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Abstract
The uniformly accelerated motion is studied in the framework of gauge theory of
gravity. It is found that, when an inertial reference system is transformed into a
uniformly accelerated system by a local gravitational gauge transformation, a nontrivial gravitational gauge field appears. If there is a mass point in the new reference
frame, there will be a non-trivial gravitational force acting on it. The nature and the
characteristic of this new force are completely the same as those of the traditional
inertial force. This new gravitational force is considered to be the inertial force.
Therefore, the nature of inertial force is gravity, which is the basic idea of the equivalence principle.
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1. Introduction
According to the Newton’s second law of motion, when there is an external force F
acted on a mass point m, the mass point will be uniformly accelerated along the direction of the external force. In this paper, we will study another problem: if we sit in the
center of mass system of the mass point m, what will we discover? This question should
be answered by an astronaut. When an astronaut sits in a rocket which is launching,
what will he discover? He will discover that there is a huge force acting on him which is
many times larger than his weight. Where does the extra force come from? What is the
nature of the extra force? It is known that there are four kinds of fundamental interactions in nature. They are electromagnetic interaction, weak interaction, strong interaction, and gravitational interaction. Firstly, this force cannot be weak interaction or
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strong interaction, for these two kinds of interactions are short range. Secondly, this
force cannot be electromagnetic force, for the astronaut carries no electric charge.
Therefore, the only possibility left is that it is a gravitational force. But this force cannot
be explained in either Newton’s classical theory of gravity [1] [2] or in Einstein’s general theory of relativity [3] [4] [5]. According to both Newton’s classical theory of gravity
and Einstein’s general theory of relativity, in order to produce so strong gravitational
force, there should a massive object nearby whose mass is much larger than that of
earth. But it is obvious that there does not exist such an object near the rocket. So, according to both Newton’s classical theory of gravity and Einstein’s general theory of relativity, the possibility that this force is gravitational force seems to be ruled out. Now,
we return back to the former question: what is the nature of the force? In classical mechanics, this force is called inertial force, or fictitious force [1] [2]. Because physicists
cannot find the origin of this force, it is generally believed that the inertial force does
not actually exist in nature; it is only a fictitious force. However, this point of view does
not agree with facts, for the astronaut in a rocket feels that this great force does really
exist. In other words, the existence of this force is based on the feeling of the astronaut,
not based on our hypothesis.
In this paper, the problem of inertial force is studies in the framework of quantum
gauge theory of gravity. Quantum Gauge Theory of Gravity (QGTG) is proposed in
2001 [6] [7] [8] [9]. The motivation to propose QGTG is try to unify general relativity
with quantum theory in the framework of gauge field theory. In 2003, Quantum Gauge
General Relativity (QGGR) is proposed in the framework of QGTG [6]-[12]. Unlike
Einstein’s general theory of relativity, the cornerstone of QGGR is the gauge principle,
not the principle of equivalence, which will cause far-reaching influence to the theory of
gravity. In QGGR, the field equation of gravitational gauge field is just the Einstein’s
field equation, and in classical level, QGGR returns to Einstein’s general relativity [13].
The field equation of gravitational gauge field in QGGR is equivalent to the Einstein’s
field equation in general relativity, so two equations have the same solutions, though
mathematical expressions of the two equations are completely different. For classical
tests of gravity, QGGR gives out the same theoretical predictions as those of GR [14]
[15] [16], and for non-relativistic problems, QGGR can return to Newton’s classical
theory of gravity [15]. Based on the coupling between the spin of a particle and gravito
electromagnetic field, the equation of motion of spin can be obtained in QGGR. In post
Newtonian approximations, this equation of motion of spin gives out the same results
as those of GR [16]. The equation of motion of a spinning test particle in gravitational
field can also be obtained [17]. It’s found that this motion deviates from traditional
geodesic curve, and the deviation effect is detectable [18], which is a new classical test
of gravity theory. QGGR is a perturbatively renormalizable quantum theory, so based
on it, quantum effects of gravity [19] [20] [21] [22] and gravitational interactions of
some basic quantum fields [23] [24] can be explored. Unification of fundamental interactions including gravity can be fulfilled in a semi-direct product gauge group [25]
[26] [27] [28]. If we use the mass generation mechanism which is proposed in literature
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[29] [30], we can propose a new theory on gravity which contains massive graviton and
the introduction of massive graviton does not affect the strict local gravitational gauge
symmetry of the action and does not affect the traditional long-range gravitational
force [31]. The existence of massive graviton will help us to understand the possible
origin of dark matter.
In the literature [32], the problem of the change of space-time structure under Lorentz transformation is studied. In that paper, only the Lorentz transformation of uniform motion in a straight line is studied. If the motion is constantly accelerated motion,
what will happen? In this paper, the gravitational field in a local constantly accelerated
reference is studied. In Section 2, a simple introduction to the gauge theory of gravity is
given. The gravitational field and the field strength of gravitational field in a constantly
accelerated reference are calculated in Section 3. The gravitational force on a mass
point in that local reference is studied in Section 4. Finally, some discussions and comments are given.

2. Quantum Gauge Theory of Gravity
A simple introduction on the quantum gauge theory of gravity is given in this chapter.
Details on this theory can be found in literatures [6]-[12]. In quantum gauge theory of

gravity, the most fundamental physical quantity is gravitational gauge field Cµ ( x ) ,
which is a vector in the corresponding Lie algebra. Cµ ( x ) can be expanded as

Cµ ( x ) = Cµα ( x ) Pˆα ,

( µ , α = 0,1, 2,3)

(1)

∂
is the generator of global gra∂xα
vitational gauge group. The gravitational gauge covariant derivative is given by

α
where Cµ ( x ) is the component field and P̂α = −i

Dµ =∂ µ − igCµ ( x ) =Gµα ( x ) ∂α ,

(2)

where g is the gravitational coupling constant and matrix G is given by

=
G

( G=) (δ
α
µ

α
µ

− gCµα .

)

(3)

(G ).

(4)

Its inverse matrix is

G −1
=

1
=
I − gC

−1µ

α

Using matrix G and G −1 , we can define two important composite operators

g αβ = η µν Gµα Gνβ ,

(5)

gαβ = η µν Gα−1µ Gβ−1ν .

(6)

Quantum gauge theory of gravity is formulated in absolute space-time [13] [33].
Therefore, in quantum gauge theory of gravity, space-time is always flat and space-time
metric is always Minkowski metric, so g αβ and gαβ are no longer space-time metric. They are only two composite operators which consist of gravitational gauge field.
Einstein’s general relativity is formulated in physical space-time, and g αβ and gαβ
are metric of physical space-time.
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The field strength of gravitational gauge field is defined by

Fµν ( x ) 

1
 Dµ=
, Dν  Fµνα ( x ) ⋅ Pˆα ,
−ig 

(7)

where

Fµνα = Gµβ ∂ β Cνα − Gνβ ∂ β Cµα .

(8)

The Lagrangian of the quantum gauge theory of gravity is selected to be

(

)

 = det G −1 0

(9)

1
1
1
0 =
− η µρηνσ gαβ Fµνα Fρσβ − η µρ Gβ−1ν Gα−1σ Fµνα Fρσβ + η µρ Gα−1ν Gβ−1σ Fµνα Fρσβ .
16
8
4

(10)

where

Its space-time integration gives out the action of the system

S = ∫ d 4 x .

(11)

Under gravitational gauge transformations [6] [7] [8] [9], the gauge transformation
of space-time coordinates is

(

)

x µ → y µ = Uˆ  ( x ) x µ = x µ −  µ .

(12)

The gauge transformation of gravitational gauge field is

(

)

i
Cµ ( x=
) → Cµ′ ( x ) Uˆ  ( x ) Cµ ( x )Uˆ −1 ( x ) + Uˆ  ( x ) ∂ µUˆ −1 ( x ) .
g

(13)

Using Equation (1), the above relation can be changed into

(

)

Λαβ Uˆ  ( x ) Cµβ ( x ) −
Cµα ( x ) → Cµ′α ( x ) =

(

)

1 ˆ
U  ( x ) ∂ µ α ( f ( x ) ) ,
g

(14)

where f ( x ) is a function of space-time coordinates which satisfy

(Uˆ



( x ) f ( x ) ) = x,

(15)

α
and Λ β is defined by

=
Λαβ

∂xα
∂xα
=
.
β
∂y β
∂ ( x −  ( x ))

(16)

3. Uniformly Accelerated Motion
α
α
Λαβ x β . The gravitational
Now, let’s study the Lorentz transformation of x → y =

gauge transformation of gravitational gauge field itself under Lorentz transformation is
given by relation (28) in literature [32]:

(

)

(

)

1
Cµα ( x ) → Cµ′α ( x ) =Λαβ Uˆ  Cµβ ( x ) − Λαµ − δ µα ,
g

(17)

α
where Cµ ( x ) is the gravitational gauge field before Lorentz transformation, and

Cµα ( x ) is the gravitational gauge field after Lorentz transformation. Suppose that the
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gravitational gauge field vanishes before Lorentz transformation, that is

Cµα ( x ) = 0.

(18)

The reference after Lorentz transformation is a moving reference, which is denoted
α
by Σ. The gravitational gauge field Cµ ( x ) in the moving reference Σ is given by (17).
That is

Cµ′α ( x ) =−

(

)

1 α
Λ µ − δ µα .
g

(19)

By using (3) and (4), the following two relations can be obtained

∂xα
Gµ′α ( x ) =
δ µα − gCµ′α ( x ) =
Λ −µ1α = µ ,
∂y

(20)

∂y µ
Gα′−1µ ( x ) =Λαµ = α .
∂x

(21)

For the sake of convenience, we suppose that the Lorentz transformation is along the
direction of X axis. In this case, we have
 γ γv

∂y
γ v γ
=
α
 0 0
∂x

 0 0

0 0

0 0
,
1 0

0 1

µ

−γ v
 γ

−γ v γ
∂x
=
µ

0 0
∂y

 0 0
α

where v is the velocity of the boost, and γ =

0 0

0 0
,
1 0

0 1

1
1 − v2

(22)

(23)

.

Now, let’s study the uniformly accelerated motion. In this case,

v = at.

(24)

In this case, the moving reference Σ is a uniformly accelerated reference. The gravitational gauge field in the moving reference Σ is
−γ v
 γ

−
γ
γ
v
Gµ′α ( x ) = 
 0 0

 0 0
 γ γv

γv γ
Gα′−1µ ( x ) = 
 0 0

 0 0

0 0

0 0
,
1 0

0 1
0 0

0 0
.
1 0

0 1

(25)

(26)

The field strength of gravitational gauge field is given by (8), that is

− gFµν′α = Dµ′ Gν′α − Dν′ Gµ′α .
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α
It is found that all components of gFµν′ vanish, except the following one

− gFxt′t =
gFtx′t =
γ 2 a,

(28)

which corresponds to the following gravito-electric field
t
′t γ 2 a.
=
=
gE
gF
x
tx

(29)

So, there is a Newtonian gravitational term in the moving reference Σ, whose direction is along positive X axis, and whose magnitude is γ 2 a .

4. Gravitational Forc
Through the study in the above chapter, we found that there exists non-trivial gravitational field in the uniformly accelerated reference Σ. Next, we will calculate the gravitational force on a mass point in the reference Σ. The gravitational force on a mass point
with mass m in the reference Σ is given by
′ Gσ′−1λ Fνλ′α
f µ = mgη µν gαβ

dx β dxσ
dτ dτ

(30)

Suppose that the mass point is moving along the X axis, that is
dxα
= ( γ u ; γ u u , 0, 0 ) .
dτ

Please remember that the velocity

dxα
dτ

(31)

is the velocity of mass point in the absolute

space-time [32] [33]. The velocity of mass point in the moving reference Σ is Gα′−1µ

dxα
.
dτ

Substitute (6), (26), (28) and (31) into (30), we will obtain the gravitational force on the
mass point

=
f t maγ 3γ u2 ( u + v ) ,

(32)

=
f x maγ 3γ u2 (1 + uv ) ,

(33)

y
z
f=
f=
0.

(34)

In the above relation, γγ u ( u + v ) is the relative velocity of mass point m in the
moving reference Σ. If we suppose that the mass point m is at rest in the moving reference Σ, that is

γγ u ( u + v ) =
0.
In this case, f t vanishes, and

(

)

x
2
f=
maγ 5 1 − v=
maγ 3 .

(35)

(36)

It means that the mass point rested in the accelerated reference Σ feels a gravitational
force with the magnitudes of γ 3 ma ≅ ma . From the point of view of boost transformation, the mass point is boosted along the positive X axis. But from the point of view of
coordinate transformation, the coordinate system is moving along the negative X axis.
Therefore, when the reference Σ is accelerated along the negative X axis, the mass point
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m rested in the reference Σ will feel a gravitational force with the magnitude of ma and
with the direction of positive X axis. This gravitational force corresponds to the inertial
force in classical mechanics.

5. Summary and Discussions
Through discussions in this paper and literature [32], we know that, if there is an inertial
reference with no gravity, a non-trivial gravitational gauge field will be generated in the
reference after a Lorentz transformation. In other words, if the reference is an inertial
reference before transformation and the gravitational gauge field vanishes in it, the gravitational gauge field does not vanish after a Lorentz transformation. The gravitational
gauge field not only affects the space-time structure, but also generates non-trivial gravitational force. The non-trivial gravitational force is generated from vacuum by a Lorentz transformation, so we call it vacuum gravitational force. The gravitational gauge

α
field Cµ ( x ) after Lorentz transformation is called vacuum gravitational field.

If the gravitational gauge transformation is global, the gravitational gauge field

Cµα

( x)

after gravitational gauge transformation is a constant, and the corresponding

field strength of the gravitational gauge field vanishes. But if the gravitational gauge
α
transformation is local, the gravitational gauge field Cµ ( x ) after gravitational gauge

transformation is not a constant but a function of space-time coordinate x µ , and the
corresponding field strength of the gravitational gauge field does not vanish. From Eq-

α
uation (30), we could see that, if the gravitational field strength Fµν′ ( x ) does not va-

nish, the gravitational force on a mass point does no vanish also. From the calculation
in this paper, the force f µ on the mass point m originates from gravitational gauge
α
field Cµ′ ( x ) . Therefore, this force is not a fictitious force. In other words, the vacuum
gravitational force is not a fictitious force.
The correspondent of gravitational gauge transformation in classical mechanics is the
transformation of a local reference. According to Equation (17), when the state of motion of a local reference is changed, the gravitational gauge field in that local reference
will be changed accordingly. In other words, the gravitational gauge field in different
local reference will be different, and the corresponding gravitational force on a mass
point will also be different. The real gravitational force on a mass point depends on the
state of motion of a reference. For example, an object which is at rest on the earth will
feel the gravitational force of the earth. But if it is in a local inertial reference, it cannot
feel any gravitational force, for the gravitational force of the earth and the vacuum gravitational force cancel each other out. This conclusion is the same as that in general relativity.
What is the classical correspondent of the vacuum gravitational force? According to
the discussions in this paper, it is known that the magnitude of vacuum gravitational
force is the mass times the acceleration of the reference. The direction of the vacuum
gravitational force is just the opposite direction of the acceleration of the reference.
These properties are the same as those of the inertial force in classical mechanics.
Therefore, the classical correspondent of the vacuum gravitational force is the inertial
2132
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force in classical mechanics.
Because the classical correspondent of the vacuum gravitational force is the inertial
force, the nature of the inertial force is gravity. In other words, inertia and gravity are
essentially the same, gravity and inertia are homologous, which is just the core idea of
the equivalence principle of the general relativity. It is known that the equivalence principle is a transcendental principle in general relativity. But in quantum gauge theory of
gravity, it is obtained through a strict derivation. Essentially speaking, it is only a deduction of the gauge principle.
Through the discussions in this paper, we know that there are two ways to produce
gravitational field and gravitational force. One way is that it is produced by a massive
object, which is given by classical Newtonian gravity and general relativity. Another
way is that it is produced by a transformation, which is a new way to produce gravitational field and gravitational force. It is an inevitable outcome of gravitational gauge
symmetry.
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