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Abstract

In present paper, we calculated the response rate of a static charge outside
d-dimensional Gauss-Bonnet black hole in the low-frequency regime, by us-
ing the quantization of an electromagnetic field in the background of static
spherically symmetric d-dimensional spacetime in the Boulware vacuum,
which can be expressed as the summation of hypergeometric functions.
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1. Introduction

An important prediction in this field is the thermal evaporation of black hole [1].
This nontrivial effect was soon realized to be closely associated with the existence
of an event horizon in Schwarzschild spacetime. One of the difficulties in
studying fields in Schwarzschild [2] and other black hole spacetime, even when
the fields are non-interacting, stems from the fact that the solutions to the field
equations are functions whose properties are not well known. In the low-fre-
quency regime, however, the situation is much simpler and the mode functions
of the massless scalar field are well known [3]. Recently, Crispino et al [4]
suggested a scheme to quantize the free quantum electrodynamics in static
spherically symmetric d-dimensional spacetime and gave out the response rate
of a static charge outside the four-dimensional Schwarzschild black hole.
Following the advent of string theory, extra dimensions were promoted from

an interesting curiosity to a theoretical necessity since superstring theory
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requires an eleven-dimensional spacetime to be consistent from a quantum
point of view ([5] [6] [7] [8]). Among the higher curvature gravities, the most
extensively studied theory is the so-called Gauss-Bonnet gravity ([9]-[15]),
which naturally emerges when we want to generalize Einstein’s theory in higher
dimensions by keeping all characteristics of usual general relativity excepting the
linear dependence of the Riemann tensor. Therefore, it is necessary to study the
quantization of the free electromagnetic field with the high-dimensional spacetime
and its specific application outside a Gauss-Bonnet black hole.

In this paper, under the quantized electromagnetic field, we calculate the
response rate of a static charge outside the the d-dimensional GB black hole in
the Unruh vacuum [16]. The response rate is a quantum concept with no natural
analog in classical physics though it is possible to define a corresponding
classical quantity mathematically and represents the number of times the source
responds to the field per unit time.

The paper is organized as follows. In Section 2, we review the basic concepts
of the electromagnetic field in the arbitrary dimensional spacetime of a spherically
symmetric black hole in a modified Feynann gauge. Section 3 devotes to calculate
the response rate of a static charge outside a GB black hole of arbitrary-dimensions.

In Section 5, we summarize the main results.

2. Gupta-Bleuler Quantization in a Modified Feynman Gauge

In this section, we follow the notation of Ref. [4] to study the solutions of field
equations for electromagnetic field in an asymptotic flat and static spherically
symmetric (p +2)-dimensional spacetime. The quantization of electromagnetic
field will be carried out in the frame of Gupta-Bleuler formalism in a modified
Feynmann gauge.

The line element under considered takes the form
de? = f(r)de —h(r)dr’ —rds; (1)

with the line element of a unit p-sphere dsi . We assume that both f(r) and
h(r)_1 have a zero at » =7, and positive for r>r,.
The Lagrangian density for electromagnetic field in a modified Feynman

gauge is
‘CF :V_g[_iFvayv_%Gz:l’ (2)

and G'stands for the modified Feynman gauge
G=V"4,+K"4,. (3)

Here the vector K“ is independent on electromagnetic field 4, , and takes

the form
K" =(0,1'/(f1),0,0). (4)

Under this choice, the gauge condition changes into
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1 71 P 1,
= Y -—V'4
G fazA, /hrp [ #ﬂqA,} SV (5)

From the Lagrangian density for electromagnetic field, the equations of motion

LI VAR P I Lvey -
fatA,+\/;rp {\/ﬁa’A’}-kerA? 0 (6a)

_l 2 i ii I"p L 2 L i i =
fa,;ufa[ ’h rpar[ T‘h A,,J]+r2V A,,+f6,(r2jVAi 0 (6b)
_1 ) PP f P2 _r2 f

—fatA,.+ ,_fh ar[ —hr arAiJ —fhar(—rzjai/lr

+ri2|:vj (V/A, - V,'AJ' ) + a,’ (VJA/ )i| = 0’ (] = 1" o p) (6C)

are

Here V, isthe covariant derivative on S”.

We denote the complete set of solutions of Equation (6) by ALM;C"Z'") , and call
a non-physical modes for A =0, physical modes for 41=1,2,3,---,p and a
pure-gauge mode for A= p+1. The label n represents modes incoming from

the past null infinity (n=«) and coming out from the past horizon (n=-) .

2.1. Physical Modes

For other independent solutions A=1,2,---, p, which represent physical degrees
of freedom, the time-component can be taken as zero. They are the linear
independent solution of Equation (6) with a gauge condition G =0, and are
classified into two types.
Physical Modes 1
The “physical modes 1” solution can be written as [4]
Alem — o (7a)
AU = ROV (1) Y,,e 7™, (121) (7b)

r ol

n;wlm nr d 0 " o
Ai(l ol )ZZ(I:TI)\/%EI:\;E Rwlz )(r):laiY;me " (Tc)

where i=1,2,3,---,p and:
o’ l(l+p—l) (1n) Ld| [f o, d| ¥ an
2 VIR ——— . R =0 8
{f 7 o (r)+r2 dr Vhr dr\ /fn o (7) ®)

2.2. Quantization

Using Gupta-Bleuler quantization, we impose the equal-time commutation

relations on the field 1:1” and momentum 1 operators

[4,(6.x), 4, (%) |=[ 117 (,x), 11" (') | =0 9)
[;1 (2,x) G (¢ x')}=ﬂ5”” (x-x') (10)
y2 2 2 2 _g
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where X and x' represent all spatial coordinates. The field 121ﬂ can be

expressed in terms of A/(f)

A (11)
t,x)= ZLO W Qap
where A/(;‘”p) EA/(I‘”") A, EaI}p and p labels all quantum numbers.

3. Response Rate of a Static Charge Outside a D-Dimensional
Gauss-Bonnet Gravity Black Hole

In this section, we will calculate the response rate of a static charge outside a
d-dimensional (d = p+2) Gauss-Bonnet black hole by following the procedure
of Ref. [4]. In this case, the black hole is characterized by

f(r)=n(r)"=1- (rh/,)(pfl) ‘

The action of pure GB can be written as
S= J.d’”sz—ga[,Z (12)
where the coupling constant & can be regarded as the inverse of string tension
and be assumed o >0 in this paper. The Gauss-Bonnet term is given by
L,=R*-4R,R” +R, ,R". (13)
The line element for the exterior region of the d-dimensional Gauss-Bonnet
gravity is given by
2 2 -1 42 212
ds* = f(r)de* = f(r) dr* —r'ds; (14)
The f(r) inthe d-dimensional GB gravity is

f(r): - 2]:{5 =1- is’ (15)

ar

ey
L )
2M \d-s -
The horizon radius 7, = [—j =B,
a

In order to avoid the indefinite results ([17] [18]), we use the formula
suggested by Crispino ef al. [19] and assume the static charge located at (r,,6,)
with a current density j*

j#:(jf’jl‘,(),n_’o) (163)
= \/Eq cos Et
T
= x/Equin Et
J-g
The step function ©(x) is defined by ©(x)=1,(x>0) and vanishing for

x<0.

Such current interacts with vector potential 4, through the Lagrangian
\J-gj"4, . Since gt

interaction with the pure-gauge particles created by «a

5(r=1,)8(6,-6,) 5(¢9p_9p0) (16b)

O(r-1,)5(6,-6,)--5(0,-0,,) (16c)

> is non-physical states, which excludes the
(1)t

wlm

. We will neglect it.
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However, the current does interact with the states created by a ,mﬁ but the
contribution to physical probabilities maybe taken as zero once the non-physical
modes are appropriately chosen. Furthermore, there is no interacting term
between the current and physical modes 2 due to 4, =4, =0. Therefore, we
only need to consider the physical modes 1. To make the counting process more
concise, we will limit in the spherical coulomb gauge. The mode function can be

written as [4]

U'n;olm _ ia)r27p fi " pln —iwt
4 l(l+p—1)\/;dr[\/ﬁR JY 17

2 2
_or 1 ! Ri;Y/m it (18)
l(l+p—l)f

In the limit E — 0, the proper response rate of the charge can be written [4]

A 1'n;0lm —

7o 2
Elm

Ry _
\[f(”o) \/ ”o ﬂE

where 7. is the index n=— in transition amplitude 7

Elm wlm

(19)

which has the

form

Tw",m:—j 72y J-g j* (In;0lm| 4,,|0) (20)

2n6(w—E)

Now, we return to calculate 7, . The Equation (8) can be written

N l(l+p—1) 1> 602 -
» » p(1=) (1>) (=) () =
e {fﬂ ( R, (r))}— > R, (r)+ I R, (r)=0. (21)

7

After introducing the Wheeler tortoise coordinate and a function ¢

V=) )

(1-) _
R, (r)_ w Pt (r), (22)

the Equation (21) changes into

2 d2 * 1->
(w +W—V1(F )}ﬂiﬂ '(r)=0 (23)
with
. 3 l(l+p—1) 2p(p—Z)_ ,(p—2)

W ()]=r === P (24)

For the small @ and the condition (r—rh < a)zrh3,|a)r*| < 1) , the wave
coming from the past horizon H~ is almost completely reflected back by the
potential toward the horizon

o' ~ 20r" + const (25)

Generally, it is hard to find the analytic expression for the Wheeler tortoise
coordinate 7. Fortunately, what we need is just the behavior of »  near
horizon. Substituting the expression of f(r), the leading term of the Wheeler

tortoise coordinate can be written
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P (%j” In(z-1) (26)
-3\ «
by using the transition
2 r3
z=—r 2 —1. 27
3 (27)

The boundary condition of RSI_’) reads

I(I+p-1) P

RIS o — 277 B " In(z-1), (r—rH < a)zrf,,|a)r*| < 1) (28)

ol

In terms of variable z Equation (21) can be written

l(z2 )d q( )+%{3p—1(2_1)+2}d({7(2)

4 dz* p-3

(29)
0

+

—l(l+p—l)+M+p+a)2Z—H(g(z—i-l)jp} a(2)

(p_3)2 z+1 z—1

and this equation can be solved explicitly for small @ limit. Combining the
(1)

asymptotic behavior R,
I(l+p-1) 22 2

Rﬁflﬁ)=—32”33 p3
P

— _ _ 2p
<F 21 ’ 21-2p+2 ’ 2p+2 ,Z+1 (z+l)ﬁ
p-3 p-3 p-3 2

where the coefficient has been appropriately chosen to agreement with the

—>0 as z— +oo, the solution of Equation (29) is

(30)

boundary condition Equation (28).

Thus, the expression of the proper response rate of the charge is
2-2p 6

R (2 (1) _3Bp32p3{20_1]2{% : Tyz S
f(’/b) TE[(Z-{—p—l)ﬂ ZO+1 dZO 1( 0) | lm| ( )

ubstituting the all parameters for d-dimensional GB black hole

p3
zZ, =Er02 -1 (32)
B
f(n)=1-—= (33)
7y 2
F,(ZO)=F 21 ’—21—2p+2 ’ 2p+2 ’z+1 (34)
p-3 p-3 p-3 2
the total transition probability per proper time of the charge is given by
Rtot _ i Zl: R()Im
I m=—1 f(ro)
2z X2 6 , , (35)
i(p 3)q (zp+1) » S B 2“[20—1] {iF(z )} G(1)
7 nl(l+p— \/f( zo+1) [ dz e Q,
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We can give the main contribution of the result of the Schwarzschild black
hole and GB black hole,

p-3
R ~ [%J ,(Schwarzschild) (36)
0
3p-1
Rtot - :_h (GB) (37)
0

Assuming that there is a charge outside an unknown black hole, the radius of
the horizon (7, ), the mass of the black hole (M) and the location of the charge
(r,) are known. Meanwhile, we can measure the response rate of the charge
outside this unknown black hole. Compare the measured value with Equation
(36) and Equation (37), then we can tell the black hole is the GB type or not.

4. Conclusions

In this paper, we quantized the free electrodynamics in static spherically
symmetric spacetime of arbitrary dimensions in a modified Feynman gauge.
Then we examined the Gupta-Bleuler quantization in this modified Feynman
gauge. The results obtained were applied to compute the total response rate of a
static charge outside the d-dimensional GB black hole in the Unruh vacuum.

For the Einstein-Gauss-Bonnet gravity, one can follow the same procedure. The
Wheeler tortoise coordinate 7~ has a asymptotic behavior r* =~ f "(, )_1 In(r-r)
as near horizon. The boundary condition Equation (25) changes into

(1-)

(owl
to simplify the Equation (21) and its analytic solution. An applicable way is to

~ —2a)/f’(rh )ln(r —7,) . One problem is that we do not find a new variable

find a series solution of Equation (21), the results can not be expressed in terms
of familiar special functions and we neglect it here.

Such an outcome is not only a simple promotion work for what Crispino et al.
[4] have done. Having the specific form of the free quantum electrodynamics in
static spherically symmetric spacetime of arbitrary dimensions, It may provide
us a chance for further investigating quantum field theory in high-dimensional
curved spacetime. For instance, some authors ([19] [20] [21]) have researched
whether or not a quantum version of the equivalence principle could be
formulated and show some equivalence for low-frequency quantum pheno-
mena in flat and curved spacetime. The same problem could be reconsidered in

high-dimensional spacetime and discuss the dimension dependence of the results.
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