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Abstract 
The practical significance of the established generalized differential formula-
tion of the first law of thermodynamics (formulated for the rotational coordi-
nate system) is evaluated (for the first time and for the mesoscale oceanic ed-
dies) by deriving the general (viscous-compressible-thermal) and partial (in-
compressible, viscous-thermal) local conditions of the tidal maintenance of 
the quasi-stationary energy and dissipative turbulent structure of the mesos-
cale eddy located inside of the individual fluid region τ  of the thermally he-
terogeneous viscous (compressible and incompressible, respectively) 
heat-conducting stratified fluid over the two-dimensional bottom topography 
( )h x  characterized by the horizontal coordinate x  along a horizontal axis 

X. Based on the derived partial (incompressible) local condition (of the tidal 
maintenance of the quasi-stationary energy and viscous-thermal dissipative 
turbulent structure of the mesoscale eddy) and using the calculated vertical 

distributions of the mean viscous dissipation rate per unit mass ( ),dis v zε  and 

the mean thermal dissipation rate per unit mass ( ),dis t zε  in four regions near 
the observed mesoscale (periodically topographically trapped by nearly 
two-dimensional bottom topography) eddy located near the northern region 
of the Yamato Rise in the Japan Sea, the combined analysis of the energy 
structure of the eddy and the viscous-thermal dissipative structure of turbu-
lence is presented. The convincing evidence is presented of the tidal mechan-
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ism of maintenance of the eddy energy and viscous-thermal dissipative struc-
ture of turbulence (produced by the breaking internal gravity waves generated 
by the eddy) in three regions near the Yamato Rise subjected to the observed 
mesoscale eddy near the northern region of the Yamato Rise of the Japan Sea. 
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1. Introduction 

It is well known that the problem of turbulence is “the last great unsolved prob-
lem of classical physics” [1], the solution of which has the practical significance 
for humankind. Based on the assumption of the local thermodynamic equili-
brium [2], De Groot and Mazur [3], and Gyarmati [4] defined the macroscopic 
kinetic energy per unit mass kε  as the sum of the macroscopic translational 
kinetic energy per unit mass tε  and the macroscopic internal rotational kinetic 
energy per unit mass rε . We derived [5] the formula for the macroscopic ki-
netic energy per unit mass kε  generalizing the classical expression k t rε ε ε= +  
[3] [4] by taking into account the shear component of the macroscopic conti-
nuum motion related with the rate of strain tensor ije  [1] [5]. The macroscopic 
kinetic energy per unit mass kε  is presented [5] as the sum of the macroscopic 
translational kinetic energy per unit mass tε  [3] [4] [5] [6] and three Galilean 
invariants: the classical macroscopic internal rotational kinetic energy per unit 
mass rε  [3] [4], the established [5] macroscopic non-equilibrium internal 
shear kinetic energy per unit mass sε  and the established [5] macroscopic 
non-equilibrium internal kinetic energy of a shear-rotational coupling per unit 
mass ,

coup
s rε  with a small correction resε . The generalized formula [5] for the 

macroscopic kinetic energy per unit mass kε  was the basis of the 
non-equilibrium statistical thermohydrodynamic theory [5] [7] [8] [9] [10] [11] 
of the three-dimensional isotropic homogeneous small-scale dissipative turbu-
lence. The physical correctness of the non-equilibrium statistical thermohydro-
dynamic theory was demonstrated [5] [7]-[13] for laboratory and oceanic 
three-dimensional isotropic homogeneous small-scale dissipative stratified tur-
bulence in the wide range of the energy-containing length scales from the inner 
Kolmogorov length scale [14] to the length scales proportional to the Ozmidov 
length scale [5].  

The classical Gibbs’ differential formulation [2] [15] of the first law of ther-
modynamics was generalized [7] [8] [9] [16]-[21] (for the small [7] and for the 
finite continuum regions τ  considered in the Galilean frame of reference) by 
taking into account (along with the classical [2] [3] [4] [15] infinitesimal change 
of heat Qδ  and the classical [2] [3] [4] [15] infinitesimal change d dU Uτ ≡   
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of the internal thermal energy Uτ ) the infinitesimal increment dKτ  of the 
macroscopic kinetic energy Kτ  (which contains (for the for the small conti-
nuum region τ  [5] [7]) the classical macroscopic translational kinetic energy 
[3] [4], the classical macroscopic internal rotational kinetic energy [3] [4], the 
established [5] macroscopic non-equilibrium internal shear kinetic energy and 
the established [5] macroscopic non-equilibrium internal kinetic energy of a 
shear-rotational coupling), the infinitesimal increment d τπ  of the gravitational 
potential energy τπ , the generalized expression for the infinitesimal work 

,npA τδ ∂  [7] done by the non-potential terrestrial stress forces (characterized by 
general symmetric stress tensor T  [4]) acting on the boundary surface τ∂  of 
the continuum region τ , the infinitesimal increment dG  (which is not pre-
sented in the generalized differential formulation [7] of the first law of thermo-
dynamics for the small continuum region τ ) of energy due to the combined 
cosmic and terrestrial non-stationary energy gravitational influence dG  on the 
continuum region τ . We founded the generalized thermohydrogravidynamic 
model [9] [16] [17] [18] of the earthquake focal region based on the generalized 
differential formulation [9] [16]-[21] of the first law of thermodynamics and us-
ing the generalized expression for the infinitesimal work ,npA τδ ∂  (for the New-
tonian continuum [9] [16] [17] [18] [19] [20]) together with the generalized ex-
pression [5] [7] [8] [16] [17] [18] for the instantaneous macroscopic kinetic 
energy Kτ  of the small macroscopic individual continuum region τ . We 
founded [9] [21] also the generalized differential formulation of the first law of 
thermodynamics for the deformed one-component individual finite continuum 
region τ  (considered in the rotational coordinate system K related with the 
rotating Earth) subjected to the non-stationary Newtonian terrestrial gravita-
tional field, the tidal, Coriolis and centrifugal forces, and non-potential terrestri-
al stress forces (characterized by general symmetric stress tensor T  [4]) acting 
on the boundary surface τ∂  of the individual finite continuum region τ . It 
was pointed out [21] that the generalized differential formulation of the first law 
of thermodynamics [9] [16] [17] [18] [19] [20] (for the Galilean frame of refer-
ence) is preferable (with respect to the derived generalized differential formula-
tion of the first law of thermodynamics [9] [21] formulated for the rotational 
coordinate system) for consideration of the regional and global seismotectonic 
activity of the Earth since it gives the possibility to not consider the variable (in 
time and space) tidal, Coriolis and centrifugal forces acting on the individual fi-
nite continuum region τ  of the Earth. However, in this article we shall consid-
er (for the first time) the established [9] [21] generalized differential formulation 
of the first law of thermodynamics (formulated for the rotational coordinate 
system K related with the rotating Earth) for analysis of the energy and dissipa-
tive structure of the mesoscale eddy observed [22] in the northwestern part of 
the Japan Sea near the Yamato Rise. The aim of this article is to bring out the 
practical significance of the established generalized differential formulation of 
the first law of thermodynamics [9] [21] (formulated for the rotational coordi-
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nate system K related with the rotating Earth) for foundation of the tidal me-
chanism (related with cosmic non-stationary gravitational field of the Moon) of 
maintenance of the quasi-stationary energy and dissipative turbulent (not iso-
tropic and not homogeneous) structure of the mesoscale oceanic eddies (espe-
cially, located near the Yamato Rise of the Japan Sea [22]). To do this, in Section 
2 we present the equivalent generalized differential formulations (11) and (17) of 
the first law of thermodynamics [9] [21] for the deformed one-component indi-
vidual finite continuum region τ  (considered in the rotational coordinate sys-
tem K related with rotating Earth) subjected to the non-stationary Newtonian 
terrestrial gravitational field, the tidal forces (related with the cosmic 
non-stationary gravitational field), the Coriolis and centrifugal forces, and the 
non-potential terrestrial stress forces acting on the boundary surface τ∂  of the 
individual finite continuum region τ . Based on the established [9] [21] genera-
lized differential formulation (17) of the first law of thermodynamics and the re-
lated evolution Equation (18) for the total mechanical energy ( ),terKτ τπ+  of 
the deformed finite individual macroscopic region τ  of the Newtonian conti-
nuum (considered in the rotating coordinate system), we formulate in Section 3 
the general and partial (incompressible) local conditions ((29) and (30), respec-
tively) of the tidal maintenance of the quasi-stationary energy and dissipative 
(viscous-thermal-compressible and viscous-thermal, respectively) turbulent 
structures of the mesoscale eddy located inside of the individual fluid region τ  
over the two-dimensional bottom topography ( )h x  characterized by the hori-
zontal coordinate x  along the horizontal axis X. To evaluate the partial (incom-
pressible) local condition (30) (formulated based on the internal tide generation 
model [23] and considering the thermally heterogeneous incompressible viscous 
Newtonian fluid characterized by the classical [6] thermal dissipation rate per 
unit mass ,dis tε  and the classical [3] [4] [5] [6] [7] [14] [24] local viscous dissi-
pation rate per unit mass ,dis vε ), in Section 4, we present the calculated vertical  
distributions of the mean viscous dissipation rate per unit mass ( ),dis v zε  cha-
racterizing the vertical viscous dissipative structure of turbulence in four regions 

in the vicinity of the mesoscale eddy. The vertical distributions of ( ),dis v zε  are  

calculated based on parametrization (45) established using the analysis of the 
CTD measurements [22] for four regions in the vicinity of mesoscale eddy ob-
served in the northwestern part of the Japan Sea near the Yamato Rise on 25 
February-9 March, 2003 in the cruise of R/V Akademik M.A. Lavrentyev. In Sec-
tion 5, we present the calculated vertical distributions of the mean thermal dis-
sipation rate per unit mass ( ),dis t zε  characterizing the vertical thermal dissipa-
tive structure of turbulence in four regions in the vicinity of the mesoscale eddy. 
In Section 5, we present also the calculated mean (for all stations in each consi-
dered region in the vicinity of the mesoscale eddy) vertical distributions  

( )dis zε  (of the mean viscous-thermal dissipation rates per unit mass 

( ) ( ) ( ), ,dis dis v dis tz z zε ε ε= + ) characterizing the vertical viscous-thermal dissipa-
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tive structure of turbulence in four regions in the vicinity of the mesoscale eddy.  
Based on the partial (incompressible) local condition (30), in Section 6, we 
present the combined analysis of the energy and viscous-thermal dissipative 
structure of turbulence in the mesoscale (periodically topographically trapped 
[22] [25] [26]) eddy located near the northern region of the Yamato Rise in the 
Japan Sea. In Section 7, we present the summary of main results and conclusion. 

2. The Generalized Differential Formulation of the First Law  
of Thermodynamics for the Rotational Coordinate System  
Related with the Rotating Earth 

Let us consider an individual finite continuum region τ  (characterized by the 
closed continual boundary surface τ∂ ), which moves in the three-dimensional 
Euclidean space with respect to rotational Cartesian coordinate system K 
( ( )3,K K C≡ Ω ) related with the rotating Earth (see Figure 1). The rotational 
Cartesian coordinate system K is centred at the mass center 3C  of the rotating 
Earth and is determined by the axes 1 2 3, ,X X X  (see Figure 1) defined by the 
unit normal coordinate vectors 1 2 3, ,µ µ µ , respectively.  

The local hydrodynamic velocity ( )1 2 3, ,υ υ υ=v  is determined by the general 
equation of continuum movement (for the rotational coordinate system K) [9] 
[21]: 

[ ] [ ] tidal
d 1 2 ,
d

div
t ρ

 = + − × − × × + 
v T g v r FΩ Ω Ω            (1) 

where, d dtv
 

is the total acceleration of the physically infinitesimal continuum 
element, d dt t= ∂ ∂ + ⋅∇v  is the total derivative [4] [5] [6] [7], T  is an 

 

 
Figure 1. The rotational Cartesian coordinate system K centred at the mass center of the 
rotating Earth and the Lagrangian coordinate system K ′  related with the mass center C 
of an individual finite continuum region τ  subjected to the combined (terrestrial and 
cosmic) non-stationary Newtonian gravitation. 
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arbitrary symmetric stress tensor [4], ρ  is the local density of mass distribu-
tion, terψ= −∇g  is the local terrestrial gravitational acceleration of the 
non-stationary gravitational field of the Earth, terψ  is the non-stationary terre-
strial gravitational potential, Ω  is the angular velocity vector of the Earth’s ro-
tation, r  is the vector characterizing the physically infinitesimal continuum 
element. According to the general Equation (1), the moving rotating deforming 
heat-conducting stratified one-component individual finite continuum region  

τ  is subjected to the terrestrial force 1 div
ρ

T , the terrestrial non-stationary 

Newtonian gravitational field characterized by the local terrestrial gravitational 
acceleration terψ= −∇g , the Coriolis force [ ]2− × vΩ  [27], the centrifugal 

force [ ] − × × rΩ Ω  [27] and the classical tidal force tidalF  [28], which is re-

lated predominantly with the non-stationary gravitational field of the Moon and 
the Sun. 

The pressure tensor = −P T  [4] is given by the decomposition [3]: 

p= +P δ Π                              (2) 

defined by the delta-tensor δ , the thermodynamic pressure p and the visc-
ous-stress tensor Π  [3]. The differential formulation of the first law of ther-
modynamics for the one-component deformed continuum element (physically 
infinitesimal continuum region) with no chemical reactions [3]:  

d d d :
d d d
u q p Grad
t t t

ϑ ϑ= − − vΠ                     (3) 

determines the time evolution of the specific (per unit mass) internal thermal 
energy u by taking into account the specific volume 1ϑ ρ= , the infinitesimal 
(differential) change of heat dq  (related with the thermal molecular conduc-
tivity) across the boundary surface of the continuum element. The infinitesimal 
change of heat dq  is determined by the classical heat equation [3]:  

d ,
d q
q div
t

ρ = − J                           (4) 

which takes into account the density of the heat flux qJ  [3] due to the thermal 
molecular conductivity of heat in the considered continuum. 

We use the classical de Groot and Mazur expression [3] for the entropy pro-
duction (per unit mass) prσ  in thermally heterogeneous one-component 
Newtonian fluid (with no chemical reactions): 

2

1 1: ,pr qGrad T
T T

σ
ρ ρ

= − − ⋅∇v JΠ                 (5) 

where T
 
is the absolute temperature. The density of the heat flux qJ  is deter-

mined by the classical Fourier’s law [3] [4] [6] 

,q Tλ= − ∇J                            (6) 

where λ  is the coefficient (designated [6] as æ) of thermal molecular conduc-
tivity of heat [3] [4]. The relations (5) and (6) give the expression for the total 
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kinetic energy dissipation rate per unit mass disε  (in thermally heterogeneous 
viscous compressible Newtonian fluid with no chemical reactions): 

( ) ( ) ( )2
2 2

, , , 2
22 ,
3dis pr dis t dis v dis c ij

T
T ν e ν ν div

T
ε σ ε ε ε λ

ρ
∇ = = + + = + − + 

 
v  (7) 

where  

( )
2

2
, 2

2
ji

dis v ij
j i

ν ν e
X X

υυ
ε

 ∂∂
= = +  ∂ ∂ 

                 (8) 

is the classical [3]-[8] [14] [24] local viscous dissipation rate per unit mass (in 
the Newtonian continuum characterized by the local coefficient of molecular 
kinematic viscosity ν η ρ=  [5] [6] [7]) related with the local rate of the strain  

tensor 1
2

ji
ij

j i

e
X X

υυ ∂∂
= +  ∂ ∂ 

 [5] [7];  

( )2
, 2

2
3dis c ν ν divε  = − 

 
v                       (9) 

is the classical [3] [4] [6] [7] viscous-compressible dissipation rate per unit mass 
(in the Newtonian continuum characterized by the coefficient of molecular ki-
nematic viscosity ν  [5] [6] [7] and the coefficient of molecular volume (second) 
viscosity 2 vν η ρ=  [5] [6] [7]); 

( )2

,dis t
T
T

ε λ
ρ
∇

=                            (10) 

is the classical [3] [6] thermal dissipation rate per unit mass determined by the 
coefficient λ  of thermal molecular conductivity of heat, the local absolute 
temperature T, and the local gradient T∇

 
of the local temperature field.

 
 

Based on the general Equation (1), the decomposition (2), the differential 
formulation (3) and the heat Equation (4) [3], we derived [9] [21] the genera-
lized differential formulation of the first law of thermodynamics (for the symme-
tric stress tensor Т  and for the rotational coordinate system ( )3,K K C≡ Ω ): 

, , , ,d d d dter np ter tidal cU K Q A G Aτ τ τ τ τπ δ δ δ∂+ + = + + +          (11) 

taking into account the classical differential (during the differential time interval 
dt ) change Qδ  of heat [2] [4] [15], the classical differential change dUτ  of 
the internal thermal energy Uτ  [2] [4] [15], the differential change dKτ  [9] 
[21] of the macroscopic kinetic energy Kτ : 

2

d ,
2τ

K Vτ ρ= ∫∫∫
v                         (12) 

the differential change ,d terτπ  [9] [21] of the gravitational terrestrial potential 
energy ,terτπ : 

, d ,ter ter Vτ
τ

π ψ ρ= ∫∫∫                         (13) 

the generalized [9] [21] differential work ,npA τδ ∂ : 
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( )( ), d dnp nA tτ
τ

δ ∂
∂

= ⋅ ⋅ Ω∫∫ v n T                    (14) 

done by non-potential terrestrial stress forces acting on the boundary surface 
τ∂  of the considered individual continuum region τ , the differential terrestrial 

energy gravitational influence d terG  [9] [21] on the continuum region τ : 

d d dter
terG t V

tτ

ψ
ρ

∂
=

∂∫∫∫                       (15) 

due to the non-stationary terrestrial Newtonian gravitational field, and the tid-
al-centrifugal differential work tidal, ,cA τδ  [9] [21]:  

 
[ ]( )( )tidal, , tidald dcA t Vτ

τ

δ ρ = ⋅ − × × ∫∫∫ v F rΩ Ω              (16) 

done by the combined tidal and centrifugal forces acting on the considered indi-
vidual continuum region τ  during the differential time interval dt . 

Based on relations (11), (12), (13), (14), (15) and (16), we obtained [9] [21] the 
equivalent generalized differential formulation of the first law of thermodynam-
ics (for rotational coordinate system ( )3,K K C≡ Ω ): 

 

( )

( )( ) ( )

[ ]( )( )

2
,

tidal

d d d 1 d
d d d 2

d d d

d .

ter ter

ter
n q n

τ

E K U u V
t t t

V
t

V

τ
τ τ τ

τ

τ τ τ

π ψ ρ

ψ
ρ

ρ
∂ ∂

 = + + = + + 
 

∂
= ⋅ ⋅ Ω − ⋅ Ω +

∂

 + ⋅ − × × 

∫∫∫

∫∫ ∫∫ ∫∫∫

∫∫∫

v

v n T J n

v F rΩ Ω

          (17) 

Based on the generalized differential formulation (17) of the first law of ther-
modynamics, we derived [9] [21] the evolution equation for the total mechanical 
energy ( ),terKτ τπ+  of the finite individual macroscopic region τ  of the 
viscous compressible Newtonian continuum (fluid): 

( )

( ) ( )

( ) ( )( )

[ ]( ) ( )

2
,

2 2

tidal

d d 1 d
d d 2

22 d d d
3

2d  d
3

2 d d

d d ,

ter ter

v
ij

n v n

ter
n

K V
t t

ν e V ν div V pdiv V
ρ

p div

v n e V
t

V V

τ τ
τ

τ τ τ

τ τ

β α αβ
τ τ

τ τ

π ψ ρ

η
ρ ρ

η η

ψ
η ρ

ρ ρ

∂ ∂

∂

 + = + 
 

 
= − − − + 

 
 − ⋅ Ω − − ⋅ Ω 
 
∂

+ Ω +
∂

 − ⋅ × × + ⋅ 

∫∫∫

∫∫∫ ∫∫∫ ∫∫∫

∫∫∫ ∫∫

∫∫ ∫∫∫

∫∫∫ ∫∫∫

v

v v

v n v v n

v r v FΩ Ω

 

(18) 

which will be used in the next Section 3 for formulation of the general (compres-
sible) and partial (incompressible) local conditions of the tidal maintenance of 
the quasi-stationary energy and dissipative structure of the mesoscale oceanic 
eddy located over the two-dimensional bottom topography. Based on the evolu-
tion Equation (18) and the expression (7) for the total kinetic energy dissipation 
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rate per unit mass disε  (in thermally heterogeneous three-dimensional shear 
flow of the viscous compressible Newtonian fluid with no chemical reactions), 
we shall deduce in the next Section 3 the general (compressible) and partial (in-
compressible) local conditions of the tidal maintenance of the quasi-stationary 
energy and dissipative structure of the mesoscale eddy located inside of the indi-
vidual fluid region τ  over the two-dimensional bottom topography ( )h x . We 
shall use in the Section 6 the partial (incompressible) local condition (30) for the 
combined analysis of the energy and viscous-thermal dissipative structure of 
turbulence in four regions of the periodically topographically trapped [22] [25] 
[26] eddy in the quasi-stationary state near the northern region of the Yamato 
Rise in the Japan Sea. 

3. The General (Compressible) and Partial (Incompressible)  
Local Conditions of the Tidal Maintenance of the  
Quasi-Stationary Energy and Dissipative Turbulent  
Structure of the Mesoscale Eddy Located over the  
Two-Dimensional Bottom Topography 

To derive the general (compressible) and partial (incompressible) local condi-
tions of the tidal maintenance of the quasi-stationary energy and dissipative 
turbulent structure of the mesoscale eddy located inside of the individual fluid 
region τ  over the two-dimensional bottom topography ( )h x  (characterized 
by the horizontal coordinate x  along the horizontal axis X), it is necessary to 
understand the physical nature of various terms on the right hand side of the 
evolution Equation (18). The first term describes [9] [21] the total power of the 
irreversible viscous dissipation (in the Newtonian continuum due to the viscous 
dissipation rate (in a unit of mass) ,dis vε  according to the expression (8)) of the 
macroscopic kinetic energy inside of the individual region τ . The second term 
describes [9] [21] the total power of the irreversible viscous-compressible dissi-
pation (in the Newtonian continuum due to the viscous-compressible dissipa-
tion rate (in a unit of mass) ,dis cε

 
related with the compressibility effects (re-

lated with the divergence 0div ≠v
 

of the local hydrodynamic velocity v ) ac-
cording to the expression (9)) of the macroscopic kinetic energy inside of the in-
dividual region τ . The total power of the reversible compressibility effect (re-
lated with the influence of the divergence 0div ≠v  and the thermodynamic  
pressure p on the total mechanical energy ( ),terKτ τπ+  of the individual  

continuum region τ ) is described [9] [21] by the third term. The total powers 
of the mechanical energy exchange across the boundary surface τ∂  (between 
the individual continuum region τ  and its surroundings) are described [9] [21] 
by the fourth, fifth and sixth terms. The total power of the terrestrial energy gra-
vitational influence (owing to of the non-stationary terrestrial gravitational field) 
on the individual continuum region τ  is described [9] [21] by the seventh term. 
The total power of the energy influence (on the individual continuum region τ ) 
of the centrifugal force is described [9] [21] by the eighth term. The total power 
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of the energy gravitational influence of the tidal force tidalF  (due to the cosmic 
non-stationary gravitation) on the individual continuum region τ  is described 
[9] [21] by the ninth term. Taking into account that the Coriolis force 

[ ]2− × vΩ  is perpendicular to the hydrodynamic velocity v , the total power of 
the energy influence of the Coriolis force is vanished [9] [21]. The classical [6] 
thermal dissipation rate per unit mass ,dis tε  (given by the relation (10)) is not 
presented in the evolution Equation (18) since the thermal dissipation rate per 
unit mass ,dis tε  characterizes the intermediate dissipation of the macroscopic 
kinetic energy (owing to the creation of the local heterogeneities of the temper-
ature field), which is converted eventually into the internal heat owing to the 
viscous dissipation rate per unit mass ,dis vε  (given by the relation (8)) and the 
viscous-compressible dissipation rate per unit mass ,dis cε

 
(given by the relation 

(9)). To deduce the general (compressible) and partial (incompressible) local 
conditions of the tidal maintenance of the quasi-stationary energy and dissipa-
tive turbulent structure of the mesoscale eddy over the two-dimensional bottom 
topography ( )h x , we take into account in the following analysis the first, 
second and ninth terms on the right hand side of the evolution Equation (18) by 
disregarding the total powers of the mechanical energy exchange across the 
boundary surface τ∂  (between the individual continuum region τ  and its 
surroundings) due to the compressibility, pressure and viscous effects (related 
with the third, fourth, fifth and sixth terms), by disregarding the total power of 
the terrestrial energy gravitational influence on the individual continuum region 
τ  (related with the seventh term) owing to the time variations of the 
non-stationary gravitational potential terψ  of the Earth, and by disregarding 
the total power (related with the eighth term) of the energy influence (on the in-
dividual continuum region τ ) of the centrifugal force. We make these simpli-
fied assumptions to found convincingly the predominant tidal mechanism (re-
lated mainly with the ninth term of the evolution Equation (18)) of maintenance 
of the quasi-stationary energy and viscous-thermal dissipative turbulent struc-
ture of the mesoscale oceanic eddies (especially, located near the Yamato Rise of 
the Japan Sea [22]). 

Let us consider the ninth term on the right hand side of the evolution Equa-
tion (18). According to the internal tide generation models [23] for the 
two-dimensional bottom topography ( )h x , the tidal force tidalF  is considered 
as the sum  

tidal ,i= +F F F                        (19) 

where F  is the force generating the barotropic (surface) tide, iF  is the force 
generating the baroclinic (internal) tide related with the generation of internal 
tidal waves by the interaction of the barotropic tide with the bottom topography. 
Taking into account the decomposition (19), the ninth term on the right hand 
side of the evolution Equation (18) represents the total mechanical energy pro-
duction per unit time (in the individual macroscopic region τ ) related with the 
energy power tidalW

 
of the tidal force tidalF : 
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( ) ( ) ( )tidal tidal d d d ,i bt bсW V V V W W
τ τ τ

ρ ρ ρ= ⋅ = ⋅ + ⋅ = +∫∫∫ ∫∫∫ ∫∫∫v F v F v F  (20) 

where  

( ) d dbt btW V P V
τ τ

ρ ρ= ⋅ =∫∫∫ ∫∫∫v F                  (21) 

is the total barotropic kinetic energy production per unit time (in the individual 
macroscopic region τ ) related with the barotropic tidal force F , 

( ) ( )d , dbc iW V P x z V
τ τ

ρ ρ= ⋅ =∫∫∫ ∫∫∫v F              (22) 

is the total baroclinic mechanical energy production per unit time bcW  (in the 
individual macroscopic region τ ) related with the baroclinic tidal force iF . 
According to the statistical analysis of the temperature variations (based on the 
empirical orthogonal functions [29]) at different depths throughout the water 
column near the shelf boundary of the Japan Sea, the baroclinic (internal) tide of 
the semidiurnal time period 12.4 hrT =  is the predominant component of the 
internal tide in the Japan Sea. 

According to the internal tide generation models [23] describing the genera-
tion of the internal semidiurnal tide by the barotropic tide over the 
two-dimensional bottom topography (determined by the bottom depth ( )h x  
as a function of the horizontal coordinate x  along a horizontal axis X), the to-
tal barotropic kinetic energy production per unit time (21) is related with the 
barotropic tide characterized by the following barotropic velocities (along the 
horizontal axis X and the vertical axis Z, respectively): 

 
( ) ( )1 1
1 d 1e , e ,

d
i t i tu Q w zQ

h x x h x
ω ω− − 

= = −   
 

             (23) 

where 1u  is the horizontal barotropic velocity component along the horizontal 
axis X, 1w  is the vertical barotropic velocity component along the vertical axis 
Z, i is the imaginary unity, t is the time, 2π Tω =  is the circular frequency of 
the barotropic semidiurnal tide related with the semidiurnal time period 

12.4 hrT = , ( )Q h x  is the maximal horizontal barotropic velocity of the ba-
rotropic flow along the horizontal axis X. Owing to the absence of the vertical 
velocity shear and the vanished divergence ( 1 0div =v  [23]) of the barotropic 
velocity field ( )1 1 1,u w=v  (given by the components (23) [23]), the barotropic 
tide (inside of an abitrary individual region τ  of the Newtonian continuum) is 
characterized by the vanished (equal to zero) total rate of the viscous dissipation, 
the vanished total rate of the viscous-compressible dissipation and the vanished 
total rate of the thermal dissipation of the macroscopic kinetic energy (owing to 
the constant density of the barotropic tide [23]). Consequently, the total rates of 
the viscous dissipation, the viscous-compressible dissipation of the macroscopic 
kinetic energy, and the thermal dissipation of the macroscopic mechanical 
energy are related mainly with the baroclinic (internal) tide [23]. 

According to the internal tide generation models [23], the baroclinic tidal 
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force iF  (generating the internal tide) is characterized by the following single 
vertical real component iF : 

( ) ( )
( )

2
2

d sin ,
di
h xzQ  tF N z   

x h x
ω

ω
=                     (24) 

where the stability frequency ( )N z  is defined by the relation [23] [30]  

( ) ( )
( )d

d
zgN z

z z
ρ

ρ
∗

∗

=                        (25) 

depending on the local gravity acceleration g, the distribution of the averaged 
potential density ( )zρ∗  [30] as a function of the vertical depth z. The total ba-
roclinic mechanical energy production per unit time bcW

 
(given by the relation 

(22)) is directed to the baroclinic tide due to the interaction of the barotropic 
(surface) tide with the bottom topography. Based on the decomposition [23]: 

1 i= +v v v                                (26) 

of the total semidiurnal velocity field as the sum of the barotropic ( 1v ) and ba-
roclinic ( iv ) components, and using the condition 1 iv v

, we evaluate the 
local baroclinic mechanical energy production per unit mass ( ),P x z  (deter-
mining by the relation (22)):  

( ) ( )
( )

22 2
2

1 4

d sin, e
d

i t
i

h xz Q  tP x z F w N
x h x

ωω
ω

− 
= =  

 
            (27) 

directed to the unit mass of sea water due to the interaction of the barotropic 
(surface) tide with the two-dimensional bottom topography ( )h x . The expres-
sion (27) for ( ),P x z  leads to the vertical distribution (for each horizontal 
coordinate x ) of the normalized local baroclinic mechanical energy production 
per unit mass ( )( )n

P z : 

( )( ) ( )
( )( ) ( )( )

2 2

2 2

,
.

max , maxn
z z

P z x N zP z
P z x N z z

= =               (28) 

depending on the vertical depth (coordinate) z. 
To found the general (compressible) and partial (incompressible) local condi-

tions of the tidal maintenance of the quasi-stationary energy and dissipative 
turbulent structure of the mesoscale eddy over the two-dimensional bottom to-
pography ( )h x , we shall use the first, second and ninth terms on the right hand 
side of the evolution equation (18), the related relation (27) (for the local baroc-
linic mechanical energy production per unit mass ( ),P x z  in the relation (22) 
for the total baroclinic mechanical energy production per unit time bcW  in 
the individual macroscopic region τ ) and the thermal dissipation rate per 
unit mass ,dis tε  given by the relation (10). Assuming the predominance of the 
first, second and ninth terms on the right hand side of the evolution equation 
(18), and using the expression (7) for the total kinetic energy dissipation rate 
per unit mass disε , we formulate the following general (compressible) local 
condition of the tidal maintenance of the quasi-stationary energy and visc-

https://doi.org/10.4236/jmp.2018.93026


S. V. Simonenko, V. B. Lobanov 
 

 

DOI: 10.4236/jmp.2018.93026 369 Journal of Modern Physics 
 

ous-thermal-compressible dissipative turbulent structure of the mesoscale eddy 
located inside of the individual fluid region τ  over the two-dimensional bot-
tom topography ( )h x : 

( ) ( ) ( )

( ) ( )
( )

2
2 2

, , ,

22 2
2

1 4

22
3

d sin, e .
d

v
dis dis t dis v dis c ij

i t
i

T
ν e div

T

h xz Q tP z x F w N
x h x

ω

η η
ε ε ε ε λ

ρ ρ ρ

ω
ω

−

∇  
= + + = + + − 

 

 
= = =  

 

v

    (29) 

Taking into account ,dis tε  and ,dis vε , and disregarding ,dis cε  (in accor-
dance with the classical approach of the incompressible oceanic turbulence [5] 
[7] [14] [24] [30]), we obtain from the general local condition (29) the partial 
(incompressible) local condition (which will be under our analysis in Section 6):  

( ) ( )

( ) ( )
( )

2
2

, ,

22 2
2

1 4

2

d sin, e
d

dis dis t dis v ij

i t
i

T
ν e

T

h xz Q  tP z  x F w N   
ω x h x

ω

ε ε ε λ
ρ

ω −

∇
= + = +

 
= = =  

 

         (30) 

of the tidal maintenance of the quasi-stationary energy and viscous-thermal 
dissipative turbulent structure of the mesoscale eddy located inside of the in-
dividual fluid region τ  over the two-dimensional bottom topography ( )h x . 
In the next Section 4 we shall present the calculated vertical distributions of 
the mean viscous dissipation rate per unit mass ( ),dis v zε  (for consideration 
of the partial local condition (30)) characterizing the vertical viscous dissipa-
tive structure of turbulence in four regions in the vicinity of the mesoscale an-
ticyclonic eddy [22] located just to the north of Yamato Rise in the Japan Sea. 

4. Spatial Spectra of Temperature Fluctuations and the  
Viscous Dissipative Structure of Turbulence in Four  
Regions near the Mesoscale Eddy  

Mesoscale eddies of the Japan Sea are significant factor of oceanic structure and 
dynamics [31] related with the development of the submesoscale motion, which 
maintains the strong turbulent mixing [22]. The experimental studies [22] [31] 
suggested that the turbulent mixing in the eddies core and the subsequent 
transport of trapped waters is the significant mechanism of formation of the 
large-scale structure of the Japan Sea intermediate waters. Taking into account a 
large number of the eddies and their long life-time, we pointed out [22] the sig-
nificance of eddies for the vertical transport of heat, salt, dissolved oxygen and 
the biogenic elements in the deep layers the Japan Sea.  

The coexistence of internal gravity waves with mesoscale eddies was revealed 
[32] based on satellite synthetic aperture radar (SAR) images in the sea south of 
the Grand Banks. It was shown (based on the linear theoretical analysis [33]) 
that the shear instability (related with the variability of the eddy current field) is 
the dynamical mechanism of internal gravity wave generation.  
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It was shown (based on the revised estimates [34] of net energy transfers be-
tween the internal gravity wave and the mesoscale eddy fields) that the 
wave-eddy coupling is a significant regional source of internal gravity waves. It 
was confirmed [35] that the dominant source of energy for the internal wave 
field in the Gulf Stream area is related with the dissipation of mesoscale eddies 
due to the generation of internal gravity waves during the mesoscale ed-
dy-internal wave interaction.  

The prevalent mechanism of the turbulence generation in the oceanic ther-
mocline was associated [30] previously with the breaking internal gravity waves 
due to the shear instability. We have the proportionality (of the Richardson 
number Ri and the stability frequency N) 1~Ri N −  (in classical consideration 
[36] of turbulence generation due to the unstable breaking internal gravity 
waves), which gives the minimal Ri in the oceanic thermocline in accordance 
with the proportionality 2~ Nε  [36] for the turbulent kinetic energy produc-
tion rate ε . Consequently, the mean viscous dissipation rate per unit mass disε  
should be also proportional to 2N , i.e. 2~dis Nε  explaining the remarkable 
coexistence of strong stratification and extremely large viscous dissipation of the 
turbulent kinetic energy in the breaking internal gravity waves. The classical de-
pendence ( ) 2~TE k k −  (defined by the spatial wave number k) of the spatial 
spectra ( )TE k  of temperature fluctuations was suggested previously [37] for the 
internal gravity waves in the presence of fine structure of the temperature field. 

To study the fine structure of the temperature field related with an anticyc-
lonic eddy, the CTD survey of northwestern part of the Japan Sea was carried 
out on 25 February-9 March, 2003 in the cruise of R/V Akademik M.A. Lavren-
tyev [22]. Special observations were done crossing an anticyclonic eddy of 
around 70 km in diameter located just to the north of Yamato Rise (see Figure 
2(a) and Figure 2(b)). Numbers of some stations (St.) referred in the analysis 
are indicated on Figure 2(a) and Figure 2(b). 

To analyze the calculated [38] spatial spectra ( )TE k  of the temperature 
fluctuations we have divided the survey area into four regions: 1) the eddy core 
(St. 33, 34, 39 and 40); 2) the edge of the eddy (St. 32, 35, 38 and 41); 3) the re-
gion of the frontal zone in the south (St. 17, 36 and 37); and 4) the region of the 
subarctic waters in the north (St. 30, 31, 42, 43 and 44).  

The calculated [38] spatial spectra ( )TE k  of the temperature fluctuations 
are well approximated (for four regions and for all stations characterized by dif-
ferent integer numbers i) by the suggested [37] dependences (indicated by the 
black approximating lines on Figures 3(a)-(d)) 

( ) ( )2~ constTE k k i− +                        (31) 

for the internal gravity waves (characterized by the small spatial wave numbers 
k) and for the active overturning turbulence (for large k). 

We see on Figure 3(a) that the core of the eddy is characterized by the practi-
cally identical spatial spectra ( )TE k  for stations 33, 34, 39 and 40. Consequently,  
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(a)                                                       (b) 

Figure 2. Distribution of water temperature (˚C) at 150 m depth (a) and along meridional section crossing an anticyclonic eddy (b) 
in the northwestern Japan Sea on 25 February-9 March, 2003. 
 

 
(a)                              (b)                          (c)                         (d) 

Figure 3. The calculated spatial spectra ( )TE k  of temperature fluctuations for stations located in the eddy core (a), at the edge 

of the eddy (b), in frontal zone (c) and subarctic waters (d). 

 
we can assume that the mesoscale anticyclonic eddy (located just to the north of 
Yamato Rise, see Figure 2(a) and Figure 2(b)) generates the breaking internal 
gravity waves, which produce the intense small-scale dissipative turbulence and 
related strong turbulent mixing [22] in the mesoscale eddy characterized by the 
fine microstructure of the temperature field characterized by the suggested [37] 
dependences (31) for the calculated [38] spatial spectra ( )TE k  of the temper-
ature fluctuations in the four considered regions. 

It was evaluated [39] that the viscous dissipation rate (per unit mass) 

( ),dis v zε

 

(related with the breaking internal gravity waves of the background 

internal gravity wave field) is distributed proportionally to ( )2N z  (i.e., 

( ) ( )2
, ~dis v z N zε ) throughout the water column. The experimental study [40]  
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reveals also the similar remarkable coexistence of strong stratification, extremely 
large turbulent kinetic energy and extremely large viscous dissipation rate 

( ),dis v zε

 

of the turbulent kinetic energy at a very sharp front between two ed-
dies in the Kuroshio-Oyashio confluence zone. The authors [40] argued that this 
remarkable coexistence “is likely an extreme example of a process that occurs 
much more widely in the ocean, potentially playing an important role in its dy-
namics and energetics”. Using the calculated [38] spatial spectra ( )TE k  (ap-
proximating by the suggested [37] dependences (31)) of the temperature fluctua-
tions, we present below the method for calculation of the vertical distributions of 
the viscous dissipation rate per unit mass ( ),dis v zε

 

for different stations located 
in the four considered regions.  

Based on the Kolmogorov’s refined hypothesis [24], we founded [10] that the 

energy spatial spectrum (of the oceanic turbulence) ( ), ,disE k νε  has the gener-

al form (characterized by the universal function ( )KkLΦ  [10] [30]): 

( ) ( ) ( )
1 45

, ,dis v KE k ν kLε= Φ                    (32) 

where ν  is the kinematic viscosity, ( )1 43
,K dis vL ν ε=  is the inner Kolmogorov 

scale [14], ,dis vε
 

is the mean viscous dissipation rate per unit mass. Consider-

ing the power-law dependences ( ) ( )( )K KkL С kL µµΦ =  characterized by the 
power µ , we obtained [10] from relation (32) the power-law expression for the 
energy spatial spectrum ( ),E k µ   

( ) ( )( )
( ) ( )1 5 3

4 4
,, dis vE k C v k

µ µ
µµ µ ε

− +

= .                 (33) 

The power 5 3µ = −  is related with the three-dimensional isotropic homo-
geneous non-dissipative turbulence of the inertial subrange characterized by the 
classical [30] Kolmogorov energy spatial spectrum  

( ) ( )
2 5
3 3

,, 5 3 ~ dis vE k kε
−

−                       (34) 

for very high (large) turbulent Reynolds numbers. The power 13 7µ = −  is re-
lated with the weak anisotropic dissipative turbulence at the final viscous stage 
of decay [7] [10]. The power 3µ = −  is related with the strong (active, over-
turning) three-dimensional isotropic homogeneous small-scale dissipative tur-
bulence characterized by the energy spatial spectrum [7] [10] 

( ) ( ) 3
,, 3 ~ .dis vE k k νε −−                       (35) 

The power 2µ = −  is related with the anisotropic dissipative turbulence 
characterized by moderate energetics, which is slightly upper than the energetics 
of the final viscous stage of decay [7] [10]. It was correctly pointed out [41] 
(based on the numerical evidence) that the energy spatial spectrum 
( ) 2, 2 ~E k k −−  is not theoretically consistent with the assumption of weak iso-

tropic turbulence.  
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The energy spatial spectrum (33) corresponds to the spatial spectrum 
( ),TE k µ  of the turbulent temperature fluctuations ( pc  is the specific heat at 

the constant pressure) [10]: 

( ) ( )
( ) ( )3 33 4

4 24
,, ~ μ

T dis v pE k ν c k
µµ

µ ε
− − − 

−                  (36) 

characterized by the same power-law dependence k µ  on the spatial wave-
numbers k. Using the obtained (as it is evident from Figures 3(a)-(d)) experi-
mental power 2µ = −  in the spatial spectrum (36), we have the theoretical 
power 2µ = −  in the energy spatial spectrum (33) in accordance with the re-
vealed [42] [43] energy spatial spectra ( ) 2~E k k −  (in the surface layers of the 
California current system) based on the high-resolution numerical simulation of 
the mesoscale eddy turbulence related with transition from mesoscale to sub-
mesoscale fluid motion.  

Using the obtained experimental power 2µ = −  in the energy spatial spec-
trum (33), we obtain the coefficient ( )2 1 2C − =  in the energy spatial spectrum  

( ) ( )( )3 4 1 4 2
,, 2 2 dis vE k C ν kε − −− = −                   (37) 

by substituting the relation (37) into the classical condition [30]  

( )
1

2
,

0

2 , 2 d
KL

dis v ν k E k  kε = −∫ ,                    (38) 

where ( )1 43
min ,K dis vl L ν ε= =  [14] is the minimal size [7] [30] of the smallest 

turbulent eddies. Using the condition [30] [44]  

( )( ) 1 23 1
i k E k Nτ

− −= ≤                        (39) 

for the interaction time iτ  of turbulence and the stability frequency N, we ob-
tain the maximal energy-containing scale maxl  and the turbulent kinetic energy 
per unit mass turb  

( )2
max , 2K dis vl L νNε= ,                        (40) 

( )
( ) ( )

max

3 4 3 2
1

, max ,

1 4 2 1 2
1

, 2 d
2 4

KL
dis v dis v

tur
l

l
b E k  k

ν N ν

ε ε
= − ≈ =∫             (41) 

of the anisotropic dissipative turbulence characterized by the power 2µ = −  in 
the spectra (33) and (36), respectively. Substituting relations (40) and (41) into 
the refined (by the empirical coefficient ( )2Сµ′ −  corresponding to the power 

2µ = −  in spectra (33) and (36)) Kolmogorov relation [45]  

( ) max2tur turС l bµν ′= −                          (42) 

for the coefficient of turbulent (eddy) viscosity turν , we obtain the relation  

( )3 2

, , ,tur dis v dis crν ν ε ε=                        (43) 

where ( )( )2 3
, 4 22

dis cr νN Сµε ′= −  is the critical kinetic energy viscous dissipation 
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rate per unit mass [5] [7] [10], which characterizes the transition from a chaotic 
overturning turbulent regime to a wave hydrodynamic regime in an incompressi-
ble stratified viscous Newtonian fluid. We obtained [38] the numerical coefficient 

( )2 0.126Сµ′ − =  based on the minimal empirical value 2
, 10dis cr νNε =  [46] for 

oceanic turbulence. Substituting the relation (40) into the following refined [45] 
semi-empirical relation (refined [45] by introducing the empirical coefficient 

( )С Kµ′  [45] and by using the coefficient 1 3
DС
−  [45] instead of the coefficient 

4 3c  [47], i.e. under condition 1 3 4 3
DС c− = ):  

( ) ( )1 31 3 4 3
, maxtur μ D dis vν C K C lε−′=                     (44) 

and equating the relation (44) with the obtained relation (43), we obtained [38] 
the expression for the mean viscous dissipation rate per unit mass ( ),dis v zε :  

( ) ( )
( ) ( )

6
3 2

, 54
2dis v

C K
z Ko νN

C
µ

µ

ε
 ′ 

=   ′ − 
                  (45) 

used for the calculation of ( ),dis v zε  for all stations in the four considered re-
gions (see Figure 4). 

The numerical coefficient ( ) ( )3 23 2 0.316C K С Koµ µ′ = =  is calculated based 
on the relation [45]  

( ) DC K C Сµ µ′ =                            (46) 

and under condition 2 3 8 33 2 DKo C c−= =  [38] related with the experimental 
value 0.08Сµ ≈  [45] and the Kolmogorov constant 5 3Ko =  [48]. The rela-
tion (45) contains the dimensional coefficient 2νN , which is consistent with the 
non-equilibrium statistical thermohydrodynamic theory of the small-scale dis-
sipative turbulence [5] [7] [9] [10]. The dimensional coefficient 2N

 

in relation 
(45) is in agreement also with the previous evaluation [39] of the viscous dissipa-
tion rate (per unit mass) ( ),dis v zε

 

related with the breaking internal gravity 
waves of the background internal gravity wave field. 

The founded parameters ( ) 0.316C Kµ′ = , ( )2 0.126Cµ′ − =  [38] and Ko = 
5/3 [48] were used for the calculations of the vertical distributions of the viscous 
dissipation rate per unit mass ,dis vε

 
shown on Figure 4. The revealed very 

small variance (for stations 33, 34, 39 and 40) of relatively large maximal values 
of ,dis vε  (on Figure 4(a)) confirms the established intense turbulent mixing 
[22] in the core of the eddies. It is evident from the Figures 4(a)-(c) that the 
maximal values of ,dis vε  for the core of the eddy, the frontal zone and the edge 
of the eddy, respectively, are larger than the values of the viscous dissipation rate 
per unit mass ,dis vε  (characterized by the range 6 3 2 32 10 6 10 cm s− −× ÷ × ) ob-
served [49] in the eddies off Kuril Islands. It confirms the strong dissipative dy-
namics and energetics of the considered mesoscale eddy (shown on Figure 2) in 
the northwestern Japan Sea. The revealed maximal values of the viscous dissipa-
tion rate per unit mass ,dis vε  and the maximal variance of ,dis vε

 
at the edge of 

the considered eddy (see Figure 4(b)) and in the frontal zone (see Figure 4(c)) 
confirm the established [22] significance of the submesoscale motion related  
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(a)                              (b)                          (c)                         (d) 

Figure 4. The calculated vertical distributions of the viscous dissipation rate per unit mass ,dis vε  for stations located in the eddy 

core (a), at the edge of the eddy (b), in the frontal zone (c) and in the subarctic waters (d). 

 
with the breaking internal gravity waves [31] [37] [39] generating the anisotrop-
ic intermittent (locally strong) dissipative turbulence [38] of the frontal zone 
(shown on Figure 2(a)) and the edge region of the observed mesoscale eddy. 

5. The Thermal and Viscous-Thermal Dissipative  
Structures of Turbulence in Four Regions near  
the Mesoscale Eddy 

The vertical distributions of the mean thermal dissipation rate per unit mass 

( ),dis t zε  (determined by the mean value ( )2T∇  of the quadratic function 

( )2T∇  of the gradient T∇

 

of the absolute temperature T of the sea water) are 
calculated based on the following relation: 

( ) ( )( )2
,dis t z T Tε λ ρ= ∇                      (47) 

for various vertical subranges 2 2 2 2j d d z j d d− ≤ ≤ +  (characterized by 
different integer numbers j) of the same vertical length d=204.8 m containing of 
4096 numerical values of the vertical gradient T∇  with the step equal to 0.05 
m. Figure 5 shows the calculated vertical distributions of the mean thermal dis-
sipation rate per unit mass ( ),dis t zε  for all stations located in the eddy core 
(Figure 5(a)), at the edge of the eddy (Figure 5(b)), in the frontal zone (Figure 
5(c)) and in the subarctic waters (Figure 5(d)). The calculated averaged vertical 
distributions ( ),dis t zε  (obtained as the average of the all mean thermal dissi-
pation rates per unit mass ( ),dis t zε  for each region) are shown by black colour 
in the eddy core (Figure 5(a)), at the edge of the eddy (Figure 5(b)), in the  
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(a)                              (b)                          (c)                         (d) 

Figure 5. The calculated vertical distributions of the mean thermal dissipation rate per unit mass ( ),dis t zε  for stations located in 

the eddy core (a), at the edge of the eddy (b), in the frontal zone (c) and in the subarctic waters (d). 

 
frontal zone (Figure 5(c)) and in the subarctic waters (Figure 5(d)). The nu-
merical calculations (shown on Figure 5) demonstrate the increased mean 
thermal dissipation rate per unit mass ( ),dis t zε  in the upper highly turbulent 
layers (in the eddy core (Figure 5(a)), at the edge of the eddy (Figure 5(b)) and 
in the frontal zone (Figure 5(c)), and near the range 1500 ÷ 2500 m of depths 
(in the eddy core (Figure 5(a)), at the edge of the eddy (Figure 5(b)), in the 
frontal zone (Figure 5(c)) and in the subarctic waters (Figure 5(d))). 

We calculate the averaged (based on the all stations in the considered regions 

(a), (b), (c) and (d)) vertical distributions ( )dis zε  (of the mean visc-

ous-thermal dissipation rate per unit mass ( ) ( ) ( ), ,dis dis v dis tz z zε ε ε= +  charac-
terizing the vertical viscous-thermal dissipative structure of turbulence in four 
regions) based on the formula: 

( ) ( ) ( ), , ,dis dis v dis tz z zε ε ε= +                  (48) 

where the averaged (based on the all stations in the considered regions (a), (b), 

(c) and (d)) vertical distributions ( ),dis v zε  (of the mean viscous dissipation 

rate per unit mass ( ),dis v zε ) are shown on Figures 4(a)-(d) by black colour; the 
averaged (based on the all stations in the considered regions (a), (b), (c) and (d)) 

vertical distributions ( ),dis t zε  (of the mean thermal dissipation rate per unit 

mass ( ),dis t zε ) are shown on Figures 5(a)-(d) by black colour also. 
 

The calculated averaged vertical interpolated distributions of the mean visc-
ous-thermal dissipation rates per unit mass ( )dis zε  (defined by the relation 
(48)) are shown on Figures 6(a)-(d), respectively, for the eddy core (Figure 
6(a)), the edge of the eddy (Figure 6(b)), the frontal zone (Figure 6(c)) and the 
subarctic waters (Figure 6(d)). 
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(a)                              (b)                          (c)                         (d) 

Figure 6. The calculated averaged vertical interpolated distributions of the mean viscous-thermal dissipation rate per unit mass 

( )dis zε  for the eddy core (a), the edge of the eddy (b), the frontal zone (c) and the subarctic waters (d). 

6. The Combined Analysis of the Energy and  
Viscous-Thermal Dissipative Structure of Turbulence  
in Four Regions near the Mesoscale Eddy 

The partial (incompressible) local condition (30) gives the partial local norma-
lized condition (for the calculated distributions of ( ),dis v zε  and ( ),dis t zε  
shown on Figure 4 and Figure 5, respectively, for all considered stations in four 
analyzed regions (see Figure 2(a)) 

( )( ) ( ) ( )( ) ( )( ) ( )
( )( ) ( )

2 2

, , 2 2

,
~

max , maxdis dis t dis v nn n
z z

P z x N zz z z P z
P z x N z

ε ε ε= + = = (49) 

between the normalized (on the maximal value) local mean viscous-thermal  
dissipation rate per unit mass ( )( ) ( ) ( )( ), ,dis dis t dis vn n

z z zε ε ε= +  and the norma-

lized local (for arbitrary depth z) baroclinic mechanical energy production per 
unit mass ( )( )n

P z  defined by the relation (28).  

The proportionality (49) leads to the corresponding proportionality (for the 
mean distributions obtained by averaging of the several distributions corres-
ponding to the different stations in each considered region): 

( )( ) ( )( )~dis nn
ε z P z                      (50) 

between the normalized averaged (for several stations in each considered region) 

local mean viscous-thermal dissipation rate per unit mass ( )( )dis
n

zε  and the 

normalized averaged (for the same several stations in each considered region) 

local baroclinic mechanical energy production per unit mass ( )( )
n

P z . Figure  

7(a) and Figure 7(d) (especially) demonstrate the satisfactory proportionality  
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(a)                              (b)                          (c)                         (d) 

Figure 7. The calculated normalized averaged (for several stations of the eddy core (a) and for the subarctic waters (d)) local mean 

viscous-thermal dissipation rate per unit mass ( )( )dis
n

zε  and the normalized averaged (for several stations) local baroclinic 

mechanical energy production per unit mass ( )( )
n

P z  for the eddy core (a) and for the subarctic waters (d). The calculated 

normalized local mean viscous-thermal dissipation rate per unit mass ( )( )dis n
zε  and the calculated normalized local baroclinic 

mechanical energy production per unit mass ( )( )n
P z  for station (St.) 35 at the edge of the eddy (b) and for station (St.) 36 in the 

frontal zone (c). 

 
(50) for the eddy core (Figure 7(a)) and for the subarctic waters (Figure 7(d)). 

However, we can see the significant difference between ( )( )
n

P z  and 

( )( )dis
n

zε  in the range of depth 500 ÷ 1400 m of the eddy core (Figure 7(a)).  

We see the satisfactory numerical fulfilment (shown on Figure 7(d)) of the de-
rived non-dimensional partial local condition (50) (derived from the partial  

incompressible local condition (30)) for the distributions ( )( )dis
n

zε  and 

( )( )
n

P z  obtained by averaging of the several distributions corresponding to  

the all stations (stations 30, 31, 42, 43 and 44) of the subarctic waters. We see for 
the Figure 7(d) (corresponding to the subarctic waters, which are not subjected 
to the influence of the observed eddy) the more remarkable correspondence (for 
the range of depth 300 ÷ 2700 m) of the calculated normalized averaged (for  
several stations of the subarctic waters (d)) local mean viscous-thermal dissipa-

tion rate per unit mass ( )( )dis
n

zε  and the normalized averaged (for several 

stations) local baroclinic mechanical energy production per unit mass 

( )( )
n

P z . The obtained remarkable correspondence (between ( )( )
n

P z  and 

( )( )dis
n

zε ) on Figure 7(d)) is the evidence of the validity of the partial  

(incompressible) local condition (30) of the quasi-stationary energy and visc-
ous-thermal dissipative structure of the semidiurnal baroclinic tidal motion of 
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the viscous incompressible heat-conducting stratified vortical viscous fluid (over 
the two-dimensional bottom topography) in the subarctic waters of the Japan 
Sea.  

We use only St. 35 at the edge of the eddy (Figure 7(b)) and St. 36 in the 
frontal zone (Figure 7(c)) since the different stations from the edge of the eddy 
and the frontal zone (see Figure 2(a)) have the very large variance of the depth 
of the sea bottom. The calculated normalized local baroclinic mechanical ener-
gies production per unit mass ( )( )n

P z  are approximately two times larger (for 
depths larger than 400 m) than the calculated normalized local mean visc-
ous-thermal dissipation rates per unit mass ( )( )dis n

zε  for St. 35 at the edge of 
the eddy (Figure 7(b)) and for St. 36 in the frontal zone (Figure 7(c)). A signif-
icant predominance (approximately in two times) of the calculated normalized 
local baroclinic mechanical energy production per unit mass ( )( )n

P z  (defined 
by relation (28)) with respect to the calculated normalized local mean visc-
ous-thermal dissipation rate per unit mass ( )( )dis n

zε  for two considered sta-
tions (St. 35 at the edge of the eddy and St. 36 in the frontal zone) suggests a 
possible influence of the viscous-compressible dissipation rate per unit mass 

,dis cε  [3] [4] [6] [7] [18] [19] [20] [21] [50] disregarded in the present analysis 
in the partial (incompressible) local condition (30). 

The experimental results (of the acoustic tomography of the large-scale hete-
rogeneities in the ocean [51]) revealed the significant energy losses related with 
the propagation of the acoustic signal through the anticyclonic oceanic eddy. 
According to the first point of view, the revealed significant difference between 

( )( )n
P z  and ( )( )dis n

zε  at the edge of the eddy (Figure 7(b)) and in the fron-
tal zone (Figure 7(c)) can be related with the significant (but disregarded in our 
analysis in accordance with the classical approach of the oceanic incompressible 
turbulence [5] [7] [14] [30]) viscous-compressible dissipation rate per unit mass 

,dis cε  (given by the relation (9)) at the edge of the eddy and in the frontal zone 
(see Figure 2(a)).  

According to the second (more adequate) point of view (taking into account a 
possible influence of the viscous-compressible dissipation rate per unit mass 

,dis cε  [3] [4] [6] [7] [18] [19] [20] [21] [50]), but taking into account the pre-
dominance of the local viscous dissipation rate per unit mass ,dis vε  [3] [4] [5] 
[6] [7] [14] and the local thermal dissipation rate per unit mass ,dis tε  [3] [6] 
with respect to the disregarded local viscous-compressible dissipation rate per 
unit mass ,dis cε  [3] [4] [6] [7] [18] [19] [20] [21] [50] (in accordance with the 
classical approach of the oceanic incompressible turbulence [5] [7] [14] [30]), we 
see (looking on the Figures 7(a)-(c)) that the partial (incompressible) local con-
dition (30) (and its consequences (49) used for the edge of the eddy (Figure 7(b)) 
and for the frontal zone (Figure 7(c)), and (50) used for the eddy core (Figure 
7(a))) give the convincing evidence of the existence of the significant portion of 
the local baroclinic mechanical energy production per unit mass (given by the 
relation (27) and directed to the unit mass of sea water due to the interaction of 
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the barotropic tide with the two-dimensional bottom topography ( )h x ) 
( ),P x z , which is converted to the mechanical energy of the eddy structure, the 

generation of the internal gravity waves [35] and the established energy of the 
internal gravity wave-eddy coupling [34].  

The existence of the internal gravity waves is confirmed (based on our statis-
tical analysis of the temperature fluctuations given in Section 4) by the com-
puted spatial spectra ( )TE k  (shown on Figure 3) of the temperature fluctua-
tions, which are in good agreement with the suggested [37] dependences 

( ) ( )2~ constTE k k i− +  of the spatial spectra ( )TE k  (on the spatial wave-
number k) under existence of the fine temperature structure produced by the 
breaking internal gravity waves. Really, looking on the Figures 7(a)-(c), we see 
that the powers of the transmitted energies to the unit of mass (as a consequence 
of the semidiurnal baroclinic tidal motion related with semidiurnal baroclinic 
internal tide [23] of the Japan Sea [29]) are approximately two times larger (in 
the range of depth 500 ÷ 1400 m of the eddy core for Figure 7(a), below the 
depth of near 300 m at the edge of the eddy for Figure 7(b), and below the depth 
of near 500 m in the frontal zone for Figure 7(c)) than the corresponding visc-
ous-thermal dissipation rates (the normalized averaged local mean visc-
ous-thermal dissipation rate per unit mass ( )( )dis

n
zε  for Figure 7(a), and 

the normalized local mean viscous-thermal dissipation rate per unit mass 
( )( )dis n
zε  for Figure 7(b) and Figure 7(c)). It means that the sufficient energy 

powers are available to transform from the semidiurnal baroclinic internal tide 
[29] to the mechanical energy of the eddy structure [22], the generation of internal 
gravity waves [35] and the established energy of the internal gravity wave-eddy 
coupling [34].  

Thus, the calculated dependences (which have the more distinct differences 
between the calculated distributions in the range of depth 500 ÷ 1400 m of the 
eddy core for Figure 7(a), below the depth of near 300 m at the edge of the eddy 
for Figure 7(b) and below the depth of near 500 m in the frontal zone for Figure 
7(c)) give the obvious evidence (for three regions subjected to the influence of 
the observed eddy) that the semidiurnal baroclinic internal tide [29] (generated 
by the semidiurnal barotropic tidal current over the two-dimensional bottom 
topography [23]) is the significant energy source of maintenance of the eddy 
energy and viscous-thermal dissipative structure of turbulence [38] (produced 
by the breaking internal gravity waves [30] [36] [37] generated by the eddy [22] 
[32] [34] [35] due to the shear instability [33]) in three regions (the eddy core 
(Figure 7(a)), the edge of the eddy (Figure 7(b)) and the frontal zone (Figure 
7(c))) near the Yamato Rise subjected to the observed mesoscale eddy.  

7. The Summary of Main Results and Conclusion  

Based on the evolution equation (18) (deduced from the established [9] [21] ge-
neralized differential formulation (17) of the first law of thermodynamics for the 
rotational coordinate system related with the rotating Earth) for the total me-
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chanical energy ( ),terKτ τπ+  of the deformed finite individual macroscopic re-
gion τ  of the thermally heterogeneous compressible heat-conducting stratified 
vortical viscous Newtonian fluid characterized by the classical thermal [3] [6] 
dissipation rate per unit mass ,dis tε , the classical viscous-compressible [3] [4] [6] 
[7] [18] [19] [20] [21] [50] dissipation rate per unit mass ,dis cε , and the classical 
viscous [3]-[8] [14] [24] dissipation rate per unit mass ,dis vε , we have formu-
lated in Section 3 the general (compressible) and partial (incompressible) local 
conditions ((29) and (30), respectively) of the tidal maintenance (determined by the 
internal tide [23]) of the quasi-stationary energy and (viscous-thermal-compressible 
and viscous-thermal, respectively) dissipative turbulent structure of the mesos-
cale eddy located inside of the individual fluid region τ  over the 
two-dimensional bottom topography ( )h x  characterized by the horizontal 
coordinate x  along the horizontal axis X. We have formulated the partial (in-
compressible) local condition (30) (of the tidal maintenance of the qua-
si-stationary energy and viscous-thermal dissipative structure of the mesoscale 
eddy) by taking into account the local viscous dissipation rate per unit mass 

,dis vε  [3]-[8] [14] [24] and the local thermal dissipation rate per unit mass 

,dis tε  [3] [6] and by disregarding the local viscous-compressible dissipation rate 
per unit mass ,dis cε  [3] [4] [6] [7] [18] [19] [20] [21] [50] in accordance with 
the classical approach of the oceanic incompressible turbulence [5] [7] [8] [14] 
[24] [30] [47].  

To use the formulated partial (incompressible) local condition (30), we have 
presented the analysis of the CTD observations [22] [38] made on 25 February-9 
March, 2003 in the cruise of R/V Akademik M. A. Lavrentyev in the northwes-
tern part of the Japan Sea including the area of mesoscale anticyclonic eddy 
(shown on Figure 2(a) and Figure 2(b)) located near the northern region of the 
Yamato Rise. We have presented in Section 4 the calculated (based on the analy-
sis of the CTD measurements [22] for four regions in the vicinity of mesoscale 
eddy) vertical distributions of the mean viscous dissipation rate per unit mass 

( ),dis v zε  (shown on Figures 4(a)-(d)) characterizing the vertical viscous dis-
sipative structure of turbulence in four regions in the vicinity of the mesoscale 
eddy observed in the northwestern part of the Japan Sea near the Yamato Rise 
on 25 February-9 March, 2003 in the cruise of R/V Akademik M.A. Lavrentyev. 
The vertical distributions of the mean viscous dissipation rate per unit mass 

( ),dis v zε  are calculated based on parametrization (45) established [38] using the 
calculated [38] spatial spectra ( )TE k  (which are well approximated by the 
suggested [37] dependences (31) on Figures 3(a)-(d)) of the temperature fluc-
tuations for four regions of the survey area (see Figure 2(a)) and based on the 
obtained [10] power-law expression (33) (deduced from the founded [10] [30] 
general form (32) of the energy spatial spectrum of the oceanic turbulence) for 
the energy spatial spectrum ( ),E k µ . The eddy core (Figure 4(a)) is characte-
rized by the quasi-homogeneous (in horizontal directions) turbulence related 
with very small variance (in horizontal directions) of the calculated vertical  
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distributions of ( ),dis v zε . The revealed maximal values of ( ),dis v zε  and the 

maximal variance of the calculated vertical distributions of ( ),dis v zε  at the edge  

of the eddy (Figure 4(b)) and in the frontal zone (Figure 4(c)) have confirmed 
the established [22] existence of the strong submesoscale motion [22] (related 
with the breaking internal gravity waves [33] [34] [36] [37]) generating the ani-
sotropic dissipative turbulence (characterized by the powers 2µ = −  [41] in the 
established [10] spectra (33) and (36)) of the frontal zone and the edge region of 
the considered mesoscale eddy.  

Based on the classical [3] [6] relation (10) for the thermal dissipation rate per 
unit mass ,dis tε  (derived from the classical de Groot and Mazur expression (5) 
[3] for the entropy production per unit mass prσ  in thermally heterogeneous 
one-component Newtonian shear flow with no chemical reactions), we have 
presented in Section 5 the calculated vertical distributions (shown on Figures 
5(a)-(d)) of the mean thermal dissipation rate per unit mass (defined by relation  
(47)) ( ),dis t zε  characterizing the vertical thermal dissipative structure of tur-
bulence in four regions in the vicinity of the mesoscale eddy, see Figure 2(a).  
The calculated vertical distributions of the mean thermal dissipation rate per 
unit mass ( ),dis t zε  are characterized by upper maximums for all stations lo-
cated in the eddy core (Figure 5(a)), at the edge of the eddy (Figure 5(b)) and 
in the frontal zone (Figure 5(c)). The calculated vertical distributions of the  
mean thermal dissipation rate per unit mass ( ),dis t zε  demonstrate the deep  

intermediate maximums near the depth of 2000 m for all stations located in the 
eddy core (Figure 5(a)), at the edge of the eddy (Figure 5(b)), in the frontal 
zone (Figure 5(c)) and in the subarctic waters (Figure 5(d)). Based on the  
obtained vertical distributions of ( ),dis v zε  and ( ),dis t zε , we have calculated the  

averaged (using the all stations in four considered regions shown on Figure 2(a))  
vertical distributions (shown on Figures 6(a)-(d)) of the averaged visc-

ous-thermal dissipation rates per unit mass ( )dis zε  (defined by the relation  

(48)) characterizing the averaged vertical viscous-thermal dissipative structure of 
turbulence in four regions near the mesoscale eddy (see Figure 2(a)). The  

obtained distributions of ( )dis zε  are characterized by the upper maximums 

for the eddy core (Figure 6(a)), for the edge of the eddy (Figure 6(b)) and for 

the frontal zone (Figure 6(c)). The obtained distributions of ( )dis zε  are  

characterized by the deep intermediate maximums near the depth of 2000 m for 
the eddy core (Figure 6(a)), for the edge of the eddy (Figure 6(b)), for frontal 
zone (Figure 6(c)) and for the subarctic waters (Figure 6(d)). 

Based on the derived partial (incompressible) local condition (30) (of the tidal 
maintenance of the quasi-stationary energy and viscous-thermal dissipative tur-
bulent structure of the mesoscale eddy located inside of the individual fluid re-
gion τ  over the two-dimensional bottom topography ( )h x  characterized by 
the horizontal coordinate x  along the horizontal axis X), and using the calculated  
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vertical distributions of ( ),dis v zε  (shown on Figures 4(a)-(d)), ( ),dis t zε  

(shown on Figures 5(a)-(d)) and ( )dis zε  (shown on Figure 6(a) and  

Figure 6(d)), we have presented in Section 6 the combined analysis of the ener-
gy and viscous-thermal dissipative structure of turbulence in four regions near 
the mesoscale (periodically topographically trapped [22] [25] [26]) eddy located 
near the northern region of the Yamato Rise (characterized by the nearly 
two-dimensional bottom topography ( )h x ) in the Japan Sea. We have shown 
that the subarctic waters (which are not subjected to the influence of the ob-
served eddy) are characterized by the more remarkable numerical fulfilment 
(shown on Figure 7(d)) of the non-dimensional partial local condition (50) of 
the quasi-stationary energy and dissipative structure (derived from the partial 
incompressible local condition (30)) for the normalized (on the maximal value)  

averaged distributions ( )( )dis
n

zε  and ( )( )
n

P z  obtained by normalization  

and averaging of the several distributions corresponding to the all stations (Sts. 
30, 31, 42, 43 and 44) of the subarctic waters. This remarkable correspondence  

(between ( )( )
n

P z  and ( )( )dis
n

zε ) shown on Figure 7(d)) may be consi-

dered as the example of the dissipative structures introduced [52] [53] to  
emphasize a remarkable association between structure (related in the considered 
case with the structure of the normalized averaged local baroclinic mechanical 
energy production per unit mass ( )( )

n
P z  shown on Figure 7(d) and irre-

versible dissipation of energy (related in the considered case with the normalized 
averaged local mean viscous-thermal dissipation rate per unit mass ( )( )dis

n
zε ) 

shown on Figure 7(d). 
Taking into account that the calculated normalized local baroclinic mechani-

cal energies production per unit mass ( )( )n
P z  (the calculated normalized 

powers of the transmitted energies to the unit of mass as a consequence of the 
semidiurnal baroclinic tidal motion related with semidiurnal baroclinic internal 
tide [23] of the Japan Sea [29]) are approximately two times larger than the cal-
culated normalized local mean viscous-thermal dissipation rates per unit mass 

( )( )dis n
zε  for St. 35 (below the depth of near 300 m) at the edge of the eddy 

(Figure 7(b)) and for St. 36 (below the depth of near 500 m) in the frontal zone 
(Figure 7(c)), and taking also taking into account that the normalized averaged 
(for the stations 33, 34, 39 and 40 in the eddy core) local baroclinic mechanical 
energy production per unit mass ( )( )

n
P z  (shown on Figure 7(a)) is ap-

proximately two times larger (in the range of depth 500 ÷ 1400 m of the eddy 
core) than the normalized averaged (for the same stations) local mean  

viscous-thermal dissipation rate per unit mass ( )( )dis
n

zε , we conclude (based  

on the partial incompressible local condition (30)) that the semidiurnal baroc-
linic internal tide (generated by the semidiurnal barotropic tidal current over the 
nearly two-dimensional bottom topography [23] in the Japan Sea [29] near the 
Yamato Rise) is the significant energy source of maintenance of the eddy energy 
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and viscous-thermal dissipative structure of turbulence (produced by the break-
ing internal gravity waves [30] [36] [37] generated by the eddies [22] [32] [34] 
[35] due to the shear instability [33]) in three regions near the Yamato Rise (the 
eddy core (Figure 7(a)), the edge of the eddy (Figure 7(b)) and the frontal zone 
(Figure 7(c))) subjected to the observed mesoscale eddy.  
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