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Abstract

This paper integrates a quantum conception of the Planck epoch early un-
iverse with FSC model formulae and the holographic principle, to offer a
reasonable explanation and solution of the cosmological constant problem.
Such a solution does not appear to be achievable in cosmological models
which do not integrate black hole formulae with quantum formulae such as
the Stephan-Boltzmann law. As demonstrated herein, assuming a constant
value of Lambda over the great span of cosmic time appears to have been a
mistake. It appears that Einstein’s assumption of a constant, in terms of va-
cuum energy density, was not only a mistake for a statically-balanced universe,
but also a mistake for a dynamically-expanding universe.

Keywords

Quantum Cosmology, Planck Scale, Cosmological Constant, Black Holes,
Holographic Principle, Flat Space Cosmology, AdS-CFT, ER = EPR,
Cosmology Model

1. Introduction and Background

It appears that the correct mathematical treatment of our visible universe as an
expanding black hole-like global object was first successfully achieved in 2015 [1]
[2]. To achieve this, a thermodynamic formula slightly different from the Hawk-
ing black hole temperature formula was necessary. This was accomplished pri-
marily due to the incorporation of a geometric mean refinement of Hawking’s
black hole temperature formula taking the following form:
hc® N hc
8Gk, JM M, 4k, JRR,

Tt
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wherein 7, is time-dependent cosmic temperature, M, is temperature-dependent
cosmic mass, R, is temperature-dependent cosmic Schwarzschild radius, R, is
the Planck radius (to be defined below), and all other symbols are well-known
physical constants. A stunning result was the prediction, in 2015, of today’s most
precise (Ze., low uncertainty) Hubble constant measurement derived from a
CMB temperature study reported in 2023 by Dhal et a/. [3]. In the current paper,
we will hereafter refer to Equation (1) as the Tatum et a/. thermodynamic for-
mula.

Although implied by the assumptions of the 2015 Flat Space Cosmology (FSC)
model, their quantum cosmology equations were not published explicitly until

2018 [4]. These equations are repeated herein for the convenience of the reader:

. h3/2C7/z R~ h3/2C7/2 @)
T 32n°kTAGY? 32k T GY?
21,272R~Y2 21,212R12
H = 32n l(BT G H, = 327k T, G 3)
h /205/2 hs/zcs/z
(s h3/205/2 - hs/zcs/z @
T 32n?kET GV " 32n?KTAGY?
M = hs/zcn/z M = h3/2011/2 (5)
~ 64n’k2T?GY? " 64n’K2T GV
hs/zcls/z h3/2015/2
= ? (6)

64n°k2T°GY? T 64n?kTAGY?

The right-hand column equations are for correlation with current cosmologi-
cal observations, using the 2009 Fixsen Cosmic Microwave Background (CMB)
temperature of 2.72548 K as 7, the only observational input [5]. The remarkably
good correlations between these FSC quantum cosmology equations and current
observations have been well-documented [6] The FSC model has proven to be
quite useful in its predictive capacity [7] [8].

It is the purpose of the present paper to show how the FSC model can employ
the holographic principle to offer a solution of the cosmological constant prob-
lem, whereas this appears to be extremely difficult or impossible using the stan-
dard ACDM cosmology model. This difficulty can be expressed by quantifying
the discrepancy between the quantum field theory estimate of the value of the
cosmological constant and observational estimates of its value. The discrepancy
is a factor roughly on the order of 10'*'! This has often been referred to as the

most embarrassing problem in all of modern physics [9] [10].

2. The Solution

It is theorized that the Big Bang may have started with what is likely to be the
smallest possible micro black hole, the Planck mass particle, m, Since the Planck
mass has a density at or near what is referred to as the “Planck density,” one
customarily derives its value according to m, /IZ, which equals 5.155 x 10
kg-m™ using the NIST 2018 CODATA [11] [12]. However, we can also treat the
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Planck mass particle as a micro black hole with a Schwarzschild radius of two
Planck lengths (2/,). In FSC, this is referred to as the “Planck radius” R, [see
Equation (1)]. If we divide the m, value of 2.17643424 x 107® kg by the volume of
a sphere of Schwarzschild radius 2/, we get a result of 1.538322 x 10” kg-m™.
This corresponds to a Planck energy density value of 1.382584 x 10" J-m™. These
are almost certainly more realistic values for a micro black hole Planck density,
and will be taken as such in the calculations below.

Furthermore, given its Schwarzschild radius 2/, we can assume that the
2

pl>
167l . This implies a starting Hubble surface area value for the Planck epoch

sphere of the Planck mass micro black hole has a surface area of 4nR;,, which is
black hole universe of 1.3130 x 107 m” We can then compare this starting
Hubble horizon surface area value with that of the current Hubble surface. This
would be according to the 4nR? spherical surface formula. In ESC, the current
Hubble radius value R, is 1.382894 x 10 m. Thus, the current value of 4nR?
would be 2.40318 x 10* m®. Interestingly, the ratio of 2.40318 x 10°* m” to
1.3130 x 107 m* is 1.8303 x 10"*', which also can be expressed as 10"*"?°. This is
the longstanding FSC magnitude of the cosmological constant problem. This can
hardly be a coincidence with respect to the magnitude of the standard cosmolo-
gy problem.

It is reasonable to treat the expanding cosmic black hole horizon at radius R,
(the time-dependent Schwarzschild radius correlated to the increasing Schwarz-
schild mass M) as a membrane of area 4nR?. One can view this boundary sur-
face (hereafter referred to as the “boundary”) as continually radiating a Hawking
temperature (see Haug & Tatum for details). Thus, this temperature smoothly
declines as the cosmic black hole smoothly grows in mass and expands adiabati-
cally.

We can also, according to the holographic principle of Susskind and ‘t Hooft
[13], treat the boundary as a conceptually separate entity in comparison to the
black hole interior (hereafter referred to as the “bulk”). Therefore, we are en-
titled to view the boundary as starting out, in the Planck mass epoch, with the
Planck energy value of a single Planck mass micro black hole equal to m,c* equal
to 1.9561 x 10° J. The Planck epoch temperature 7}, of this 167l membrane is
equal to 5.65 x 10* K (see Haug & Tatum, their Equation (6)), which can be
compared to a 4nl? (ie, according to a single Planck length Schwarzschild ra-
dius) boundary membrane temperature of h¥2c¥ ZG’l/Zkb’ ! equal to 1.4168 x 10
K the classical Planck temperature (see Buczyna ef al reference [12] on Planck
units).

One can now use the holographic principle to create a one-to-one correspon-
dence of energy densities between the boundary and the bulk. The energy densi-
ty within the current boundary surface area should be the Planck energy density
of 1.382584 x 102 J.m™ (as calculated above for the micro black hole epoch) di-
vided by 1.8303 x 10" for the current cosmological epoch, to obtain the current
FSC energy density within the boundary and bulk. The resulting energy density

is 7.554 x 107" J.m™® (see reference [6]). This is also quite consistent with the
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current observed cosmological constant value of Pvac = 5.3566 x 107'° J-m™ from
the 2015 Planck Collaboration data set [14]. In the FSC model, another cosmo-
logical conundrum, called the cosmological coincidence problem, is also solved.
This is because, in FSC, the matter and vacuum densities are a/ways highly cor-
related. This cannotbe true for the standard ACDM model.

3. Discussion

The standard ACDM cosmological model is vexed by many conundrums, not
the least of which are the cosmological constant problem and the cosmological
coincidence problem. There has been a suspicion, for several decades now, that
this may be because the ACDM model is not a fully-integrated quantum cos-
mology model. This appears to be true. On the other hand, the FSC model of
Tatum ef al has derived some extremely useful Planck scale quantum cosmology
formulae which, so far, appear to be accurate over a wide cosmic time and tem-
perature range. An exciting recent development was Haug & Wojnow’s deriva-
tion of the Tatum et al. thermodynamic formulae of Equation (1) using the Ste-
phan-Boltzmann law [15].

Thus, FSC appears to be usefully integrating the general relativity of black
holes with certain quantum formulae. This is what is meant by referring to FSC
as a “quantum cosmology model.” It may be the first of many similar models to
follow. To this author’s knowledge, no particularly useful quantum cosmology
model preceded FSC, presumably because there was insufficient development of
the appropriate cosmic thermodynamic formulae, which have always been a key
feature of FSC.

The purpose of the present paper has been to use the black hole holographic
principle of Susskind and ‘t Hooft to provide a solution to the cosmological con-
stant problem. Maldacena’s AdS-CFT and ER = EPR hypotheses [16] [17] and
the related holographic principle appear to have been the biggest cosmological
breakthroughs in recent decades. They have a firmly-established mathematical
basis, so that cosmologists can have some confidence in their careful application
or, at the least, a direction in which to look for a new breakthrough, such as pre-
sented herein.

Importantly, in just the last few years, some respected physicists and cosmolo-
gists have joined in the speculation that our universe might very well be an
evolving and expanding black hole-like object [18] [19] [20] [21]. It is good to
now have them joining the conversation. Siegel’s summary on this topic is espe-
cially nice. Lineweaver and Patel make some excellent points as well. Objections
that such speculations should be forbidden by general relativity are simply
short-sighted. Black holes and related objects, such as white holes, are clearly al-
lowed by general relativity and still too mysterious for us to forestall a debate on
related cosmological models. The apparent successes of the FSC Schwarzschild
cosmological model are also in support of this viewpoint. Our visible universe

has a surprising number of mathematical similarities to a gigantic black hole. As
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discussed in a comprehensive summary of the FSC model peer-reviewed publi-
cations [22], not the least of these are the mass-to-radius ratio and the current
average density of the visible universe. For instance, the mass-to-radius ratio of
the visible universe (if we include dark matter mass) and a Schwarzschild black
hole are both in the range of ¢?/2G [23] [24]. Furthermore, the visible universe
appears to be at or very near critical density. Surprisingly, this is the average
density of a Schwarzschild black hole with a radius of approximately 14 billion
light-years or very slightly larger (14.62 billion light-years in the FSC model). As
a perpetual matter-generating model, FSC specifically models a universe at per-
petual critical density. It appears, from CMB observations, that our visible un-
iverse has shown this spatial flatness feature (ie., critical density) as far back in
cosmic time as we can observe to date. Thus, it appears to be an effective model
for what we can see at present.

In their holographical principle hypothesis, Susskind and ‘t Hooft make sepa-
rate distinctions between the horizon boundary of a black hole and its bulk. If
their principle is correct, there is a one-to-one correspondence between proper-
ties of the boundary (a two-dimensional membrane of curved space-time) and
the conventional 3-D bulk. As shown above, the original Planck mass energy
(not density) within the boundary membrane is what is dispersed throughout
the Hubble horizon boundary membrane during cosmic expansion. The result-
ing energy density dilutional effect is quantitively the same as observed in the 3D
bulk. So, as often mentioned in previous papers, there is no cosmological con-
stant problem in FSC. Finally, although some theorists [25] have speculated that
there is no need to introduce a cosmological constant, the current paper accepts
the presence of such a constant, despite its small value. Otherwise, it would be
most difficult to explain why the universal expansion is not decelerating.

As for a way to potentially falsify the solution presented in the present paper,
the best way to do so would be to measure the cosmic vacuum energy density so
precisely that the calculated model density presented herein is consistently five
or more standard deviations outside of the observational determination. At
present, this does not appear to be the case. The two numbers are very close to
one another, and there is yet too much uncertainty in the value of the Hubble
constant. However, the coming decade of more precise dark energy observations
and more precise Hubble constant determinations should be a good test of the

hypothesis presented herein.

4. Summary and Conclusions

The current paper integrates a quantum conception of the Planck epoch early
universe with FSC model formulae and the holographic principle, to offer a rea-
sonable theoretical explanation and solution of the cosmological constant prob-
lem. Such a solution does not appear to be achievable in cosmological models
which do not integrate black hole formulae with quantum formulae, such as the

Stephan-Boltzmann law.
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Einstein’s “cosmological constant” was created only to achieve a statically-
balanced universe (Ze., neither contracting nor expanding). This was a mistake
which he admitted to as his greatest blunder [26]. What was particularly erro-
neous about his blunder is well-described by Bodanis. The assumption that our
universe could be kept perpetually in static balance by any sort of energy force in
opposition to that of attractive gravity was simply unrealistic in the face of any
perturbations to such a precarious balance.

However, in a dynamically-expanding universe, assuming the value of Lamb-
da to remain constant over the great span of cosmic time, in terms of energy
density, also appears to have been a mistake. At the very least, this possibility has
been a topic of serious discussion in a number of recent scientific papers [27] [28]
[29] [30]. And now, with the aid of the FSC model, the cosmological constant
problem appears to be understandable and solved. We humbly and respectfully
request that other investigators in the field carefully consider the above mathe-

matical arguments and accept or attempt to refute the results.
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Abstract

This paper introduces the two Upsilon constants to the reader. Their useful-
ness is described with respect to acting as coupling constants between the
CMB temperature and the Hubble constant. In addition, this paper summa-
rizes the current state of quantum cosmology with respect to the Flat Space
Cosmology (FSC) model. Although the FSC quantum cosmology formulae
were published in 2018, they are only rearrangements and substitutions of the
other assumptions into the original FSC Hubble temperature formula. In a
real sense, this temperature formula was the first quantum cosmology formu-
la developed since Hawking’s black hole temperature formula. A recent de-
velopment in the last month proves that the FSC Hubble temperature formu-
la can be derived from the Stephan-Boltzmann law. Thus, this Hubble tem-
perature formula effectively unites some quantum developments with the
general relativity model inherent in FSC. More progress towards unification
in the near-future is expected.

Keywords

Quantum Cosmology, Hubble Constant, Planck Scale, Upsilon Constant, Flat
Space Cosmology, Black Holes, CMB Temperature, ACDM Cosmology,
Quantum Gravity, Unification

1. Introduction and Background

To the best of this author’s knowledge, Planck scale quantum cosmology effec-
tively originated with the publication of the seminal papers of Flat Space Cos-
mology (FSC) in 2015 [1] [2] [3] [4]. By incorporating our model Hubble con-
stant definition and the Schwarzschild formula into our unique Hubble temper-
ature formula, we predictedin 2015 a Hubble constant value of 66.89 km/s/Mpc.
A subsequent study in 2023 [5] yielded a nearly identical result (66.87117) to a
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precision of +0.00043.

The only input of our 2015 FSC Hubble constant determination formula was
Fixsen’s 2009 CMB temperature 7j value of 2.72548 K [6]. Our particularly use-
ful scaling cosmological black hole temperature formula is:

KT ~ hc - hc
* e MM, 4nRR;
2
nct 1

M= | = (A)

8rnGk;T, ) M,

1 1 (1)
e (3

|
et ] ©

(D)

One can readily see that this FSC Temperature formula (top left equation) is a

III

t

IIl

_t
c

slight (but importan?) modification of Hawking’s black hole temperature for-
mula in terms of the product inside the radical of our denominator. It is also
apparent that our FSC temperature formula and Hawking’s temperature formula
give the same value for the Planck mass epoch universe, presumably at or near
the beginning of universal expansion. Both formulae would also agree if the half
Planck mass (correlating to a single Planck length Schwarzschild radius) were
inserted for both terms inside the radical. The half Planck mass can also be re-
ferred to as the “instanton”.

It is of great interest that Haug and Wojnow [7] have recently confirmed the
importance of the FSC temperature formula by deriving it from the Stephan-
Boltzmann law! This is a tremendous breakthrough in further certifying FSC as a
useful model of quantum cosmology. One can then realize that the FSC temper-
ature formula is a major step forward in uniting the general relativity of black
holes with their quantum physics, as Hawking attempted to do.

Since the October 23, 2023 pre-print of Haug and Wojnow as described above,
Tatum et al [8] have derived two useful formulae using the Greek and Latin ver-
sions of letter Upsilon as a compound constant coupling the Hubble constant to
the CMB temperature. They employ the Greek Upsilon symbol Y and the Latin
Capital Upsilon symbol U as new constants defined below.

In 2018, FSC quantum cosmology equations were fully derived by Tatum and
published in several venues [9] [10] [11]. This was achieved by rearranging the
FSC Hubble temperature formula and substituting ¢/R with the Hubble constant.
Moreover, the Schwarzschild formula was used in order to substitute R with its
definition in terms of M. The resulting quantum cosmology formulae are as fol-
lows, using only the standard cosmological and quantum symbols:

h3/2c7/2 h3/2c7/2

Re——m———5 Ri———
32n°kiT?GY* ° T 32n’kiT G

Its

)
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_ 321°k2T*GY? _32r°kTIGY?
H= #2052 Ho = 72052 (3)
(= h3/2C5/2 - h3/205/2 (4)
32tk TG ° T 32nkiT G
hs/zclj/z ha/zclj/z
M= 21,212~3/2 MOE 21,2120 3/2 (5)
64n°kiT*G 64n°k2T2G
h3/2015/2 hs/zcls/z
= = (6)

64m°k2T 3G o T e4n?k2TAGY?

As per convention, the 7; equations in the right-hand column are for current-
ly observed cosmological values, where the current and most precise value of the
CMB temperature (Fixsen’s 2.72548 K) is used as the sole 7j input. The 2018
NIST CODATA values for the constants are updated, in place of the 2014 NIST
CODATA values used in 2015. These 2018 values are either identical (as in most
cases) or minimally different (as for G) in comparison to those used in 2015.
Therefore, the calculated results of the standard cosmological parameters remain

essentially of the same values (see Section 3).

2. The Upsilon Formulae for Calculating Ho

One can readily recognize that the H, value calculated above can also be ex-

pressed as:
Hy = YT, 7)

wherein all of the constants on the right-hand side of the 4, Equation in (3) can
be replaced with the Greek Upsilon term. Thus, it becomes quite clear that there
is an extremely interesting and simple relationship between the Hubble constant
and the current CMB temperature in FSC which dates back to 2015. One can
think of them as essentially two sides of the same cosmological coin! Given this
new insight, Hy can be reconsidered as a scaling cosmic thermodynamic para-
meter.

Equation (7), which we refer to as the first of our cosmological “Upsilon equa-
tions”, expresses the current Hubble constant in reciprocal seconds (s™). Using
the 2009 Fixsen CMB temperature value 7 of 2.72548 K, one gets a Hubble con-

stant value of:

H, = 2.167899530268314 x10 s (8)

The value for Y in Equation (7) reduces to:

Y = 2.91845601539730127466404708016 x10 s - K2 9)

One can then use the conversion factor for arriving at / in units of km/s/Mpc
by multiplying Y by 3.08567758149137 x 10" km/Mpc. A further simplification
of the Y term, intended for immediate conversion of CMB temperature 7; to H,
in units of km/s/Mpc, utilizes the most precise km/Mpc conversion number used
by the IAU (International Astronomical Union). The Latin Capital Upsilon term
O is then used instead of the Greek Upsilon term Y so that the second Upsilon
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formula is:
H, =0T/ (10)

The value for Hj is then converted directly to km/s/Mpc, without requiring an
intermediate km/Mpc multiplication step.

H, = UT02 = 66.894389794746 km/s/Mpc (11)
The value for U in Equation (11) reduces to:

U= 9.005414299280081 km/s/Mpc/K? (12)

Or, if one chooses, the units of U can be expressed in km-s™-Mpc™-K™

So, a quick and useful approximation of H, can be obtained by simply multip-
lying the square of the CMB temperature by 9. If anyone among our modern
cosmologists has already found this quick rule-of-thumb CMB temperature-to-
Hubble constant conversion method to km/s/Mpc, this paper provides, for the
first time, the theoretical basis for this conversion method. Even using a O con-
version value of 9.0054143 km/s/Mpc/K” gives an almost exact Hubble constant
value. In such case, the extra decimal places in the above numbers add relatively
little more value. The strength of the current paper is simply to provide the FSC
rationale for generating such precise and accurate Hubble constant values from

knowing only the best modern measurement of the CMB temperature.

3. Results: Using FSC Formulae to Calculate Parameters

Standard cosmological formulae are typically calculated using the current Hub-
ble constant A, customarily given in S.I. units. Thus, the Hubble constant value
in reciprocal seconds (s™') is used. Below are the most commonly-used formulae
in ACDM and FSC:

t, = Hi =4.61275989x 10" s =14.617 billion years (13)
0
R, = Hi —1.38287063x10% m =14.617 billion It-yrs (14)
0
C3
M, = =9.3108051513x10% kg (15)
GH,
CS
M,c? = =8.3681343479x10% J (16)
2GH,
3H, 7 3
=g =8.40531461467 %107 kg-m (17)
3H.c?
P = 0° _7.554320039x107° - m? (18)
8nG

The above results are similar to the ACDM values, allowing for some theoret-
ical differences and observational uncertainties. ACDM apparently doesn’t use
the exact cosmological time formula given above, unless they are using a differ-
ent A, value than that obtained from the Planck satellite CMB observations. It is
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particularly puzzling that standard model cosmologists insist on a cosmic age of
approximately 13.8 billion years, despite the current best estimate of the age of
the Milky Way’s “Methuselah star” (HD 140283). This estimate has a reported
value of 14.27 + 0.38 billion years [12]. Furthermore, astrophysicists are deeply
puzzled as to how the early galaxies could have become so large, if the universe
was actually only 13.8 billion years old. Nevertheless, the difference between the
“observed” cosmic age of about 13.8 billion years and the FSC calculation of
about 14.6 billion years is only about 5.8%, which could well be within the mar-

gin of observational error (thinking again of the Methuselah star!).

4. Discussion

This paper has been written with several purposes in mind. First, in light of re-
cent breakthroughs having to do with uniting quantum physics with general re-
lativity, this paper provides a wider historical perspective which places the FSC
model at the center of these developments. Our 2015 FSC papers introduced read-
ers to our new cosmological model which incorporates formulae representing
reasonable speculations concerning the fact that our expanding universe has a
number of parameter relationships not unlike a Schwarzschild black hole. First
and foremost among these is the mass-to-radius ratio of our visible universe,
which is very close to, if not exactly, the ratio of a Schwarzschildblack hole, once
one adds in the dark matter, which is at least five times the visible matter. In ad-
dition, it is almost unimaginable that the average density measurement of our
universe is essentially that of a black hole with a radius of about 14 billion
light-years. One only has to plug the numbers in and calculate M/R ratio and the
average mass density calculated in this paper. If one compares these two figures
with those of a Schwarzschild black hole of similar mass and radius, it certainly
raises a number of interesting questions. These observations, among many oth-
ers, led to our development of the FSC model. We were curious as to what a
model of reasonable black hole assumptions might produce. The result was the
eventual development of what we believe are the first useful quantum cosmology
formulae, some of which are repeated in this paper. Later publications [13] [14]
[15] have suggested similar lines of development, perhaps inspired by the suc-
cess of FSC. As for any possible significance of the Upsilon constants with re-
spect to quantum symmetry in cosmology, or implications concerning a bounc-
ing quantum cosmology, this is unknown at the present time.

Second, this paper introduces to readers the discovery by Tatum et al [8] con-
cerning the use of the two Upsilon compound coupling constants relating the
Hubble constant to the square of the CMB temperature in a surprisingly simple
way. In a sense, the Hubble constant and the CMB temperature appear to be
permanently bound together by our Upsilon constants. Apparently, one cannot
consider one without considering the other. If this turns out to be true, then the
Hubble constant is no more a cosmic constant (over time) than the CMB tem-

perature is a cosmic constant. Unless they violate the perfect cosmological prin-
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ciple (ie, no particular cosmic time is particularly special for us as observers),
they are both most likely better regarded as scaling thermodynamic cosmic pa-

rameters. Maybe it is true that “only time will tell”.

5. Summary and Conclusion

To summarize, this paper clearly defines a fascinating relationship between the
CMB temperature and the Hubble constant. With the aid of FSC quantum cos-
mology formulae (in particular, the formula for the current Hubble constant
value), it is apparent that there is a compound constant which couples these two
universal parameters at present, and most likely for other cosmic times since the
decoupling epoch. Tatum ef al, in a recent paper [8], have named the first
coupling constant Upsilon, using the Greek symbol Y. At about the same time,
Tatum independently arrived at a different coupling constant which automati-
cally gives the Hubble constant in km/s/Mpc, without having to convert reci-
procal seconds to km/s/Mpc. This conversion is already accomplished with the
use of the second Upsilon symbol, the Latin Capital Upsilon symbol O. Since the
reader might be interested in the historical development of quantum cosmology
to the present, this paper has also provided some context concerning the FSC
model and its extremely useful Hubble temperature equation with much resem-
blance to the Hawking black hole temperature formula. In retrospect, and in a
real sense, our slightly modified formula appears to be the very first usefu/ quan-
tum cosmology formula.

Comment: It should be noted here that this paper in no way attempts to ad-
dress the current “Hubble tension” problem. Because of dramatically different
methods for measuring the Hubble constant value, there are a myriad of factors
to consider before usefully comparing the CMB method and the nearby universe
methods employed by the SHoES project [16] and Freedman [17].
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1. Introduction and Background

It has long been established that the cosmic recombination epoch Cosmic Mi-
crowave Background (CMB) temperature of 3000 K correlates with a cosmolog-
ical redshift z value of around 1100. This has been especially true since Fixsen
updated his fitting of the CMB black body radiation spectrum with a peak tem-
perature of 2.72548 K [1]. Given the black body nature of the 3000 K universe, it
is perhaps not surprising that one can successfully apply the Stephan-Boltzmann
dispersion law to derive the Tatum and Seshavatharam Hubble temperature 7},

formulae [2]:
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R hc’ . hc
el = 816G MM, ~ 4n/RR,
M, (Lj L (A
8rnCGkT, ) M,
~ 1 1 (1)
(o) (1)
R (4nkB] (C)
=R
= (D)

Proof of the Stephan-Boltzmann derivation was given recently [3].

While the Tatum and Seshavatharam temperature formulae are modeled for
a Planck scale quantum cosmology for the entire history of universal expan-
sion, we will specifically show in the present paper the correlation between the
CMB temperature of 3000 K and the redshift z value of 1100. Our particular
Planck scale quantum cosmology model is called Flat Space Cosmology (FSC)

[4].

2. Relevant Equations for Our CMB Temperature and
Redshift Calculations

This section provides the relevant FSC equations useful for correlating a given
Hubble CMB temperature 7 with its predicted redshift z and predicted Hubble
parameter value H

The usual cosmology redshift formula with regard to past and current cosmic
temperatures is:

z=X-1 )

wherein zis the redshift, 7 is any given Hubble CMB temperature, and 7j is the
2009 current Fixsen CMB temperature of 2.72548 K.

To correlate the predicted z value with the predicted temperature-dependent
Hubble parameter value H;, the following FSC Hubble quantum cosmology for-
mulae [5] are used:
32n°kZT*GY? 32k ZT2GY?

H 132052 H, 732052

I
I

(3)

wherein the latest NIST 2018 CODATA [6] are used for all constants, and 7 is
the 2009 Fixsen CMB temperature, the only observational input to the right-hand
equation.

To correlate the FSC cosmic radius value R at a given CMB temperature, the
top equation in formulae (1) is used (see the right-hand term):
hc? B hc

T =
' 8nGky MM, 4rk,\[RR,

I

4)
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Results of calculations made using Equations (2) thru (4) are presented in Table 1.

3. Discussion

Beginning in 2015, FSC has proven to be one of the most successful Planck scale
quantum cosmology models to date. In fact, the Hubble parameter quantum cos-
mology formulae [current Equation (3)] and the top equation of the Tatum and
Seshavatharam Hubble temperature 7% formulae [current Equation (4)] have been
used to predict, with high precision, the most recent Hubble parameter values
derived from CMB studies published in 2023 [7].

Reference [7] mentions a “deeper theoretical understanding” of the rela-
tionship between the Hubble parameter and the CMB temperature. One can
see in our H, / T column of Table 1 that there is an obvious coupling con-
stant linking A, and T, . There is slight variation in the value of this coupling
constant in Table 1, but this is only because abbreviated numbers are used in
order to fit them into the table. This coupling constant first appeared in 2015 in
Equation (3) of FSC reference [2]. It has now been calculated out to 29 decimal
places [7], using Mathematica software and the NIST 2018 CODATA [6]. How-
ever, the number of decimal places is not nearly as important as the expected
reduction in the uncertainty of H, in terms of standard deviation. The result of
this new coupling constant precision should be high precision in Hubble para-
meter determinations going forward. Any cosmology formulae using a Hubble
parameter value and incorporating this newer and more precise FSC coupling
constant (tentatively called “Upsilon”) would be expected to vastly improve cos-
mological model predictions. Many such “Hubble formulae” are used in stan-
dard ACDM cosmology, in the same way that they are used in FSC.

The “deeper theoretical understanding” mentioned above is now revealed to
be inherent in the FSC model. As clearly alluded to by Lineweaver and Patel [8],
the modeling of our universe as an expanding black hole-like object is not such

an outlandish idea after all.

Table 1. Correlations between radii, temperatures, redshift and Hubble parameter.

log {E‘X’j T, T? _'I-_i; z H,
0 2.72548 7.4282412304  2.917245E-19 0 2.167E-18
0 2.7 7.29 3.049643E-19 0 2.167E-18
1.08 9.5 90.25 2.967313E-19 2.49 2.678E-17
1.95 25.8 665.64 2.955051E-19 8.47 1.967E-16
2.16 332 1102.24 2.944005E-19 11.18 3.245E-16
2.38 42.7 1823.29 2.936998E-19 14.67 5.355E-16
2.6 55.0 3025 2.920992E-19 19.18 8.836E-16
2.87 70.8 5012.64 2.908647E-19 24.98 1.458E-15
6.08 3000.0 9000000 2.918444E-19 1099.72 2.6266E-12
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4. Summary and Conclusions

This paper shows the exquisite FSC correlation between a CMB temperature of
3000 K and a cosmological redshift of 1100.

Furthermore, by revealing the obvious coupling constant linking Hyand T,
this paper shows the continued value of FSC as an accurate Planck scale quan-
tum cosmology model. Although the most useful FSC quantum cosmology for-
mulae were first published in 2018 (reference [5], Section 2.9), they have been
inherent in FSC since its 2015 inception. Thus, a theoretical model which is now
more than eight years old continues to show its value with respect to observa-
tional correlations.

The “deeper theoretical understanding” mentioned in reference [7] comes
from the gradual recognition in the astrophysics and cosmology community that
modeling our universe as an expanding black hole-like object is likely to be ne-
cessary, in order to achieve high precision Hubble cosmology. Such a cosmology,
which requires the use of the Hubble parameter in its formulae, also requires an
exquisitely high precision in its CMB-derived Hubble parameter determinations.
This appears to have now been achieved. FSC provides this “deeper theoretical

understanding”.
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(OO ore s

Abstract

The black hole model of the Universe evolution, accompanied by matter crea-
tion, already successfully accounting for many features of the past is discussed
and further justified. It is once more stressed that even a very large object but
with a big mass is in its own right a black hole. As a consequence, the extra-
polation of the past predicts for the future no big crunch, nor big bounce but
a steady expansion with smaller matter density.

Keywords

Universe Expansion, Black Hole Model, Matter Creation, Gravitational Self
Energy

1. Introduction

The inadequacy of the GR Friedman equations [1] for the description of the
Universe evolution has to be attributed to the fact that in the one for the accele-
ration, the potential, due to the Hubble expansion, is not a state function [2].
Thus in its derivative another term enters in addition to the usual Newtonian
one and the corresponding mass variation (matter non conservation) produces a
totally different scenario corresponding to a black hole one (b.h.).

This description of the Universe evolution as a gigantic and evolving black
hole, which successfully combines gravitation and QM, in spite of its successes
(prediction of the time dependent Universe age [3], inertial forces and gravita-
tional radiation, causality [4], and the relevance to the problem of the existence
of dark energy and of the cosmological constant), has encountered many criti-
cisms which can be summarized by the following referee’s report “the universe
and black holes are fundamentally different, and one should explain why the
universe is expanding from the viewpoint of a black hole.” Indeed one is tradi-
tionally attached to the picture of a small very dense object, eventually shrinking,

and one can view the numerical agreement of the model with present data at
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most as a mere coincidence.

The aim of the present work is to argue that this is not so.

Starting from the “elementary” observation by Feynman [5] many people [6]-[14]
have tried to elucidate the problem about what is known and what not about
black holes. However with different degrees of sophistication (adding rotation
for instance) they remain essentially attached to General Relativity whose basic
assumption Ze “matter conservation” has been disproved [3] mainly because of
the obvious time dependence of the Universe age.

We therefore proceed with very simple arguments to the justification of this
unconventional black hole of a big mass in a large volume obeying however
the same relation M/R=c?/G of a conventional tiny and very dense one.

2. Discussion

The basic relation, backed up at present by “data” [15] (M ~10¥m,,R~10"°m)

is as well known

2
Mc? = G';:' (1)
or
GM
TR @

When taken to describe the Universe evolution, Ze as an equation, down to
the Planck epoch (whose quantities represents the smallest quantum b.h., where
contrary to a wide spread opinion QM and gravitation successtully combine)
this equation is not stable. In fact this condition which essentially corresponds
to energy conservation does not correspond to a minimum in energy. Indeed if

we allow a perturbation in R at the Planck era

R—>R+dR

we cannot have shrinking with a radius smaller than the Planck one and a bigger
one naturally entails a correspondingly increase in the mass.

The same argument also holds true also for later times even if a smaller radius
cannot be discarded in principle. However the same observation remains valid:
no restoring force!

Consider indeed the radiation dominated era where the mass is given by [2]
M ~(KT)'R® 3)

Of course in principle both possibilities exist Ze. increase and decrease in R
with constant M/R = (KT )4 R®. In the first case M/R remains constant at the
price of a decreasing temperature ((KT )2 ~1/R) which is what is actually ob-
served. In the second case the opposite should happen in contrast to actuality.

The possibility of perturbing to a smaller radius (at constant mass) would re-
sult in energy violation since the negative self energy would overcompensate the
mass. In other words again only a bigger radius is possible (smaller self energy)

and mass creation is demanded to restore energy balance.
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In the case of the matter dominated era even if photons are a very small frac-
tion of nucleons the above argument remains true. A contraction would decrease
the photon wavelength (anti CMB) and this implies that also for nucleons ex-
pansion is the only possibility. Thus the particle mass content simply increases.

Therefore expansion in the radiation dominated era would correspond, loose-
ly speaking, to the Boltzmann thermal death whereas in the matter dominated
era (where nucleons are non relativistic) the negative heat capacity would al-
low the birth of structures.

In the b.h. model where & must be constant in time as proved in Ref. [4] the
mass variation required by Equation (2) has therefore another fundamental ef-
fect in the equations of motion
_GM  GdM

de=0=—r + -2
R” ' RdR

(4)

where the first term represents the well known Newtonian acceleration counter-
balanced by the second one, due to mass variation. So self energy is seen to
provide the repulsive force since it increases the total energy when particles
move away and thus demands matter creation. This is the missing dark energy
at present represented by the cosmological constant.
Consider now the density given in the b.h. model by
3 ¢

- 5
A7G r? )

Phn.

which, in line with the previous arguments, reads
_3H?
4nG

Pon.

This has to be compared with the critical density of the standard GR treat-

ment in flat space

3H?
Por =8 G (6)
pb.h. = chr (7)

This represents probably a rather unexpected result in the sense, first, that it
seems to suggest that a sort of black hole description is contained also in a par-
ticular GR formulation, but with a numerical difference. This point can be un-
derstood by remembering that (probably inspired by a non relativistic origin)
H? appears in GR with the coefficient 1/2 and that in the given case (without
the cosmological constant) also GR describes the same situation of the black hole
model Ze indefinite expansion consistent with energy conservation determined
only by the density. Of course the difference between the two theories lies in the
acceleration equation where the mass variation, necessary to account mainly for
the time dependent age of the Universe provides the repulsive agent. The doubled
p has implications for the amount of the presumed dark energy in that it proves
how this quantity be model dependent.

In the b.h. model there is no such critical density. The given one, smaller than

DOI: 10.4236/jmp.2024.152009

181 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.152009

P. Christillin

the GR’s, is just of the right amount predicted by the model and the expansion,
accompanied by matter creation and density decrease in time, happens inde-
pendent of the Universe curvature. That must have evolved becoming flatter and
flatter from the Planck radius to the present one (1/RC2 ~Gp/c?, R, standing
for the curvature radius) Ze. a Universe in the matter era essentially flat. A totally
different scenario than the GR one, which in connection with curvature proba-
bly suffers from being an essentially static, matter conserving, one. This also de-
termines the fate of the Universe: no big crunch, nor big bounce but a density
decrease which might anyway foresee the possibility of structure formation due
to the negative heat capacity of gravitation.

So an innocent looking, unassuming relation turns out to produce two equa-
tions which reproduce and correct the cherished GR ones in the Friedman’s me-

tric without the epicycle add-ons criticized by Perlmutter [16].

3. Conclusion

An elementary argument has been presented to show that in the black hole model,
the Universe is not stable and expands according to the arrow of time accompa-

nied by mass creation.
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Abstract

A complementarity hypothesis concerning outsider and insider perspectives
of a gargantuan black hole is proposed. The two thought experiments pre-
sented herein are followed by a brief discussion of a new interpretation of
black hole interior “space-and-time-reversal”. Specifically, it is proposed that
the “singularity” space of the black hole interior is time-like and the expan-
sion time of the black hole interior is space-like. The resemblance of this new
insider interpretation to our own expanding and redshifting big bang universe
is compelling.

Keywords

Black Holes, Complementarity, Cosmological Models, R, = ct Models, Flat
Space Cosmology, Schwarzschild Cosmology, Thought Experiment, Dark
Energy, Quantum Vacuum

1. Introduction and Background

Stephen Hawking pointed out that quantum information passing through a black
hole horizon into its interior should be permanently lost at the singularity, thus
apparently violating a bedrock principle of quantum physics, that quantum in-
formation cannot be destroyed [1]. This has become known as the “black hole
information paradox”. A hypothesis of “black hole complementarity” was sub-
sequently introduced by Susskind [2], as a means of solving Hawking’s paradox.
He treated quantum information as interacting with a black hole in two different
and complementary ways, only one of which could be observed from any given
outside or inside perspective. Susskind’s follow-up book, entitled 7he Black Hole
War [3], provides a nice historical summary of his philosophical battle and ap-
parent victory over Hawking with respect to this paradox.

The concept of complementarity in physics goes at least as far back as Emmy
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Noether’s strict and limiting mathematical definition in 1918. In a broader sense,
differing but valid wave-and-particle interpretations of observations of double
slit experiments, including Bohr’s Copenhagen interpretation of quantum phys-
ics, are examples of physical complementarity. The Copenhagen interpretation
withstood a barrage of challenges by Einstein, Podolsky, and Rosen (EPR) [4]
and others [5]. There have since been a number of other examples of comple-
mentarity in modern physics, now including Susskind’s important contribution
concerning black holes.

This paper is not intended as a comprehensive review of complementarity in
modern physics. Rather, the above brief summary is merely offered in order to
show that the concept of physical complementarity is now over one hundred
years old, pre-dating any specific applications to black holes. /n its broadest
sense, a complementarity in physics can be defined as two different, but equally
valid, perspectives concerning the same physical object or event. Such comple-
mentarities rely upon underlying conservation laws of great importance. Proving
this was Noether’s greatest contribution to physics. As an extension of her logic,
this author proposes that a deeper understanding of black hole complementari-
ties could well be an important key to uniting general relativity with quantum
physics. Thus, we would have a useful and accurate quantum cosmology.

It is the purpose of the present paper to present a somewhat different (with
respect to Susskind) complementarity hypothesis concerning black holes. By
means of thought experiments and a new interpretation of black hole interior
“space-and-time-reversal”, the reader can perhaps gain a foothold on under-
standing how black hole cosmological models, a distinct category of R, = ct
models, can potentially resolve some cosmological conundrums [6] [7] [8] [9]
[10].

2. The Outsider Perspective of a Black Hole
(Thought Experiment)

Most readers are already familiar with the outsider perspective of a black hole.
Such a perspective is all that is available to us, whether we are Earth-bound or
space satellite telescope observers. We see a black hole as a finite and circum-
scribed spherical object emitting no visible light or other detectable electromag-
netic radiation. If it does, in fact, emit Hawking radiation, as believed by nearly
all black hole experts, such radiation is predicted to be so faint as to be forever
beyond our means of detecting and measuring it. Furthermore, our Earth-based
telescopes, as part of a planet-wide array, have revealed that selected nearby su-
permassive black holes (SMBHs) are bending light rays around them in exactly
the way predicted by general relativity. Black holes have, so far, been highly pre-
dictable in terms of their relatively few measurable parameters. In this context, it
is often said that “black holes have no hair”. They are viewed, from our outside
perspective, as remarkably simple spinning objects surrounded by an accretion

disk of hot gases emitting x-rays and/or gamma rays. Their powerful polar mag-
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netic fields can spin with great rapidity and eject concentrated beams of photons
and charged particles (at nearly the speed of light) in “jets” many light-years in
length. Quasars and blazars are almost-certainly some of the largest and most
powerful SMBHs of the early universe, which just happen to be pointed in our
general direction (as for quasars) or directly, or nearly so, at us (as for blazars).

In the present paper, we offer a thought experiment of highly-reasonable
assumptions about the experience of spacecraft observers outside, but close to,
a SMBH, in a somewhat similar manner to that offered by Kip Thorne in his
excellent book entitled Black Holes & Time Warps—Einstein's Outrageous Leg-
acy (see pages 38-48) [11]. Let us imagine that we are observers on a large
spacecraft (“mother ship”) hovering relatively close to the event horizon of a
truly gargantuan supermassive black hole of 14.62 billion light-years in Schwarz-
schild radius. We have done our measurements and calculations and deter-
mined that our black hole, which doesn’t appear to rotate or have a net charge,
has an average density of approximately 8.4 x 107> kg-m~. Thus, it appears to
be a real Schwarzschild black hole! From our safe distance of observation, our
black hole is so large that we and our mother ship do not experience any sig-
nificant tidal effects of its gravitational field. We wish to send down a space-
craft probe to hover above the spherical horizon at various fixed distances,
while returning a powerful laser pulse signal of predetermined frequency to
our mother ship observers. These pulses are sent at regular time intervals ac-
cording to a clock on the probe. What will we observe at the mother ship with
respect to these probe signals?

The answers to such a question are a near-certainty, given our knowledge of,
and extremely high confidence in, special and general relativity. At each hover-
ing distance above the SMBH horizon we can observe frequency, wavelength,
energy and timing interval of the pulses coming from the probe. At first, when
the probe is nearly at the orbital height of our mother ship, we notice little, if
any, change of signal properties with respect to the pre-programmed pulse sig-
nals. Frequency, wavelength, energy and timing intervals of the pulses are in-line
with our on-ship calibrations prior to release of the probe. However, we gradu-
ally and then more rapidly notice, as the probe decreases its hovering distance
and moves closer and closer to the horizon, the following things: the pulse fre-
quency continuously decreases; pulse energy continuously decreases, in-line with
decreasing frequency; the pulse wavelength continuously redshifts, getting long-
er and longer; and the pulses are more prolonged and separated by increasing-
ly-long time intervals. If we were to plot such signal features on a graph as a
function of increasing probe proximity to the horizon (or increasing hover dis-
tance from the mother ship), we would notice that frequency and pulse energy
asymptote towards zero, while wavelength and timing intervals asymptote to-
wards infinity. Although we would not be able to observe directly, due to infinite
time dilation, we would expect that our probe, when embedded exactly in the
horizon, would become completely undetectable to us, either by signal reception

or by powerful optical, infrared or radio telescopes on the mother ship. From
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our outside perspective, we mother ship observers can readily extrapolate that
the clock on a horizon probe (were it possible to have an infinite quantity of fuel
and infinite energy thrusters in order to maintain its position at the horizon)
would be frozen in time! In our outside observer thought experiment, these very
predictable observational phenomena would all be the result of gravitational red-

shift and time dilation, in exact agreement with special and general relativity.

3. The Insider Perspective of a Black Hole
(Thought Experiment)

Now we introduce the reader to an equally valid and complementary perspective
of our truly gargantuan black hole, which is the perspective of a free-falling (i.e.,
not hovering) astronaut passing through the horizon and into the black hole in-
terior. Our free-falling astronaut would have a markedly different experience in
comparison to that of the hovering mother ship and probe. Let us consider this
new perspective in a thought experiment.

From our astronaut’s perspective, time is moving along at its usual pace, as
she remembers it when she was last on the mother ship during calibrations of
her watch and laser pulser with that of the aforementioned probe. She notices
nothing unusual as she passes through the event horizon (according to her
watch) and into the black hole. She also does not notice any frequency, wave-
length or energy change in the activity of her pulser or the activity of her watch.
After passing through the horizon, which now becomes her future event hori-
zon, she puts the ticking watch up to a microphone in her helmet and hears it
ticking just as loud and clear as it did back on the mother ship. She notices that,
in all directions, objects more distant from her, but still inside the horizon, are
more redshifted than nearby objects. She also notices, by leaning back and re-
turning her gaze in the specific direction of where the mother ship was, that it
has disappeared, and that the stars which were behind the mother ship have
been replaced by an impenetrable blackness. The light of the outside universe
has long ago (in comparison to her new time frame) stopped pouring into the
black hole, due to the extreme time differences between her new universe (the
black hole) and her old universe (the parent of the black hole in which she now
finds herself). This is also a predictable time dilation effect.

Before we finish the story of our free-falling astronaut, we should take note of
the following: black hole experts have shown mathematically how the interior of
a black hole should have a very peculiar feature. Judging from signage changes in
their mathematical formulae in the Schwarzschild metric, these experts are gen-
erally in agreement that a sudden switch takes place as one crosses the black hole
event horizon into the interior:

Space becomes time-like and time becomes space-like.

The particular formula of interest for the Schwarzschild solution of the Eins-
tein field equations (leaving out rotational terms because we are referring to a

Schwarzschild black hole) is commonly expressed as follows [12]:
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AS? =[1/(1-r,/r)]Ar® —[1-r, /r]c’At? (1)

wherein the Schwarzschild metric term is on the left, the space-like term is in the
middle and the time-like term is on the right. The symbol r, represents the
Schwarzschild radius of the black hole. Notably, when Equation (1) applies to
the interior of the black hole, both bracket terms switch to a negative signage,
because r, suddenly becomes greater than radius r. General relativists interpret
this signage change in terms of the space-and-time-reversal description above.

We can maybe best understand this new interior perspective by comparing it
to what we observe or imagine about a black hole as outsiders. We first imagine
a “singularity” of infinite properties at the geometric center of space within the
black hole interior. This is presumably, from the outsider perspective, where all
matter and information of any kind ends up. For a Schwarzschild (ie, non-
rotating) black hole, this “singularity” is a point-like spatial object. For a Kerr-type
rotating black hole, the “singularity” is ring-like and surrounding the geometric
center of the black hole. Without confusing the matter further, or updating the
reader on Kerr’s new view on singularities of any kind, suffice it to say that a
space-like object of “infinite” properties (Ze., smallness, density and tempera-
ture) exists in the perspective of the outsider in, or very near, the geometric cen-
ter of a black hole. Obviously, these properties cannot actually be infinite, but
the fully valid outsider perspective of such a “singularity” must be left to a final
theory of quantum gravity in the future.

However, according to a reasonable interpretation of the “space-and-time-
reversal” math of black hole relativists described above, insiders should perceive
a “singularity” of their black hole as no longer an object in space, but rather an
object in time; this perspective resembles how we imagine our own cosmic sin-
gularity! In our own universe, there is no residual singularity within a localized
point of absolute space; there is only a singularity in our most remote past. From
her new “space-and-time-reversal” perspective, our free-falling astronaut might
have no existing singularity to fall into. Rather, she may have fallen into an ex-
panding time-like structure with an average density of approximately 8.4 x 107
kg-m~, very much like our own universe. As in our own expanding (Ze, red-
shifting) universe, every point in her new space, because she can perceive it as
expanding by her redshift observations, also represents a point in time; in other
words, her continually expanding new environment is now time-like! Her new
horizon is no longer acting as a time-less and fixed invisible spatial object, but
rather acting as a dynamic, expanding, entropy-driven, time clock. The “ticking”
of her new universal clock is the regular increase in horizon surface area (ie,
Bekenstein-Hawking’s entropy-as-time definition). Our imaginary astronaut is
no longer falling towards a geographic center any more than an intergalactic as-
tronaut in our own universe falls towards a particular absolute center of space.
In an expanding universe such as ours, there is no residual center. Likewise, one
can perhaps imagine in this thought experiment that her new gargantuan SMBH

environment could be perceived by her in a similar way. To put it in more mod-
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ern cosmological terms, the center of our free-falling astronaut’s new universe is
not localized, but now everywhere. She is truly free to fall wherever the new gra-

vitation field in her new universe takes her.

4. Discussion

As presented, our outsider perspective of a black hole is highly-dependent upon
our very limited human time perspective. Rather than perceiving a black hole as
a dynamic and changing object once born, we tend to see and describe a black
hole as an object almost frozen in time, other than when it ingests new matter or
merges with another black hole. Although we tend to believe that, between such
ingestions and mergers, a black hole continually radiates away a tiny amount of
energy, complete evaporation would only occur at many times the current age of
our universe. For all practical purposes, we can safely ignore the theoretical Hawk-
ing radiation and black hole evaporation.

One of the most surprising findings from recent deep telescopic observations
of our past early universe is that early SMBHs have grown even faster than we
could have imagined. We have even had to consider new ways in which SMBHs
could have initially formed, such as “direct collapse” from gargantuan primordi-
al gas clouds. Furthermore, the recent discovery by Farrah ef al [13] that the
rapid growth of SMBHs appears to be coupled with the expansion of our own
universe is astonishing. Their results and interpretations are understandingly
preliminary, but they appear to imply that SMBHs could be a source of universal
expansion dark energy. The present author has recently offered a quantum hy-
pothesis on how black holes might actually continually grow in size and produce
such dark energy [14]. A follow-up paper on likely gravitational field effects on
the quantum vacuum was also published [15], and now appears to have addi-
tional theoretical support [16].

Our second thought experiment introduces the mathematical discovery by
black hole experts that, within the interior of a black hole, there is a switch in
space and time perspective in comparison to our own outsider perspective.
Space within the black hole interior is interpreted to be time-like and time is in-
terpreted to be space-like. This is a conclusion based upon signage changes in
the terms of relativistic Schwarzschild metric equations for crossing over from
outside to inside a black hole horizon.

What is still open for interpretation is the exact meaning of such a mathemat-
ical signage change. Those theorists who apply light cone analysis to the inside of
a black hole take the conventional point of view that anything inside a black hole
rapidly gets stretched and then crushed at the singularity; this is really no differ-
ent from the outsider perspective and perhaps shows a bias in this respect. For
the sake of argument, a new complementarity interpretation of black hole inte-
rior “space-and-time-reversal” is offered in the present paper, largely based upon
the perspective that a SMBH is a dynamic object coupled with the expansion of
our universe (see the Farrah et al. reference). The present author interprets the

insider perspective as follows:
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The ‘singularity’ space becomes time-like and the expansion time becomes
space-like.

What is meant by this is that the insider perspective of a truly gargantuan
black hole the size and average density (8.4 x 107> kg-m™) of our own universe
could be that the singularity is only in the past, and that past epochs of such a
black hole could perhaps be observed (by redshifting light within the SMBH) as
past events of an expanding interior space, much like our own perceived ex-
panding universe. In summary, in a sufficiently large black hole, there might be
conditions suitable for life, rather than lethal tidal forces ending in an infinitely
small, infinitely dense and hot point.

While such an insider interpretation might seem to be completely outlandish,
no one can yet know exact/y what the mathematical signage change means. Un-
derstandably, we may have been biased by our outsider perspective. It may also
be that the Schwarzschild metric is not the correct metric to use for the inside of
a black hole. The only thing which we can say for certain is that the inside of a
black hole will always have some mystery about it. An inside observer will never
be able to report back to us.

A subject of debate among cosmologists is whether our universe is as spatially
flat as recently observed in the Planck satellite survey, or is curved in some way
[17]. If our expanding universe is ultimately observed to be at its Friedmann
critical density for a flat universe (Ze., k£ = 0), we can call it spatially flat accord-
ing to the cosmological definition of “critical density”. In a similar fashion, if it
turns out to be true that a supermassive or gargantuan black hole expands over
the great extent of cosmic time (see the Farrah et al reference), a black hole inte-
rior might also qualify for a critical density definition of spatial flatness. Ob-
viously, this would be a radically different perspective in comparison to the out-
sider perspective of spatial collapse to infinite spatial curvature occurring at a
geometric center “singularity”. Lacking any possibility of observing a gargantuan
black hole interior as an insider, one can only speculate about the true insider
perspective.

One could say that such an insider interpretation cannot be considered to be
within the realm of scientific interest, because it can never be verified or falsified.
This is a valid point of view. Nevertheless, as discussed in other publications
within this Special Issue, the meaning of recently-discovered mathematical rela-
tionships between our universe and black holes and black hole-like objects is
gaining in scientific interest among reputable physicists and cosmologists [18]
[19] [20] [21]. For readers with a scientific interest but an open mind, one
should perhaps begin with physicist Ethan Siegel’s article entitled “Are We Liv-
ing in a Baby Universe that Looks Like a Black Hole to Outsiders?”.

5. Summary and Conclusions

Following in the footsteps of Leonard Susskind, a new black hole complementar-

ity is offered in the present paper. After first detailing the well-known outsider
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perspective of a black hole, using a thought experiment, a plausible speculation
on the free-falling insider perspective is offered in a second thought experiment.
This second experiment incorporates a new interpretation of the meaning of
black hole interior “space-and-time-reversal”, owing to signage changes in the
Schwarzschild metric mathematical formula, when one passes through a black
hole event horizon. We can summarize this new interpretation as follows: The
“singularity” space of the black hole interior is time-like and the expansion time
of the black hole interior is space-like.

While the Schwarzschild metric mathematical formula of Equation (1) is gen-
erally agreed upon, the precise meaning of the signage change for the interior
perspective of a black hole can still be subject to different interpretations. We
can never observe, and can only speculate, what the inside of a particularly gar-
gantuan black hole might be like. Perhaps the “singularity” of the outsider pers-
pective is no longer an impossibly small, dense, and hot object in space when
one becomes an insider, but rather an object in time only, much as many believe
to be true for our own universe.

The resemblance of this new black hole insider interpretation to our own ex-
panding and redshifting universe is intriguing. It is particularly interesting in the
context of the recent Farrah et al observations and physicist Ethan Siegel’s ar-
ticle entitled “Are We Living in a Baby Universe that Looks Like a Black Hole to

Outsiders?”.
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cosmic microwave background (CMB) is calculated with a new own code.

1. Introduction

The Lambda-CDM model is widely accepted as the valid description of universe
on large scales and its evolution history. It is based on General Relativity and
consists of two parts:

- Background part with the ansatz Robertson-Walker (RW) metric, based on
Friedmann equations and equations-of-state for the different component par-
ticles. It describes the evolution of scale factor and density without perturbations,
Le. without local structure (like galaxies and galaxy groups);

- Perturbation part with the ansatz perturbed RW-metric and locally per-
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turbed density, velocity, and pressure of the component particles. It describes the
time-evolution and (quasi-random perturbed spatial distribution) of density,
velocity, and pressure, ie. the actual structure of the universe on inter-galactic
scale.

The parameters of the perturbed model are fitted in chap. 10 with the CMB
spatial spectrum measured by Planck.

We present here in chap. 2-5 the background part with Friedmann equations
and equations-of-state for the components with two notable extensions: explicit
temperature dependence and classical gas as baryon eos. From this follows a new
solution and own calculation in chap. 5, which offers an explanation for the ap-
parent experimental discrepancy concerning the Hubble parameter.

Based on the improved background calculation, we present the perturbation
part in chap. 6-10, with the derivation of the CMB spectrum, and new calcula-

tion of it.

2. Friedmann Equations

In this chapter, we present in concise form the basic equations (Friedmann equ-
ations) and equations of state (eos) for density and pressure with their different
components radiation y, neutrinos v, electrons e, protons p, neutrons 2 (re-
spectively baryons b), cold-dark-matter cdm d. The presentation relies basically
on the four monographies [1] [2] [3] [4], with two notable extensions.

-Temperature

The eos depend explicitly on temperature 7, resp. thermal energy E, =Kk;T,
and thermal energy is introduced as a function of time E,(t), as all other
variables, and has to be calculated.

-Baryon eos

The baryons are modeled as classical gas, and not as dust with zero pressure.
We shall see in the background calculation in chap. 5, that this model increases
the value of the Hubble parameter, which basically solves the Hubble-discrepancy
problem.

2.1. Friedmann Equations and Metric

The metric which fulfills the conditions of space homogeneity and isotropy is the
Robertson-Walker (RW) metric [1] [2] [3] [4]:

2
ds? =—c*dt® +a*(t) %4— r2dQ? (1)
1—kr?/R2

with Hubble radius R, =HL=1.37><1026m (Planck value), and scale factor

a(t).

The Einstein equations [1] [5] [6] [7] [8] for this metric are the two original
Friedmann equations a and b (with a= i—? ) and two derived equations c (acce-

leration eq.) and d (density equation):
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(iszrL—A—E c’ (2a)
ac) & 3 377

2o . \2

2—a2+(ij +L2—A=—KP, (2b)
ac \ac) a

.. 2
i—EAz—g(P +%J derived from a, b (2¢)

%a + a(32+ pj =0 derived: density equation (2d)
c

with dimensionless variables using Planck-values: Hubble constant

H,=67.74km-s™-Mpc™, normalized Hubble constant h=0.6774,

. . 8nG 2 _ PerH .
Einstein constant x =——, &C“ Py = R_2 , relative pressure

c* M
P P 2 . . 2
P == = = PxR},, relative cosmological constant A; = AR, rela-
C Purito Peerito
tive density Q= P with critical density today
pcrit,O
— 2 —
PEcrito = c Prit,0 _W >
H
3 3H§ _ 26 3 _ 5'0mp 26\3
Pas = (77 = G - 0.862x10%° kg -m _?(1.37 x10%)

m
=13.0x10" R—ap =5.0 nucleon/m®
H

2p2
pcrH =kC RHpcrit,O :3

Ge:’ = 4.81—682/ ,
m m

Peeito =5.0%0.963

Hubble radius R, = HL =1.37x10%m

0
The Friedmann equations can be reformulated dimensionless with X, =tc,

da

a=—, PerH =3

dx,

a la) a R, R}
pr—+a‘(Pr +p,)=0
3
. a
rescaled with — — a
H
A
(a')2+k—?1a2—pra2:0 sF1 (3a)
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2
a"a—il\la2 __ s P+20| sm (3b)
3 2 3
a"a+2(a‘)2+2k—A1a2+§(P,—p,)aZ:O sF3 (3¢)
p’Ta+a'(Pr +p,)=0 sF4 (3d)
density eq
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2 2
Prae + 0 H 3(H
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Conformal Friedmann equations
. dt . . . .
In conformal time 7, dz =—, with comoving distance in 7:
a

Sodt % . . 1 L odz
;((77) = Cj—: den, or with redshift z=—-1: ;((Z) = CI—, follow the
pat) H

a 2 H(2)

Friedmann conformal dimensionless equations [2] [3] [4] after rescaling 2 —a,
H

¢ =1, conformal Friedmann equations:

.2 kcfa?  Ac’at 8iG
(@) + =ty a
H

2 2,3
ans K€ azﬁ(pcz—SP)aHAc a

RZ 3’

and rescaled conformal:

A 4 a' 2 A 2
(a.)z +ka® :1Ta+chera4 scF1 ( 2) -k +1Ta+ ,Dc?:H paz (4a)
a

3

a"+ka =21 (p-3p)a’ + A13a scF2 (4b)

Friedmann radial equation

It is convenient to reformulate the first Friedmann equation in the form of
velocity-potential equation, which we call here Friedmann radial equation [1] [2]
(3] [4] [9].

We get the Friedmann radial equation

(a)z—ﬁ—ﬁ—%aﬁk:o (5)

a? a

.2
it follows the potential form a_z +V(a)=—k withc=1
c
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with Planck data we have

K, =0423x10%m, K, =1.01x10“m?, A=1.1x10%m"?

dimensionless

K =K, /Ry =Q,,,=0.309
Ka=K/Ri =Qpg0=0Q,,+Q,,=054x10"*+0.0012 = 0.00125
A, =AR/ =1.1x1.37°=2.06

from this we get the dimensionless Friedmann radial equation

(a)z__ﬂ__ml_%auk:o (50)

2.2. Relative Density and Pressure (Relative to ¢’ Prito)

In the following, we present the eos for the components radiation y, neutrinos
v, electrons ¢ protons p, neutrons 1, cdm d[2] [3] [4] [10] [11].

Relative density & pressure baryons b, CDM ¢, matter density p,, . de-
pendent (Eth independent variable)

ml
3
a

With thermal energy E, =kgT matter density o, = , b =baryon, c=

cdm (cold dark matter)

Qb,O
Qb,o + QC,O

QC,O

> Pe (pm,r)= Pm.r m

pm,r (a) :pb +pc > pb(pm,r):pm'r

we have for the pressure before (1) and after (2) nucleosynthesis

E
ﬁ , BEn>E,, idealgas, E  =mc®=0938GeV,
p

R (va Ep ) =P

using today’s He-H-ratio Y, ,,, = Pre _ AMe _ ¢ 5 , Pre _ e _ .25

H nH pH nH
1+Y /4 E E
P - H,He th_—-0.85p —"  E <E. _, E _=100keV,
b1 1+YH'He b mpCZ Lh mpc2 th c,ns ¢,ns

with the soft-1-0-step function for state-transition at ns = nucleosynthesis with

transition energy E_  =100keV (see chap. 9) we get the pressure
R (pb' = ) =FR, (pb’ = ) + ( R (va En ) -R. (va = ))91-0 (Eth +Ecns100Ec ns ) >
6, =0.1,
Pc(pc'Eth):O'

Relative density & pressure neutrinos
We have for neutrino density and pressure before (1) and after (2) neutrino
decoupling [12] with threshold energy E , =1MeV:

=
o e By
P (pbv En ) = =Q,p, 7> N, =Q,n
pcrit,o mpc
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E
Po2 (P B ) = Q000 ﬁ » By > E,,, in thermal equilibrium,
p

-3
Po1( Py Ey ) =Q,0, EC'vz [hj » By <E, decreasewith ~ a’

m,c”\ Ey

P(p)= %p‘, , parameters today Q ,~10°, T, ,=195K,

L5k 10,0266V =1.69x10 eV, it follows
300 K

Eth,vO =Rglyvo

No Q. Mmc  10° 0.938GeV

Qp=—== = - =1.13x10°.
TNy Qo kgT,, 0.0491.69x107 eV
Relative density & pressure photons
The Stefan-Boltzmann law gives
6 MeV 4rky
p(T ) = aT4 , a=7.56x10 16 m3 ] K4 = 4.717W , a= 51903—heB (6)

p(Eth ) =dg Et‘:w

., :202.2‘7::%: 7.56><10'164 3 1 3
e” ks (1.38x10%) J°-m

2.08x10™ 1

(6.24x10%) eV*-m

1 1
o = gy 0856x10"

1
3 =0.856Xlozom
Gev 1
m®  eVv*

ag, = 0.856 x10% 0.178x10% pegr o

% _ 1 0178x100.

p Ecrit,0 ev

8spp =

Before photon decoupling the photon energy density is
1
P, (Eth ) = aSBOEt?w > P}/ (Py) = 510;/

after photon decoupling at E, =E ,, E ,=025eV, Planck z, =1090, it

becomes

1 1

4
_ 3t ) 1
p,(aEy)=2g [Ec,dc a J » Bn <Eoae a(tc,dc) “7 41 1001

at e-pair production and above photons lose energy and keep a mean energy
E>mc?, E,=~2mc’
at p-pair production and above photons lose energy and keep a mean energy
E>m.?, E,=~2m_c*.
Temperature jumps at phase transitions
At recombination Ey =E ., E . =0.29€eV temperature goes up due to free

electrons forming atoms with baryons,

before recombination:
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at.e)

1 1
5 t — =T
“* a(t) (ter) z,+1 1271

z,, =1270, t,, =1.16x10"

n=n,+n,=2n,, n,=n,, E,=E

after recombination: Saha equation:

n, n, —1+1+4f(E,)
X (En)= ==

n+n, n, 2 (Ey)

(7)

n=n,+n,=n,(1+X,(E,)), Ey.=136eV

2 E 3/2 E E 3/2 E
f(E,)=4<(3 /— —th | axp| = |=2.26x107%| —th exp| —Hre |
( th) 4( ) nn[mech p( Eth J [meCZ] p( Eth

2

The equation for E,, after recombination with E, =E, ., E =mc° is:
dE, Eno dX, df dg, dE, dXx, df Eno
. .2 FHre > 1+EHre__ =72
da a " df da da @ da ©df da a

with solution E, (@) [13] shown in Figure 1.
Eya (1) = Epno =0.000663eV, E, ,(a, =1/(z,+1))=0.2842eV ~E ..

At nucleo-synthesis Ey =E_, E =100keV temperature goes up due to
helium synthesis with energy released E,, =12MeV, thermal energy beha-

vior is analogously for E;, <Ey <E ., Z,=4x10°
~3/4
alt E.alt E t
Ep =~ Eq s (t) 1+0.021] | == 228/ 2( o) exp __Euena(t)
a(t) m,c?a(t) 2E, ety )

-3/4
Ec nsa(tc ns ) / EHe nsa<tHe ns )
— 2— exp - ~ 7
mpc a(tHe,ns) 2Ec,n5a(tc,ns)
where the baryon temperature depends on the photon temperature

] a' 8 m ﬁ . ' da
T, :_?_ETb+§_b77aneaT (Ty —Tb) with a =d— [14].

me pb n

Etha(a) temp.recombination

0.100
0.050

0.010¢
0.005¢

0.001}

Figure 1. Temperature after recombination E , (a) ineV.
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Density electrons
The density of electrons is described by the Peebles equation with the para-
meters
A, +A
C, (T) #)
AZ;/ + Aa + ﬂa
27 H(T
N =128 3 o 7 Fa :ﬂ(T)EXp( 3kEI j
£(3) (1= X, )(ny/n, ) (koT/E}) 4kgT
E, =13.6eV = hydrogen ionization energy, 1s ionization rate, n, ~ (1 X )nb,

8nhic
=nn,, 4,= 3

A,, =8227s,

Lyman wavelength,

a

(53]

we get the Peebles equation ([4] 3.153) for the hydrogen ionization percentage

dXx mckT

E
e " 1 X _—
dz ) 1+z e)exp( kBTJ

3
—aT kT J

8)

where

= JQ, H, (1+ 2)3/2{1+11+Z j H, ~1.5x10* eV
+Z

eq

T =(1+2)0.235¢eV.

We get for the electron density before (1) and after (2) recombination

E
pe,l(pb’ Eth ) = pb m t:; E < Ec,ep 4 Ec,ep = mecz = 511 keV

2
p

2 2 2 2 .
n zn_bo:l-?a[ Eth2 j :n_b( Eth2 j 1.2)(1073 , nb — Qb’o pCI’It,O
n m.C

e+
m,C n, m,

V4 e

No &Es, N -3
My _ Tho 03 "‘3*0 :ﬂ:%:SQO scale-independent
n, n,ak, n, 041x10°m"

4

2 2
follows ~=- ~ %0174 (E j:[E JO?OS

n, n m,c’ m,c?

2n., \E, +m.c’
pe,z(Pb’Eth):pb(l"‘n_:jtmTze’ E>Ec,9p

due to Saha equation

DOI: 10.4236/jmp.2024.152011 200 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.152011

J. Helm

c,re

=Py (a(tcvre))%exp[EH'm {EL_E%D

p c,re

1 1
Pl ) () e oo B |
th

alternatively
m,c’

N, :nbxe(Eth)’ Pe :prxe(Eth)
p

E< Ec,re > Ec,re =0.29¢eV > Po (tc,re’ Ec,re) = Qb,ozre 4

Q,,=00486, 7, -1270, a(t,,)=— 1:%71.
' Z,+

Fermi pressure electrons
The pressure of electrons is the Fermi pressure P, of a (spin_1/2) fermion gas

Pe (pe’ Eth ) = PFe (pe’ Eth)
with low- and high-density limits P, = %onc » B :%nEF .
Fermi energy E. = (pFC)2 +(mec2 )2 » PeC= hc(3n2n)l/3

P (0.E)=P: () +(R(p)=P:(p))Ows (E, meczlé‘omecz) (%)

Por = Pait o€ =0.77x107°J-m™ =0.484x10° MeV - m~®

o) 3 .m=3
o= Prit.0 ’ bo _ 0.484x10° MeV -m~™ x 0.047 00242 m"
' m,c 0.938 GeV

hc=1.96x10"°GeV-m=1.96x10"eV-m

P, rit, Czp m —
= Leior Fe _py P p, =0.0242m"p,39.0x10° = 943.8,

n, =n,
m,c? P, m,
n m
E = P P, =339055.6p, .
np,O Qb,ome

For electrons we get the expressions

_1npec _1{NQy, | pec _1(m, peCc _1( M, 201.78(pe)1/3
n m,c® 5(m, °)mc* 5\ m Pe m,c’

5 pcrit,O 5

2
_2 nE; _1[ﬂeQb’oJ E- 1(mppj (ch)2+ mec2)
- = = T FPe

R
e e

p.0

2
m,c 5

R,

S pcrit,o S m,C

= 2
npvo me p

peC = hC(anne,o)m(pe )*33.91
=1.96x10"°eV-m(3n°0.947x10°m™* )m 33.91(p,)"
=201.78(p, )" * eV
p-C=201.78(p, )" eV .
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State transitions radiation y, neutrinos v, electrons e, protons p, neutrons z,
cdm d
Generally, the density state transition from p, to p, at transition temper-

ature 7, (transition thermal energy E_ =K,T, ) has the form
P(E)=p2+(p=p,)014 (B E.\OE,),
with soft-0-1-step function O, (E,E,,JE,)=

1 =c

1
E —

1+ exp( ;E ]
E

1+ exp[— EEC ]
with soft-1-0-step function ©, ,(E, E;,JE,)=——F—%

e E-E, )
1+exp
oE,

m

where OE, is the standard deviation of E,.

oE, :%z&, where (measured in CMB)

(o c 0

We can set approximately

AT
Oy _ Ao  S0MK ) 1105,
TO

T T 272K

7.0

2.3. Transition Thermal Energies and Eos

-neutrino decoupling E ., =1MeV, t  =1s, p . =p, (tc,v),

4
a
Py (Elh ) = Eth > Pay (Eth ) a) = Prcy [m} >

-e-p-annihilation
E.., =0.5MeV, t, =65, n =agE; for all £ a=7.56x10"J/m’-K*,
Ankg

c’h?

a=>51.9

pl,e = (nb + ne+ (tc,ep ))me > p2,e = nbme with

n? E. Y n(E Y
n.. z—b0.17a[—mj =—b[—mj 1.2x107%;

2 2
n, m,c n, (mgc

-photon recombination

Ec,re =0.29eV 4 tc,re =290 ky 4 IOZC,re = plc,re + nb (tc,re ) E

c,re

1 E, —E,.
Pre =My, p,, = Epl,e eXp(ﬁJ;

-photon decoupling
E,, =025eV, t=370ky, p., =p,(t,)

aft

C,y

4
a
'01’7(E‘h): Ea> p217(Eth’a):p1c,7 {ﬁ} ;

-nucleo-synthesis helium
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E...=100keV , t . =3min, 4p"+2e” —He* , ratio Pre 025 , eos
Py
i, L = L
transition 1—2 with ideal gas P, =nE, =pbm—, t<t.,, with ideal gas
p

E
P, =n,,(0.75+0.25/4)E, =n, ,0.81E, =0.81p,—, t<t
\ ' m

p

c,ns *

3. Parameters

The simple ACDM model is based on seven parameters: physical baryon density
parameter Q,/7; physical matter density parameter Q,/’; the age of the universe
t,; scalar spectral index ng curvature fluctuation amplitude A, and reionization
optical depth 7, dark energy density Q,.

The parameters of the ACDM are given in the following table (Table 1).

11 independent parameters: Q, /2, Q /7, t,, n, A%, 1, Q, w; Sm,, N V), A;

7 fixed parameters r, dn/d Ink, Hy, Q,, Q, Q,, Qu;

5 calculated parameters p.;» Gy Zseor Lieor Zees

13 total parameters Q,, Q,, &, n, A, 7, Q,, w; 2m,, N(V), r, dn/dk H;

derived parameters o, Gy, Zuwo Lioo Zer Wy = Qults W, = Q17

Table 1. Planck Collaboration Cosmological parameters [15].

Description Symbol Value
Physical baryon density parameter Q7 0.02230 + 0.00014
Physical dark matter density parameter Q7 0.1188 +0.0010
Independent Age of the universe t 13.799 + 0.021 x 10° years
pararlrieters Scalar spectral index n, 0.9667 + 0.0040
Curvature fluctuation amplitude, &, = 0.002 Mpc™* A? 2.441 + 0.088 — 0.092 x 10~°
Reionization optical depth T 0.066 £ 0.012
Total density parameter Q. 1
Equation of state of dark energy w -1
. Sum of three neutrino masses Ym, 0.06 eV/Z
par:rifeijrs ; Effective number of relativistic degrees of freedom N, 3.046
Scalar amplitude A (2.215 +£0.13)
Tensor/scalar ratio r 0
Running of spectral index dn/dlnk 0
Hubble constant H, 67.74 £ 0.46 km-s™"-Mpc™*
Baryon density parameter Q, 0.0486 + 0.0010
Dark matter density parameter Q, 0.2589 + 0.0057
Matter density parameter Q,, 0.3089 + 0.0062
Calculated Dark energy density parameter Q, 0.6911 + 0.0062
values 5 Critical density P (8.62 £ 0.12) x 10 kg/m’®
Fluctuation amplitude at 8 &#™' Mpc Gy 0.8159 + 0.0086
Redshift at decoupling z 1089.90 + 0.23
Age at decoupling t. 377,700 = 3200 y
Redshift of reionization (with uniform prior) Z, 85+1.0-1.1
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The additional parameters of the extended ACDM are given in the second ta-
ble (Table 2).

Some specifications

The amplitude A, is determined by the CMB power spectrum

ng—1
A% (K*)=A (kﬁ] , ky ~0.05Mpc™.
0
. . H,
The relative current Hubble parameter is h= 100"
The fluctuation amplitude is defined by o = o' (Pyas R)R:Bh’lMpc , Where

0 (Ppar,R) =5tdev(p,, ) smoothed by distance R ([2]).
Key cosmological events
Key cosmological events calculated from the ACDM model with temperature,

energy scale and cosmic time are given below [4] [16] in Table 3.

Table 2. Extended model parameters [15].

Description Symbol Value
Total density parameter Q. 1.0023 + 0.0056 — 0.0054
Equation of state of dark energy w —0.980 + 0.053
Tensor-to-scalar ratio r <0.11, &, = 0.002 Mpc™ (20)

Running of the spectral index dn/dlnk  -0.022 + 0.020, &, = 0.002 Mpc™
Physical neutrino density parameter Q7 <0.0062

Sum of three neutrino masses rm, <0.58 eV/J (20)

Table 3. Key cosmological events ([4], chap. 2).

Event Temperature Energy Time
Inflation ends 10K 10" GeV 1075
CDM decouples, GUT scale 10 K 10”° GeV 107 s
Baryons form 10K 1 TeV? 1075
El-weak force 10" K 100 GeV 10"s
Hadrons form 102K 150 MeV 107
Neutrinos decouple 10K 1 MeV 1s
Nuclei form 10°K 100 keV 200s
Atoms form 3460 K 0.29 eV 290 ky
Photons decouple 2970 K 0.25eV 370 ky
First stars 50K 4 meV 100 My
First galaxies 12K 1 meV 400 My
Dark energy domination 3.8K 0.33 meV 9 Gy
Now 2.7K 0.24 meV 13.8 Gy
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4. Inflation

The “naive” so called Hot-Big-Bang model has several aspects, which are in dis-
agreement with cosmological observations.

Hot Big-bang problems

- the observed homogeneity of the present universe (distances > 200 Mly)
should arise from arbitrary initial conditions: horizon problem;

- the observed curvature is small: flatness problem;

- the observed correlation regions in the CMB have supraluminal distance:
superhorizon correlations.

Cosmological inflation

In the approximation that the expansion is exactly exponential, the horizon is

L a . . . L. .
static, Ze. H =—=~const, and we have an inflating universe [17]. This inflating
a

universe can be described by the de-Sitter metric [1] [2] [3] [5]

ds? :—(l—ArZ)czdt2 +ﬁdr2 +rdQ? (10a)
—Ar

For the case of exponential expansion, the equation of state is P =—p, with

R(t)=R, exp{ct\/§] (10b)

The expansion generates an almost-flat and large-scale-homogeneous un-

world radius

iverse, as it is observed today.

Furthermore, horizon R, =4~ :(Ha)fl reaches a minimum at the end of
inflation, and then rises again, this explains superluminal correlations in the
present universe.

Inflation in Ashtekar-Kodama quantum gravity [18]

Inflation takes place between r =1 =1.61x10%"m and R, =r, =3.1x10"m

with expansion factor f, = exp[rinf \/gj =1.9x10%, r,=2x10"m,
_ hc _1.96x107° GeV
" 2x10%m
Ry =107m.
Inflation with standard assumptions ([4], chap. 4)

r=3x10"%m, t,=10"s, f, =10, a, =107, R, =3x10"m,

A log (. )Y
f . =exp|r . |—| A=3 O e ) | _q 4x10% m2,
inf inf 3 r
inf

H =\/§=M=6.9X1029 m™,

rinf

=0.98x10°GeV, t,, = —0.66x10*s,
C

Assessment of the inflation factor ([3], chap. 4),
f= end inflation, 7 = start inflation, eq = matter-radiation-equality, 0 = today,

ER = f= expansion rate
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a(t T T
( f):expN , N> Iog[T—fJ+llog[ﬂj,

a(ty,) w ) 2 T,

T, =10 GeV, T, =1eV, T, =10"eV

2
N>60, At> 60 :60/ 3 To ~10¥s.
H<tf) 871G peg | T

Inflaton model ¢(t,x) with GR-action
The action is ([3], chap. 4)

S =[d'xy-g (Len +L,)
with the Einstein-Hilbert action of GR
R-2A
Sen :I( o j\/—gd“x

_R-2A
2K

I‘EH

and the inflaton action
nc .,
s, = Ja'x"a 29" 0,00.6-V (9)

L ="24"0,60.6-V (9

with energy-momentum T, =7c0,40,4—-4,, (h_zc 90,40, -V ((/5))

Ty = hc%erV (¢), T)=-5 (hc(%z—v (¢)) .

12
For RW-metric the actionis S = Jd4x\/§(hc[—%+2—;2(v¢)zj—V (¢)J

1.4dv(e)

with eom = Klein-Gordon equation ¢ +3H ¢+ W =0

which represents an oscillator with Hubble-friction 3H¢
i2
and energy density p; = hc% +V(9),

12
and pressure P¢:hc¢?— (¢) (4.50).

1, ¢’
If E,, Ezqﬁz <E =V (¢), Eq =hc? < E,=V(¢), we have P,x—p,
Le. equation-of-state of dark energy (), generating temporary inflation.

We get the Friedmann equations (radiation-matter density p,,, added)

12
H2 =X o =X ne? v (4)+ 11
T (112
H-_X p T WL PV 11b
__E(p,p"' ¢~ Pm — rm)__E hC¢ _gprm ( )
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and the Klein-Gordon equation

" . av
¢+3H¢+i—(¢)=0 (11c)
hc d¢
We get dimensionless 2 equations in Planck-units I, =1.62x10*m,
3,. ¢
=—H"-—-V
Pm =g H =5V (#)
Friedmann H =—4n| ¢ _4 in —ﬁ— (9) | |=—4n %—H—Zﬁv (4)
3(8n 2 2 2n 3 '
. .odv
Klein-Gordon ¢ +3H¢+ dfj) =0.
Slow-roll approximation
If E, E%¢52 <E,=V(¢) or g, <1, &, E—% (slow-roll parameter
1), and almost constant velocity, 7, = _Hi¢f <1 (slow-roll parameter 2), we

have persisting slow-roll condition ¢, <1, 7, <1 (slow-roll approxima-

tion), which yields approximate fundamental equations with approximations
. ; 2

; H v’ 1 (V'

3Hg~-V' and 3H?=~8rGV and ¢, =——2=——£= — | and

H 2VH 16nG\V

Ny = _L = v = L(V_j and for the scale factor
Hg¢ 3H® 8rG\V

in

a(t)=a(t, )expﬁ H (t)dtj =a(t;, )exp[—SnGj%dqﬁJ .

Square potential
We use the square potential V (¢)=c, +¢, (4 —d, )2 , ¢, =1.16x10"*, slow-roll

condition: ¢, < ¢, with the minimum value V (¢;)=c, = A _116x10™ and
K

= 2x107°m, we get the following relations:

a(t)=a(t;, )exp(j H (t)dtj =a(t, )exp[—Sn} \%dqﬁ}

tin tin

%
a(t)za(tin)EXp(4n£(¢—¢o)d¢J=a(tin)exp(2n¢§)
¢ = /2—1n|og(aa((titn))J = \/% =331

: :L(\L’T:L 2 T
"o16n\V ) 16m| ¢ _ 4 (p—g, )
rersaal
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:i(\/_"J:i 202 N 1 1
™ 8n\V ) 8r G v, (p-h) ) AT (p—h)
3 #°

Prm =§H _?_ (¢)

for t >0, (15=5C1<<1, H=H,, 6—>¢,, prm:(SiHOZ_cl)ZO,
b

. . 3
so condition for convergence is: ¢, = o HZ.
n

The fundamental equations become

Friedmann H = —4n[¢fz —% —

. .odv
Klein-Gordon ¢ +3H¢+ # =0;

slow-roll H ~-6n¢?;
3 boundary conditions for t=1, =1: H(1)=H,, ¢(1)=4¢, ¢(1)=4;
with 3 potential parameters C,, C,, ¢.
Example: oc, =0.05, H,=5, ¢, =23, ¢, =3, ¢c,=1 [13].
Below in Figure 2 and Figure 3 are inflaton amplitude and Hubble parameter.

5. Background Calculations

There are basically two possible ways for background calculation:

-numerical solution of two Friedmann equations in two variables, calculating
backward from boundary conditions at present time x;;

-analytical solution, where the second equation is solved analytically, and in-
serted into the first, which gives an integral, which is calculated numerically.

The numerical solution encounters the problem of limited convergence: it
stops at some time x_.

The analytical solution avoids the convergence problem, and this solution

scheme is used in the calculation of results presented below.

(1)

2.3
2.2
2.1F

2.0

1.0 1.5 2.0 25 3.0 3.5

Figure 2. Inflaton amplitude 4(t).
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H(t)

54+

521

5.0

4.8

4.6¢ : | . L " P _— t
1.0 1.5 2.0 2.5 3.0

Figure 3. Hubble parameter H(t).

5.1. Numerical Solution

We solve for dimensionless function variables a, p, , in dimensionless relative time

. tc .. . . .
variable Xx=—, limits 0<X< X, =0.96, where the upper limit is the relative
H

t R
cosmic time today X, = ;—0 = R_O =0.96, from Planck data t,=13.9x10°y,

H H
with boundary conditions: p, (X))=Qp 0+ Qo> a(X)=1, a'(X)=1 (be-
cause H(X))=Ry) from a'(x,)=1 follows k,=-0.0042 which is compati-
ble with Planck data

(a‘)erko—%az—pra\2 =0 sF1 (3a)
a"a—%Ala2 = —az’%(ﬂ +%] sF2 (3b)
a“a+2(a')2+2k—A1a2+pCT’H(Pr—pr)az=0 sF3 (3c)
pr"'J‘+a'(Pr+pr)=o SF4 (3d)

The two independent (3¢ and 3d is derived) Equations (3a, 3d) are non-linear
second-order differential equations quadratic in the variables a, p, .
Alternatively, one can solve for function variables a, E, =kgT , the latter with

5 matt-

Ap baryon density p, =p, &
K,+K,a " PO Q]

S m

thermal energy E, =k,T, photon density p, =ag, E,., P, ( py) :% )
ter density p,=p, + 0. =

Qc,o

cold-dark-matter (cdm) densi = R —
(cdm) ty Pe= Prat 0., +0,

E
Pb(meth):pb_mz'

m,C
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The additional equation for pressure is the equation-of-state (eos) for the
pressure P.: P =P(a,p,).

Solution 1

One solves numerically [9] [13] [19] (3ac) with boundary conditions
a(%))=1, a'(x))=1 as algebraic-differential equations for function variables a,
E,, =kgT . The solution exists until x,, =0.14, where numerical integration stops
converging.

Solution 2

One solves numerically [9] [13] [19] (3ad) with boundary conditions
a(X))=1, a'(x))=1 as differential equations for function variables a, p, . The
solution exists until X, =0.0196, where numerical integration stops converg-
ing.

Plot a(x) is shown below [13] in Figure 4.

The solution limit x,, =0.0196 indicates the transition from matter-domi-
nated to the radiation-dominated regime, which happens approximately at pho-
ton decoupling time t, =370ky, x, =0.000026. For x<x, solution is con-
tinued by pure radiation density ([13]).

Solution 3

One solves numerically [13] (3a) with boundary conditions a(xo) =1,

a'(X))=1 as differential equation for function variable a, with ansatz for
K

K
P =— +a—g’ . This is the usual solution method for background functions, used

a
in CAMB [20] and in CMBquick ([21] [22]).

The solution exists until x,, =0.0055, where numerical integration stops con-
verging, and the solution becomes complex (Z.e. Im(a) =0).

Plot a(x) is shown below [13] in Figure 5.

The solution limit X, =0.0055 indicates the transition from matter-domi-
nated to the radiation-dominated regime, which happens approximately at pho-
ton decoupling time t, =370ky, x,=0.000026. For x<x, solution is con-
tinued by pure radiation density ([13] [20] [22]).

a(x)
1.0+

0.8+
06+
0.4+

0.2+

+

00‘ . L L X
: 0.2 0.4 06 0.8

Figure 4. The scale factor a(x) in dependence of relative time

tc . .
X = — , numerical solution 2.
H
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100}

I T 005 0.0 T os0 17

Figure 5. The scale factor a(x) in dependence of relative time
tc . .
X =——, numerical solution 3.

H

5.2. Analytic Solution

The analytic solution scheme transforms the two basic equations into a parame-

terized integral x(a) , which is the inverted scale factor a(x) .
In order to calculate the thermal energy, we apply an iteration, we calculate

K
the temperature E, (a) from p,4 =p, +p, =———>—p, , using the solution
K, +K,a

a(x) in the next iteration: E{™ =E\" (a(”) (X)) , as shown in the schematic in
chap. 11.

The zero iteration is the “naive” thermal energy Et(ho) =Epo/a.

The variables are scale factor and density a, p, .

The boundary conditions are p, (X,)=Q 0+ Q0> a(%)=1, a'(x)=1,
from a'(x,)=1 follows k =—0.0042 which is compatible with Planck data

(a‘)2+ko—%a2—pra2 =0 sF1 (3a)
p'Ta+a'(P, +p,)=0 sF4 (3d)

The two Equations (3ad) are non-linear first-order differential equations qua-
dratic in the variables a, p, .

The third equation is the equation-of-state (eos) for the pressure P :
P =P(a,p,).

The density and pressure have the form: relative energy density
Pr =P, TP, + P+ P +p, for baryons, photons, dark matter, free electrons,
neutrinos, relative pressure B, =B +P +PF +P, +P,, where radiation pressure

P, +p,

Paa =P, +P, = , and matter pressure (neglecting electrons) is the ba-

. kT
ryon ideal gas pressure P, =P =p,—2—, for under-nuclear temperature
m,c

kgT <<m,c*=0.94GeV the baryon matter is dust-like, ie. pressure is almost

Z€ro.
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The densities have the form
pr = pmat + prad

K a

Prat = Py T Pe Zmpr» Prad =Py TP, :KS+—i<ma'Dr
PREPILL LI L LI
c mat Qb,o +Qc,o ’ b mat Qbyo +Qc,0
4 v,0
P, =8soEy> o, =—
a
We calculate the temperature Ey(a) from p,, = p,+p, :K5+—;(m61 o
(12a)
ya
1 K Q,,
ie. E,(a)=—r|—2—p (a)-—2 (12al)
»(3) a]s/go[Ks+Kmap (a) a® j
and all the pressure becomes a function of a,
K K Q Ey(a
Pr(alpr)z Prad +Pmat = > + ma L th(z) pr (12b)
Ki+Kpa Ki+KaQ,+Q., mc

K+Kpa Ko+KaQ +Q., mc’

(a):{ K, Kea O Em(a>]

then we can integrate (3d) in a:
' a 3+P
log(p, (a)) =pr7a+ a'(R +pr):-fda(+Tp@)]+cl (12¢)
0

and then can integrate (3a) in a:

x(a)=[daa /%+pr(a)—%+c2, (12d)
0

where ¢, and c, are set to fulfill the boundary conditions

P
pcrit,O

pr(XO):Qm,O +Q40> a(xo)zl) Q=

5.3. Background Results

Results for density and relative time in dependence of scale factor p, (a),
x(a) , are shown below [13].

Relative density in p,; o units is shown over scale factor a, in double-loga-
rithmic plot Figure 6.

There is a critical point a; ~0.5x10™*, where the density changes its beha-
vior, it coincides roughly with the critical point in temperature. The corres-
ponding time is X; ~10~°, thermal energy E, ~1eV .

The analytic solution yields directly the inverse scale factor function x(a) , it

shown in Figure 7.
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scalef a

Figure 6. The density p, (a) in dependence of scale factor a,

analytic solution.

0.01:

10-5.

scalef a

10-3.
10-11 b

102 10 10+
ttH

. o tc .
Figure 7. Relative time x=—— and scale factor a, analytic solu-
H

tion.

There is a critical point at photon decoupling, a,,, =0.9x10°,
Xge = 0.3x107* 2370 Ky, redshift z,_ =1090, thermal energy E, =0.25eV .

The scale factor changes its power-law dependence on time:

X, X>X
a(x);{ > dec

2
X7, X < Xge

It is useful to compare the result for X(@) from the analytical solution and
the standard CAMB solution ([13] [20]) Figure 8. The two curves separate
roughly at a,, =0.9x10, the CAMB curve continues approximately linearly,
whereas in the analytical solution time decreases quadratically, x(a)=a’.

The plots of density p, (a) (blue) and radiation density (@) are shown
in comparison below ([13]) in Figure 9. As expected, we have radiation domin-
ance roughly for a <a,,, and matter dominance for a>a, .

The Hubble parameter is approximately linear in x, as it should be. However,
there is a small deviation at critical point X, ~107°, scale factor a,, ~0.5x107*,
redshift z,, ~1/a~20000.

This is apparently responsible for the small correction of the present Hubble
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constant A, compared to CAMB solution.
The plot of the Hubble parameter is shown in Figure 10.

1 O-ID E

10}

time t/tH

10% |

107}

10%

102 101 10+

. o tc .
Figure 8. Relative time x=—— in dependence of scale factor
H

a, analytic solution (blue), CAMB-solution (orange).

=y &0

E 10’

(o]

g 1 0‘62

c

x

E 10%0

G

2

= 1 040

=

[

©

1 —
102 10 10+
scalef a

Figure 9. The density p, (a) (blue) and radiation density

Prad (a) (orange), in dependence of scale factor a, analytic

solution.

10 F I 1

-

[=1
-4
L

Hubble H(t)
3

10 3

102 10 10+
ttH

Figure 10. The Hubble parameter H (X) , in dependence of

i tc . .
relative time X =——, analytic solution.
H
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The “naive” temperature Et(hO)(a) from (12a) is compared to the iterated

temperature E{(a) calculated from the first analytic solution in (12al) is
shown in Figure 11. The point of deviation is @, ~0.5x10™, the corresponding
time is X ~107°, thermal energy E, ~1eV . This point coincides roughly with
the critical point in density Figure 6.

Hubble parameter

Baryon pressure correction

Baryon pressure correction yields t,, =t;/1.043t,,so H,, =1.043H,, the cor-
rected Planck-valueis Hgp, = Hyp x1.043=70.6£0.4;

H,z =69.8+1.7 Red-Giants Freedmann 09/21;

H,s =73.04£1.04 Cepheids-SNIa SHOES 12/21;

H,, =67.66+0.42 Planck 07/18.

H,; Red-Giants is in agreement with corrected Planck within error margin.

Assessed correction of the Cepheids-SNIa-measurement
Cepheids-SNIa-measurement based on time-brightness calibration for small

redshift z peak power P ~T ('[Cr ) ~ M, , with average nucleus mass M, per-
centage of higher-mass nuclei at present: r(0)=1.04%, r(C)=0.46%, so
P (2>1)

max

P (2<1)

max

73.04/1.015 = 72. Hys =H,s/1.0156=72.£1., which is at error margin.

~(1+r(0)+r(C))=1.015 so z-corrected Cepheids-SNIa becomes

6. Relativistic Perturbations and the Perturbed
Lambda-CDM Model

The Lambda-CDM model is locally homogeneous, but during inflation the
quantum fluctuations are “blown-up”, and the universe becomes inhomogene-
ous on small (galactic) scales and remains homogeneous on large scales. These
local inhomogeneities generate structure, which we observe today.

In order to reproduce these local inhomogeneities in the perturbed Lamb-
da-CDM model, we introduce small perturbations in the metric and in the den-
sity distribution. These perturbations are functions of conformal time 7 (defined

dt . i .
by dr=-—), and space location vector X', and are not random variables.
a

The randomness is introduced by initial conditions for perturbations (see
chap. 8).
We introduce metric perturbations A, B;, Eij in the RW-metric [2] [3] [4]

ds” =a’ (i7)(—(1+ 2A)dn” + 2B,dx'dy + (& + 2E; o'’ ) (13)

and split-up in scalar, vector, tensor parts:
scalar A

B =0,B+ I.3>i , scalar B, vector éi

E; =Co; +0,0,E +(6iéj —ajéi)+ Eij , scalar C E, vector éi , tensor Eij ,
where Y E/ =3C

Furthérmore, we form the gauge-invariant Bardeen variables with 8 = 1scalar
(A) + 3vector (B) + 4tensor (£;) degrees-of-freedom (dof’s)
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100 |

(naive, oorr.) temp./eV
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104 £

107 0.001
scalef ax
Figure 11. The naive temperature th")(a) compared to the iterated

temperature Et(hl) (@), in dependence of scale factor a, analytic solution.

¥=A+H(B-E)+(B-EY, (D:—C+%V2E—H(B—E'),

O, = Bi - Eil > Eij
Since we have 6 Einstein equations, we can remove the 8 — 6 = 2 dof’s by
gauge-fixing.
= Newtonian gauge B=E=0
ds? =a? (77)(—(1+ 2¥)dn® +(1- 2@)5ijdxidxj)
A=¥, C=-0 (6.30)

= Spatially flat gauge C= E£=0

= Synchronous gauge A= B=0

From now on, we use the Newtonian gauge.
We get for the energy-density tensor

19 =~(7+5p)
T, =—(p+P)V
T! =—(ﬁ+5P)5} +11,, T} =0 Vi (14)

The relativistic Euler equation is

pe’ +p ! a Y +0 p+;d—pv =0
JI-(vey Jei-(viey B\ i-(viey | T e 1-(ve) 9t
The Euler equation in the RW metric becomes
, P 1 -
Vi =—| H4——— v, ~=——(0,0P +0'IT; )-8, ¥ (6.76)
P+p P+p
where II; is the anisotropic stress with the decomposition
I = 0,0, + (8,11, 0,11, ) + T, (6.39)
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Finally, we get 10 fundamental equations:
6 Einstein equations
[4]
V20 -3H (®'+HY)=nGa’dp

@'+ HY = 1Ga -2

’

0,0, (®-¥)=8rGa’l,;, i< j

ij?
" + H‘{"+2H®’+%V2(®—‘P)+(2H'+ H?)¥ =nGa’sP  (15a-d)

4 conservation equations: continuity +Euler

[4]

p o P
, P 1 i
Vi =—| H+=——|v,—=——=(8i6P+0T1; )-8, ¥ (15ef)
P+p P+p
qi:(,B—i- IS)Vi, 5257'0 decelaration conformal q:—?—, T'=04q,
D a'ft

for 10 variables 4 scalar ®,¥,5,5P, 3 vector V', 3 tensor l_[ij ;
initial conditions 6
® 2¢, ¥ lg V' 3¢, (5,5P) Oc;

background parameters

71{:1) q:_
a

n
a'H

Fundamental equations in k-space ([14] Ma)

)a’ ﬁ) P‘

In the following, we transform the fundamental equations via Fourier-transform

into k-space.

We use Newtonian gauge, conformal time 77, a' :;i_a , the metric in New-
tonian gauge reduces to
ds? = a(n)(—(1+ 2¥)dn® +(1-20)dx'dx, )
We get 4 Einstein equations in k-space
k*®—3H (®'+HY)=nGa’sp
K*(®'+HW)=nGa*(P+7)0
k*(®-¥)=12nGa*(P+p)o
O+ H (P + 2d>’)+%k2 (®-W)+(2H'+H?)W =4nGa’sP  (16a-d)
and 2 continuity-Euler equs in k-space

5= —[1+§j(9—3q>') ~3H (f—P—Ejé density equ
P pS p

DOI: 10.4236/jmp.2024.152011 217 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.152011

J. Helm

P’ 5P
9'=—[H + = j@—_—_kz —k?o +k?¥ velocity equ (16ef)
P+p

P+p
NP
5 6-%)n,
§=2L g=ikivi, o=~ "2

D P+

with the definitions

>

ol

~ K ‘
where K :E is the k-unit-vector, II anisotropic stress

and the relations
T =—(p+dp), T'=(p+P)V, T/ =(P+5P)s|+11}, 5:@”:——
2]
I =0,i=123, I, =T, - T}
9=iklv,, (p+P)o=ikisT}, (,5+|3)a=—[|2‘|21—%5ijJn‘j.

We have here 6 variables ®,¥,0,5,0,6P, 0P =5Tii, 5p=5T00, which are
functions of (k,7).

7. Evolution of Distribution Momenta

We introduce here density distribution momenta for density components radia-
tion y, neutrinos Vv, electrons e, baryons b, cold-dark-matter d. The densities
acquire their random nature from random initial conditions, and have therefore
a (Gaussian) probability distribution. These distribution momenta are used in
the calculation of CMB spectrum in chap. 10.

Evolution of distribution function momenta (Ma [14])
da

dn

ds? = a(n)(—(1+ 2¥)dn® +(1-20)dx'dx, ) )

We have for Newtonian gauge, conformal time 77, a'=

Phase space distribution

With phase space element dx"dx*dx*dPdP,dP,

dN = f(x',P;,77)dx'dx*dx*dP,dR,dP, particle number in element (32)
P= a(l— <I>) p; co-moving disturbed momentum

density distribution for matter fermions (Fermi-Dirac distribution +), density

distribution for radiation bosons (Bose-Einstein distribution -)

9 1
(e = —F
exp| — |1
)

energy &= a\/p2 +m? = \/P2 +a’m? , temperature 7, today temperature 7.

(17)

We change variables: X'P, to x'g;,and get the expressions:

scaled momentum (; =ap; =Qn;, unit momentum vector N with n‘ni =1

energy &=+/q° +a’m’ ;
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change distribution f (Xi,P.,n) to f (x‘,q,ni ,77).
Finally we get for the neutrino distribution perturbation function (Xi ,q,N; ,77)
(not equal to the metric perturbation ¥)

f(x‘,P.,n)z fo(g,T)(1+z//(x‘,q,nj,77)) (35)
for the distribution of energy tensor
T) = a_AJ.dqu q’efy(e,T)(1+y)
T =a*[dgdQan, f, (£,T)(1+y)

.,q

-4

fo(e,T)(1+y)

i of
Boltzmann equation in (X' ,a,N; ,77) , with collision term a—c becomes

n
Df _of oxof ogof on of ot
d77 on onox onoq omon, On

u°
GR geodesic equation P° ddP +I0,P° P/ =0 gives

dg —=qd-¢(q,7)no¥ (39)

dn
and Boltzmann equation becomes
YA ‘ij'l"n;o[mig(kﬂﬁ) ] + % 19)
with fluid equations cdm
5l =—0,+30", 0 = —%'ec LKW (192)

Component evolution equations

In the following we present the evolution equations for ~momenta in &-space
for important components.

Evolution equations massive neutrinos

We have for (average) background density, pressure
p,=a*[dgdQg’ef,(e,T), R a“‘J'dqu q2 q fo(e,T)
the perturbations
,=a*[dod g?e 1, (5,T )y, SR, =—a’4ququ2q J(eT)y
T, =a™*[dgdQ an, f, (&, )y
STI,, :ga"‘J'dqu qzq?(ninj —%5”.] fo (e, )y

distribution perturbation function are developed in Legendre polynomials of the
angle (IZ . ﬁ)

M

l//(lz,ﬁ,q,n): (—i)I (21 +1)y, (lz,q,n)P, (ﬁﬁ) (54)

Il
o
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2
dp, =4na [dg ety (6. )wy » O, = a"‘_qu qzq?fo(g,T)z//o
(ph+P )6? 4nka‘4jdqq fo(e.T)w, s

(20 +R))oy =4?na‘4_[dq qzq? fo(&,T)w,

Boltzmann equation yields for evolution of perturbation momenta

V/o'=—%wl—®‘%, = gk(wo W,)- g—:‘}’tlﬁ]g’
. gk
v =m("//u—('+l)w.ﬂ), 1>2 (19b)
truncating order | .
(20, +1)e
Vinart = ok Wik ™ Vi1

Evolution equations photons
Weassume y—e Thomson scattering with the Thomson cross-section

2
49 35, LS 0 s —0.665x10% cm?
dQ 16n
with F, (k,f,7) distribution total intensity
with G, (k, i, 77) distribution difference polarization components
with collision terms

[%)C:aneq( F,+Fo+4(A-V,)—(F,,+G,+G,)P,)

oG 1
[ rj =an,o; [—Gy +E(F72 +G,, +Gy2)(l— P, )j
C

on

with expansion

oF 4i 1 1 S
(_7j =an,o; [?(ay -6, ) P+ (9@ _EGN —EGyzj P, - Z(_,)' (21+1)F,R j

on c 1=3

[?,;];anem[;(F £6,048,,)(1-P), ~S(-1) (241G, |

1=0

Resulting fluid equations are then

4 , 1
S :_597 +40', 0, = kz[zﬁy —ayj+ k*¥ +an,o; (Gb —497) (19¢1)

14

and momenta evolution becomes
8

: 9
F,=20= 1549y——kF 5an80'T0'7(97—9b)

1
1500y (0,-6,)(G,,+G,,)
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k
F =
ST

. k
Gyl = 2| +1(IG;/(|71) _(I +1)G;/(|+1))

1 1)
+an,o; (—Gy, +E(F}/2 +G o+ Gﬂ)(dm +%D

(IF o ~(1+1)Fy ) —ano Fy, 123 (19¢2)

(19¢3)

Evolution equations baryons
We have the fluid equations

: oo @ 4p,
5, =—0,+30", 6, :—E9b+cfk25b—ﬁaneq (6,-06,)+k*¥ (19d1)

with sound speed c¢? = KeTy (1_1 dnT,

7 3dlna

The temperature equation becomes

J > M Inean baryon mass.

T, =—25T, Aoy (T,-T,)

e

Before recombination tight-coupling y —b, we have

6,-0, =TC[97' —kz(%éy —ayj—kz‘ljj (19d2)
7. (8 . d
O-;/ :3 597 —100'}/ —3kF}/3 (19 3)

0, = —%@[eb' +2 —cszabj+ K [%57 - 0'7]+[1+%&]k2‘1’ (19d4)
a

Py

8. Initial Conditions

Initial conditions in k-space for density components (radiation y, neutrinos v,
electrons ¢ baryons b, cold-dark-matter ¢) and metric perturbations W ,® gen-
erate the random (Gaussian distributed) inhomogeneities required for structure
formation.

Initial conditions k-space

For Newtonian gauge in conformal time 77, initial conditions are chosen in

such a way, that only the largest order in k7 is present (Ma [14])

5 =€ __ oy
7 3(P+p)
3. 3
6c:5b :Z5vzz57
2
0 =0V=9b=90=&(k2 )=k—’7qf
’ 15+4R, 2

2
o =40 ey -ty
3(15+ 4R 15
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w-—2€ o_[1:2R |w
15+ 4R, 5
with neutrino density ratio R, =— By —
p}/ +pV

9. Structure Formation

In the following, we present in concise form cross sections, reaction rates and
densities for important cosmological particle processes [2] [3] [4] [11] [23]. They
are used in the background eos equations in chap. 2, and in the evolution equa-
tions of density distribution momenta in chap. 7.

Cosmic neutrino background

The reactionis v, +V, <>€" +€, € +V,>€ +¥,
with reaction rate T'=nov=GZT®, G, ~1.2x10°GeV? (3.58)

3
and corresponding Hubbble rate H = i , r ~ (Lj ,
My, H (1MeV

neutrinos decouple at T,, =1MeV, t ; =1s,

v
q b
—+1
ool 1 41]

The gamma-pair production reactionis y+A—>e"+e + A [24] [25]

the number density n, o a’s_[dgq

with T,ca™ for T,>T, ;.

Gamma pair production

with the cross-section o = areZZZP(E, Z) , where Z = atomic number of materi-

al A4, k= E—y , a fine-structure-constant, and
e

3
P(E,Z)zz—;(w] . 2<k<4,

E
P(E,Z)z%ln(Zk)—%=3.11In{2E—’J—8.07, k>4,

e
wih reaction rate T'=noc.
Electron-positron annihilation
The ep-annihilation reactionis e +e” — y+y shown in Figure 12.

wih the cross-section

0. (0,)= (14—%)0‘0 (5) _Zﬁ[_ﬂmg (ﬂj _1] log [zﬁJ% (B) [24]

s 25 1-p @,
Pl ——rrnnn 3 pl —— p3
Y + Y
P2 —t—rnnn M4 PR —a— P4

Figure 12. e-p annihilation.
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where o, ()= 7150[5: [—3_/?4 Iog[itﬁj—Z(Z—ﬁz)J Born cross-section, and

Mandelstamm variables s=(p, + pz)z, t:(pl—ps)z, U—(pl—p4)2,where
B 212 1+
ﬁ_,/1—4(mc ) /s, z_m

@, soft cut-off, v= 1 2p 5 relative velocity, dof number

PTRANIELES S

g5 = 8 2 with photons decoupling at T,; =0.5MeV,
2 T<m,
. a’ -18
t,q =65, duration At,, = . =10""s

e

3
4
T, = [ﬁ) T,, t>t,, after ep-annihilation,so T, ,=2.73K, T, ,=1.95K.
Planck data yield ) m,; <0.13eV, Q, <0.003.

General photon eos
For T> T,,in pair-production regime, we have in equilibrium (relativistic)

2na’ v,
O-o(ﬂ)— s > ﬂ—?
2322
[y, =20, Vo ~ 2ne+ﬂcM(l+ ﬂj
B

e 4

E
r?3.1In|
nt . E. , N, o e
Lo, =T results n =—-E; , Le. n ~—nkEi~E;,

eey —  yee n ac
Y
* 4nah’c? [1+ j e

E n
T, =2nCco~2ncar’Z} [3.1In[E—’J—8.1] with Z =1n—b, s=4E;]

Ve

with thermal energy E, =kgT .
In the black-body regime we have the Stefan-Boltzmann relation n, =agEy .
The positron density n,, results from equality of both N, from pair-pro-

duction-annihilation and Stefan-Boltzmann

n? E.Y n(E Y
n,, z—b0.17a(—thzj =—b(—‘“2j 12x10°°.
n m,c n,  mc

7

Thomson scattering ([26] Hu)
We get density of free electrons

— YP 2 3 . P .
n, = [l——j X N, = Q,h?(1+2)" x10™° cm™, ionization fraction X, =1,
2

where Yp ~0.24 Helium mass fraction.

d
The optical depth 7 results from the Thomson equation d—T:neaTa,
n
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8na’

2 =
e

electron scattering.

where o7 = 6.65x10°cm® is the Thomson cross-section in photon-

Photons and neutrinos

After photon decoupling we have the relation for neutrino and photon tem-

4\
T :(ﬁj T (3.62)

Hydrogen recombination ([4], chap. 2)

perature

For hydrogen recombination we have the reaction ¢ +p" >H +7,

32
and number density n_,; _[2m exp Eion. ’
n m,T T

e e
with ionization energy E,, =m +m,—m, =13.6eV, E,  =13.6eV
n n

and free electron fraction X,=———=—=%

n,+ny, n

The free electron fraction obeys Saha equation

/2
1-X, 2¢(3)( 2x Y E,
&= exp| = | (3.78 3)=1.202
X2 2 \mT) TP (3.78) ¢(3)
n -3
where By _Tho _ % =0.59x10"°, and baryon-photon ratio
n.n, 041x10°m

n=6x107"".

-1+ 1+4f(E,)

2f(E)

2 E 3/2 E E 3/2 E
f(E,)=44(3 /— —I | exp| /" |=2.26x107°| —- | exp| —= |,
(Bn)=209) “n(meczj e, j [mec2] p( Ei

with limits

>

The solutionis X, =

f>»1, X, x——, n,=n,, —-xl1

f <1, X,~1, n,=n,, n, =0,

and recombination temperature T, ~0.32eV=3760K, t, ~290ky.
Photon decoupling
The photon decoupling reactionis € +y <>€ +y , with reaction rate

I, ~no;, op =2 x107* MeV?, and decoupling temperature

~0.25eV =2970K

2 HyyQ
T (T ) o H(Ty) s X, (T )T a—toN2om
y( dec) ( dec) e( dec) dec 24,(3) 770'TT03/2 Tdec

for t,. ~370ky.

dec
P o

The Boltzmann equation is %+ Vi +F. e C(f), for reaction
P
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1+2>3+4 collision term is C; [{nj }J =—ann, +a.f.nn,, where «a, = <O‘V>

mn,

thermally averaged cross-section, S, :( J detailed balanced coefficient.
g

n,n,

From this follows cosmic Boltzmann equation with collision term

3
1 d(na
—Su:—(av)(nln2 ~ B.nn,) (3.96)
a®  dt
where the particle number is Nisﬁoc nia3, M:_i 1— NN, % ,
s d(loga) H N3N, Joy NiN,

where I', =n, <O‘V> (1,2) interaction rate.

Dark matter cdm decoupling
The reaction for cdm particle X, light particle 2 X + X «<>1+1 with
3
1 d(nya
Boltzmann equation §%=—<O‘V>(ni —(ny )zq) » with Y, z_l:—é particles

. . M dx
in co-moving volume, and reduced mass x = TX, e

r(My) Mg (ov)

Using A= = , we get the Riccati equation
H(My)  H(My)
dY i 2 2
o).

X
The asympotic valueis Yy , =~ 7f with X; reduced mass at freeze-out.

0% 10°GeVv™
\/gs (M X ) <GV>
\ /<O'V> ~10%GeV? ~ 0.1, /G (=weak interaction).

Baryo-genesis

with reaction rate

The cdm density is €, ~

In the following we present important cosmological processes of nuclei, with
density evolution equation, cross-section, and charasteristic (freeze-out) time.

Neutron-proton decay

The reaction here is N+v, <> p" +€, n+e" <> p’ +v, with density ratio

E n
{n—”J :exp(— i J E,, =(m,—m, )¢’ =1.30MeV, and with X,=—"
eq

np kBT n, + np
relative n-abundance.

For X, we get the equation

d;<tn =T, (><)[Xn ~(1- xn)exp[_z_n;n

25512 + 6% + x° E
I(X)=—"=—"——F—, Xx=—2, 7,=886.7+0.85 neutron lifetime.
T x° kT "

n

With freeze-out abundance X, =0.15 itbecomes X, (t)=X,, exp[—ij .
T

n
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Deuterium

n

D
Ny

» 5 \32 e
The density ratio is = Enn e w exp| —2 |, with
w 4 77 metkgT )

Eppp =(M, +M, =M, )c* =2.22MeV  and temperature T, =0.06 MeV at

Np 0.1 MeV

Ny

2
j (T =T, ) =1, the corresponding time is t,,, = [ ] 120s~330s.
&

nuc

Helium
The reactions are

D+p' o He+y, H+p' o He*+n
D+DeoH+p', H'+Do He' +p*
D+D<« He®+n, He® + Do He' + p*

helium-hydrogen ratio is then
g, _4ng  2X, (L)

_ e
Yo =

Ny n, ~1—Xn(tnuc)

Lithium beryllium

~0.25, which is observed.

The reactions are

Be' +n«> Li" +p*, Li'+p" <> He'+He*, Be'+e & Li' +v,

He’ +He' & Be' +y, H +He' o Li' +7.

Hydrogen recombination

The process of hydrogen recombination is shown in Figure 13.

We have the Peebles equation for free electron density X, with an improved

calculation in redshift z [27]

X,  C(T) [(mekT)” E,
T"H(z)(uz)& 21 ](l_xe)eXp[_kB_Tj

(20)
n 2{(3) 3
—a(T)2 k. T) X2
M )
ctp | continuum
\"\-.
\ excited states
2s 2p
L
2y e
s ground state

Figure 13. Hydrogen recombination state diagram [4].
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with
A A
GM=3 f; B
2y a a
27 H(T)
A, = 7
128¢(3) (1- X, )(my /m, ) (keT /E,)
A, =822757,
A, = 837:0 Lyman wavelength, g, =/ (T)eXp{43kEB,T j)

@ (V' (E
a(T)~9.8 - 2[—k_'l_] Iog(_k_'r}
(mc?) \Ks 5

H (2) =JO, Ho (14 2)" [1+1+—ZJ,

1+z,,

H,~15x10%ev, T :(1+ 2)0.235 eVv.

10. CMB Spectrum

In this chapter, we present first in concise way the contributions to the temper-
ature anisotropy of the cosmic microwave background CMB.

Then we describe the scheme for the calculation of the CMB spectrum coeffi-
cients C,

The schematic of the calculation is shown in chap. 11.

Finally, we present the self-calculated results and a comparison with data.

10.1. CMB Spectrum Theory

CMB spectrum today

CMB as measured today has the parameters [28]:
temperature T,,=2.7255+0.0006 K.

CMB dipole is around 3.3621 + 0.0010 mK
relative density Q, =6x10°°
AT%U N 30 uK
T 272K

7.0

temperature anisotropy AT ,~30pK, so =1.1x10".

Temperature anisotropy
The temperature anisotropy of the CMB has the following contributions:

iTT(ﬁ):(SW:(%@ +\PD+(Dop :—(ﬁ~\7b)*)+(ISW:.f;"dn((l)#‘{”)) (7.29)

at conformal time 7 =17, =74, -

= SW The first term is the so-called Sachs-Wolfe term. It represents the in-
trinsic temperature fluctuations associated to the photon density fluctuations
g, / 4 and the metric perturbation ¥ at last scattering.

* Doppler The second term is the Doppler term RA-V, caused by local veloc-

DOI: 10.4236/jmp.2024.152011 227 Journal of Modern Physics


https://doi.org/10.4236/jmp.2024.152011

J. Helm

ity, this contribution is small on large scales.
= ISW The last term describes the additional gravitational redshift

j "dn (®'+W¥') due to the evolution of the metric.
™

The temperature anisotropy has the form
TT A)= J' exp(iIZ~ﬁct(n*))(F(n*,IZ)+i(IZ~ﬁ)G(77*,IZ)),

F(Z

where F(n*,IZ)z(%§y+‘Pj, G(I]*,IZ)zvb, * (

0k)’
. (K)= M and R(I] =0, IZ) are the initial curvature anisotropies.
R(7=0,k)

We get for the anisotropy the series in Legendre polynomials

o (i)=Y (2I+1)J'(gnl()3®(k) (0.K)R (K1)

with the transfer function including ISW
0, (k) =0 (k) = (F- (k) J; (k) = G- (k) Jj (2K)) + [ " dn (@ + ) y (et (m)k),

with g =ct(n.).

The two-point temperature correlation (scalar TT-correlation) spectrum meas-
ured in CMB is C(H) = <®(ﬁ)®(ﬁ')> , with directions A,A’, angle cos@=n-A’",
and the series in Legendre polynomials

c(0)=32*1c B (cost)
| An
with series coefficients C,
o :2nfld(cos9)c(e)P, (cos@):4nj%®,2(k)A§(k) (7.6)

ng—1
where A% (k)=A (k—j is the power amplitude, and where sound horizon is
0

o LU N
7] 3(1+R(n))

Weinberg semi-analytic solution [29]

, with curvature R (77) .

Weinberg proposed a semi-analytic solution for photon density perturbations

_AR(n=0k sk cos(kr, + —(1+ K
5, = R(n=0k (1+R(77,|z))1/4 (kr, +0(k))—(1+3R (1K) )T (k)

with Weinberg semi-analytic transfer functions for SW and Doppler with

F*(k):% exp( K j( S(k) ]/4cos(krs*+¢9(k))—3R(77*,IZ)T(k)

kow’ ) (14 R(n..K))
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G*(k):—ﬁexp K S(k) sin(kr,. +0(k)) where
5 Ko’ -\ ;
o ) (1+R(7..K))
kox = 8.8 Mpc

and the resulting CMB power spectrum

'('zzl)cl_ofﬂ jL[ ("8] i ['XﬂDAZ('fj with

2 =ct(n.)

where

2 4 62
S (x)= 1+(1.209x)" +(0.5611x )" ++/5(0.1567)
1+(0.9459x)° +(0.4249x )" +(0.167x)’

log(1+(0.124x)° ) (14 (1.257x) + (04452« )" +(0.2197x)° |
(0.124x)" | 1+(1.606x)" +(0.8568k)" +(0.3927)’

i1

() (1.1547x)° +(0.5986x)" ++/5(0.2578« )" 2

K)= .
1+(1.723«)" +(0.8707x)" +(0.4581x)° +(0.2204x)"

Calculation of CMB spectrum coefficients C,;([30] Hu)
The temperature and photon polarization Stokes parameters anisotropy are

expanded in a series in angular momentum (/, m),

2
O(n,%,0)= j v Z 0,,G,, (21a)
1=0 m=-2
A d3k &, &
(Q=iU)(n.%,A)=[—3> > (En *iB, )G,
(27‘5) 1=0 m=—2
with temperature (/, m)-moments
e" = [dny,, (M)e(n) (21b)

and with temperature basis functions

47

Gy =(-i) mY,m(ﬁ)exp(iIZ-x):Zl“(—i)'«/4n(2l+1) il (kr)Y,o (6.9)
:IZ(_i)' A7 (20 +2) jy (KP) Vi (6,00) 5
where
exp(nz.x)zlz(-i)' 4n(21+1)j (kr)Y,e (6,0).

In this representation, the spectrum coefficients C,are

(0.0 =[dne4"e[" =6,6,,C (210)

where the power spectrum on the angular momentum /is

I(1+1
Ar(h)= (2; )C,Tz in pK* (21d)
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We use the variables:

8nG 8nG
dna'sP, V'(n,k)=-——a’sP
kazg.; g (7.K) Ko

averaged pressure V (77',k)=—

y
optical depth r(n’)zaTjdnnea, 7'(7)=n,oqa.
0

The temperature (J, m)-moments are calculated from the evolution equations

m m
Kol Koin

@, = k(—@ -

21 -1 Im 2l +3®I+lm]_f®lm +Slm (218)

with sources

S0 =70 — D', S;g =7y +k¥, Sy =7y, +V’
1, 1,
Sy :ET (®zo _\/EEZO) > Sy :ET (®21 _‘/gEzl) >
1, ,
Sy :ET (®22 _\/éEzz)_q)
s :ir'(® ~6E ) s =ir'(® ~6E,,),
0779 20 20 2770 21 21

Sy = %T'((azz - \/EEzz ) —-@

% = ,jf dnexp(—r)gs.fm (1) jim (k(ﬂo _’7))

and j,,, are spherical Bessel functions

Jioo (X) =01 (%) e (%)= 3 (%) Jiao (%) :%(3jlll(x)+ ii(x))

s ()= '('; 2 j'(xx), s (X) = 3'('2”)%(1'9)],
. 3(1+2)j (%)
J|22(X): 8(|—2)! 2

10.2. CMB Calculation Results

The metric perturbations W,® in k-space for k=5 are shown in Figure 14, as
a function of relative scale factor a/ 8y, , where a,, =a,, =0.9x10° at photon
decoupling. Note the transition from high to low amplitude at decoupling.
Density fluctuations for baryons, radiation, cdm J,, Jd,, J, for k=5 are shown
in Figure 15, as a function of relative scale factor a/ 8y, - The matter fluctua-
tions decay before or after decoupling, whereas radiation fluctuation stabilizes at

a higher level.
The calculated normalized scalar TT-correlation power spectrum of CMB,
2 |(|+1) 2, N . ) .
AT (1) =2—C,T , is shown in Figure 16, in £K* over multipole order /, cal-
T

culated for the original Planck Hubble value H,, =67.74km-s*-Mpc. Note
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the characteristic decrease from the first to the second maximum and from the
third to the following maxima.

@ (blue) W (orange), k=5

oW
1.2¢

1.0+

0.8+
06+

04+

0.2}

0.0 — y=alaeq

0010  0.100 1 10 100

Figure 14. Metric perturbations, ¥, k=5 [31].

ob(blue), ér(orange), éc(green), k=5
&b, o, éc

. " . . : i y=a
O ——==0010""0.100 17 70100’ ¥2ed

Figure 15. Density fluctuations J,, J,, J, k=5 [31], double loga-
rithmic plot.

(TPA(1+1) (Cpr,-C, )(2m) pK?
6000~ T
A
50000 | |

4000,
3000- | ]

20000 |

o 500 1000 1500 2000
|

Figure 16. Temperature scalar TT-correlation spectrum
I(1+1
y =T2%C, , [y] =uK?, x=1 [31].
T
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The background Hubble parameter H, influences the CMB spectrum, but the
deviation & = 1.3% caused by the calculated correction from chap. 5 is within

measurement error.
The plot in Figure 17 shows the difference between the power spectrum for

) I(1+1) .,
Planck-Hubble-parameter Ag (I, Ho,p)=2—C|T , and for the background-
T
I(1+1
(1+1) C,T?, where
T

corrected Hubble-parameter A? (I, HO‘PC) =

Hope = Hgp x1.043=70.6+0.4, with maximum deviation of §=1.3%.

In Figure 18 is shown the scalar TT-correlation power spectrum from Figure

16, together with measurement data and its error bars.

(TA(1+1) (Cy-Cp)(2) K

N
50 : N
Py L P R
o ———— - .
H i \ /
Ed vV
'.\/rx
-50 \j
o 500 1000 1500 2000

Figure 17. Power TT spectrum Hubble correction, max rel.dev. d = 1.3%

(31].
(T,PN(1+1) C_/(2m) pK?
6000, 90" 45 10 2 %0‘.5 0.2
5000¢ CBI09 -
[ Planck T :
4000+ ACBARO08 ‘ -
[ WMAP7 ' .
3000
2000}
1000f
U L L I A

2 5 10 50 100 500 1000
I

Figure 18. Temperature scalar TT-correlation power spectrum with
measured data [22] [31], for measurements Planck, WMAP, ACBAR,
CBI, and BOOMERANG.
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11. Concise Presentation

In the following, we present the fundamental equations, the solution process and

results in form of schematic diagrams for the background calculation and for the

CMB calculation.

Lambda-CDM background calculation:

Friedmann equations
(a')2 +k v%a: -pa’=0

1

p'a.
3

a'(P+p)=0

cosP=P(p.E,)
photons P, (p?):p? /3

4

neutrinos I, (,0‘. ) =913

}

th

baryons id. gas. ) (meu; ) =P

;
P=P,+P,+p,+p,
P=B+P+P

-

m.c

temperature

Em T Em[U: (p’a)

r { tﬂ‘l' E H.J (p JIIrCI\)‘SI] )I.4
t>t. EY=E /a

rec th th 0

bound. cond. today
X, =Xx,=ct, /R,

a?x )=1
a'(xh) ( )—l- H,/R,
P(%)=Py/ Pu

step 1 solution

aza{'}(x) , x=x[”(a)

p=p"(a)
En’r = E.ra‘:“} (a)
bound.cond: x,, =x," , k=k"
iteration
A

step 2 solution

a=a"’(x)
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Lambda-CDM CMB calculation:

perturbations

ds* =a(n)(~(1+2%)dn* +(1-2®)dx'dy,)
O, W¥.0,6,6,6 P perturbations

P pressure

0 =ik'v, velocity

o=0p/p

= _[;Ef;;f ‘%‘i;)nr, /(,5 + p] stress

relative density

P, p, a, EnJr , T background

initial conditions
O, WV,0,6,56,6 P = variables (;.

g; (a = 0) = é‘.l

CMB power spectrum coef C;

O(n.¥.1i) j ) 0,6,
J'-I] .l-..
(@PWGJ”W =[ane*"e," =5,s,.C,
1
@th’ = Jd” Y.l’m (ﬁ)@(ﬁ)

KJI'J K,H\i
m _'k ol m =y 0l+1 ()le
2{-1 21+3

-1’09, +5§,

Im

measurement temperature correlations

c(0)=(e(i)e(i)
c(6)= 22! +1

C,P,(cos0)

Einstein equations k-space
K®-3H(®'+ HY)=rGa’ép
kK (®'+ HY) =nGa* (P+p)0
K (®-¥)=127Ga’(P+p)o

t‘D"+H(‘P'+2¢')+%

K (®-¥)

+(2H'+ H* )Y =4nGa’5 P

thermodynamic: density+Euler

8= [1+PJ(9 307) - 3H[£—5J5
P

ps p
P ]9_ &P

— i -ko
P+p (P+p)

+ kW

6'= —[H +

measured, calculated coef C;
(TFI(1+1) C,/(2m) i
10 2' 0.5

6000 90" 45

5000
4000
3000

2000

1000 r%ﬁ-} ]
0 2 5 10 50 100 500 1000
I
Y
13 fitted parameters
dn,

Q,0.Q .¢,H,A ,n,twEm, N r,—=

dk
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12. Conclusions

The results for the background part are presented in schematic form in chap. 11
Lambda-CDM background calculation.
We start with the Friedmann equations

(a’)’ nLk—%a2 —pa’=0

pT'a +a'(P+p)=0
with the variables in dependence of the scale factor a (inverting the scalefactor-
time relation a=a(Xx),

x(a) time,

o) (a) density of component 7

E, (a) temperature,
for components radiation p, neutrinos Vv, electrons e, protons p, neutrons n,
cdm d, where the pressure P,(a) is eliminated using the component eos
P :Pi(pi’Eth)'

In difference to the conventional ansatz,

-the temperature resp. thermal energy is introduced as explicit function of
time E,(t);

-we use the ideal gas eos for baryons, instead of the usual setting B =0
(dust eos).

As we show in chap. 5, this leads to a correction of 4.3% for the present value
of Hubble parameter H, =1.043H,, which brings it into agreement with the
measured Red-Giant-result, and within error margin with the Cepheids-SNIa-
measurement.

We carry out an iterated calculation with two steps /=1 and 7 = 2, the results
are shown graphically in chap. 10.2.

Note the deviation of the temperature from the conventional linear behavior
(brown) to the calculated first-iteration-value (blue) for later times. This pro-
duces also a slight “bump” for the Hubble parameter H(a), and there is a
slight “kink” in  x(a).

The results for the perturbation part are presented in schematic form in chap.
11 Lambda-CDM CMB calculation.

We start with the perturbed metric

ds® =a(n)(-(1+2%)dn’ +(1- 20)dx'dx; )
perturbations ®,¥,0,0,5,5P , where
OP pressure
6 =ik J'Vj velocity
8=30p/p relative density

az—(lzilzj —%é)’ijjﬂij/(,5+ P) stress

p,P,a,E, are background functions calculated already in the background
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part.

And 7 = reionization optical depth is a parameter used for the CMB calcula-
tion.

The perturbations result from (random) initial conditions and represent the
random nature of structure formation.

The resulting fundamental equations are transformed to k-space (i.e. Fourier
transformed), and consist of two parts.

The Einstein equations in &-space resulting from the perturbed metric ansatz
k*® —3H (®'+HY)=nGa’sp
k?(®'+HW)=nGa’(P+7)0
k?(®-¥)=12nGa*(P +p)o

®"+H (‘{"+2<D’)+%k2(®—‘{’)+(2H’+ H?)¥ = 4nGa’sP

and the thermodynamic: density and Euler (relativistic fluid) equation, resulting

from the relativistic Boltzmann transport equation

5':-[1+EJ(9-3<D')—3H (ﬁ-Ej5

p pé p

0 =—|H+ _P — 16— _5P_k2 -k’c+k*¥
P+p P+p

The CMB power spectrum coefficients C;depend on the angular moments of
temperature correlation ©,,, which obey the iterative differential equation in
k-space

" Km Km+
o Im = k[ZI_(il®lm _ﬁ®l+lmj_ zJ®Im + SIm

with parameters, which are calculated from the fundamental equations.

The actual numerical calculation is performed in program [31], based on a
function library from [22].

Then a fit is carried out between the calculated parameterized coefficients
C,(p;) and tthe measured values C

The 13 fitted parameters

lexp *

[} :[Qb,QC,QA,tO, Hy, AN, 7,w,2m , N, r“(iiiks] are calculated by the Plan-
ck collaboration [32], and are not recalculated here.

The fitted [32] and measured coefficients C,are shown in a plot.
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