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ABSTRACT 
Recently, smoothed particle hydrodynamics (SPH) method has become popular in computational fluid dynamic 
and heat transfer simulation. The simplicity offered by this method made some complex system in physics such 
as moving interface in multiphase flow, heat conductivity jumping in multiple material boundaries and many 
geometrical difficulties become relative easy to calculate. We will treat a relative easy example of melting process 
to test the method in solving fluid motion equation coupled by heat transfer process. The main heat transfer 
processes are caused by solid-liquid (medium to medium) heat diffusion and convection. System interaction with 
ambient temperature can be modeled by gas surrounding fluid-solid system. For the ambient temperature, we 
proposed surface particle heat transfer governed by convectional heat flux. Using local particle number density 
value as surface detection method, we applied cooling and heating to surface particle on the melting ice cube and 
water system. The simulation result is also verified by experiment. 
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1. Introduction 
Nowadays, computational fluid dynamics and heat trans-
fer have become powerful tools for solving industrial and 
scientific problem. Typically the model arising in prob-
lem involves coupled systems of partial differential equ-
ation. For example, non-isothermal heat exchange and 
phase change simulation. To simulate flow with phase 
change, we need to solve at least fluid motion equation 
couple with heat equation. 

One of the relative new methods for solving partial 
differential equation appearing in fluid dynamics is 
smoothed particle hydrodynamics (SPH) method. This 
method is based on Lagrangian frame equation of motion. 
It gains popularity after some authors [1,2] use the me-
thod to solve several astrophysical problems. 

Our previous study on SPH methods is used for stud-
ying the dam break phenomena and its effect on a build-
ing and solid bar [3]. In this paper, SPH method is de-  

veloped for supporting solid particles in use for 3D dam- 
break effect simulation. Solid particle have been treated 
as a group of rigid particles with translational and rota-
tional motion. The same method will also be applied in 
this paper for solid motion of 2D ice fraction. 

Phase change of material plays an important role in 
material properties, and understanding the phase transi-
tion and phase change of material is mandatory to control 
the properties. For example, temperature effect on Sili-
con can be used to control dislocation wake [4], and the 
other reporting on iron behavior, the temperature of soli-
dification and melting process affects its hardness [5]. 
The process of solidification and melting is not unders-
tood well in atomic level. 

In previous work, the simulation of phase change from 
solid to liquid can be simulated nicely using SPH method 
with some modifications in heat equation. The modified 
scheme for Laplace operator proposed by [6] is based on  
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finite difference approximation and gives second order in 
accuracy. This modification is needed because it lacks 
stability of standard method. 

However heat transfer only occurs between solid and 
liquid, it means that solid-liquid system is in thermally 
insulated system. Improvement is needed to enable the 
interaction with ambient temperature. One of the ideas is 
to put gas phase filling the remaining domain of the solid 
liquid system, so there will be heat exchange between the 
solid-liquid system and “environment” by mechanism of 
convection and conduction. The idea is realistic but con-
tains some problems if we want to solve this problem 
using particle method. On the other hand, to clarify the 
result with experiment, we design an experiment based 
on infrared (IR) digital camera with resolution of 0.1˚C 
using a special apparatus. 

In this paper, we study on melting process of ice in 
different ambient temperatures using SPH methods for 
the simulation. To clarify the result, we do experiment by 
combination of special apparatus and infra-red camera. 
The possibility of different temperature effect will be 
discussed too. 

2. Simulation 
2.1. Governing Equations 
Motion of fluid can be described by Navier-Stokes Equa-
tions. In Lagrangian frame, the Navier-Stokes Equation 
takes form: 

D
Dt
ρ ρ= − ∇ ⋅v                  (1) 

D p
Dt ρ

∇
= − + +Θ

v g              (2) 

where ρ, p, v and g are density, pressure, velocity and 
body force (e.g. gravity). Θ is refers to viscous term. 

With SPH method, incompressible fluid modeled by 
slightly compressible fluid where pressure can be directly 
calculated as function of density 

( )2
0p c ρ ρ= −                  (3) 

here c and ρ0 are speed of sound and initial pressure re-
spectively as proposed in [5]. 

Heat transfer in material is governed by heat energy 
equation: 

( )d .
dp
Tc T
t

ρ κ= ∇ ∇               (4) 

where cp is specific heat, T is temperature and κ is coeffi-
cient of conductivity. 

Equations (1), (2), (4) are solved numerically using 
SPH scheme, while Equation (3) is used directly to cal-
culate pressure field. 

An open non isothermal system can interact with the 
environment by heat transfer described by law of cool-
ing. 

The rate of change of heat energy to the system is 
proportional to temperature difference between fluid and 
environment T − Tenv and area of the contact section. 
Here the free surface area represents contact section with 
the environment [7]. The heat flow into/from the free 
surface can be written as: 

( )envQ hA T T= −                   (5) 

2.2. Numerical Scheme 
SPH scheme is used to discretize the governing Equation 
are based on integral of interpolation: 

( ) ( ) ( )1 , df f W h= −∫r r r r' r'  

The value of function f1 as function of position r can 
be calculated by integration of entire space. W is weight-
ing kernel function with smoothing parameter h. This 
continuous form can be approximate by summation form 
for numerical work as 

( ) ( ) ( ),b
a b b b

b b

mf f W h
ρ

= −∑r r r r         (6) 

To approximate the value of some physical quantity fa 
by its all surrounding neighbours fb at the system boun-
daries. The gradient of fa is 

( ) ( ) ( ),b
a b b b

b b

mf f W h
ρ

∇ = ∇ −∑r r r r      (7) 

Using formulation (7) the governing Equations (1) and 
(2) now take forms, for complete derivation see [7]. 

( ) ( )

( )2 2

,

,

a b
a a b a b

b b

a a b
b ab a b

b a b

D m W h
Dt

D p pm W h
Dt

ρ ρ
ρ

ρ ρ

= − − ∇ −

 
= − + +Π ∇ − 

 

∑

∑

v v r r

v r r

 (8) 

Πab denote artificial viscosity for stabilization of the 
scheme. 

The discretization of heat Equation is done by mod-
ified SPH scheme proposed by [3,4] 

( ) ( ) ( )
( )

( )

2 2

4

,

a
a pa

a bb a b
a b

b b a b a b

a b

DTc
Dt

m T T

W h

ρ

κ κ
ρ κ κ ζ

−
= −

+ − +

⋅∇ −

∑
r r

r r

r r

    (9) 

while the kernel used in this simulation is based on cubic 
spline kernel [7]. 
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where a bd h= −r r  and β = 0.7πh2. Equations (7), (8) 
and (9) now are ordinary differential equation which 
could be solved by numerical integration. Meanwhile 
motion of solid body is describe by Newton Equation of 
motion 

d
d s

s

s
f

f
m p da m

t
= +∑v n g            (10) 

for translational motion and 

( )d
d s s

s

s
f f

f
I P da

t
= ×∑ω l n            (11) 

for rotational motion. 
In Equation (10) vs denoted translational velocity of 

solid, m is mass of solid, g is gravity force and in Equa-
tion (10) and (11) 

sf
p  is pressure of fluid nearest to the 

solid, da is cross sectional area of contact force, n is 
normal vector to solid surface. I and 

sf
l  denoted mo-

ment of inertia and lever arm of torque respectively. 
To apply Equation (5) we need to perform detection of 

particle at the edge this problem can be solved by calcu-
lating particle number density of fluid-solid system as 
illustrated in Figure 1. 

To compute particle number density, an SPH scheme 
available: 

( ),ba
a a b

b a

mN W h
ρ

 
= − 

 
∑ r r  

Birds, et al. [8] use condition Na < 0.84Nmax for par-
ticles to be classified as free surface particle. 

3. Experimental Setup 
The simulation method is clarify by an experiment on ice 
melting in room temperature, the experiment apparatus 
can be seen in schematic as in Figure 2. An ice cube 
with dimension of 20 × 20 × 20 mm3 was used. The ice  

 

 

High Particle number 
Density 

Low Particle number Density at 
free surface 

 
Figure 1. Free surface detection using local particle density number. 

 

           
(a)                                            (b) 

Figure 2. Experimental schematic to observe the phase change transition on ice-water system. (a) Whole schematic; (b) Front 
view of ice-water system in a cup, the picture took by an infra-red camera with 2Mpixel resolution.   

50 – 70 cm

IR camera ICE  cube
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was put on 10˚C (282 K) of cold water, and put in a thick 
enough of cup and the system was covered by a 15 μm 
thin sheet of plastic transparence. This thickness is used 
to make sure that the temperature can be measure by an 
infra-red digital camera, and directly the same tempera-
ture with ice or water inside the cup. 

Using IR-camera, we can see very clearly temperature 
different between ice (dark color) and water (light color) 
while the ambient temperature was setted higher than 
water (no color). Using this method, the melting process 
can observe directly. The camera will record whole 
melting process, in Figure 2(b), can be seen in the be-
ginning (t = 0 s). 

4. Result and Discussion 
4.1. Simulation on Melting Process 
The simulations were run at QC-cluster in Department of 
Physics—ITB, the melting process simulation screenshot 
as seen in Figure 3 shows the effect of heat transferred 
into ice cube by surrounding waters and ambient tem- 
perature. In this simulation, we use 400 particles, 16% is 
ice particles and the other is water. The different temper-
ature was setting in 10 K. The ice start melting after 0.2 
second, and the ice will move around surrounding water. 

The ice cube can move freely in translation or rotation, 
with this movement, more interaction between ice and 
water will happen and heat transfer from water or am-
bient air more active. As the result more ice particle will 
be change to water. Figure 3, shows this phenomena, in 
(c) and (d) more ice particle change to water particle. 

To confirm the model and simulation with natural 
melting phenomena, we made three different temperature 
simulation as can be read in Table 1. The results show 
increasing of temperature difference between ice and 
 

t = 0.216333 t = 9.30574 

t = 50.767 t = 42.0897 

286 K 

272 K 

 
Figure 3. Simulated temperature distribution of ice cube in 
free surface open system with temperature difference 10 K 
between water and ice. 

water, the ice more faster melting, as can be found in our 
daily observation. 

Study on temperature difference effect is important to 
see the possibility of global warming. Bintanja et al. [9] 
reported that the global warming on Artic and Antartic 
make increasing sea level significant in late 5 years. In 
the Arctic, observations reveal that sea-ice area, extent 
and volume have been declining rapidly during the past 
decades, with the trend in extent being −5.3% per decade 
since 1985 and has reached as much as −27% per decade 
since 1995. Our simple simulation on difference temper-
ature gives a good agreement to this phenomenon. 

4.2. Experimental Results 
Figure 4 shows sequence of an ice melting in experi-
ments apparatus. The dark color has lower temperature, 
as can be seen the ice has darkest color and ambient air 
has lighter color. 
 

Table 1. Effect of temperature difference on ice melting. 

ΔT tmelt 
5 42.1 minutes 
10 20.61 minutes 
15 13.2 minutes 

 

    
(a)                         (b) 

    
(c)                          (d) 

    
(e)                          (f) 

    
(g)                          (h) 

Figure 4. Melting process of a cube ice in cold water. The 
melting starting from ice surfaces and, melting rapidly after 
melting rapidly after 4 minutes. (a) t = 0 minute; (b) t = 3 
minutes; (c) t = 7 minutes; (d) t = 10 minutes; (e) t = 13 mi-
nutes; (f) t = 15 minutes; (g) t = 17 minutes; (h) t = 20 mi-
nutes. 
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The melting of ice is not in linear form, as can be seen 
in Figure 5. Vertical axis shows the percentage of ice 
remains compared to original size of ice, while horizontal 
axis is time in seconds. The melting process can be seen 
with decreasing of ice part. 

The melting process is relative slow until approx-
imately 220 seconds in exponential form, and faster after 
that. Starting from that point, the ice melting in linear 
form until all ice melted. The simulation and experiment 
data show this process clearly. 

5. Conclusion 
Smoothed particle hydrodynamics (SPH) were applied to 
understand the melting process in particle size in 
ice-water system. The validation and comparative study 
with experiment result show that the melting process is  
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Figure 5. The melting process by time (percentage of ice). 
Solid line is simulation result verified by experimental re-
sult at 283 K ambient temperature. 

slow in the beginning and rapidly after a few seconds in 
linear form. 
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