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Abstract

The universal expression for the amplitude square |Uf Mu, |2 for any matrix of interaction M is de-

rived. It has obvious covariant form. It allows the avoidance of calculation of products of the Di-
rac’s matrices traces and allows easy calculation of cross-sections of any different processes with
polarized and unpolarized particles.
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1. Introduction

Amplitude square |U, Mu, |2 calculations are necessary in order to find probability transactions for any processes

in quantum electrodynamics. The interaction matrix M is the combination of the Dirac matrices and their prod-
ucts. This circumstance causes very labor-intensive calculation even if the Feynman technique of trace of matrix
products calculation is used [1]. When polarization of in- and out-particles is taken into account corresponding
calculations are especially labor-intensive. That is why such calculations often do not take particle polarization

into account. Usually for each particular process |Uf Mui|2 is calculated separately. There are many papers de-

- 2 -
voted to calculation of |LTf Mui| for a particular process.

However, all interaction matrices have the same structure and set of permissible matrices is restricted. Any
4x4 matrix can be represented as
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M = I1+V, y% +W, 7° +%Faﬁo—“ﬁ +J7. )

~ . - a . y - ~ a ar Q 1 a a
Here 1—unit matrix, y“—four Dirac’s matrices, 7 =7"y'y*y*, 7%=y, o* :E(;/ v =r'y).

and J—scalar and pseudoscalar, V, and W, —vector and pseudo-vector, F_, —anti-symmetrical tensor.

ap
In- and out-fermions are represented by Dirac’s bispinors of the same type:
1
N 1+i 0
U p, +mc (1+ ps, J 1+ing, . @)
2 Po +MC 2(1+nz) 0
0

Here pg, = p,o”+p,0” +p,c®, ng,=noc”+nc®+n,c", n—three-dimensional unit spin pseudo-
vector in particle’s own reference frame, n, =0,n, =-n,,n, =-n ,n, =-n, . In particles’ own reference frame
its linear momentum is zero. For the bispinor u the relativistically covariant normalization Uu =mc is used.

Thus the possible choices for |a, Mui|2 are restricted. So, for all of them |u, Mu, |2 can be calculated and a

universal expression can be derived. This expression can be used for all possible interaction matrices. Similar
problem was discussed in [2]. Unfortunately, that expression was almost impossible to use for practical purposes
because it was expressed in terms of vector parametrization of Lorentz’s group. Also such expression was dis-

. 2 . . s .
cussed in [3] but |UfMui| was expressed through the three-dimensional quantities in laboratory reference
frame. In most cases it is preferable to have Lorentz’s covariant expression which is derived below.

2. Covariant Expression for Amplitude Square

Let us write [ Mui|2 as (T Mu, )(T, My, ) and use the equality:

(UfMui)*=(leMui)T=uiTM*y°*uf =u/7"Mu,. ®)
Here
M =M TyOf :}/O[I*i+V;}/a —w;ﬂ“—%F;ﬂu*ij. (4)
Which leads to:
2 ~ ~
o Muy|” = (T, M, ) (G M, ) = Spu T, Mu,G; M. (5)
Let us take into account that for the bispinor (2)
= mc| » pa}/a 7 a mc| » paya H a I afp
um =—I| 1+—2— ||1-is, 7% |=—| 1+ *——iS 7% ——¢_,0% |. 6
4[ mc ]( “ ) 4[ mc ¢ 2 ] ©)

Here s, —spin pseudo-vector, n
Vector s* has coordinates

coordinates in the reference frame where a fermion has momentum p, .

a

=0, s'=n, s°=n, s*=n, n.n=1 )

X

in the fermion’s reference frame, where it is at rest.
Vector s” has the following coordinates in the reference frame in which the fermion has linear momentum

pa
n- n-

Spin tensor
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gaﬂ — gaﬂ,uv pr:l]z" (9)
has coordinates in the fermion’s reference frame:

T=n, ¢?=n,. (10)

=1, the same tensor &,,, =—1. Note that

01 01 01 23
¢ =¢ =¢ =0, ¢”=n, ¢
Here &** —entirely anisymmertical tensor, &%

1 w Py Y
= =—<_s 7’ 11
Sap@ me 57T (11)
For the [u, My, |2 with a help of (5) and (6) we have:
2 a
_ 2 (mc & P | a\l 12 a a1 af 17
o Mu| :(Tj Sp(1+WJ(1—Ismﬁ )(|1+Va}/ W,z + 2 F 0 +Jz] )

x(i+p“"—yj(i— is;, 7“ )(|*1+V;)/”’ -W, z“ —EF;ﬁUaﬂ + J*IA)-
mc 2

This product contains 400 terms. The trace of most of them is zero. Calculations with the rest of the 164 terms
lead to:

:[(Erin':;;)_(si - S¢ )"‘%Giaﬂg[flﬁ +1_ n (13)
+[((p;1':;)—(si 50 )= e 1|’ 19
HaV pl” p‘f/ M Av (p' ) pf ) 1 Hv
+91 S S +—5 G2 St (nyanvﬁ'+77yﬂ77va)+ 1_(Si'5f)_ 7 TGSt |Map
(o) (mey 2
(15)
H_ pH
+i(p'm—cp')(sr+s;)gwﬁ}vavﬂ*
HaV plup‘f/ NV A% (p'pf) 1 uv
+41 8t + 5+ 6 61 | (Mualp + Mgl )= |1+ (S1 751 )+ 2+ 2661 |
(o) (mey 2
(16)
A4 pH
+i—(pfr::cpl )(sr —s;)gwﬂ}wawﬁ*
aB v ~aP xuv B v v B
+{—gf 28 4gf o —gf”gi“”}[(sfﬁs( +sys/ )——pf Tmz)gf b —g'f’i.gi”}n“”
. 1 au pv Bs _p..sP) Laruv
+{1+(Fi I[;)—(si.sf) '7”2’7'6 +i[(g?“—gi“”)n"”+<pfs'ﬂmcp“sf)‘9;” (17)
mc
(pmsiv_pivsm)gaﬂm_ .
- mc 2 Fap P
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+%graﬂs;’ p/ (137 +JI*)+i%[(pf s)=(pis)|(197-173) (18)
+(pf )81 +(Pi 51 )i, +[1—(Si 'S, )](pia + pfa)(val*_i_va*l)

mc (19)
LiStan Pl — Gy PY (verr —ve)

mc
+(gfaﬂsiﬂ _giaﬂsfﬂ)(wal* +W I )

afsln oo Jo ()] o fwer-we “

(e (e

app
e Py C e
+[gf1gﬁ—sfs{’+(r;c 2](Faﬁl +Fo,1)+i(sg, +s, F,

)pf/z—"_piy?(

I"—F_ I 21
— ) (21)

+(GipaSt + 61408 ) (VI +VI)

+i{(pf 8) P~ (PS¢ ) P {1_(9 Py )](Sia —sfa)}(vaa*—vau) (22)

(mey
Jr(pf «si)sfa —(pi -5, )sia +[l+(si -8, )](pia - pfa)(

W“J*+Wa*J)
, , mc (23)
4i giaﬂpf +gfaﬂpi (WaJ*_Wa*J)
mcC
, PPy | N SR e 4 R
+[gfﬂlgij_+sfﬂsiv—(;’c)z }T( 3+ Fopd)+i(sf —s) fmc (Fyd"=F.,9) (24)

s s Py py .
Ao A\ _ M UV a\pn1 B a Vii
+{(§Ma§f.p gf/mgi.a) gaﬂyv[mc mc+5f5i (V W7V W )

(29)
N (P +Pro) (S +S05) = (Prs = Py ) (810 ‘sia)_[( pr-s)+(pis, )J’hﬂ

+{(p?—pf)[[1—(si-sf )+ (sf'st + st | [s?(si-pf)—sf(sf-pi)}nf’“+s:’sf(pf+p¢)}(

(Vew?” —vew?)

+
mc mc

af " aff " p

F Vo +FV,)
(26)

. (pmgtfm‘F pf/ugi{w)nm_(pi/lg?l"' pmgiﬂ)ﬂﬁu s”pi +sp g
+i + + s.+50) |(

FV —FV )
mc 2mce 2

ap¥u " Taptu

af 1 ap o ut apuld
“ « o o Gi Sy tei'§ ¢ Pi. + Psa « «
‘{(Gilsm+§f25iz)77ﬂﬂ—(giﬂsm"‘gfﬂsu)ﬁm_ - :|(F0tﬁW/4 +Faﬁw;z)

2 2 mc

I +(pi~pf)] ﬂ,,_pfp%p?pﬂ
{(f ')Hl (mc)2 7 (mc)2 @7
[pi“(si-pf)—p?(sf-pi)]nﬂ”+p?pf(si“+5¢‘)}(
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Here ¢, ,—dualtothe ¢, tensor

o1 o1
gaﬁzigaﬁuvg# :R(Sapﬁ_sﬁpa)' (28)

The usual expression for the dot-product is used (a-b) =a“b, . Expression (13)-(27) determines the ampli-

tude square |Uf Mu, |2 for any quantum electrodynamics process with polarized particles. It has obviously Lo-

rentz’s covariant form. This expression helps to get rid of the time-consuming necessity of trace matrices prod-
ucts calculations for different processes. Results of such calculations are already included into (13)-(27). The
only thing we need to do is to substitute specific coefficients I, V,, W, , F,,, J for the interaction matrix M
into (13)-(27). It is essentially reducing and simplifying calculations especially for the polarized particles. Ex-
pression (13)-(27) is very cumbersome. This is our price for its universality. Note that for the specific processes
many of the quantities I, V,, W, , F,,, Jare zero so that only some fragments of the (13)-(27) are used. These

fragments are marked by different numbers in (13)-(27). In each particular case expression (13)-(27) becomes
much simpler. As an example of such simplification let us use (13)-(27) for calculation of |UfMui|2 for an
electron-muon collision.

3. Electron-Muon Collision

The electron-muon system transaction probability per unit time from the initial state to the final state can be

calculated in the usual way:

2 — a T 2

| 2|uf7 uiUfyan| c? (2nh)3
|pf_pi4 V? pioProPoPro

Here o —fine structure constant, V—normalization volume, which contains one electron and one muon,
p(E)—final states density of the system with total energy E =cT) =c(p,+P,)= c( Py + Pm) and 3D im-
pulse P =p; +P;:

sq
Wfi - T

- (2ah) p(E). (29)

p(E): Y ProProP}
c(2mn)’ Bpf—pro(P- Py )

dQ —solid angle, through the which electron is scattered. In (29)-(30) for electron (muon) quantities lower-
V”‘LTf 7Y |2 ,

dQ, (30)

. — 2 - 2
case (upper-case) letters are used. Expression |Uf y“uiuf;/aui| can be written as |Uf ;/“uiVa| or

where V, =U, 7 U, or v* =0,7"u, . Amplitude square |Uf r“uU, Vanr can be obtained using only fragment

(15) from (13)-(27). The following quantities are zeroes | =0, W, =0, F,, =0, J=0. Then we need to
contract tensor coefficient in front of the V“V”, calculated for the electron, with the similar tensor coefficient
calculated for the muon. Note that the real parts of these coefficients are symmetrical tensors and the imaginary
parts are anti-symmetrical tensors. That is why we must contract them separately and add the contraction results:

|le 7auiJf 7’an|2

*(Mc)? ‘p; P - p
_ (me) (Me) [{S{’SX +p—;—§iﬁf.§?”J(77mmﬁ +77ﬂﬂf7m)+[1—(si S, )—( f leﬁ”]w]

16 (mc) (mc)2 2

X[[Siﬂs“ +%‘ziipz?‘-rJ(’7"“’7w +77"/’77’“)+{1‘(Si S¢)- ((Prin':;) +%zmz¢”}n“ﬁ] &
o Pl R s, Lo (0 -9 R) (o s

@)
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Expression (29)-(31) determines the transaction probability per unit time for the scattering of polarized elec-
trons and muons. For the unpolarized particles one must average (31) by the initial polarizations of the particles
and summing by the final polarizations of electrons and muons. It can be easily done in expression (31): all
terms with s’,, S, ¢, = must be omitted and the result must be multiplied by 4 (2 for the electrons
and 2 for the muons).

|Uf7anJf 7/an|2

(mC)Z(MC)2 PiaPis + Pia pf/j_(pf pi)ﬂaﬂ Pfaljiﬁ+F)ianﬂ_(Pf|3i)77aﬂ o
= 2 ( )2 + 1, X ™ )2 +7 (32)
mc C

=3[( BR) (PP )+ (P )(piR)~(Mc) (PP )~ (me) (RP; )+2(me) (Mc) |

2

In the particular case when muon is at rest: P, =P, :O,|pi|:|pf|: P, By =P =Mc, py=Pio = Py
R, = p,, + Mc further simplifications can be done. Namely, expression (32) becomes simpler:

24(p. - p, )+(me) 2
2 pO (pl pf) ( ) Z(MC)Z pg (1—\/—25"]2%],
C

|'~Tf7auiUf7an|2 =(Mc) 5

Also expressions for the final states density of the system and quantity | P — P |4 become simpler:

Vop,p 4 AN
E)=——2—=dQ, -p =[2 sin—] ,
,D( ) C(21th)3 |pf p| p 5

Thus, the scattering probability per unit time becomes:

(ah)z c Po P v 20
W, = — 1-—sin®= |dQ. 33
=T V[ _ ‘9]4 zsin’s (33)
psin—
2
Here ¢—angle between p, and p, . Divide (33) by the electron beam density V1=£V£ and obtain the
Po
well-known result—Mott cross-section [4]:
Vi ,0 VR
1—sin2j (1—sin2]
h 2 ( 2 2 2 2 2 2
do (an) ,{ c T c [1_\/_2)- 34)
c

29 _ P2 - -0 -
psin— —sin—
2 c 2

Here 1, = aii/mc—classical electron radius. As we can see using expression (13)-(27) allows us to easily
obtain process cross-section without a calculation of the trace of the matrix products.

4. Conclusion

The covariant form of the expression for the amplitude square for any interaction matrix is derived. The expres-
sion allows calculating cross-sections of any processes with polarized particles. In particular, the universal ex-
pression was used in order to calculate the transaction probability per unit time for the scattering of polarized
electrons and muons. Then this result was averaged by the initial polarizations of the particles and summed by
the final polarizations of electrons and muons. The final expression coincides with well-know expression for
unpolarized particles (Mott cross-section).
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