goal. Faddeev-Popov
ghosts are extraneous fields which are introduced to maintain the consistency of
the path integral formulation. Faddeev-Popov ghosts are sometimes referred to
as “good ghosts”.

“Bad ghosts” represent another, more general meaning of the word “ghost” in
theoretical physics: states of negative norm, or fields with the wrong sign of the
kinetic term, such as Pauli-Villars ghosts, whose existence allows the probabili-
ties to be negative thus violating unitarity.

(VL.1) In contrary with standard Assumption 1 in the case of the new ap-
proach introduced in this paper we assume that:

(VI.1.1.a) The ghosts fields and ghosts particles with masses at a scale less
then a fixed scale m,; really exist in the universe and formed dark matter sec-
tor of the universe, in particular:

(VI.1.1.b) these ghosts fields give additive contribution to a full zero-point
fluctuation (Ze. also to effective cosmological constant Ay [5], see subsection
1.2).

(VIL.1.1.c) Pauli-Villars renormalization of zero-point fluctuations (see sub-
section 1.2) is no longer considered as an intermediate mathematical construct but
obviously has rigorous physical meaning supported by assumption (VI.1.1.a-b).

(VI.1.2) The physical dark matter formed by ghosts particles;

(VI.1.3) The standard model fields do not to couple directly to the ghost sec-
tor in the ultraviolet region of energy at a scale less then a fixed large energy

scale A,, in particular:
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(VI.1.3.a) The “bad” ghosts fields with masses at a scale less then a fixed scale
My, where mc> < A,, cannot appear in any effective physical lagrangian
which contains also the standard particles fields.

In additional though not necessary we assume that:

(VI.1.4) The “bad” ghosts fields with masses at a scale m, , where
m,c? > A, can appear in any effective physical lagrangian which contains also
the standard particles fields, in particular:

(VI.1.4.a) Pauli-Villars finite renormalization with masses of ghosts fields at a
scale m, of the S-matrix in QFT (see Subsection 2.1-2) is no longer considered
as an intermediate mathematical construct but obviously has rigorous physical
meaning supported by assumption (IV1.4).

(VI.1.4.b) If the “bad” ghosts fields coupled to matter directly, it gives rise to
small and controllable violation of the unitarity condition.

Remark 6.1.3. We emphasize that in universe standard matter coupled with a
physical ghost matter has the equation of state [3]:

Euae ( =- —wa “(Inw)d _ e 285
vac tueff)_ p(/ueff)_8 J' (/—1)/—1 (n/u) /.l— 87IG 1 ( )
0
where
O(u")in>1 u<upy,
|f<y>|={ () m>t sy 230
0 ,U>/ueff

and where g =mgC (see subsection 1.2, Equation (46)) and therefore gives
rise to a de Sitter phase of the universe even if bare cosmological constant
A=0.

(VI.1.5) In order to obtain QFT description of the dark component of matter
in natural way we expand the standard model of particle physics on a sector of
ghost particles, see [12], Section 2.3.2. QFT in a ghost sector developed in [12],
Section 3.1-3.4 and Section 4.1-4.8.

6.2. Different Contributions to A .

The total effective cosmological constant A is on at least the order of magni-
tude of the vacuum energy density generated by zero-point fluctuations of stan-
dard particle fields.

Assumption 2 is well justified in the case of the traditional approach, because
the contribution from zero-point fluctuations is on the order of 1 in Planck units
and no other known contributions are as large thus, assuming no significant
cancellation of terms (e.g. fine tuning of the bare cosmological constant 1), the
total Ay should be at least on the order of the largest contribution [15].

(V1.2) In contrary with standard Assumption 1 in the case of the new ap-
proach introduced in this paper we assume that:

(VI.2.1) For simplicity though not necessary bare cosmological constant
A=0.

(VI1.2.2) The total effective cosmological constant Ay, depends only on mass

distribution f(x) and constant s =m,C but cannot depend on large
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energy scale ~ A,

Remark 6.2.1. Note that in subsection we pointed out that under Assumption
VI.1 if bare cosmological constant 4 =0 the total cosmological constant A,
is on at least the order | Mt |_”+5 of magnitude of the renormalized vacuum
energy density generated by zero-point fluctuations of standard particle fields
and ghost particle fields

Hetf

Buc (o) = | ()" (In 1) dpa+O (A7),
° (287)

Heff

Puc (1) = =5 | f ()" (In )4+ O(A2).

6.3. Effective Field Theory and Lorentz Invariance Violation

To prevent the vacuum energy density from diverging,the traditional approach
also assumes that performing a high-energy cutoff is acceptable. This type of re-
gularization is a common step in renormalization procedures, which aim to
eventually arrive at a physical, cutoff-independent result. However, in the case of
the vacuum energy density, the result is inherently cutoff dependent, scaling
quartically with the cutoff A,.

Remark 6.3.1. By restricting to modes with particle energy a certain cutoff
energy o, <A, a finite, regularized result for the energy density can be ob-
tained. The result is proportional to A.. Any other fields will contribute simi-
larly, so that if there are n, bosonic fields and n; fermionic fields, the density
scales with (nb —4nf) Al. Typically, the cutoff is taken to be near = 1 in
Planck units (Zethe Planck energy), so the vacuum energy gives a contribution
to the cosmological constant on the order of at least unity according to Equation
(6.2.4). Thus we see the extreme ne-tuning problem: the original cosmological
constant A must cancel this large vacuum energy density ¢, ~1 to a preci-
sion of 1 in 10'°—but not completely—to result in the observed value
At =107 [5].

Remark 6.3.2. As it pointed out in this paper that a high-energy theory, ie
QFT in fractal space-time with Hausdorff-Colombeau negative dimension would
not display the zero-point fluctuations that are characteristic of QFT, and hence
that the divergence caused by oscillations above the corresponding cutoff fre-
quency is unphysical. In this case, the cutoff A, is no longer an intermediate
mathematical construct, but instead a physical scale at which the smooth, conti-
nuous behavior of QFT breaks down.

Poincaré group of the momentum space is deformed at some fundamental
high-energy cutoff A, The canonical quadratic invariant || p||2 =n® P, P, col-
lapses at high-energy cutoff A, and being replaced by the non-quadratic inva-
riant:

ab
Jolf =7t (89)
(1+1,,p0)

Remark 6.3.3. In contrary with canonical approach the total effective cosmo-
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logical constant Ay depends only on mass distribution f(x) and constant

U =M C but cannot depend on large energy scale ~ A, .

6.4. Semiclassical Moller-Rosenfeld Gravity

Assumption 5 means that it is valid to replace the right-hand side of the Einstein
equation T with its expectation <TW> . It requires that either gravity is not in
fact quantum, and the Moller-Rosenfeld approach is a complete description of
reality, or at least a valid approximation in the weak field limit. The usual argu-
ment states that the vacuum state |0> should be locally Lorentz invariant so

that observers agree on the vacuum state. This means that the expectation value

of the energy-momentum tensor on the vacuum, <O|'I:W O> , must be a scalar
multiple of the metric tensor g, which is the only Lorentz invariant rank
(0,2) tensor. By using Moller-Rosenfeld approach the Einstein field equations
of general relativity, a term representing the curvature of spacetime R, is re-
lated to a term describing the energy-momentum of matter <O|'I:W |O> , as well
as the cosmological constant 1 and metric tensor g, reads:
R, —SR'g,, +40,, =8x(0[T
v o Nl v v

7

0). (289)

The 'I:OO component is an energy density, we label <0|'I:W |O>: Eyec» SO that
the vacuum contribution to the right-hand side of Equation (289) can be written
as

8n(0|T,, (290)

O) =8ns,,.0

uv'

Subtracting this from the right-hand side of Equation (289) and grouping it
with the cosmological constant term replaces with an “effective” cosmological

constant [5]:

Ay = A +8ms,,. (291)

Note that in flat spacetime, where g, =diag(-1+1+1+1), Eq. (290) im-
plies &, =—Py> Where P, :<0|'|:" |0> for any i=1,2,3 is the pressure.
Obviously this implies that if the energy density is positive as is usually assumed,
then the pressure must be negative, a conclusion which extends to any metric
g, witha (-1,+1,+1,+1) signature.

Remark 6.4.1. In this paper we assume that the vacuum state |0> should be
locally invariant under modified Lorentz boost (17)-(18) but not locally Lorentz
invariant. Obviously this assumption violate the Equation (290). However mod-
ified Lorentz boosts (17)-(18) becomes Lorentz boosts for sufficiently small

energies and therefore in IR region one obtain in a good approximation

87[ <0|-I:,UV 0> ~ 8ngvac g,uv (292)
and
A ® A+8ms,. (293)
Thus Moller-Rosenfeld approach holds in a good approximation.
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6.5. Quantum Gravity at Energy Scale A <A, . Controllable Viola-
tion of the Unitarity Condition

Gravitational actions which include terms quadratic in the curvature tensor are
renormalizable. The necessary Slavnov identities are derived from

Becchi-Rouet-Stora (BRS) transformations of the gravitational and Faddeev-Popov
ghost fields. In general, non-gauge-invariant divergences do arise, but they may
be absorbed by nonlinear renormalizations of the gravitational and ghost fields

and of the BRS transformations [14]. The geneic expression of the action reads
|y = [-d*x/-g (@R, R - BR? +27R), (294)

where the curvature tensor and the Ricci is defined by R, =0,I;, and
A

R, =R,

vitational field variable in terms of the contravariant metric density reads

K = g g - (295)

Analysis of the linearized radiation shows that there are eight dynamical de-

correspondingly, x° = 321G . The convenient definition of the gra-

14

grees of freedom in the field. Two of these excitations correspond to the familiar
massless spin-2 graviton. Five more correspond to a massive spin-2 particle with
mass M,. The eighth corresponds to a massive scalar particle with mass m.
Although the linearized field energy of the massless spin-2 and massive scalar
excitations is positive definite, the linearized energy of the massive spin-2 excita-
tions is negative definite. This feature is characteristic of higher-derivative mod-
els, and poses the major obstacle to their physical interpretation.

In the quantum theory, there is an alternative problem which may be substi-
tuted for the negative energy. It is possible to recast the theory so that the mas-
sive spin-2 eigenstates of the free-fieid Hamiltonian have positive-definite ener-
gy, but also negative norm in the state vector space. These negative-norm states
cannot be excluded from the physical sector of the vector space without de-
stroying the unitarity of the S matrix. The requirement that the graviton
propagator behaves like p™ for large momenta makes it necessary to choose
the indefinite-metric vector space over the negative-energy states. The presence
of massive quantum states of negative norm which cancel some of the diver-
gences due to the massless states is analogous to the Pauli-Villars regularization
of other field theories. For quantum gravity, however, the resulting improve-
ment in the ultraviolet behavior of the theory is sufficient only to make it re-
normalizable, but not finite.

Remark 6.5.1. (I) The renormalizable models which we have considered in
this paper many years mistakenly regarded only as constructs for a study of the
ultraviolet problem of quantum gravity. The difficulties with unitarity appear to
preclude their direct acceptability as canonical physical theories in locally Min-
kowski space-time. In canonical case they do have only some promise as phe-
nomenological models.

(II) However, for their unphysical behavior may be restricted to arbitrarily

large energy scales A, mentioned above by an appropriate limitation on the
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renormalized masses M, and m,. Actually, it is only the massive spin-two ex-
citations of the field which give the trouble with unitarity and thus require a very
large mass. The limit on the mass m, is determined only by the observational

constraints on the static field.

6.6. Pauli-Villars Masses Distribution Corresponding to Ghost
Matter Sector above High Energy Cutoff A, A Common Ori-

gin of the Dark Energy and Dard Matter Phenomena

Dark matter is a hypothetical form of matter that is thought to account for ap-
proximately 85% of the matter in the universe, and about a quarter of its total
energy density. The majority of dark matter is thought to be non-baryonic in
nature, possibly being composed of some as-yet undiscovered subatomic par-
ticles. Its presence is implied in a variety of astrophysical observations, including
gravitational effects that cannot be explained unless more matter is present than
can be seen. For this reason, most experts think dark matter to be ubiquitous in
the universe and to have had a strong influence on its structure and evolution.
Dark matter is called dark because it does not appear to interact with observable
electromagnetic radiation, such as light, and is thus invisible to the entire elec-
tromagnetic spectrum, making it extremely difficult to detect using usual astro-
nomical equipment [36] [37] [38].

Figure 8 Analysis of a giant new galaxy survey, made with ESO’s VLT Survey
Telescope in Chile, suggests that dark matter may be less dense and more
smoothly distributed throughout space than previously thought. An internation-
al team used data from the Kilo Degree Survey (KiDS) to study how the light
from about 15 million distant galaxies was affected by the gravitational influ-
ence of matter on the largest scales in the Universe. The results appear to be in
disagreement with earlier results from the Planck satellite. This map of dark
matter in the Universe was obtained from data from the KiDS survey, using the
VLT Survey Telescope at ESO’s Paranal Observatory in Chile. It reveals an ex-

pansive web of dense (light) and empty (dark) regions. This image is one out

Figure 8. Dark matter map for a patch of sky based on gravitational lensing analysis [38]
Hilderbrandt 16.
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of five patches of the sky observed by KiDS. Here the invisible dark matter is
seen rendered in pink, covering an area of sky around 420 times the size of the
full moon. This image reconstruction was made by analyzing the light collected
from over three million distant galaxies more than 6 billion light-years away.
The observed galaxy images were warped by the gravitational pull of dark matter
as the light traveled through the Universe. Some small dark regions, with sharp
boundaries, appear in this image. They are the locations of bright stars and other
nearby objects that get in the way of the observations of more distant galaxies
and are hence masked out in these maps as no weak-lensing signal can be meas-
ured in these areas [38]. The luminous (light-emitting) components of the un-
iverse only comprise about 0.4% of the total energy. The remaining components
are dark. Of those, roughly 3.6% are identified: cold gas and dust, neutrinos, and
black holes. About 23% is dark matter, and the overwhelming majority is some
type of gravitationally self-repulsive dark energy.

Remark 6.6.1. In order to explain physical nature of the dark matter sector we
assume that the main part of dark matter, e, ~23%—-4.6% =18% (see Fig-
ure 9) formed by supermassive ghost particles with masses such that mc® > A, ,
see ref. [13], Subsection 2.3.

Remind that vacuum energy density for free scalar quantum field with a

wrong statistic is:

2(1)=—5—

2 (2mh)’ [, ameyp?+ 4 p’dp = K'["\[07 + 4 pdp = K1 (), (296)

where x4 =mc . From the basic definitions [1]

— 1
cp u png(u,p) (297)

1 1
:T y =" 4 2d Il = )
P =T P (1) 2 ) [ u,p,4np’dp,u T

one obtains

’ 4
=K 2 o
3% Jp*+u

Remark 6.6.2. Note that the integral in RHS of Equation (297) and in Equa-
tion (298) is divergent and ultraviolet cutoff is needed. Thus in accordance with

[1] we set
&(1,P0) = KT (1,P), P(1,Ps) = KF (11, p5), (299)

where

_ (P 2 2 12 _[Po p4dp
(s, p0) = [ P+ 7 PP, F (11,0 ) = | N (300)

where p, <A, /c. For fermionic quantum field with a wrong statistic, similarly

one obtains
(1, o) =—4K" (11, pg), p() = —4K'F (1,1, ). (301)

Thus from Equations. (300)-(301) by using formally Pauli-Villars regulariza-
tion [7] [8] and regularization by high-energy cutoff the expression for

DOI: 10.4236/jmp.2019.107053

787 Journal of Modern Physics


https://doi.org/10.4236/jmp.2019.107053

J. Foukzon et al.

Atoms
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Energy
72%
Dark
Matter
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TODAY

Figure 9. Matter and energy distribution in the universe
today. The luminous (light-emitting) components of the
universe only comprise about 0.4% of the total energy. The
remaining components are dark.

free vacuum energy density & reads
2M
Zve = 2 fil (14, Po ) (302)
i-0
and the expression for pressure p reads
2M
Puc = 2 FiF (44 Po) (303)

Definition 6.6.1. We define now discrete distribution f,, :R, >R by

formula
foy (1)= 1, (304)
and we will call it as a full discrete Pauli-Villars masses distribution.

Remark 6.6.3. We assume now that in Equations (302)-(303): 1) the quanti-
ties 4" =,i=12,---,M are masses of physical particles corresponding to
standard matter and 2) the quantities #*" = 4,,i=M +1,2,---,2M are masses
of ghost particles with a wrong kinetic term and wrong statistics corresponding
to physical dark matter.

Remark 6.6.5. We recall that the Euler-Maclaurin summation formula reads
> 9(m+(i-1)h)
= [ £ () du+ AL (1) -9 (14)] (305)
’ ’ 1
+ A0 (k)= 9' (1) ]+ O (7). f (1) =9 ().

Let g(u) be an appropriate continuous function such that: 1)
9(s)=f,i=12,-,2M,
2) 9'(#m)=0.9"(24)=0.
Thus from Equations (302)-(303) and Equations (305) we obtain
2M
Evac = z fil (,Ui: po) = I:ZM f (,U) | (ﬂ, po)dy
i=0 !

+A1h[f (IUZM)I (:UZM’pO)_ f (/ul)l(/u'l’ po)]+0(h2)

(306)
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and
Prec = ZfF(u.,po) [ f (1) F (. po ) die

+A1h[f How) (,Uzrvwpo)_f(:‘ﬁ)F(ILﬁ’po)]+o(h2)'

Definition 6.6.2. We will call the function f,, (x) as a full continuous Pau-

(307)

li-Villars masses distribution.
Definition 6.6.3. We define now: 1) discrete distribution fo?™ :R, —R by

formula

th’J\./g.m (,uism ) — fi ,i =12,---,M (308)

and we will call it as discrete Pauli-Villars masses distribution of the bosonic
ghost matter and

fgm

2) discrete distribution f,,°" :R, - R by formula

fou?™ ()= f,.i=M +1,2,---,2M (309)
and we will call it as discrete Pauli-Villars masses distribution of the fermionic

ghost matter.
Remark 6.6.4. We rewrite now Equations (306)-(307) in the following equiv-

alent form
2M
Zfbgm( sm) ( bgm7p0) J(i)zzl\;lﬂffgm(ﬂjf(g)m)l( fgm’po) (310)
and
pvac:ifgn\./g.m(ﬂib.g.m)lz( bgm'po) ZM: ffgm( fgm)F( fgm,po) (311)
i=1 j(i)=M+:

where j(i)=i+M,i=1+12--,M .
Remark 6.6.6. We assume now that:1) 9" ~ ﬂjf('ig)'m ,
bgm b.g.m f.g.m f.g.m
2) (,u, )+ o (”J() )
f;)\}g.m (Iuib.g.m) ~— fPfV.gAm (,ujf(.ig;.m ) (312)

<1, ie,

Note that Equation (312) meant highly symmetric discrete Pauli-Villars
masses distribution between bosonic ghost matter and fermionic ghost matter
above that scale A,.

Thus from Equations (310)-(311) and Equations (312) we obtain

Evae = i foom (luib.g.m)| ( bom po) (-)ZZM: flom (Iujf(.ig;.m)l ( f. 9 m, po)
= i

=M +1

(313)
_Z[ bgm( Pgm)+ffgm(,u,f(gmﬂl(ﬂi’po)
and
2 b.g.m b.g.m b.g.m & fgm f.g.m f.g.m
pvac:sz\./. (x“. )F(/Ui' ' vpo)+ z fo (,UJ() )F(:uj(.i). vpo)
i=1 i(i)=M+1 (314)
_Z|: bgm( bgm)+ffgm(‘ujf(%m)]lz('ui,po).
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From Equations (313)-(314) and Equations (305) finally we obtain

gvac:i[fbgm(’ulbgm)_i_ffgm(lujf(gm)]l(luilpo)

> (315)
[ Heft b.g.m f.g.m
=l [foP™ () + fo®™ (2) |1 (1, po) A
and
M
— fb.g.m f f.g.m _f._g.m = -
Purac |Zl:|: PV (/U. )+ (ﬂ,(.) ):| (/U. po) (316)
_J‘ﬂeffI: bgm +ffgm(,u):||:(,u:po)d,uy
where obviously
fou ™ () + Ty ® " (1) = T3 (1) = 0. (317)
Thus finally we obtain
(2)
£ (4t i) 2o ) = [ ™ ()1 (10, ) (318)
and
(2)
PO (Wi 45 Po) = T 18 (1) F (o ) (319)

where %, 42 > p, . In order to calculate £%™ (#gf):ﬂgfzf), po) and

ps™ ( ygf) , ,uéfzf), po) let us evaluate now the following quantities defined above

by Equations (300)

(4, p) = jp Vp%+ pPdp = Iﬂp 1/1+—d|o (320)

and
1 Po 4d 1 Po 14 —1d
P po) = [ e =% [ PE=D, (321)
3 0P +u 3 0 p
1+~
y7,
where p,/u < 1. Note that
2 2 4 6
1+p—2 :1+£p_2_1p_4+ip_6
7, 2u° 8u" 1ou
2 1 p2 l p4 1 ps
2 Jot it = pru e = pruf1e s B 2P 2P ) e
PP +u p/A/ 7 P u 2.7 84 16, (322)
4 6 8
gl 1 10
2 8u 16 u
By inserting Equation (322) into Equation (320) one obtains
Po 1 1 8
|(ﬂ,p0) J‘(pﬂ_i_zp 8p 16p ...]dp
H H H g (323)
1 1 1 1
RS SN S
3 10 0 7x8 y” 9x16 u
Note that
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2\ Y2 2
[1+p—2] _1_£p_+§p_+
u 2ut 84

N2 . (324)
piutl1 p _h 1 p §P_+
T io24° 8
By inserting Equation (324) into Equation (321) one obtains
ld 1 Po 4 1 6 3 8
e R e
3o\wu 2w 8u
1+ —2
U (325)
B S 1
3x5u 2x3x7 4° 8x9 u°
By inserting Equation (323) into Equation (318) one obtains
gwwwggapq
J./:elf)f fov" /J Po )d
S 7 (326)
I#eff fgm 1pg +i&__1 p_(;):,+ 1 po d)u
3 10 ¢ 7x8 4% 9x16 4°

_pSIuéf?fg.m( udu+ 22 P f" (1)du_ b [ f ()du

R} 10 Yl 7 7 %8 ks 8
By inserting Equation (325) into Equation (319) one obtains

pe™ (uéflf),uﬁ?, P,

Jweﬂ fgm /u po)d
7 9
_I/‘eff g.m. pO _ 1 p_(;+ 1 p_?5+ d,u
3><5y 2x3xT p° 8x9 u
_ P AT ()0 po e TR () po ol T (u)du
" 35 ud P 2x3x 79 4 8x9uit  4f
(327)
Remark 6.6.7. We assume now that
of () " Jon>7 sy <= ul
|fm ()] = () " " (328)

0 >y

Note that under assumption (328) the quantities 8g'm'(/1gf),y£f2f), po) and

pd™ ( ,ugf) , ;zgfzf), po) cannot contribute in the value of the cosmological constant.

7. Conclusion

We argue that a solution to the cosmological constant problem is to assume that
there exists hidden physical mechanism which cancels divergences in canonical
QED,,QCD,, Higher-Derivative-Quantum-Gravity, etc. In fact, we argue that

corresponding supermassive Pauli-Villars ghost fields, etc. really exist. New
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theory of elementary particles which contain hidden ghost sector is proposed. In
accordance with Zel’dovich hypothesis [1] we suggest that physics of elementary
particles is separated into low/high energy ones, the standard notion of smooth
spacetime is assumed to be altered at a high energy cutoff scale A, and a new
treatment based on QFT in a fractal spacetime with negative dimension is used
above that scale. This would fit in the observed value of the dark energy needed
to explain the accelerated expansion of the universe if we choose highly symme-

tric masses distribution below that scale A,, ie,

fs.m (/l) = fg.m (ILI),,U < Het » :ueffc2 < A*
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