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Abstract 

Mahto et al. have shown 0Sδ ≥  and 2M a J∗=  by using the first law of the 
black hole mechanics in the vacuum and Einstein mass-energy equivalence 
relation specially for spinning black holes. In the present paper, this work is 
extended to propose a model for the change in mass of the spinning black 
holes due to corresponding change in the angular momentum for maximum 
& half spin parameter of black holes (a* = 1 & 1/2) and calculated their values 
for different test black holes in XRBs and AGN. We have also shown that the 
change in mass of the spinning black holes due to corresponding change in 
the angular momentum for maximum spinning rate of black holes (a* = 1) is 
double to that of the spinning black holes having spinning parameter (a* = 
1/2). 
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1. Introduction 

Classically black holes are perfect absorbers, but do not emit anything; their 
physical temperature is absolute zero [1]. Quantum mechanically, however, 
there is a possibility that one of a particle production pairs in a black hole is able 
to tunnel the gravitational barrier and escapes the black hole’s horizon. Thus it 
can radiate or evaporate particles [2]. The mass, area and surface gravity of the 
black hole mechanics have the same role as the energy, entropy and temperature 
in the ordinary laws of thermodynamics [3]. In 2006, B. Aschenbach has shown 
that the orbital velocity of a test particle is no longer a monotonic function of the 
orbit radius when the spin of the black hole is greater than 0.9953 , but dis-
plays a local minimum-maximum structure for radii smaller than 1.8 gravita-
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tional radii [4]. In 2007, Adel Bouchareb and Gerard Clement extended the Ab-
bott-Deser-Tekin approach to the Computation of the Killing charge for a solu-
tion of topologically massive gravity (TMG) linearized around an arbitrary 
background and then applied to evaluate the mass and angular momentum of 
black hole solutions of TMG with non-constant curvature asymptotic [5]. In 
2009, Richard B Larson suggested that in all cases, gravitational interactions with 
other stars or mass concentrations in a forming system play an important role in 
redistributing angular momentum and thereby enabling the formation of a 
compact object [6]. In 2013, Mahto et al. have shown 0Sδ ≥  to use the first law 
of the black hole mechanics in the vacuum and Einstein mass-energy equiva-
lence relation specially for spinning black holes and established the relation 

2M a J∗=  by entirely new methods [7]. All the works done as discussed above 
do not give the comparative study for the change in mass of the spinning black 
holes due to corresponding change in the angular momentum for half spin and 
maximum spin of the black holes. 

In the present work, a model for the change in mass of the spinning black 
holes due to corresponding change in the angular momentum is proposed for 
maximum spinning rate of black holes (a* = 1/2 and 1). 

2. Theoretical Discussion 

The mass (M), angular momentum (J) and spin parameter (a*) of black holes are 
co-related by the following equation [7]. 

2M a J= ∗                             (1) 

where a* is a constant called spin parameter of spinning black holes lying be-
tween −1 to +1 including zero of different test black holes [8]. 

Now the equation is differentiated , we have 

2M M a Jδ δ∗=  

2
M a
J M

δ
δ

∗

=                           (2) 

For spinning black holes having maximum spin 1a∗ =  [8]. Hence Equation 
(2) leads to 

1
2

M
J M

δ
δ

=                            (3) 

The above equation shows that the change in mass of the spinning black holes 
due to corresponding change in the angular momentum for maximum spinning 
rate of black holes. 

For half spin parameter (a* = 1/2), the Equation (2) becomes [9] 

1
4

M
J M

δ
δ

=                             (4) 

The above equation shows that the change in mass of the spinning black holes 
due to corresponding change in the angular momentum for half spin parameter 
of black holes. 
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3. Data in the Support for Mass of Black Holes and Sun 

There are two categories of black holes classified on the basis of their masses 
clearly very distinct from each other, with very different masses M ~ 5  20Mʘ 
for stellar-mass Black holes in X-ray binaries and M ~106 – 109.5Mʘ for super 
massive black holes in Active Galactic Nuclei [8]. Mass of sun (Mʘ) = 1.99 × 1030 
kg [8]. 

On the basis of the data mentioned in the Section 3, the change in mass of 
different test spinning black holes due to corresponding change in angular mo-
mentum are calculated in XRBs and AGN to plot the graphs with the help of 
Equation (3) & (4) as shown in Figures 1-3 of the Section 4. 

4. Result and Discussion 

To obtain the change in mass of the spinning black holes due to corresponding 
change in the angular momentum, the equation (1) is differentiated for maxi-
mum spinning rate of black holes (a* = 1) and half spin parameter (a* = 1/2) 
given by the Equation (3) & (4) respectively. 

After this, we have calculated the change in mass of the spinning black holes 
due to corresponding change in the angular momentum for maximum spinning 
rate of black holes (a* = 1 & a* = 1/2) in XRBs and AGN with the help of (3) & 
(4). 
 

 
Figure 1. The graph plotted between the mass of spinning black holes and corresponding 
change in their angular momentum in XRBs with spin parameter a* = 1/2 and 1. 
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Figure 2. The graph plotted between the mass of spinning black holes and corresponding 
change in their angular momentum in AGN with spin parameter a*=1/2 using logarith-
mic scale. 
 

We have plotted the graph between the change in mass of the spinning black 
holes w.r.t. the change in the angular momentum for maximum spinning rate of 
black holes (a* = 1) and spinning parameter (a* = 1/2) ( )M Jδ δ  and corres-
ponding value of the mass of black holes (M). We also have shown that the 
change in mass of the spinning black holes due to corresponding change in the 
angular momentum for maximum spinning rate of black holes (a* = 1) is greater 
than to that of the spinning black holes having spinning parameter (a* = 1/2) in 
XRBs and shows that the change in mass of the spinning black holes w.r.t. the 
change in the angular momentum for maximum spinning rate of black holes (a* 
= 1) is twice times to that of spinning of black holes with spinning parameter (a* 
= 1/2). This fact is also clear from the comparative study from the Figure 1 for 
XRBs, while in the case of AGN, this change is quite different regarding the 
maximum and half integral spin as clear from the Figure 2 & Figure 3. 

Figure 2 & Figure 3 show the graph plotted between the mass of spinning 
black holes and corresponding change in their angular momentum in AGN with 
spin parameter a* = 1/2 and a* = 1 respectively. From both the graphs, it is clear 
that the change in mass of the spinning black holes w.r.t. the change in the an-
gular momentum for maximum spinning rate of black holes (a* = 1) fluctuates 
with certain values on increasing the value of the mass of the spinning black 
holes, while for the same mass of black holes with spin parameter (a* = 1/2), 
there is uniform variation in mass of the spinning black holes w.r.t. the change 
in the angular momentum on increasing the value of the mass of the spinning 
black holes. 

From the graph in the Figure 3, it is obvious that the change in mass of  
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Figure 3. The graph plotted between the mass of spinning black holes and corresponding 
change in their angular momentum in AGN using logarithmic scale explaining complex 
nature of spinning black holes with spin parameter a* = 1. 
 
spinning black holes and corresponding change in their angular momentum in 
AGN with spin parameter a* = 1 decreases up to a certain value of the mass with 
the increasing the mass of the spinning black holes and then rapidly increases 
with a certain value These variations are repeated in periodic manner as shown 
in Figure 3. On the basis of observation of the graph in the Figure 3, the black 
holes can be categorized regarding their same order of mass or radius of event 
horizon as discussed below: 

The spinning black holes of mass: 
1) (1 × 106Mʘ, 1 × 107Mʘ, 1 ×108Mʘ, 1 × 109Mʘ)—line a 
2) (2 × 106Mʘ, 2 × 107Mʘ, 2 ×108Mʘ, 2 × 109Mʘ)—line b 
3) (3 × 106Mʘ, 3 × 107Mʘ, 3 ×108Mʘ, 3 × 109Mʘ)—line c 
4) (4 × 106Mʘ, 4 × 107Mʘ, 4 ×108Mʘ, 4 × 109Mʘ)—line d 
5) (5 × 106Mʘ, 5 × 107Mʘ, 5 ×108Mʘ, 5 × 109Mʘ)—line e 
6) (6 × 106Mʘ, 6 × 107Mʘ, 6 ×108Mʘ, 6 × 109Mʘ)—line f 
7) (7 × 106Mʘ, 7 × 107Mʘ, 7 ×108Mʘ, 7 × 109Mʘ)—line g 
8) (8 × 106Mʘ, 8 × 107Mʘ, 8 ×108Mʘ, 8 × 109Mʘ)—line h 
9) (9 × 106Mʘ, 9 × 107Mʘ, 9 ×108Mʘ, 0 × 109Mʘ)—line i 
When the graph is plotted for each category in the same graph paper, nine 

parallel lines are obtained. When the results obtained from our research work is 
compared with that of the spinning black holes with spin a* = 1/2, we see that 
the change in mass of the spinning black holes w.r.t. the change in the angular 
momentum for maximum spinning rate of black holes (a* = 1) is quite different 
to that of the spinning black holes with spin parameter (a* = 1/2). Hence, we 
may conclude that the spinning parameters of black holes are mainly responsible 
for the identification and characterization of black holes. 
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5. Conclusions 

In the study of present research paper, we can draw the following conclusions: 
1) The change in mass of the spinning black holes due to corresponding 

change in the angular momentum for the black holes of maximum spin is double 
to that of the spinning black holes of half spin parameter and decreases with in-
creasing the mass of black holes in XRBs. 

2) The change in mass of the spinning black holes w.r.t. the change in the an-
gular momentum for the black holes of maximum spin is quite different to that 
of the spinning black holes with half spin parameter in AGN. 

3) The spinning parameter is mainly responsible for the identification and 
characterization of black holes. 
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