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ABSTRACT
The aim of the paper is to investigate in detail the sensitivity of particles displacement based on method of Lagrangian
particle tracking in combination with a 3D Eulerian numerical model that was developed by the first author, namely
FSUM. The characteristic parameters used for this research include the possibilities of random movement, settling velocity of solid particle, horizontal and vertical diffusion coefficients and condition of particle fixed with a constant distance under water surface. The first part is on the fluid flow model. It includes 3D Navier-Stokes equations together
with the initial and boundary conditions that were numerically solved with the finite difference method and coded with
FORTRAN 90/95 using parallel technique with OpenMP. A semi-Lagrangian treatment of the advective terms was used.
The second part is related to Lagrangian particle tracking model and was solved with the fourth Runge-Kutta method.
Model was applied for Strait of Johor and has been calibrated by using measured data on water level and velocity at one
station. Eight cases of simulations with many different options were carried out. Through computed cases it shows that
random term and settling velocity are very important factors for the behavior of particle trajectory. Although the random diffusion is minor in comparison with flow velocity, but it can rearrange the initial distribution of particles then the
cluster of particles become more dispersive during the process of movement. In addition, introducing settling velocity
of particle makes a big change on the trajectory of particle that becomes more suitable to sediment transport. The study
gave a comprehensive picture on particle movement. The model also showed its possibilities of multiform applications
in simulation and prediction for the different problems in practice.
Keywords: 3D FSUM Model; Random Walk; Settling Velocity; Numerical Simulations

1. Introduction
The idea of study on the trajectories of movement for
solid particles in fluid environment appeared very early
in mechanics and was considered as the movement in
Lagrangian point of view. The advantage of this method
is that it is possible to track the process of movement for
each specific particle in more detail and accuracy in
comparison with the method of determining average
concentration for grid cells through the advection-diffusion equation based on Euler point of view. However, the
numerical solution is too difficult to implement in practice when the number of particles is very large, because it
strongly depends on the speed of computer machine processor as well as a very large amount of memory to be
distributed for the variables. Fortunately, nowadays the
development of Information technology both on hardware and software is considerable and such a problem is
completely possible to be solved quickly event on PC,
especially with parallel technique. There are many studies on this problem for different applications so far, such
as study on contaminant transport [1,2], study on susCopyright © 2012 SciRes.

pended sediment transport [3], study on transport in heterogeneous porous media [4-7], or study on prediction of
oil slick transport in the sea [8], etc.
In general the real movement of solid particles includes
two parts [1]: one by the advection of fluid flow and the
other one by the “random walk”. So a fluid dynamics
model is necessary to couple for velocity field generation.
In this paper the module of Lagrangian particle tracking is developed and incorporated into FSUM (Flows
with Substance transport and bed Morphology) developed by Chung, D.H. [9] as an effective tool to solve
many problems in fluid dynamics raised from practice as
mentioned above.
The paper concentrates on the mathematical equations,
numerical simulation, especially some sensitive factors
related to orbits of particles and the possibility of model
application.

2. Mathematical Model for Lagrangian
Particle Tracking
As mentioned above the movement of particles includes
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two parts, in which the first part is related to fluid velocity field that is governed by Reynolds-averaged NavierStokes equations together with initial and boundary conditions [9,10] as follows:
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the Coriolis acceleration vector,

F   0, 0,  g  , g the acceleration of gravity,  the
water density, p the non-hydrostatic pressure,  h , v
the horizontal and vertical momentum diffusion coefficients, f1 the given function of water level at open
boundary, G the solution domain, L the land boundary,  the lateral open boundary, C Chezy coefficient,
n the normal vector,  xw , yw the shear stress components on water surface by wind and zb the bed bathymetry with the downward positive direction.
The second part is related to Lagrangian particle
tracking model and it is also described as a “random
walk”. For this kind of problem it is expected to determine the accurate location for each particle  x, y , z 
with the initial condition  x0 , y0 , z0  rather than the
propagation of cell-average concentration. The differential equations for the Lagrangian movement of particles
[11] are as follows:
T
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in which dx, dy, dz are the spatial displacements of a
particle after a time step dt , ws settling velocity of
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particle,  sh ,  sv the horizontal and vertical diffusion
coefficients and r is a random number from a normally
distributed random variable in [0, 1].
It should be noted that the factor of 2r − 1 in the random terms on the right hand sites of the Equations (8)-(10)
have a mean of zero and a variation range from –1 to 1.
This range allows the particles to move about the new
position due to advection term that is more suitable for
real movement of particles in practice. In addition, the
inclusion of settling velocity of particle allows movement
of particles of different physical features to be taken into
account. It covers the possibility of settling and reduction
of particle quantity in the process of movement. In case
of using the settling velocity of particle in condition of
very high temperature-salinity gradients it should be
noted that when the temperature increases or the salinity
decreases, the water density and viscosity decrease as
well, hence the relative density of the particles increases
resulting in an increase of the settling velocity of the particles [12].

3. Numerical Method for Governing
Equations

in which t is the time, x, y, z the spatial coordinates,
T
V   u, v, w  the velocity vector of fluid flow,
   fv,  fu, 0 
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The Equations (1) and (2) together the initial and boundary conditions were numerically solved in FSUM [9,10]
with the finite difference method and coded with FORTRAN 90/95. Approach of operator splitting for the finite-difference equations combining a semi-Lagrangian
treatment of the advective terms with a semi-implicit
discretization of the vertical diffusion terms is used [13,
14]. The continuity Equation (1) is integrated vertically
from bottom to the surface and then it is discretized for
water level difference equation. By eliminating the velocity components from this one, a penta-diagonal equation system is obtained ([15]):
dijijn 1  sxi 1/ 2 jin1/12 j  sxi 1/ 2 jin1/12 j

(11)

 s yij 1/ 2ijn1/1 2  s yij 1/ 2ijn1/1 2  bij


 Z


Z 

n

s xi 1/ 2 j   x Z T A1Z

i 1/ 2 j

s yij 1/ 2   y

ij 1/ 2

T

A1

,

n

dij  1  sxi 1/ 2 j  s xi 1/ 2 j  s yij 1/ 2  s yij 1/ 2



bij   ijn   x Z T A1G



  y Z A G
T

1





n
i 1/ 2 j

n

ij 1/ 2



  x Z T A1G



  y Z A G
T

1





n
i 1/ 2 j

n
ij 1/ 2

in which 
is water level at time step n + 1 for hydrostatic pressure;  x ,  y ,  x  y are the expressions
depending on grid size and time step;  ijn is the expression related to water level, velocity component at the
previous time step, Z vector of vertical layer thickn 1
ij
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ness, G vector related to the right hand site of Equation
(2) excluding vertical component of velocity gradient and
values interpolated on the characteristics, A tri-diagonal matrix containing vertical layer thickness, time step
and boundary conditions of velocity on water surface and
on bottom.
Equation (11) is solved first with the conjugate gradient method. After that the equations for velocity components are calculated by solving a linear equation system
for vertical cells. It should be noted that method of inverse matrix was effectively applied for this situation in
FSUM, because these vectors A1Z and A1G had
been calculated and stored during determining the coefficients for the penta-diagonal equation system of water
level. If the assumption of non-hydrostatic is used the
next step for non-hydrostatic correction will be implemented. The detail for solving Navier-Stokes is beyond
the scope of this paper.
In order to solve the equations for Lagrangian particle
tracking (Cauchy problem for ordinary differential equations), the fourth order Runge-Kutta ([16]) is used, because this method is simple but gives a quite high accuracy. The treatments of particles at land and open boundaries are based on a purely mathematical method. When
a particle moves over the land boundary, it will be put
back to the previous location without consideration of
decay phenomenon for this study. When a particle moves
through the open boundary, it will be removed out the list
of particles under consideration. The mathematical formulae of the fourth order Runge-Kutta for the Equations
(8)-(10) are as follows:
xn 1  xn   K11  2K12  2K13  K14  6
 6 h dt  2r  1
yn 1  yn   K 21  2K 22  2K 23  K 24  6
 6 h dt  2r  1
zn 1  zn   K31  2K32  2K 33  K34  6
 6 v dt  2r  1

(12)

(13)

(14)

in which Kij  i  1,3; j  1, 4  are determined according to the values at previous time. In order to speed up
the process of computation in FSUM a parallel technique
by using OpenMP [17] was applied and it is an optional
choice in case of need.

4. Model Application
The computation domain for Lagarangian particle tracking application is the eastern part of the Strait of Johor
(Malaysia). It is separate from the western part by the
causeway (Figure 1). The domain is covered by a rectangular grid with grid size x  y  90 m including
Copyright © 2012 SciRes.

Figure 1. Eastern Strait of Johor (Station STN4 and release
location).

8346 active grid cells in the horizontal plan. The vertical
datum used for this hydrodynamic study is based on the
Mean Sea Level (MSL). The lowest bottom elevation
under the datum is about 24 m, therefore a 3D model
with 10 vertical layers is reasonable. The domain has
only one open boundary on the right of the Strait of Johor,
while the left boundary is closed by the causeway. The
boundary condition is water level predicted from the
harmonic constants of Sungai Segget with a tidal range
of about 3 m. Model set-up is easily carried out with
EFDC_Explorer, a useful tool developed by Craig P M
[18] for EFDC [19].
In order to study on the movement of particles, a group
of 100 particles was released at the location (see Figure
1) around the geography coordinates of (103.98˚E, 1.40˚N)
at the same time. It is concentrated on 8 cases with many
different options (Table 1), in which case 3D-01 is considered as the standard to recognize the difference of the
other cases. There are four options for random movement
of particle: horizontal only; vertical only; both horizontal
and vertical (full 3D) and without random movement.
The coefficients of horizontal and vertical diffusion used
in this study are constants. The possibility of free movement or restricted movement of particles by a fixed depth
under water surface is also considered. The settling velocity of particles is also taken into account to see its
impact on behavior of particle trajectory for suspended
sediment transport study that is one of application fields
of Lagrangian particle tracking model. The settling velocity is calculated from the following formula ([20]):
ws 

12
 
10.362  1.049D3   10.36

d50 



(15)

in which d50 the median grain diameter,  the kinematic viscosity and D dimensionless grain size.
So the settling velocity of case 3D-02 is corresponding
to fine sand ( d50  100 μm ) and the one of 3D-03 is for
coarse sand ( d50  300 μm ). This parameter is ignored in
other cases. Case 3D-04 is the situation without random
movement. This means that the particle is only carried
away by flow current. Case 3D-05 is a special case, in
which particle movement is restricted by a condition that
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Table 1. Options for Lagrangian particle tracking model.
Case

Random movement

Ver. Diffusion m2/s

Hor. Diffusion m2/s

Settling velocity m/s

Fixed depth

3D-01

Horizontal

-

0.1

0

No

3D-02

Horizontal

-

0.1

0.0074

No

3D-03

Horizontal

-

0.1

0.0433

No

3D-04

No

-

-

0

No

3D-05

Horizontal

-

0.1

-

Yes

3D-06

Horizontal

-

1.0

0

No

3D-07

Vertical

0.01

-

0

No

3D-08

Full 3D

0.01

0.1

0

No

the distance of particle under water surface is fixed (such
as application for oil slick prediction). Case 3D-07 is
used to consider the effect of vertical diffusion only and
the last case is more complete on influence of random
factor (full 3D).

5. Results of Simulation
The application of FSUM model includes two steps, in
which the first step is the calibration of the model in respect of hydrodynamics based on the measured data of
water level and velocity at the station STN4 located at
(103.94˚E, 1.43˚N) for a period from June 20 to July 2,
2010 (Figure 1).
The comparison of measured and computed water level is presented in Figure 2. It shows that the water levels
of computation and measurement fit well. The velocity
intensity and direction at the height of 8.9 m above bottom are presented in Figures 3 and 4. In general it is seen
that the time series of computed velocity are suitable for
measured data on phase, intensity and direction as well.
The second step is the application of FSUM to simulate particle movement for 8 different cases as described
in Table 1. Figures 5-12 show the horizontal and vertical distributions and the tendency of dispersion of particles in a plan view over 10 days. Figure 5 is considered a
typical tendency of particle movement under the action
of advection, horizontal diffusion and random displacement without any constraint at the water surface. From
Figures 6 and 7 it is clearly seen that the movement of
particles is more concentrated than other cases. This is
due to the impact of settling velocity of particle and the
vertical profile of flow velocity. In these cases right after
being released the particles quickly fell down to the layer
close to the bottom where velocity is quite small. Figure
8 represents the simulation result of case 3D-04. When
the random term is ignored the split of particles is delayed for a period of time. Since they were very close
together and were released at the same time, therefore the
Copyright © 2012 SciRes.

Figure 2. Comparison of water level at station STN4.

Figure 3. Comparison of velocity intensity at station STN4.

influence of flow on the particle movement is not really
different at the first stage. Then the particles gradually
disperse due to horizontal velocity field.
Figure 9 shows the simulation result of Case 3D-05. It
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is clear that all of particles have nearly the same elevation at a time moment and their dispersion is less than
case 3D-01. This is completely reasonable, because the

Figure 8. Status of particle over 10 days (case 3D-04).

Figure 4. Comparison of velocity direction at station STN4.
Figure 9. Status of particle over 10 days (case 3D-05).

Figure 5. Status of particle over 10 days (case 3D-01).

Figure 10. Status of particle over 10 days (case 3D-06).

Figure 6. Status of particle over 10 days (case 3D-02).

Figure 11. Status of particle over 10 days (case 3D-07).

Figure 7. Status of particle over 10 days (case 3D-03).

Figure 12. Status of particle over 10 days (case 3D-08).

Copyright © 2012 SciRes.
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particles were fixed under water surface with a constant
distance and the random displacement is ignored, therefore they were not affected by vertical profile of velocity.
So this suggests that random factor is a very important
quantity for particle dispersion. Case 3D-06 is presented
in Figure 10 and shows that the greater diffusion coefficient is the more separate particles are. The dispersion of
particles is the strongest in this case, because the coefficient of horizontal diffusion now becomes considerable
in each differential equations for x and y. The impact of
vertical diffusion can be ignored through the comparison
between cases 3D-04 (Figure 8) and 3D-07 (Figure 11).
This remark is also suitable to case 3D-08 for both horizontal and vertical diffusion. The result of this case is not
really different with case 3D-01. This means that random
movement in the vertical direction is not as important as
random movement in the horizontal plan. Figures 13 and
14 give more information on particle heights above bottom versus time. It can be seen that for only cases 3D-02
and 3D-03 the particle 1 quickly moved downward to
bottom and traveled closely on bottom for whole the time
of simulation. The behaviors of particle movement of
these cases are quite similar with sediment transport,
therefore Lagrangian particle tracking model with settling velocity taken into account is very suitable for
sediment transport simulation. For the other cases without settling velocities the elevations of particles mainly
depend on the water surface elevation during flood or
ebb tide.

6. Conclusions
The hydrodynamic variables generated by FSUM including water depth and velocity field were carefully
calibrated with data set from measurement. This can be
used as more verification for the reliability of FSUM
both on algorithm and its application to practice. The

Figure 13. Height above bottom of particle N.1 versus time.
Copyright © 2012 SciRes.
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Figure 14. Height above bottom of particle N.1 versus time.

previous verification was carried out by using data from
wave flume and some computed domains with very
complicated geometries. In general, so far all of applications showed that the results computed with FSUM are
quite stable and reliable. In this study through 8 cases of
simulation for Lagrangian particle tracking with many
different options on random term, diffusion coefficient,
settling velocity and fixed distance of particles under
water surface some interesting remarks were obtained.
These give us more understanding on behavior of particle
movement in fluid environment by a combination between Eulerian and Lagrangian descriptions.
First of all, it is obvious that the trajectory of a particle
strongly depends on the field of flow velocity as known.
However, the random action in fluid flow also plays a
very important role. Although the random diffusion is
minor in comparison with flow velocity, but it can rearrange the initial distribution of particles then they gradually separate and are carried away by flow current,
therefore the cluster of particles become more dispersive.
In respect of numerical simulation, this also suggests that
the Lagrangian particle tracking model should be started
when the hydrodynamic model becomes stable in order
to avoid the inaccuracy due to the initial conditions for
velocity field.
Also from the computed results it can be seen that the
particles at the same elevation will move together in a
cluster, while the particles located in a large vertical distance have the tendency to move more and more separately due to vertical profile of velocity. In addition, diffusion coefficient also contributes an important part to
this tendency.
Lagrangian particle tracking approach has been used to
predict the propagation of turbidity or oil slick in ocean
so far. However, taking settling velocity of particles into
account can make the model become more feasible in
simulating sediment transport in rivers, estuaries and
JMP
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coast zones if a suitable parameterization is well done. In
this case after a particle is released, it quickly moves
downward to the layer close to bottom and its travel
length becomes shorter. Sometimes, it settles on bed depending on the strength flow velocity. In this situation
movement of particle is quite similar to that of bed-load
transport.
Finally, Langrangian particle tracking model can be
one of the prospective approaches for further applications
in future when the ability of memory and speed of computation of PC are not the real issues.
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