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Abstract 
The striking differences and similarities between the “Spanish-flu” of 1918 
and the Coronavirus disease of 2019 (COVID-19) are analyzed. Progress in 
medicine and technology and in particular the availability of vaccines has de-
creased the death probability from about 2% for the Spanish-flu, to about 10−4 
in the UK and 10−3 in Italy, USA, Canada, San Marino and other countries for 
COVID-19. The logistic map reproduces most features of the disease and may 
be of guidance for predictions and future steps to be taken in order to con-
trast the virus. We estimate 6.4 × 107 deceases worldwide without the vac-
cines, this value decreases to 1.6 × 107 with the current vaccination rate. In 
November 2021, the number of deceased worldwide was 5.1 × 106. To reduce 
the fatalities further, it is imperative to increase the vaccination rate world-
wide to at least 120 millions/day and the AstraZeneca vaccine due to its effi-
cacity and cost is a possible route to accomplish this. 
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1. Introduction 

The origins of the “Spanish-flu” of 1918 are unknown and so are the reasons 
why it stopped its deadly action in 1920, i.e., after a period of three years. Data 
from such disease are not complete as we would like, since science, medicine and 
technology were not sufficiently advanced. At that time, we were scientifically in 
better shape than in previous epidemics reported in history, but not enough to 
be able now to draw strict parallels with the Coronavirus disease first reported in 
2019 (COVID-19). In 1918, we were at the end of World War I (WWI) and this 
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probably contributed to the virus spreading in different continents so quickly. 
Furthermore, countries at war were not willing to share information about the 
disease in order to avoid advantages for the enemy. Spain, which did not partic-
ipate in the conflict, openly reported about the high mortality rate of the disease 
in the country and this is the origin of the name Spanish-flu (S1918). Presently, 
there are no major wars but still some countries prefer not to make public all the 
relevant data. We know that there were many “waves” in the period 1918-20, 
each more deadly than the previous one and it affected mostly young people. An 
explanation for this was that older people built their immune defenses from the 
pandemic of 1889-90 [1] but there is no definite proof about this. In any case it 
is a factor to be taken into account since “what does not kill you makes you 
stronger”. The 1889 pandemic was as serious as the S1918 but lasted a shorter 
time maybe due to the smaller flow of people travelling from different countries 
and continents. The many successive waves observed for the S1918 may be con-
nected to seasonal variations or an evolution of the disease, i.e., different va-
riants. The striking difference of the S1918 to the COVID-19 is the different age 
groups involved, most deaths in the latter case are older people even though new 
variants may change this unless we strengthen our immune defense through 
vaccines or survive to previous COVID-19 variants as in the 1889 case. 

One hundred years ago we had little understanding of viruses, their spreading 
and how to contrast their deadly action. Masks and social distancing were adopted 
and some “homemade” remedies with little if no efficacy. Thus, we can assume 
that the disease followed its course almost undisturbed. The method of trans-
mission is through the vicinity of affected people to unaffected ones (thus the 
mask utility when no other defenses are available), where one person may affect 
n-persons with 1n ≥  depending on the virus transmissibility. This can be ex-
pressed mathematically using chaotic maps and in particular we will discuss the 
logistic map: 

( )1 1 .n n nx r x x+ = × −                       (1) 

It is a simple iteration which, given an initial value 00 1x< < , produces suc-
cessive new values depending on the control parameter r. For 4r ≤  the map is 
confined in the interval [ ]0,1 , this is similar to the available phase-space in dy-
namical systems. For 3r <  the map gives two fixed points fx  which can be 
found assuming 1n nx x+ = , they are 0fx =  and 1 1fx r= −  [2]. For larger 
values of r a flip bifurcation occurs, i.e., the map oscillates between two fixed 
values and this remains true for 3.449479r < , these values can be analytically 
recovered [2]. For larger values of r, the map oscillates among four fixed points 
( 3.544090r < ) and so on, increasing the number of fixed points up to a critical 
value 3.569946cr =  above which there are an infinite number of bifurcations 
and the map is fully chaotic [2] [3]. A powerful approach to quantify the “degree 
of chaoticity” is to calculate an ensemble of N pairs of trajectories, separated in-
itially by a very small distance 0d . We introduce the mean distance between 
them at the iteration n as: 
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( ) ( )( ) ( ) ( )( )0 0 0; .i i i in n
n nx f x y f x d= = +                 (3) 

The initial starting points ( )
0
ix  are chosen from a uniform distribution span-

ning the defining interval of the map. For fully chaotic maps the average dis-
tance nd  after n-iteration may be expressed by the relation 

0

0

,
en n

d d
d

d d λ
∞

−
∞

=
+

                       (4) 

where the Lyapunov exponent 0λ >  indicates that nearby trajectories diverge 
to a finite (since the phase space is finite) value ( )1d∞ < . In the ergodic limit 

4, 2r λ= =  which can be considered as the “highest chaoticity” which can be  

reached. In the same limit [4] 2

4d∞ =
π

, the largest average distance between  

nearby trajectories. Notice that even in the chaotic regime there are values of the 
control parameter where 0λ < , i.e., the map is not chaotic. We may argue that 
for the S1918 pandemic one of such values was accidentally hit and the epidemic 
disappeared suddenly. Notice that in such cases Equation (4) gives 0 0d d∞ = →  
[4]. 

In refs. [5] [6] [7] [8] we discussed the fact that the cumulative probability to 
be infected by COVID-19 (number of cases divided by number of tests) follows 
the same Equation (4) with the iteration n substituted by time t, thus if we know 
the Lyapunov exponents for the data and the map we can easily make a connec-
tion between time and iteration i.e., 

.t nλ
=
Λ

                           (5) 

Under this assumption it follows that the maximum probability to become in-

fected is 2

4
π

. In 1918 the world population was about 2 billion which means  

that about 0.8 billions got infected by the S1918 in the period 1918-20. As we will 
discuss below about 2% of the infected died which gives 16 millions deaths, a 
number comparable to the casualties of WWI. Extending these estimates to 2020, 
the world population is about a factor 4 higher, which increases the estimates 
above by the same factor. However, in November 2021, 7.3 billion vaccine doses 
have been administrated which means that about 3.65 billion people have been 
fully vaccinated. Since the mortality rate is about 2% of the positive cases, then 
we expect the mortality rate (mostly non vaccinated people) to be given by 
( ) 28 3.65 2% 4 35× × π− =  millions. Also by the end of the year, people who re-
ceived the first vaccine dose, will get the second thus reducing the maximum es-
timate to 18 millions. Optimistically 75% of the world population may be vacci-
nated (excluding children age less than 12 for whom vaccination is not possible 
yet, but more recently the use of some vaccines have been extended to children 
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aged 5 or older). This gives a mortality rate 9 2 70.25 8 10 2% 4 1.6 10π× × × × = × , 
currently, the number of recorded deaths is 5.1 million. Our estimate above as-
sumes that the spreading is fully chaotic and as we will show below this is not the 
case. If we take Italy as an example, the average positive probability is about a 
factor 4 below the ergodic limit of the logistic map. These are in any case very 
important numbers thus the urgency to increase the number of vaccines world-
wide, the faster we do the more we protect children and people with medical 
conditions and that cannot be vaccinated. We would like to stress that the exten-
sion of vaccinations to the youngest population may be necessary since there is 
some part of the population refusing to get vaccinated denying the clear success 
vaccines have obtained so far. But this is not enough especially if new variants 
will appear. 

In Figure 1 (top panel) we plot the cumulative number of cases (positive and 
deceased) as function of time starting from January 1, 2020 for Italy (top-left 
panel) and the UK (top-right panel) [9] [10]. In order to directly compare the two 
countries we have divided the number of cases by their population (60,177,000 in  

 

 
Figure 1. (Color online) Updated to November, 2021. (Top) The cumulative number of 
cases (positive and deceased) over population versus time for Italy and UK respectively. 
January 1, 2020 is the day 1; (Bottom) the corresponding probabilities as well as the ratio 
deceased over positive versus time. The arrows for March 14, 2020 and December 28, 
2020 correspond to complete lockdown and start of vaccinations for Italy. Similarly, April 
5, 2020 and December 14, 2020 correspond to the UK prime minister hospitalization for 
COVID-19 and start of vaccinations respectively. 
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Italy and 68,207,116 in the UK). The two cases are strikingly similar and we have 
observed no major differences to other countries, see also supplemental material. 
After the first rapid increase there is a plateau, which roughly starts at the end of 
the lockdowns and the beginning of the summer season. In the fall of 2020 the 
cases increase rapidly again forcing new lockdowns to slow them down and for-
tunately in December 2020 vaccinations started. The final increase in the UK is 
due to the Delta variant of the disease. The number of deceased is roughly a fac-
tor 50 smaller than the number of positives and no increase is seen at later times 
thanks to vaccinations. If we treat these data as representative of cases worldwide 
we can estimate a total number of positive to the virus in 790 millions (10% of 
the current world population) and a total number of deceased in 16 millions 
(0.2% of the current world population), in November 2021 those values are 253 
millions and 5.1 millions deaths respectively. If this trend is followed, i.e., no in-
crease in the number of vaccines and no other more deadly variant, we can esti-
mate the maximum total duration of the disease in 5 years, two more than the 
S1918. These values are of course not acceptable and a worldwide effort is 
needed, especially vaccinations. We notice in passing that some countries, nota-
bly S. Korea and others, have adopted strict distancing, tracking and wearing 
mask measures, which successfully stopped the spreading, see supplemental ma-
terial. Other countries have not been able to follow these examples because of 
unrest from part of the population thus leaving vaccinations and new medicines 
to contrast the spreading. Unfortunately, in the same countries there has been 
some resistance to vaccination as well but this may be overcome through com-
pulsory vaccinations or the natural spreading of the virus from vaccinated to 
unvaccinated ones. In the latter case, the weak part of the population, which 
cannot be vaccinated, may pay a high price unwillingly. A fit to the top part of 
Figure 1 using Equation (4) gives about 7% and 0.2% total number of positives 
and deceased of the population respectively. These values are confirmed by many 
other countries, see supplements, with the notable exception of S. Korea reduc-
ing to 0.6% and 0.004% respectively. The approach and methods used by S. Ko-
rea and other Asiatic countries should be part of the civic study curricula of stu-
dents starting in elementary schools worldwide to avoid the drama for the next 
pandemic, which could occur in the next 10 or 100 years. 

The estimates above could be misleading because, especially at the very begin-
ning of the disease, only part of the population was tested. Since the number of 
tests each day are known we can define probabilities as the number of cases di-
vided the number of tests [5] [6] [7] [8]. These probabilities are reported in the 
bottom panels of Figure 1. The quantities reported in Figure 1, top and bottom, 
would be the same if the total number of tests equals the countries’ population.  

The dashed lines in the bottom panels are given by the logistic map value 2

4
π

  

and in no cases it is reached apart Norway, see Figure S1, at the very beginning 
of the pandemic. In particular the rapid increase at the beginning reaches a 
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maximum value on March 14, 2020 when the lockdown was imposed in Italy 
and April 5, 2020 when the UK prime minister was admitted at the hospital in 
serious conditions having contracted COVID-19. As we noticed before the de-
ceased probability follows the same trend and it is about a factor 50 lower than 
the positives, shifted in time of about one week. Notice that the “population” for 
the deceased is given by the positives, thus we can define another probability as 
the number of deceased divided by the number of positives. This quantity is 
plotted in the bottom part of Figure 1 (blue symbols) as function of time and it 
is very close to the probability to be positive to COVID-19 as expected. In par-
ticular, after a first rapid increase at the beginning it plateaus at about 10% and 
jumps down to 2% - 3% again in December 2020 when the vaccination cam-
paigns started, clearly demonstrating their efficacity. We stress that in the S1918 
case, if the disease was completely out of control, then the number of deaths may 
be a factor of 5 higher than estimated above, i.e., of the order of 80 millions. 

In order to compare to the logistic map, we plot in Figure 2 the positive prob-
abilities in two different periods for Italy (top panel) and UK (bottom panel). 
The logistic map follows rather well (red symbols) the data and the values of the 
Lyapunov and d∞  can be extracted for all cases. From ref. [4] we know that d∞  
can be parametrized as 

( ) 2
1 ,d c r r ν

∞ ∞= −                        (6) 

 

 
Figure 2. (Color online) The comparison between the logistic map results with the data 
in Italy (top panel) and UK (bottom panel) for the second wave in 2020 and the third 
wave in 2021. 
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as function of r with ln2
ln
αν
δ

= , 2.502807α = , 4.6692016δ =  and  

3.569946r∞ = . And similarly for the Lyapunov exponent 

( )2c r r βλ ∞= −                         (7) 

where ln 2
ln

β
δ

= . The values 1c  and 2c  can be fixed to their analytical values 

in the ergodic limit i.e., r = 4. 
From the number of positives we know the value of the asymptotic probability 

which plays the role of d∞  and it is the same as for the logistic map, thus we 
can extract the corresponding value of r from Equation (6) and, knowing r we 
obtain the Lyapunov exponent for the map Equation (7). From the ratio of the 
Lyapunov exponent for the map and the data we can make the transformation 
from the number of iterations to time, Equation (5). In Table 1 we have collected  

 
Table 1. The r and λ  calculated from Equations (6) and (7) for Figure 1 and Figure S1. 

Country pos/dec d∞  r λ  r r∞−  

Italy pos 0.0689 3.592 0.182 0.0219 

 dec 0.00225 3.570 0.0137 0.000074 

UK pos 0.0731 3.594 0.190 0.0242 

 dec 0.00198 3.57 0.0125 0.000054 

Sweden pos 0.108 3.617 0.256 0.0468 

 dec 0.00148 3.570 0.00100 0.000034 

Norway pos 0.0271 3.575 0.0899 0.00458 

 dec 0.000166 3.570 0.00191 4 × 10−6 

Denmark pos 0.0493 3.582 0.141 0.0125 

 dec 0.000435 3.570 0.00396 4 × 10−6 

South Korea pos 0.00634 3.570 0.0300 0.000404 

 dec 4.138 × 10−5 3.570 0.000669 4 × 10−6 

Mongolia pos 0.0974 3.609 0.236 0.0392 

 dec 0.000270 3.570 0.00276 4 × 10−6 

USA pos 0.118 3.624 0.273 0.0543 

 dec 0.00237 3.570 0.0142 0.0000764 

Canada pos 0.0413 3.579 0.124 0.00929 

 dec 0.000725 3.570 0.00582 0.0000104 

Russia pos 0.0470 3.581 0.136 0.0115 

 dec 0.00143 3.570 0.00971 0.0000326 

San Marino pos 0.158 3.658 0.340 0.0880 

 dec 0.00271 3.570 0.0158 0.0000955 
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some results for different countries. Large values for both, Lyapunov exponent 
and d∞ , are obtained by Sweden which opted for herd immunization. Fortu-
nately, the low population density and good health organization decreased the 
possible catastrophic effect of such a choice as we saw in the UK which were fol-
lowing the same strategy at the beginning of the pandemic [5] [6] [7] [8]. In the 
last column of Table 1 we report the value of r r∞− . If this quantiy becomes 
zero or negative then we have reached “herd-immunization”. As we see from the 
table, no country gets such values but it gets very close to it especially for the 
deaths probabilities which are the most important quantity. The combined ac-
tion of vaccine [11] and new effective medicines which reduces mortality may 
finally take us to herd-immunization. People may still get COVID-19 but will 
not die because of it! 

2. Controlling Chaos 

We have discussed in the introduction the connection between the control pa-
rameter r of the logistic map with λ  and d∞ . In order to have cr r<  we can 
decrease the value of d∞  through lockdowns, masks, tracing and vaccinations. 
In particular we can write: 

1 0 2
0 1 2Ratio 2 ,d d a a aχ χ∞ ∞= = − + +               (8) 

where, 1d∞  is the current value of the probability while 0d∞  is the same quan-
tity but exactly in the same period of the year before. χ  is the controlling fac-
tor which we assume equal to 

( ) population .v pN Nχ = +                    (9) 

vN  and pN  are the number of vaccinated and positive to COVID-19 re-
spectively, since p vN N  it can be neglected for all practical estimations. The 
expansion in Equation (8) may need higher order terms because of lost of effi-
cacity of the vaccine, of previous infections and/or new variants. Unvaccinated 
people contribute to Equation (9) if they get infected, thus another reason to get 
vaccinated as soon as possible. Also vaccinated people may be justified not 
wearing masks in presence of unvaccinated by choice, this may spread the virus 
faster when it is harmless to vaccinated and there are medicines which can save 
the life of the unvaccinated, keeping in mind that 2% - 3% of the positives will 
die, see Figure 1. Future, more deadly variants may develop thus the importance 
to stop the epidemic as quickly as possible. In Figure 3 we plot the probabilities 
as function of the vaccination ratio χ . The decrease is very encouraging but it 
maybe misleading since could be due to lockdowns or simply to a major aware-
ness from the population. A more suitable quantity may be given by the ratio of 
probabilities or cases in two different periods, see Equation (8). 

From Equation (8) we can define the probability ratios for the year 2021 di-
vided the same period in 2020. Since, in Italy for instance, test data was taken 
starting Feb 24, 2020 that is the first day we can build the ratios (for the UK, US 
and Russia are Mar 31, 2020, Mar 1, 2020 and Mar 4, 2020 respectively). This ratio 
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is plotted in Figure 4 as function of the parameter χ  defined in Equation (9). 
The divergence for low vaccination rates is due to the low statistics at the very 
beginning of the pandemics when the virus was starting to diffuse among the  

 

 
Figure 3. (Color online) The probabilities (positive, deceased and deceased/positive) ver-
sus the vaccination ratio χ  for different countries as indicated. The date of the first day 
of vaccination has been indicated in the figure for each country. 

 

 
Figure 4. (Color online) The probability ratio for the same period in 2021 and 2020 ver-
sus the vaccination ratio χ  for each country. 
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people. From the expansion, Equation (8), we should get an initial decrease fol-
lowed by higher order corrections that could be positive or negative. If 75% of 
the population is vaccinated, we expect the number of cases to decrease of a fac-
tor at least 4 as respect to the year before. The figure displays a fast decrease at 
the beginning of the vaccinations followed by a later increase due most probably 
to the Delta variant and the release of strong restrictions and lockdowns. The 
fact that the ratio for positives is about 1 for large χ  values indicates that herd 
immunity cannot be reached. On the other hand the ratio for deceased is about 
20% for the US and Italy and 4% for the UK indicating that vaccines are working 
in preventing deaths but with different efficacities. As we noticed above, the 
number of deaths should be compared to the number of positives and not to the 
number of tests, thus in the same figure we include this ratio with blue symbols. 
Now the results are comparable to the deceased probabilities as expected with 
the exception of Russia. The important lesson to take from this plot is that the 
vaccines are working and in particular the approach used in the UK seems to be 
the most effective. A striking difference is given by Russia, which follows the 
same trend as other countries but the ratios are larger than one and the deceased 
are above the positives, Figure 4. This suggests that an important epidemic wave 
is underway in Russia more important than the previous year together with the 
resistance of people to get vaccinated. We had noticed in previous works [7] that 
in the year 2020 while the other countries were ‘‘under siege” from the virus, 
Russia was relatively free from it. The general behavior as function of vaccina-
tion confirms the quality of the vaccine used, in any case we can test this by ana-
lyzing cases from the Republic of San Marino (RSM), which adopted the same 
vaccine as Russia. Figure 4 shows an increase in the ratio with increasing vacci-
nation rate. We have attempted fits using Equation (8) adding terms in the ex-
pansion up to 9th order. Those fits are quite bad showing strong oscillations thus 
confirming once more that we are nowhere near herd-immunity. This is not 
going in the direction of herd immunity but it could be an artifact due to the 
different number of tests in the different periods. To explore this feature we will 
discuss below the ratios of the number of cases in the two periods. 

RSM does not provide the same data as for the cases in Figure 4 but we can 
make the ratio of the number of deceased for the same period in the two years 
under study. In Figure 5 (top panel) we plot the ratios as function of χ  for 
different countries (top panel). We have added Canada as well since it has a 
large number of vaccinations. We also expect very many similarities between 
the UK and Canada, the weather, social organization etc., and we wanted to test 
if the different vaccines used in the two countries give different results. USA 
and Canada used the same vaccines (Moderna, Pfizer and Johnson&Johnson) 
and their behavior is very similar but slightly shifted. The RSM has lower statis-
tics, thus higher fluctuations, but it plateaus at the lower values of the previous 
two countries, thus the Sputnik-V vaccine is as effective as the previous ones. The 
UK case, AstraZeneca vaccine used especially at the beginning of the vaccination  
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Figure 5. (Color online) (Top) Deceased case ratio (2021/2020) and (Bottom) Deceased 
case ratio (2021/(2020 + 2021)) of the same time period in 2021 and 2020 versus vaccina-
tion ratio χ  for the countries indicated. 

 
campaign, gives much lower ratios thus much more effective than the other vac-
cines. These cases confirm the results discussed for Figure 4, the different ob-
servables are consistent. Italy is slightly above the other countries but we believe 
it is due to the different ways of counting the deceased. A careful investigation 
should be performed. Other vaccines are used worldwide such as Sinovac, No-
vavax. However we have not found any country using these vaccines and pro-
viding complete data. In the supplement we discuss some partial results from the 
incomplete data available from Mongolia (not the ratios), which seem to con-
firm the quality of these vaccines as compared to the others. 

As we discussed above, the divergence seen at low χ  is due to low statistics 
data at the beginning of the pandemics, i.e., early 2020. In order to compare dif-
ferent responses on the same scale we define the ratio of the period 2021/(2020 + 
2021). In this case if the number of deaths in the period 2021 is much larger than 
the corresponding period in 2020, the ratio converges to 1. This is seen in Figure 
5 (bottom panel) for very low χ  and it is due to statistics at the beginning of 
the pandemics. If the vaccines are not working, because of a new variant or loss 
of efficacity with time, then the ratio should converge to 0.5, dashed line in Fig-
ure 5 (bottom panel). The latter is observed for Italy, USA and Russia (larger 
than 0.5). Canada seems to be approaching the 0.5 value while the UK and RSM 
are well below it meaning that the vaccines used in those countries are still effec-
tive. We notice the increase of the ratio for the UK at larger vaccination rates, 

https://doi.org/10.4236/jmp.2022.131001


H. Zheng, A. Bonasera 
 

 

DOI: 10.4236/jmp.2022.131001 12 Journal of Modern Physics 
 

corresponding to later times, which may be due to the choice of the UK govern-
ment to use other vaccines instead of the AstraZeneca (AZ) for people below 40 
years of age. This was due to the claim that the AZ vaccines may provoke blood 
clots. This claim was largely amplified by the press leading to many countries to 
halt or slow down the use of this particular vaccine. In the UK, 49 blood clots 
cases have been reported after 28.5 million AZ vaccines have been administrated, 
out of about 49 million vaccines administrated in the same period (Pfizer is the 
other one). This is about 2 cases per million people which is about double the 
value observed normally in the population, thus a negligible factor. Nevertheless 
many countries opposed it or slowed down its use (Germany for instance). Clearly 
the economical factor is huge, recall that the AZ vaccine was led by the universi-
ty of Oxford-UK with the intent of creating a vaccines readily available to all 
for a low price, about $2, i.e., an order of magnitude less than other more 
“popular” vaccines such as Pfizer and Moderna, see Table 2. Our results show 
a quite different scenario about the vaccines efficacity, thus while rich coun-
tries should continue their economical games, “third world” countries can con-
fidently rely on the AZ vaccine. One question remains is why prices are so 
much different. 

A comparison between Figure 4 and Figure 5 confirms that herd immunity 
may be not reached anytime soon with the notable exception of the ratio of the 
number of deceased for the UK and RSM. This may suggest further vaccinations 
for the other countries and maybe we should consider a wider usage of the As-
traZeneca vaccine as confirmed by the different observables used in this work. 

3. Conclusion 

In this work we have explored the similarities and differences of COVID-19 with 
the Spanish flu of 1918 using the logistic map as guidance. We have made some 
predictions on the number of cases and estimated the progress reached through 
vaccinations. We have shown that herd immunity cannot be reached because of  

 
Table 2. The prices of the vaccines, data are taken from ref. [12]. 

Vaccine name Type Price (dollar/dose) total doses 

Pfizer-BioNTech mRNA 19.5 2 

Moderna mRNA 25 - 37 2 

AstraZeneca Adenovirus-based 
2.15 (EU), 3 - 4 (UK),  

5.25 (South Africa) 
2 

Johnson & Johnson Adenovirus-based 10 1 

Russia”s Sputnik V Vaccine Adenovirus-based 10 2 

Sinovac Biotech Inactivated SARS-CoV-2 virus 29.75 2 

Novavax Protein-based 16 2 

CanSino Biologics Viral vector unknown 1 

Bharat Biotech Inactivated SARS-CoV-2 virus 2 2 
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the Delta variant. However, the death probability has been largely reduced and it 
affects almost exclusively the unvaccinated. A comparison of different countries 
using different vaccine types and different policies to contrast the pandemic shows 
a larger efficacity for the UK, Norway, S. Korea and other countries. Cases are 
bouncing back (especially the positives) to the values of the previous year thus 
suggesting a loss of vaccines efficacity and the possibility for a third dose. Coun-
tries like the UK and the Republic of San Marino seem still doing well thus may 
be reasonable to offer to the population a third dose with the AstraZeneca or the 
Sputnik-V vaccines, given a green light from the doctors for each case. Also, 
suitable blood test investigations for the vaccinated people should be performed 
before administrating the third dose to exclude people who have enough antibo-
dies. A statistics of cases for different vaccine types can help decide which route 
to follow to produce new vaccines able to confront possible new and more dead-
ly variants if any. At this stage it seems to us not useful to implement further ac-
tions to force people to get vaccinated if they do not want to do that. The most 
important action in those cases is information. People that get positive to 
COVID have 1 probability out of 50 to die. Since about 70% - 80% of the posi-
tives are vaccinated and their probability to die is close to zero, it means that the 
unvaccinated positive to COVID has probability 1 out of 10 - 15 to die. Fur-
thermore, given the high probabilities to be positive to the virus (about 20% - 
30% of the tested), sooner or later we may become positive and it is better to be 
ready, i.e. vaccinated, to reduce the risk practically to zero to die. 
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Appendix. Supplemental Material 

In this supplement we discuss different countries, which adopted different strategies to contrast COVID-19. Sweden 
was one of the few countries letting the disease to spread freely and as a result had the largest number of fatalities as 
compared to nearby countries like Norway and Denmark, see Figure S1. When divided by the population, their 
death ratio is a factor 10 larger than Norway shedding some bad light on the choice of herd immunization. Probably 
that is also the reason why the Sweden data is incomplete, see the bottom part of Figure S1. This is the worst pan-
demic for Sweden since the S1918 [13]. S. Korea adopted the strategy of tracking, attention to hygiene and masks 
decreasing the fatality rate of a factor 2 respect to Norway. Thus there are better methods to contrast the virus even 
without vaccine and these are important lessons for future pandemics. 
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Figure S1. (Color online) Same as Figure 1 for different countries. Updated to November, 2021. 
 

 
Figure S2. (Color online) The day 1 is the vaccination time which is shown in the legend. In Figure S2 we plot 
the probabilities as function of vaccination rate for the same countries of Figure S1, compare to Figure 3. 

 

https://doi.org/10.4236/jmp.2022.131001


Journal of Modern Physics, 2022, 13, 16-33 
https://www.scirp.org/journal/jmp 

ISSN Online: 2153-120X 
ISSN Print: 2153-1196 

 

DOI: 10.4236/jmp.2022.131002  Jan. 20, 2022 16 Journal of Modern Physics 
 

 
 
 

Interaction between an Accelerated Mass in 
Straight Motion and a Hidden Energy Reservoir 
as a Strict Mathematical Consequence of Special 
Relativity 

Andreas Trupp 

Fachhochschule Muenster (University of Applied Science), Muenster, Germany 

 
 
 

Abstract 
A. Einstein and H.A. Lorentz had found that the mass of an accelerated body 
traveling at relativistic velocity appears to depend on whether the acceleration 
is performed in the direction of motion or in a transverse direction. E.P. Eps-
tein rejected this result in the “Annalen der Physik”; he rather postulated an 
additional force that turns up when the body is accelerated in the longitudinal 
direction. It can be shown that the concept of an increased longitudinal mass 
is based on a simple mathematical error. When correcting this error, it turns 
out that Epstein’s additional, hidden force is indispensable in order to avoid 
an inner inconsistency of Special Relativity. It does most of the total work 
absorbed by the moving object, and is thus responsible for most of the in-
crease in its energy (=mass), given the speed attained is relativistic. In other 
words: While the total force on the body needed to maintain a constant acce-

leration a0 is “ ( ) ( )1 3 22 2 2 2
0 0 01 1v c ma m v c a

− −
− = − ”, the technical force 

needed to maintain that acceleration amounts only to  

“ ( )2 2
0 0

1

0

2
1ma m v c a

−
= − ”. The total energy of two objects that undergo a 

symmetrical, elastic head-on collision is therefore not conserved during the 
collision, thus requiring the involvement of a hidden reservoir of energy. This 
result is confirmed by calculations that use the concept of momenergy. The 
phenomenon of an apparent disappearance of energy has been noticed in par-
ticle physics already (target-experiment), but its consequences have been ig-
nored. Instead, an explanation has been given (reduced “energy of the center 
of mass”) which is inconsistent and violates the relativity principle. 
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1. Introduction 

1) In the past, Special Relativity has been subject to various attempts to modi-
fy it. Most attempts of a modification have also been an attempt of a refutation. 
This is because in those attempts the basic assumptions of Special Relativity, i.e., 
the relativity principle and the invariance of the speed of light, have been cast 
into doubt as regards their postulated reach. 

For instance, J. Wang [1] (pp. 1615-1644) recently revived the more-than-a- 
century-old idea according to which an ether could exist which “sticks” to heavy 
celestial bodies like a viscous and sticky fluid does to the surface of a spoon, so 
that no “ether wind” can be felt on their surfaces. As a consequence, the speed of 
light would not always be the same. At a location far away from earth where the 
“ether wind” could not be neglected, it would be different from the speed meas-
ured in experiments on earth. But since Special Relativity is based on the rigor-
ous assumption of the speed of light being invariant for any observer without 
any exceptions, Special Relativity would not be a valid description of nature if 
the “viscous liquid” theory regarding an ether were true. However, experi-
ments have been performed the outcome of which was unfavorable for the 
theory of a “viscous and sticky ether”. The first of these experiments was the 
Michelson-Gale experiment in 1925. 

Another recent attempt of modifying Special Relativity was undertaken by N.H. 
Abramson [2] (pp. 471-478). He modified the relativistic factor k which appears 
in the Lorentz-transformation by inserting the term M/(M + m) in front of v2/c2 
as a factor, and by defining v as the speed of the center of gravity of the system of 
the two observers involved (who are thought to have mass). But when working 
backward from the so modified equations of the Lorentz transformation, at least 
one of the two basic (empirical) equations from which the Lorentz transforma-
tion is derived is altered. However, no empirical evidence is presented which 
would compel us to prefer the new basic equation(s) over the old one(s). 

My article which I am presenting here is of a different kind. It is by no means 
an attempt to modify and refute the basic assumptions of Special Relativity. What 
it does is the following: it reveals some strict, physically surprising mathematical 
consequences of these basic assumptions, which have so far been overlooked. 
The reason for this failure lies in the fact that a parameter which turns up in one 
of the equations of Special Relativity has commonly been interpreted in a way 
which contradicts a presupposition. This inconsistency leads to mathematically 
wrong consequences. They can be found in all textbooks which mention the 
subject. 

2) According to the Theory of Special Relativity, the mass of a body has in-
creased when it has gathered speed. Mass is resistance offered against accelera-
tion. One should expect that the resistance a moving body offers against accele-
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ration does not depend on the direction in which the acceleration is performed. 
But Einstein had to realize that the equations of Special Relativity DO make a 
difference regarding the direction of acceleration: the resistance is stronger when 
the acceleration is performed in the direction of motion, and is weaker in a trans-
verse direction. Einstein therefore distinguished between a transverse and a lon-
gitudinal mass of a body in motion. He thus accepted (as did most physicists af-
ter him) the strange consequence that the directions of an applied force and that 
of the resulting acceleration deviate from each other. Whether or not this is jus-
tified shall be scrutinized in this article. 

3) The nomenclature used is the following: 
a = acceleration of the object in the lab’s unprimed frame of reference 
c = speed of light 
E = total energy mc2 of the moving object, which includes the energetic equiv-

alent of its rest mass 
Econv = energy thought to be available for conversion when two particles col-

lide with each other 
F = force 
h = parameter used to replace a complicated term 
k = relativistic factor, equal to ( ) 1 22 21 v c

−
−  

m0 = rest mass of an object 
m = total mass of an object (rest mass plus relativistic mass) 
p = linear momentum of an object in the unprimed frame of reference 
s = distance (in the unprimed frame of reference) covered by a moving object 
t = time in the unprimed reference frame in which an object is moving 
tau = proper time of a moving object 
u’ = velocity of an object measured in the primed reference frame (rest frame) 

of an observer; the primed frame is moving in the unprimed reference frame at a 
velocity v 

u = velocity of an object in the unprimed reference frame; the object is not 
necessarily at rest in the primed frame, but can be in motion in the primed frame, 
its velocity there being u’ 

v = velocity at which the primed frame itself or an object at rest in the primed 
frame is moving in the unprimed reference frame 

W = work done (in the unprimed frame of reference) on an object when acce-
lerating it 

x = direction in which an object is moving in the unprimed frame of reference 
y = direction perpendicular to the x- and the z-direction 
z = direction perpendicular to the x- and the y-direction 

2. The Distinction between Transverse and Longitudinal 
Mass 

In case a body—moving in straight and steady motion with a velocity vx along 
the positive x-axis of an unprimed coordinate system—is becoming subject to an 
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accelerating force Fx in the positive x-direction, that force is (according to Spe-
cial Relativity): 

( ) ( ) ( ) ( )
( )
( )

( )( ) ( )( ) ( )( )

0

2 2
0

2

1 2
0 0 0

2 2 2 2 2 22 23 3 2

d
1d d d

d d d d

1 1 1

x

xx xx
x

x
x x

x x x

m v t

v t cm t v t k t m v tp
F

t t t t

m m v m
a a

v t c c v t c v t c

 
 
 −        = = = =

 
 = + =
 − − −  

    (1) 

The term p denotes the momentum of the body. The term m stands for the 
time-dependent relativistic (total) mass of that body, which is equal to the prod-
uct of its rest mass m0 and the relativistic factor ( )2 2 1 2

1k v c
−

= − . In purely 
mathematical terms, a presupposition made in Equation (1) is: 

0

2 21  x

m
m

v c
=

−
                       (1a) 

(In order to avoid confusion in connection with historical references, I will 
use the somewhat old-fashioned terms “rest mass” m0 for objects at v = 0, and 
“mass” m for the total mass of an object, which, because of m = E/c2, depends 
on rest mass and its kinetic energy.) The term a = dv/dt denotes the accelera-
tion of the body in the unprimed frame of reference. The sum that turns up in 
the second line is the result of an application of the quotient rule in differential 
calculus. 

One realizes: when looking at the right-hand side of the second line of Equa-
tion (1), the total mass m of the body appears to be equal to ( )2 3

0

221m v c
−

− , 
and not ( )2 1

0

221m v c
−

−  as was presupposed. This appears to be an inner in-
consistency, which, fortunately, will dissolve further below. 

In case an acceleration is taking place only in a direction transverse to the 
original x-direction of motion, namely in the y-direction, we find for the force: 

( ) ( )
( )0

2 2
0 0

2 2

d
d d 1  d

d d d d 1  

y

y y totaly y
y

total

m v t

mv t km v t v cp m a
F

t t t t v c

 
 
     −     = = = = =

−
 (2) 

The result falls short of what is gained for the x-component. The relativistic 
total mass m of the body and hence also the relativistic factor k do not depend 
on time here. This is because none of the terms that show up on the right-hand 
side of the equation depend on time. Although the total velocity vtotal does in-
crease a bit if the body is undergoing an accelation in the y-direction, this in-
crease in total velocity vanishes because motion and acceleration are at right an-
gle with respect to each other. 

The same is true when it comes to an acceleration in the z-direction. 

3. The Mass-Energy-Equivalence Principle 

As regards the work W done when accelerating the body at a constant rate ax 
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(assuming the validity of v = at and of s = 1/2at2), we get because of Equation 
(1): 

( ) ( )

( )
( )

( )

2
20 0

22 2 3 2 2 2

0 0

3 2

3 2 22 2 2 32

1 1d d d d
2 21 1

 1 d d d
21 1

x x x x
x

m m vW F s a a t a a
av c v c

m m
v v v v v v

v c v c

  = = =   
   − −

= + =
− −

   (3) 

and therefore: 
( ) ( )

( ) ( )3 2
2 20 0

0
2 2 2 2 1

0 0
2

0

d d d
1 1

W v s v v m m
W W F s v v c m c

v c v c
= = = = −

− −
∫ ∫ ∫     (4) 

This equation—which constitutes the mass-energy-equivalence theorem—was 
set up by A. Einstein [3] (section 10) in 1905. 

For a non-relativistic velocity of v = 0.01 (expressed in dimensionless units of 
a fraction of c), Equation (4) yields a work of 0.00005000375 per unit of rest 
mass, whereas Newton’s law yields a work of exactly 0.00005. 

It should be noted that the mass-energy-equivalence principle holds true on 
the basis of ( )2 2

0

3 2
1 v c m a

−
−  being the total force (exerted on the body in or-

der to accelerate it), and would not hold true if the total force were just  

( )2 2
0

1 2
1 v c m a

−
− . 
The total energy of a moving body is obtained by adding the energy m0c2 of 

the rest mass to W. We then get: 

( )
2 20

2 20 121

m
E W m c c

v c
= + =

−
                 (4a) 

4. R.C. Tolman’s Contribution to the Discussion 

1) The discrepancy between an acceleration in a longitudinal and in a transverse 
direction was recognized by A. Einstein [and, prior to that, by H.A. Lorentz [4] 
(Section 9)]. Einstein (see Ref. 3, Section 10) therefore distinguished between a 
“transverse” and a “longitudinal mass” (so did H.A. Lorentz). P.G. Bergmann [5] 
(Chapter VI, Eq. 6.70 and 6.71, p. 103/104) expressed this finding as follows: 

“The coefficients of the acceleration on the right-hand sides of eqs. (6.70) 
and (6.71) are occasionally referred to as ‘longitudinal mass’ and ‘transver-
sal mass’, respectively.” 

N. Dragon [6] (Chapter 3.4, p. 53) recently wrote: 

“Inertia of fast particles is direction-dependent. In case the force acts at 
right angle with respect to v, the acceleration is ( )2 1 2

d d 1v t v F m= − ; in 
the direction of the velocity the inertia of the particle is increased by the 
factor ( )21 1 v− .” 

The conflict between ( )2 22
0

1
1m m v c

−
= −  and ( )2 22

0

3
1m m v c

−
= −  was 

highligted by R.C. Tolman [7] (pp. 375-380) in 1912: 
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“On the basis of these accelerations, it has been usual to place the ‘trans-
verse mass’ of a body moving with the velocity u as equal to  

( )2 1

0

221m u c
−

−  and its ‘longitudinal’ mass as equal to ( )2 3

0

221m u c
−

− , 
where m0 is the mass of the body at rest and c is the velocity of light. If, 
however, mass is a quantity to which a conservation law applies, the mass of 
a body cannot well be different in different directions; and it has been be-
lieved by Professor Lewis and the writer, that in general, without respect to 
direction, the expression ( )2 1

0

221m u c
−

−  is best suited for the mass of a 
moving body.” 

Tolman set out from the following equation: 

( )1 2 1 1 2 2 1 22 21 1
u v u vm m v m u m u m m
u v c u v c
′ ′− − −

− + = + = +
′ ′− +

        (5) 

The terms m1 and m2 are the relativistic total masses of two bodies—that have 
equal mass when at rest—at a picked moment in time. At that very moment of 
interest, we imagine the two perfectly elastic masses to be in the process of 
head-on collision, and, since they are, at that moment, in contact with each 
other, they are decelerating. In the primed frame of reference, one of the two 
bodies has the momentary velocity +u’, and the other one has the momentary 
velocity −u’. In the unprimed frame of reference, the primed frame of refer-
ence moves to the left at constant speed v. If assuming that the sum of the 
two masses (=energies), viewed in the unprimed frame of reference, stays the 
same over time (kinetic energy is converted into what Tolman calls “elastic ener-
gy”, and vice versa), the total momentum of the two bodies in the unprimed 
frame of reference must be −(m1 + m2)v at the (somewhat later) moment when 
the two colliding objects will have come to rest in the primed frame of reference. 
Because of the assumed invariance of the sum of the two masses, this statement 
is valid despite the fact that m1 and m2 refer to the masses as they present them-
selves at a different moment in time (namely a moment prior to coming to rela-
tive rest). Because of an assumed conservation of momentum, −(m1 + m2)v must 
equal m1u1 + m2u2, that is, the total momentum (sum of momenta) at the mo-
ment of deceleration. Finally, u1 and u2 are replaced in accordance with the rela-
tivistic theorem of addition of velocities. 

By mere algebra, Tolman transforms his equation into: 

( )
( )

2 2 1 2

21

2 22
1 2

1

1

1

u cm
m u c

−
=

−
 

When imagining that u1 is zero (so that m1 = m0, with m0 being the mass of 
one of the two objects when it is at rest in the unprimed frame, but is being 
equipped with some elastic energy), this equation turns into: 

( )2

2

2
0

2 2 1
1

m
m

u c
=

−
                       (6) 

Tolman thus obtained the result that the mass of a body in motion is, at any 
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moment, equal to ( )2 1

0

221m v c
−

− , regardless of whether or not it is, in the 
moment considered, being accelerated or in steady motion. 

But this does not bring us any further (even if Tolman’s assumptions of the 
conservation of total mass and of total momentum were correct). Instead, it brings 
us to where we started, that is, to the presupposition regarding the mass m that 
we made in the first line of Equation (1). 

2) Some years later, Tolman [8] (Chapter 6, Section 69, Eq. 68, pp. 76/77) seems 
to have abandoned his opinion. He now states that F is equal to  

( )2 2
0

3 2
1 d dm u c u t

−
− , and tells his readers that ( )2 3

0

221m u c
−

−  “is sometimes 
spoken of as the expression for the longitudinal mass of a particle.” 

5. The Need for an Additional, Hidden Force (First 
Postulated by P.S. Epstein) 

1) But given that the relationship ( )2 22
0

1
1m m v c

−
= −  is a presupposition 

made in Equation (1) and hence in the mass-energy-equivalence principle (Equ-
ation 4), the only way to avoid the mentioned inner inconsistency in Equation 
(1) and Equation (4) is the following: when a body is accelerated by means of an 
external, technical force, an additional, hidden force turns up. Then Equation (1) 
can be re-formulated as follows: 

( ) ( )( )
0 0

2 22 2 2 23 2 122 2

1
11 1 1

x x x x
xx x x

m m
F a a ma

v cv c v c v c
= = =

−− − −
    (7) 

Now m is equal to ( )2 1

0

221m v c
−

−  even in the longitudinal direction, ex-
actly as was presupposed in (1). The factor ( ) 12 21 v c

−
−  which turns up on the 

right-hand side of (7) is an expression of the additional force, as it tells by which 
factor the net force is enlarged (in comparison with F = ma). One should there-
fore distinguish between a total force 

( )3
0

2 22 22

1
11

total x x
xx

m
F a ma

v cv c
= =

−−
               (8) 

and a technical force Ftech which we exert on the object by technical means: 

( )
0

2 2 1 2
1

tech x x

x

m
F a ma

v c
= =

−
                   (9) 

The difference between these two forces gives the additional, hidden force 

( ) ( )

( )

0 0

2 2 2 2

0
2

3 2 1 2

1 2 22 2

 
1 1

1   1
11

hidden total tech x x

x x

x
xx

m m
F F F a a

v c v c

m
a

v cv c

= − = −
− −

 
= − 

− −

       (10) 

2) It was P.S. Epstein [9] (pp. 779, 783/784) who postulated such a force expli-
citly in the “Annalen der Physik” (1911): 

“It is therefore of great advantage to introduce an additional force, ... This, 
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is, for instance, accomplished by a compensation force 2k
x xf fβ= −  acting 

in the x-direction, by virtue of which the x-component is weakened by a 
factor of 21 β− , ... Moreover, one is thereby getting rid of the tensor mass; 
given that force exists, ... the mass is now ( )2 1

0

221m v c
−

−  in all direc-
tions.” 

Though Epstein conceived of a force whose direction was opposed to that of 
the technical force applied, he would surely not have raised concerns against a 
force that would act in the same direction as the technical force, since the “com-
pensation force” he mentioned was only meant as an example. One has to con-
fess that his example was a bad one. The force he took as an example would 
neutralize the accelerating force to some extent. As a net result, F/a would not 
equal ( )2 3

0

221m v c
−

−  though this is what Equation (1) is saying. This would 
bring Relativity into trouble. Therefore the additional force must be of a differ-
ent kind, with its direction not being opposed to the direction of the technical 
force applied, but sharing it. This is to be expanded in greater detail below. 

6. Determination of the Nature of Epstein’s Additional, 
Hidden Force, and of the Source of the Energy It Conveys 

1) But if the mass of a moving body is ( ) 1 22 21 v c
−

−  in all directions (re-
gardless of whether or not it is subject to acceleration), then the additional, 
work-performing force (whose existence must then be acknowledged) cannot 
feed energetically from the same source as the technical force does: given the 
technical force Ftech needed to maintain a fixed acceleration a0 is  

( )2 2
0 0

1

0

2
1ma m v c a

−
= − —and is not larger—then it falls short of  

( ) ( )1 3 22 2 2 2
0 0 01 1v c ma m v c a

− −
− = − , which is the total force needed to maintain  

a fixed acceleration a0. A work-performing hidden force—energetically fed from 
a hidden reservoir—is hence coming to the aid of the technical force. 

As a consequence, the technical work needed to bring the object to a velocity v 
only amounts to: 

( )

( )
( )

( )
( )

0 0
0

2 2 2 20 0 0

2 2 2 2
0

2 1

1

0

1 2

2

d d d
1 1

1

s v s v v

tech tech
m m

W F s a s v v
v c v c

m c m c v c

= = =
− −

= − −

∫ ∫ ∫
     (11) 

For a non-relativistic velocity of v = 0.01 (expressed in dimensionless units of 
a fraction of c), Equation (11) yields an amount of work of 0.00005000126 per 
unit of rest mass. This falls short of what (4) is yielding, but exceeds the amount 
of work given by Newton’s law by a small amount, quite as expected. The dif-
ference between the results of Equation (4) and Equation (11) (that is 
0.00005000375 − 0.00005000126 = 0.00000000249, or 224.1 Newtonmeter per 
kg) is due to the work done by Epstein’s hidden, additional force. 

For a relativistic velocity that approaches c, Equation (4) yields an infinite 
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amount of total work invested, whereas Equation (11) yields only m0c2 as the 
technical work spent on accelerating the object to nearly the speed of light. In 
that case, the hidden force has done much more work on the object than the 
technical force has, and is responsible for most of the increase in mass. Con-
versely, whenever a fast moving objects hits planet Earth, its kinetic energy can-
not be larger than m0c2, and cannot possibly be above that (see below for further 
consequences in the field of Particle Physics). 

From this follows: when a particle that has a rest mass m0 and is traveling 
nearly at the speed of light is absorbed by a large, stationary system, the mass of 
that system thus increases by 2m0. When a photon (rather than an object or a 
particle that has a rest mass) is absorbed by that large, stationary system, the 
mass of that system increases by m. The difference between the two cases can be 
attributed to the fact that the photon’s rest mass is missing and exists only vir-
tually. 

2) To summarize: we must recognize that relativity postulates the emergence of 
an additional, hidden force which comes to the aid of the technical force applied to 
a body in order to accelerate it. The energy of that hidden, work-performing force 
is fed from a hidden reservoir in space. The flow of that hidden energy has its 
sink in the positively accelerated body, as has the ordinary energy that is con-
veyed by the technical force (but whose source is in a battery or a similar device). 
The increase in strength of the gravitational field generated by the fast moving 
body is thus somewhat larger than it should be on the basis of the absorbed 
technical work alone. When the fast moving body is decelerated, the energetic 
process is reversed, and the relativistic mass of the object transforms into a flow 
of energy whose sink is partly in the hidden reservoir. 

Epstein’s hidden force thus doesn’t do any technical work on material objects, 
but is, as has just been said, capable of strengthening the gravitational field gen-
erated by the moving object. It should also lead to an increase in the centrifugal 
force the moving mass is subject to if, after a linear acceleration, the electrically 
charged object is exposed to a Lorentz force which bends its trajectory. This is 
no indirect departure from the rule according to which the hidden force cannot 
do any technical work, since the centrifugal force is incapable of doing work 
(due to its direction being at right angle to the motion of the object). 

Thereby both ( )2 2
0

3 2
1totalF a m v c

−
= −  and ( )0

1 22 21techF a m v c
−

= −   
present themselves as valid descriptions of nature. 

7. Neither Momenergy nor Energy Is Conserved during a 
Head-on Collision of Two Fast Moving Objects 

One should note that the total relativistic mass (generated by the combined 
work-performing actions of the technical and the hidden force) is subject to 
change during an elastic head-on collision of two alike bodies: the relativistic 
mass or energy that was generated by Epstein’s hidden force prior to the head-on 
collision is not converted into elastic energy (when the two colliding objects come 

https://doi.org/10.4236/jmp.2022.131002


A. Trupp 
 

 

DOI: 10.4236/jmp.2022.131002 25 Journal of Modern Physics 
 

to relative rest), but flows off into the unknown where it had come from. Other-
wise Ftech would be identical with Ftotal. 

In order to confirm this recognition, we turn our attention to momenergy 
(forgetting about collisions for a moment). Starting with Minkowski’s line ele-
ment of spacetime, we multiply both sides of Minkowski’s equation by 2 2

0 dm τ  
(with tau being proper time of the moving object). We then get: 

2 2 2 2 2
2 2 2 2 2
0 0 0 0 02 2 2 2 2 2 2 2

d d d d d
d d d d d

t x y zm m m m m
c c c

τ
τ τ τ τ τ

= − − −         (12) 

As a next step, we replace 2dτ  by ( )2 2 2d 1t v c− . This is permissible be-
cause the two point events at the ends of a temporal interval we are considering 
occur at the same spatial location in the reference frame of the moving object. 
We then get: 

( ) ( ) ( )
2 22 2 2 2 2
02 0 0 0

0 2 2 2 2 2 2 2 2 2 2 21 1 1 1
yx zm vm m v m v

m
v c c v c c v c c v c

= − − −
− − − −

     (13) 

or (see Equation (4a)): 
22 22

2
0 4 2 2 2

yx zpp pEm
c c c c

 
= − + +  

 
                  (14) 

The term p denotes a momentum-component in the reference frame of the 
laboratory, E denotes the total energy of the moving body. The right-hand side 
of Equation (13) or Equation (14) is known as the “momenergy” of the moving 
body [see for instance: E.F. Taylor, J.A. Wheeler [10] (Chapter 7.7, Eq. 7.3, p. 
211)]. 

Similar to Tolman’s reflections, we now imagine two alike bodies of the same 
rest mass which travel on straight paths, strictly in the x-direction of a Cartesian 
system of coordinates, the first one in the positive x-direction at speed +vx, and 
the other one in the negative x-direction at speed −vx (equal and opposite veloci-
ties). Near the origin of coordinates, the two objects undergo an elastic head-on 
collision with each other. As long as the two objects are in contact with each 
other, they first decelerate, come to a full stop (vx = 0), and pick up speed again 
(strictly in the positive and negative x-directions). As Tolman remarked, the rest 
mass m0 of each of the two bodies cannot be constant during the deceleration 
and acceleration, since both bodies are having what Tolman called “elastic ener-
gy” (see Reference 7, p. 377): 

“Since at this time [of rest with respect to each other] both bodies are mov-
ing with the velocity −v we might suppose that m1 + m2 equals  

( )2 2
0

1 2
2 1m v c

−
− . This is not the case, however, since the bodies now pos-

sess additional elastic energy beyond that which they possess when at rest 
and not in contact.” 

The amount of that “elastic energy” is a function of v in our case (with  
0 v c≤ < ). This form of energy leads to an increase in the rest mass m0 (of each 
of the two bodies), which, too, is therefore a function of v. Equation (13) thus 
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converts into: 

( ) ( ) ( )
( )

( )
( )

( )
( )

2 22 2 2 2 2
00 0 02

0 2 2 2 2 2 2 2 2 2 2 21 1 1 1
yx zm v vm v m v v m v v

m v
v c c v c c v c c v c

= − − −
− − − −

    (15) 

The equation applies to each of the two bodies separately, whose behaviour is 
symmetrical. 

When assuming—for a short moment—that the energy of each of the two bo-
dies (total mass m times c2) stays constant during the collision even though its 
rest mass m0 does not, we are setting up the following side-conditions: 

( )2
0 2

2 2d 0,    d 0,    d d 0
1

x
y z

x

m v
v v E

v c
 

= = = = 
−  

            (16) 

When forming the differential of Equation (15), we therefore get: 

( )
2 2

2 0
0 0 0 2 2 2

d 2 d d
1

x

x

m v
m m m

c v c

 
 = = −
 − 

               (17) 

vx shall now be considered as being a function of m0. Re-arranging the last 
equation gives: 

( )
2 2
0

2 2 2 2 2 2

0 2 2 2
0

d
1

2 1
d 1

x

x x x

x

m v
c v c v c v

m
m v c c

 
 
 − − = ⇒ = − ⇒ →∞

−
     (18) 

To elucidate: Since 2
0 0 0d d 2m m m= , we know that ( )2 2 2 21v c v c −   must 

equal or approach -1. [When ( )( )2 2 2 21v c v c−  is substituted by the parame-
ter h[v(m0)], Equation (18) converts into (using the product rule of differentia-
tion): 02 2h h m′− = + . The variable m0 doesn’t have a fixed value during the col-
lision, but can have any value within an interval. Moreover, the beginning (or 
end) of this interval can be as large or as small a number as desired, depending 
on how large or small a rest mass one chooses to start with. This makes sure that 
h can have no value other than −1.] But h can equal or approach −1 only when v 
is many, many times larger than c. 

If we set up the additional side condition: v < c, we arrive at the conclusion 
that Equations (15), (16) and v < c are incompatible with each other, and not all 
three of them can be valid in Special Relativity. Since we have no doubts con-
cerning the physical validity of Equation (15) and of v < c, it is our assumption 
of dE2 = 0 (set up in Equation (16)) which we have to throw out. Explicitly, we 
arrive at: 

d   0E ≠                            (19) 

We have thereby obtained a confirmation of our result according to which 
there is a flow of energy into the unknown when the two objects decelerate dur-
ing their head-on collision, and a flow of energy from the unknown into the ob-
jects when they are gathering speed thereafter. 
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8. The Disappearance of Energy (Mass) during “Target 
Experiments” in Particle Physics 

Particle physics has come across this phenomenon, too, but has so far not been 
able to explain it. 

1) Let us consider particle collisions. The energy available for conversion in 
any collision (which includes the rest mass of the particle involved) shall be 
called Econv. It is believed to be (c is set to unity and does not appear in the equa-
tion): 

( ) ( ) ( ) ( )
22 22

1 2 1 2 1 2 1 2x x y y z zconvE E E p p p p p p

const

= + − + − + − +

=
     (20) 

Equation (20) can be found in standard textbooks on particle physics like that 
of B. Povh, K. Rith, Ch. Scholz, F. Zetsche, W. Rodejohann [11] (Chapter 9, p. 
123, 124) or that of Ch. Berger [12] (Equations 1.39 and 1.40, p. 15). The term 
Econv on the left-hand side is considered (by particle physicists) as being an inva-
riant. The invariance (if it exists) cannot be rooted in Equation (14). It is not an 
expression of the sum of the two momenergies of the two particles. This is be-
cause ( )2

1 2E E+  which appears in the equation is not equal to ( )2 2
1 2E E+ . 

Likewise, ( )2
1 2p p+  is not equal to ( )2 2

1 2p p+ . The reason why Econv is never-
theless thought to be invariant is the following: Equation (20) can be considered 
as being an expression of the supposed conservation both of energy and of mo-
mentum in the unprimed reference frame of the lab. 

So far, so good. However, there is no reason why the alleged invariant should 
be identical with the energy available for conversion. Only (E1 + E2) alone can be 
an expression of that energy. It contains both the relativistic mass and the rest 
mass of the two particles involved in a collision. The total momentum of the two 
particles neither increases nor decreases that amount of energy, since the energy 
which could correspond to a momentum is already included in E1 and/or E2. Hence 
there is no justification for adding ( ) ( ) ( )

22 2

1 2 1 2 1 2x x y y z z
p p p p p p− + − + − +  un-

der the root sign. We will come back to this point soon. 
2) In what is called a “colliding-beam experiment”, two particles of the same 

rest mass are moving at velocities +u and −u (equal and opposite), and collide 
with each (just as in Tolman’s thought experiment). For such a collision, Equa-
tion (20) gives: 

( )2
1 2  2convE E E E= + =                    (21) 

The energy available in that collision is 2E. The error contained in Equation (20), 
i.e., the existence of the summands ( ) ( ) ( )

22 2

1 2 1 2 1 2x x y y z z
p p p p p p− + − + − + , is 

neutralized here, simply because these summands are all zero. 
But when one of the two particles (of equal mass) is at rest (this is the case in a 

so called “target experiment”), the energy available in such a collision according 
to Equation (20) is not 1E + 1m0, but is much lower in amount. For Equation 
(20) then gives: 
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( )

( )

2

2 2

2 2 2 2
1 0 1 1 1

2 2 2 2 2
1 1 0 0 1 1 1

2 2 2 2
1 1 0 0 1 0

2 2
1 0 0 1 0 1 0 1

2

2

2 2 1 1 for , . ., for 0

x y z

x y z

convE E m p p p

E E m m p p p

E E m m E m

E m m E m E m i e u

= + − − −

= + + − − −

= + + − +

= + < + > >

    (22) 

The replacement of 2 2 2
x y zp p p− − −  by 2 2

0E m− +  in Equation (22) is justi-
fied by Equation (14). That is to say: our relativistic Equation (14) (which de-
scribes momenergy) now comes into play. Hence, the energy thought to be 
available for conversion is only ( )0

1 22
02 2Em m+ . 

As an example, we set m0 = 1 and E = 10,000 for a single (moving) particle. 
The energy available in a “colliding-beam experiment” thus is 20,000. For com-
parison, the energy available in the “target experiment” according to Equation 
(22) is only 141, much less than the energy of the particle which had been in mo-
tion before collision—and had had an energy of 10,000 then. 

We realize: Equation (20)—and hence also Equation (22)—is the result of a 
desperate search for a way to account for observations made when a fast moving 
particle was hitting a bulk of stationary matter, with the particles generated by 
the impact having altogether much less energy than the impacting particle had. 
The sole purpose of the insertion of the summands  

( ) ( ) ( )
22 2

1 2 1 2 1 2x x y y z z
p p p p p p− + − + − +  into Equation (20) has been to model 

the equation after the observed facts, and to reduce the yielded sum in case of a 
“target experiment”. But doing an adaption like this is pure nonsense, as the 
subtraction of p2 from E2 is no physically meaningful method of determining the 
maximum energy available for conversation. 

3) A common illustration of what is thought to be the deeper reason for Equa-
tion (22) is the following: it is believed that only what is called the “energy of the 
center of mass” is available for a conversion when it comes to a collision. Differ-
ent from the situation in a “colliding-beam experiment” in which almost all 
sub-particles can be affected by a collision, only some of the sub-particles a pro-
ton is made up are believed to collide with each other when the collision of pro-
tons is a “target-collision”, i.e., a collision with a target which is stationary. The rest 
of the sub-particles is thought of as not being affected by the “target collision”. 

There is, however, an obvious objection to this explanation: the distinction 
between a “colliding-beam experiment” and a “target experiment” is relative. 
In the reference of one of the two collision partners (in which that partner is at 
rest), all experiments are “target experiments”. In another frame of reference 
which has just the right velocity v, both the particle at rest with respect to the lab 
and the particle in motion with respect to the lab have equal and opposite veloci-
ties +u' and −u'. That is to say: in that frame of reference, all experiments are 
“colliding-beam experiments”. But whether or not a fraction—which can exceed 
90 percent or more—of the sub-particles penetrate each other (just as if the pro-
tons were made of intangible matter) is an absolute phenomenon which cannot 
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depend on the frame of reference chosen for a description. Insofar as the exis-
tence of an absolute phenomenon is said to stand and fall with a certain refer-
ence frame (that of the lab), the relativity principle is violated. 

Moreover, one should note that both Equation (21) and Equation (22) should 
be valid even when it comes to a small velocity of the moving particle. On top of 
this, Equation (22) has no upper limit for the rest mass of the particles. They can 
be cannon balls or bowling balls. But when a cannon ball moving at a speed of 10 
m/sec hits another cannon ball which is at rest, all sub-particles of the moving 
bowling ball come to rest, and are therefore affected by the collision without any 
exceptions. Hence, the true amount of energy available for conversion is 1E + 
1m0, and not less. 

4) Qualitatively, there is indeed an energetic difference between a symmetric 
collision (“colliding-beam experiment”) and a target experiment: in a “collid-
ing-beam experiment”, energy flows from the two particles into a hidden reser-
voir when both particles are decelerating. However, when the resulting particles 
re-accelerate thereafter, the flow of energy is reversed, and energy from the hid-
den reservoir returns to the particles. The energy available for conversion can 
thus be as high as 2E. In a “target experiment”, energy leaves the decelerating 
particle for the hidden reservoir. If the “target experiment” leads to a full stop of 
the moving particle without accelerating any particle other than in the form of 
thermal motion, the total energy available for a conversion into heat cannot be 
larger than 2m0 (see above). 

9. The Directions of Applied Force and Resulting Acceleration 

As a consequence of the inconsistent assumption according to which the inert 
mass of a fast moving body depends on direction, authors usually arrive at the 
(wrong) conclusion that an acceleration of the body does not point in the same 
direction as the (technical) force that caused that acceleration. If, for instance, 
the force vector forms an angle of 45 with the velocity vector, the acceleration 
vector forms an angle whose size is between 45 and 90. See for instance: N. Dra-
gon (Reference 6, p. 53): 

“In general, acceleration does not point in the direction of the applied 
force, ...” 

Since common opinion has so far refrained from the idea that a hidden energy 
can be in possession of an inert mass so big that it is capable of bringing about a 
correct counter-force, the assumed non-coincidence of the two vectors must present 
a serious challenge to the principle of force and counter-force (and also to mo-
mentum conservation). 

This challenge has so far been ignored. It can be met in the following way: 
presupposing (for reason of simplicity) the longitudinal component  

( )0

1 22 2
- 1tech x xF m v c a

−
= −  of the applied technical force is equal in magnitude 

to its transverse component by arrangement, the longitudinal component of the 
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acceleration ax is as large as the transverse component of a. This follows from 
Equation (2), according to which the transverse component of the force is 

 ( )0

1 22 2
- 1tech y yF m v c a

−
= − . Hence the directions of the two vectors Ftech and a 

are one and the same, quite as they should. 

10. Confirmation of Epstein’s Hidden Force by Similar Cases 
in Electromagnetism, Revealed by the Recognition That 
the Principle of Force and Counter-Force Is a Local One 

Surprisingly, the existence of a hidden force of that kind is confirmed by very 
simple reflections on some everyday phenomena: 

Let us conceive of two equal spheres charged with electricity of the same sign. 
The two stationary spheres sit at a distance of 1 meter apart from each other. 
The electric field E of each of the two spheres then exerts a repulsive electrostatic 
force on the other. At first sight, this alone appears to meet the principle of force 
and counter-force: a force felt by the first sphere is accompanied by a force in the 
opposite direction felt by the second sphere. 

But this is not enough for the principle of force and counter-force to be ob-
served. This is because that principle (like the principle of energy conservation) 
is a local one: the counter-force must turn up at the same location at which the 
force itself is attacking. This requirement has become indispensable after Special 
Relativity showed that the simultaneity of two events which are spatially sepa-
rated from each other is relative, that is, dependent on the frame of reference 
chosen. Given force and counter-force have to appear simultaneously, the prin-
ciple of force and counter-force thus can be obeyed in all possible frames of ref-
erence only if the spatial distance between the two locations is zero. 

In electromagnetism, the Poynting vector, that is, the cross product of the 
vectors E and B, plays an important role in connection with the principle of local 
momentum conservation and hence with that of force and counter-force. The 
Poynting-vector field makes flows of electromagnetic energy in space “visible”. 
Moreover, when the Poynting vector undergoes changes with time, the momen-
tum of the energy flow that it reveals does so, too, and thus a force (that may act 
as a counter-force with respect to another force) is revealed. 

So far, so good. However, changes in the components of the Poynting vector 
cannot reveal a possible counter-force (exerted on the inert mass of the electro-
magnetic energy in the immediate vicinity of the sphere) if both the Poynting 
vector and the change in its components over time are zero. As regards our two 
charged spheres at rest, we simply have to imagine that their inert mass is very 
large. Despite the fact that a momentum transfer onto each of the two spheres is 
taking place, those spheres do not start to move visibly. Even after a considerably 
long interval of time, practically no motion of the spheres has been produced, 
and hence also no magnetic field B (which will turn up as soon as a sphere is 
moving). Consequently, the Poynting vector, that is the cross product of E times 
B, stays zero over time, and no change in momentum of the energy (=mass) of 
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an electromagnetic field is brought about. That is to say: the counter-force must 
act on an object in the immediate vicinity of each sphere, but this object cannot 
be the mass of the electromagnetic field. The sphere that is receiving a momen-
tum transfer must “push away” a hidden object (that exists in its immediate vi-
cinity), instead. 

The same is true if we replace the two charged spheres by two permanent 
magnets that repel or attract each other. 

11. The Challenge of the Proximity Principle by Mach’s 
Principle When It Comes to Rotations, and How This 
Challenge Can Now Be Met 

Some important experiments in physics do not need structures like the LHC or 
LIGO, but require a cup of coffee only. If the coffee is brought into relative rota-
tion with respect to the material of the cup, it is still undecided as to whether or 
not the liquid will rise along the walls of the cup. It will only rise in case the rota-
tion of the liquid occurs relative to the distant stars as well. In that case, it does 
not even matter if there is a relative rotation between the liquid and the material 
of the cup. 

We are thus confronted with “Mach’s Principle”, which reads: the inertial force 
on particles and bodies on earth and in the solar system is due to their accelera-
tion relative to all matter residing outside the solar system. As regards the appli-
cation of that principle to rotations, Mach’s principle appears to be undoubtedly 
correct (as was pointed out by N. Graneau/P. Graneau [13], Chapter 7, p. 144). 
In E. Mach’s [14] own words (Chapter II, sub-chapter VI 5, page 232): 

“Newton’s experiment with the rotating vessel of water simply informs us, 
that the relative rotation of the water with respect to the sides of the vessel 
produces NO noticeable centrifugal forces, but that such forces ARE pro-
duced by its relative rotation with respect to the mass of the earth and the 
other celestial bodies.” 

But this is at odds with the proximity principle valid in physics as well. M. 
Planck [15] (Section 1, p. 2) formulated that principle as follows: 

“According to it, when predicting chains of events to happen at a given lo-
cation one does not need to care about what is going on somewhere else at 
other, finitely distant places, but may restrict oneself to causes in the imme-
diate neighborhood; whereas, in case of believing in actions at a distance, 
one is, strictly speaking, compelled to check the whole universe for causes 
that may have a noticeable effect on the events that are to be determined by 
calculations.” 

The conflict between these two principles has widely been ignored, obviously 
because there seems to be no way of saving the proximity principle. However, 
the proximity principle can be saved by the recognition that the coffee in the 
cup, when being stirred with a spoon, does not rotate with respect to distant 
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stars and galaxies, but with respect to the local “hidden energy” described. Though 
this energy cannot be attributed a direction or a speed of translational motion, 
its state does provide a reference for rotation. 

It should be mentioned that H. Reichenbach [16] (Chapter III, Section 38— 
The problem of rotation according to Einstein—p. 240) had tried to save the 
proximity principle in a similar, though very abstract way, by speaking of an “in-
ertial field” that pervades the entire univserse: 

“In this conception the fixed stars are at rest and determine an inertial field 
which pervades the entire space and lends inertia to every moving mass 
point.” 

But he couldn’t explain why this “inertial field” was more than just a name for 
what should hopefully be detected in the future. 

12. Conclusions 

The main results are the following: while the total force on a body needed to 
maintain a constant acceleration a0 is 

( )0 3 0
0

2 2 2 22

  ,
1 1

mF a a
m

v c v c
= =

− −
 

the technical force needed to maintain that acceleration amounts only to 

( )
0

2 2
01 2

1

m

v c
F a

−
=

 
It is therefore no surprise to find that the total energy of two (alike) objects 

that undergo a head-on collision is not conserved during the collision, thus re-
quiring the involvement of a hidden reservoir of energy. That is to say: when 
treating the summand E2/c4 which appears in the momenergy equation 

22 22
2
0 4 2 2 2

yx zpp pEm
c c c c

 
= − + +  

   
as a constant during the collision, we run into contradictions. The use of the eq-
uation 

( ) ( ) ( ) ( )
22 22

1 2 1 2 1 2 1 2x x y y z zconvE E E p p p p p p const= + − + − + − + =
 

in particle physics, too, results in an apparent disappearance of energy, but is no 
valid way of describing this phenomenon. 

The hidden energy which is indispensable in Special Relativity can be identi-
fied with the “dark energy” which turns up in General Relativity. Different from 
what has been believed since the existence of “dark energy” has been acknowl-
edged in cosmology, “dark energy” thus does interact with other forms of energy 
at least indirectly (as it increases the strength of the gravitational field of fast 
moving objects), even though Special Relativity does not reveal any means how 
it could be harnessed as a source of technical work in cyclical processes. A. 
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Trupp [17] showed that “dark energy” even interacts with Newton’s apple. 
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Abstract 
A spinning gyroscope precesses about the vertical due to a torque acting upon 
the wheel. The torque is generated by the shift of moment of force by gravity 
and it points to the vertical instead of the tangential direction of precession. 
This intuition offers an alternative and straightforward view of precession 
dynamics in comparison with the literature. It also presumes a dynamic bal-
ance of momentum between circular motions of the wheel spin and preces-
sion. Accordingly, the gyroscopic dynamics is then applied to the study of 
galactic motion of the solar system in space and the Galactic mass is calcu-
lated with the inclusion of gyroscopic effect of the solar planets. Results indi-
cate that the gyroscopic effect of Mercury orbiting around the Sun can in-
crease the calculated Galactic mass by 23% in comparison with the result ob-
tained by the classic approach. 
 

Keywords 
Gyroscopic Precession, Solar System, Galactic Mass 

 

1. Introduction 

Newton’s law of universal gravitation is arguably the first principle in astrophys-
ics. It started with an apple falling down on his head and ended with the Moon 
falling sideways around Earth. Newton’s comparison of acceleration of the apple 
to that of the Moon led to a rational understanding of the nature of gravity that 
came to be the fabric of our universe. All objects attract each other with a force 
that is proportional to the product of their masses and inversely proportional to 
their distance of separation. The laws of mechanics that govern the movement of 
objects on Earth also govern the motion of celestial bodies in space. 

In the study of astrophysics, measuring the mass and motion of galaxies is one 
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of our fundamental tasks. Luminous or baryonic matter in a galaxy such as stars 
and planets can be detected directly using optical and radio telescopes. And we 
can get an estimate of how much mass they contain. However, we cannot direct-
ly measure non-luminous matter, such as black holes that formed from stellar 
collapse, which we cannot see. 

How can we measure the celestial mass that cannot be seen? According to the 
universal gravitational equation and Newton’s second law of motion, if we know 
the mass of a body, we can work out how fast we need to go to orbit at distance. 
For instance, given the mass of the Sun and orbital radius of the solar planets, we 
can calculate the rotation curve of the solar system. Results show that the orbital 
or rotational speeds of the planets are inversely proportional to the square root 
of their orbital radii. The solar rotation curve falls. The calculation result is con-
sistent with that of observation. Inversely, if we know the speed of a star orbiting 
on a circular orbit at distance from a galactic center, we can calculate the galactic 
mass interior to the orbit of the star. The gravitational forces from mass outside 
cancel out, assuming that the mass distribution is spherically symmetric. For in-
stance, given the orbital speed and radius of the Sun orbiting about the Galactic 
center, the Galactic mass can be calculated as an equivalent of 95 billion solar 
masses. Consequently, suppose we measure the speeds of stars at various radii 
from a galactic center. In theory, each star allows us to calculate the mass inte-
rior to the orbit of that particular star. If we observe many stars, we can map out 
the rotation curve of the galaxy. 

Accordingly, when we apply the rotation curve to our Galaxy, we expect re-
sults similar to that of the solar system. Specifically, within the inner galaxy, en-
closed mass rises, so does the rotation speed. There are no stars and no more 
mass beyond the optical edge of the Galaxy, and rotation speed supposedly falls. 
Instead, we observe a flat rotation curve for the Galaxy in which speed virtually 
stays the same as we move further away from the center [1] [2]. 

There can be two ways of reasoning with the observation, as we go back to the 
equation derived from Newton’s universal gravitation and second law of motion. 
If orbital speed is constant with increasing orbital radius, then mass is propor-
tional to radius. Hence, there ought to be more and more mass as we go to larger 
and larger distances from the center, implying that there can be a substantial 
amount of mass like dark matter we do not see in space [3] [4]. 

Alternatively, we can compare the patterns of motion between the solar pla-
nets and galactic stars like the Sun. A solar planet moves along with other pla-
nets in groups around the Sun, while the Sun moves with a group of its planets 
orbiting around it. Orbital rotation of the solar planets produces a combined 
angular motion that would keep the solar plane moving along a straight line due 
to the conservation of angular momentum. In other words, the solar system acts 
like a giant gyroscope in space. Does the law of conservation of angular mo-
mentum affect orbital motion of the solar system in our Galaxy? If so, how? 
Perhaps we want to go back to the basic physics of gyroscopes. 
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2. The gyroscope 

A gyroscope is made of a wheel or rotor on an axle that spins freely, usually 
mounted in a frame body. When spinning, the orientation of the spin axis is un-
affected by tilting or rotating the body. Without its mounting body, a spinning 
gyroscope can stand by its axle like a top and move in counter-intuitive ways. It 
precesses about the vertical as if it defies gravity [5] [6] [7]. 

Newton’s first law of motion tells us that a body in motion continues to move 
at a constant speed along a straight line unless acted upon by an unbalanced 
force. Since a spinning gyroscope precesses and changes its motion, there must 
be a net force acting upon it. And it has to be the force of gravity. Figure 1 
shows a precessing gyroscope with a description of precession dynamics and 
geometric illustration of angular motion [8]. When the wheel is not spinning at 
the shown position, it simply topples over by turning to the right around the 
x-axis, due to the moment of force created by its weight. When the wheel is 
spinning, it precesses by continuously falling sideways around the z-axis without 
actually falling over, tracing an invisible cone standing on its tip. 

 

 
Figure 1. A spinning gyroscope falls sideways. The wheel consists of a solid ring con-
nected to an axle with weightless spokes not shown. The gyroscope precesses counter-
clockwise as the wheel spins in the same direction. Positioned below the wheel for clarity, 
the torque of precession points to the z-axis due to a quarter-turn shift of the moment of 
force by gravity, according to the right-hand rule. The gyroscope will precess clockwise if 
the wheel changes its spin direction and the torque will be pointing away from the z-axis. 
Note that angular momentum and torque change in opposing directions. It points to a 
balance of momentum in horizontal between the wheel spin and precession. 
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How do we interpret precession? Assume our gyroscope is made of a solid 
ring for simplicity instead of a typical disk on an axle. Let’s pick four points of 
mass p, q, p' and q' at top, bottom, left and right on the ring. Without spinning, 
all units of mass produce a total moment of force by gravity, with a moment arm 
being the distance from the wheel center of mass to the z-axis. This moment of 
force turns around the p'-q' horizontal median and the wheel falls. When spin-
ning counterclockwise, all mass units shift in position continuously and the wheel 
precesses counterclockwise around the z-axis by turning around the p-q vertical 
median instead. It seems that the spinning of the wheel makes its turning shift 
by 90 degrees in the direction of precession. Since it is the force of gravity acting 
on the wheel that causes precession, the moment of force must also shift by 90 
degrees due to spinning (see Appendix 1 for reasoning). In other words, the mo-
ment of force turns around the horizontal median without spinning. When spin-
ning, it shifts by a quarter-turn counterclockwise and turns around the vertical 
median instead. The moment of force by gravity thus becomes the torque of pre-
cession, pointing to the z-axis instead of the tangential direction of precession 
[8]. This quarter-turn shift of moment/torque drives the wheel to make a quar-
ter-turn twist in falling: it falls sideways around its vertical median instead of 
around the horizontal. As it continues to fall sideways, the gyroscope precesses. 
And the faster the wheel spins, the quicker the mass units shift in position, and 
inversely the easier and slower it precesses. 

Following the geometric description in Figure 1, the precession of the gyros-
cope and spin of the wheel can be described as, 

dd
sin

d sin d

L
L

L L

α
θ
θ α

≅

=
                        (1) 

where dα and dL are the changes of precession angle and angular momentum. θ 
is the tilt angle of the gyroscope from the vertical. The torque of precession that 
changes the angular momentum can be formulated as, 

d sin d sin
d d p
L L L
t t

θ ατ θω= = =                   (2) 

where τ is the torque and ωp is the rate of precession. Calculation of the preces-
sion rate is derived in Appendix 1. 

In general, without a net force acting on a spinning gyroscope, the orientation 
of its spin axis remains unchanged. When standing by its axle, gravity force ex-
erts on the wheel and turns into a shifting moment for precession. And the wheel 
changes its orientation by turning around its vertical median. When it completes 
a full circle of precession, it also finishes a complete cycle of orientation change 
at a constant speed. It is a result of the dynamic balance of momentum between 
the wheel spin and precession. 

3. The Solar System 

Suppose our solar system revolves around the Galactic center (GC) in a way sim-
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ilar to gyroscopic precession. Planets including Earth rotate around the Sun to 
form the spinning solar plane, which orbits about the GC or precesses like a gy-
roscope wheel around the vertical, as shown in Figure 2 in three descriptive or-
bital positions. In fact, instead of a standing wheel, a spinning bicycle wheel in 
suspension is a better analogy for the solar scenario. The gyroscopic mechanism 
is the same regardless. Using Earth as an example, the rotation of Earth around 
the Sun generates an angular momentum pointing to the upper z-axis. The change 
of precession angle of the solar plane and angular momentum of the solar orbit-
ing Earth follows the gyroscopic model, 

dd
sin

d sin d

L
L

L L

α
β
β α

≅

=
                        (3) 

where dα, L, and β are the change of precession angle, angular momentum of the 
solar orbiting Earth, and tilt angle of the solar plane from the Galactic plane. The 
torque that changes the angular momentum is formulated as, 

d sin d sin
d d p
L L L
t t

β ατ βω= = =                   (4) 

where ωp is the precession rate of Earth or solar plane about the GC, and τ is the 
torque of precession. Earth is treated as a point of mass in our study so the an-
gular momentum generated by its spin around its polar axis is ignored. 

When the solar plane completes a Galactic circle, it also finishes a circle of 
precession around the z-axis and a complete horizontal turn by itself around a  

 

 
Figure 2. The spinning solar plane orbits or precesses about the GC in three select posi-
tions: Earth rotating around the Sun in the solar plane in the Galactic plane on the left; 
angular momentum of the solar orbiting Earth changing with its precession angle on the 
middle right; solar plane tilting from the Galactic plane on the right. The front side of the 
solar plane faces the z-axis at all times. Both the solar plane spin and Galactic rotation are 
shown counterclockwise for a clear geometric view of vectors. The torque of precession 
points upward, according to the right-hand rule. It will point downward if the solar sys-
tem revolves clockwise around the GC. In space, the gravitational pull from Galaxy points 
to the GC, rather than downward, which is different from the case of the gyroscope on 
Earth in Figure 1. 
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moving z’-axis that goes through the solar center (Figure 2), just like a precess-
ing gyroscope. This forced horizontal turn or inclination change of the solar 
plane is presumably due to an additional gravitational pull from the GC. With-
out this gravitational pull, the solar plane would turn its side to face the center in 
every half of its Galactic circle due to its conservation of angular momentum. 
This assumes that the solar plane keeps orbiting in the Galaxy as a point of mass, 
which is the implication in conventional calculations of the Galactic mass. It 
may not be a reasonable assumption as the solar planets would experience a sub-
stantial gravitational change when the solar plane moves into positions where it 
is aligned with the GC: the Galactic gravitational force becomes too strong when 
the planets position between the Sun and GC; the force is too weak when they 
reverse their positions with the Sun. Substantial gravitational changes as such 
can affect and even break the integrity of the solar system. 

Likewise, assuming the solar orbit of Earth effectively forms a ring of uniform 
mass distribution in its rotation around the Sun, this Earth orbit-ring (EOR) 
completes a horizontal turn by itself around the moving z’-axis in one Galactic 
cycle. Therefore, a torque must be acting on the EOR during precession, which is 
generated by the (additional) Galactic gravitational pull. Let’s call it the action 
torque. It exerts on the EOR so that it cannot turn its side while facing the GC in 
precession. In response, the EOR has to generate a reaction torque by its angular 
momentum to counterbalance the action torque. This results in a dynamic bal-
ance of torque on the EOR between its precession in circular motion and inertia 
of moving straight. Unlike gyroscopes on Earth where gravity is the lone force to 
drive precession, the inertia of the EOR drives precession along with the gravita-
tional pull in space. And the precession direction of the EOR is untethered from 
its spin direction. When two torques are equally matched, so are their corres-
ponding forces in opposing directions. The action force that produces the torque 
of precession must be balanced in horizontal with the reaction force generated 
by the angular momentum. And the latter can be formulated as a force pulling 
away from the GC, as shown in Figure 2, 

sinp
s

L
F

r r
ω βτ

= =                        (5) 

where Fs is the force of solar orbiting Earth and r is the solar orbital radius of 
Earth. This reaction force generated by the angular momentum of the EOR must 
be overcome in its Galactic motion and subtracted in calculating the Galactic 
mass using Newton’s law of circular motion as follows, 

2

s
vF F ma m
R

− = =                        (6) 

where F is the gravitational force of the GC, m, a, v and R are the mass, Galactic 
centripetal acceleration, Galactic orbital speed and Galactic orbital radius (dis-
tance to the GC) of Earth. Combining with the equation of universal gravitation, 

2

2

sinpLGMm mv
r RR

ω β
− =                     (7) 

https://doi.org/10.4236/jmp.2022.131003


J. Sun et al. 
 

 

DOI: 10.4236/jmp.2022.131003 40 Journal of Modern Physics 
 

where G is the universal gravitational constant and M is the Galactic mass or 
mass of bodies interior to Galactic orbit of the solar system. Thus M can be cal-
culated as, 

22 sinpR LRvM
G rGm

ω β
= +                      (8) 

It reduces down to the conventional equation (the first term on the right) 
when the angular momentum of the EOR is treated as zero (in the second term 
on the right). The angular momentum can be estimated by assuming the solar 
orbiting Earth as a ring of uniform mass distribution. 

2L I mrω ω= =                         (9) 

where I and ω are the moment of inertia and spin speed of the EOR. The mass of 
Earth is canceled out in calculation after combining Equations (8) and (9). 

4. Discussion 

In general, the Galactic mass can also be calculated with other solar planets in a 
similar fashion or with the Sun as a solid sphere, assuming that the Sun’s spin 
axis points to the z-axis. It is rather ideal to treat an orbiting body as a ring of 
uniform mass in the calculation. In reality, orbital motion of the solar planets 
produces a non-uniform distribution of their angular momenta, presumably 
causing oscillations within the solar plane. The derivation above is to find the 
Galactic mass with the inclusion of gyroscopic effect. Inversely, given a galactic 
or solar mass, Equation (7) can also be used to calculate the potential orbital 
speed increase of stars or solar planets due to the gyroscopic effect of the planets 
or moons (Appendix 2). 

Results of the Galactic mass increase calculated with gyroscopic motion of 
the solar planets and the Sun are presented in Table 1, shown as a list of 
mass calculated by the second term on the right in Equation (8). Table 2 lists 
the parameters and constants used in the calculation. It appears that the gy-
roscopic effect falls with the solar orbital radius, presumably due to the de-
creasing solar gravitational pull that causes a decrease in the solar orbital 
speed. To calculate the total solar gyroscopic effect, the solar system can be 
approximated as a monolithic rigid plane of mass by adding up the angular 
momenta of all the solar bodies. However, estimation of the average radius 
and angular speed of the plane becomes a complicated issue. Hence, the gy-
roscopic effect is calculated and presented separately with each solar body in 
this study. 

The Sun has a minimal gyroscopic effect on assessing the Galactic gravitation-
al and mass increase as shown in Table 1, which is reasonable due to its small 
angular momentum. Among solar planets, Mercury has the highest precession 
impact on the Galactic gravitational increase that results in an additional 22 bil-
lion solar masses from the value of 95 billion solar masses obtained by the classic 
approach. It suggests that the effective force of gyroscopic precession of the solar  
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Table 1. Galactic mass increase calculated with the gyroscopic motion of each solar body 
in the solar system. 

 
Orbital radius 

m 
Orbital period 

days 
Solar mass equivalent,  

billion 

Mercury 5.79 × 1010 88 22.1 

Venus 1.08 × 1011 224.7 16.1 

Earth 1.50 × 1011 365.2 13.7 

Mars 2.28 × 1011 687 11.1 

Jupiter 7.79 × 1011 4331 6.03 

Saturn 1.43 × 1012 10,747 4.47 

Uranus 2.87 × 1012 30,589 3.15 

Neptune 4.50 × 1012 59,800 2.52 

Pluto 5.91 × 1012 90,560 2.19 

Sun 6.96 × 105 27 0.00042 

 
Table 2. Calculation parameters and constants. 

R, m 2.60 × 1020 

v, m/s 2.20 × 105 

ωp, rad/s 9.06 × 10−16 

G, Nm2/kg2 6.67 × 10−11 

Solar mass, kg 1.99 × 1030 

β, rad π/2 

 
plane is comparable in magnitude to the gravitational force calculated by the 
classic approach. In other words, it is reasonable to assume that our solar system 
revolves around the GC like a precessing gyroscope as shown in Figure 2, in-
stead of being a point of mass as implied in the classic approach. 

5. Concluding Remarks 

A new mechanical model of gyroscopic precession is derived and applied to the 
study of galactic motion of the solar system in space. The Galactic mass is calcu-
lated with the inclusion of gyroscopic effect of the solar planets. Results indicate 
that the gyroscopic effect of Mercury orbiting around the Sun can increase the 
calculated Galactic mass by 23% in comparison with the result obtained by the 
classic approach. In comparison with other theories, the maximal percentage in-
crease of the Galactic mass calculated by the gyroscopic effect in this study is an 
order of magnitude smaller than those obtained by the dark matter models [4]. 
Nevertheless, the effect of gyroscopic precession introduces an empirical variable 
in the study of astrophysics. It can potentially lead to new understandings of our 
Galaxy. 
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Notations 

α, dα—precession angle and its change 
L, dL—spin angular momentum and its change 
θ—tilt angle of gyroscope from the vertical 
τ—torque of precession 
ωp—rate of precession 
β—tilt angle of the solar plane from the Galactic plane 
Fs—force by the angular momentum change of EOR 
F—gravitational force of the GC 
m—mass of the gyroscope wheel or Earth 
a—Galactic centripetal acceleration of Earth 
v—Galactic orbital speed of Earth 
R—Galactic orbital radius of Earth 
G—universal gravitational constant 
M—Galactic mass 
r—radius of the gyroscope wheel or EOR 
I—moment of inertia 
ω—rate of spin 
mg—weight of the gyroscope wheel 
h—length of the gyroscope axle 
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Appendix 1. Interpretation of the Shift of Moment of Force 
and Calculation of the Precession Rate 

As the wheel tends to turn around the p'-q' horizontal median in precession due 
to the moment of force by gravity, the mass of the ring generates transversal ac-
celeration. The upper half of the ring accelerates upward and the lower half does 
downward with the max acceleration at p and q. All mass units accelerate and 
travel along the ring counterclockwise. Unit p accelerates upward while traveling 
to p' and decelerates while continuing to q. Consequently, its upward transversal 
velocity reaches a max at p' and reduces back to zero at q. Similarly, unit q acce-
lerates downward while traveling to q' and decelerates while continuing to p. Its 
downward transversal velocity reaches a max at q' and reduces back to zero at p. 
All mass units experience such a cycle of transversal velocity delay/shift for a 
quarter-turn from acceleration. As a result, the potential of the wheel turning 
around the p'-q' horizontal median becomes turning around the p-q vertical me-
dian instead. And the shift of transversal velocity practically twists the moment 
of force by a quarter-turn counterclockwise. 

A precessing gyroscope does three circular moves at the same time: spinning 
the wheel, turning around its vertical median, and revolving around the vertical 
axis. The first movement makes the second that drives the third. Mechanically, 
the torque of precession comes from the force of gravity by twisting the mo-
ment/torque via shifting mass units on the spinning wheel. Following Equation 
(2), 

sin sinpL mghω θ τ θ= =                     (10) 

where mg and h are the weight of the wheel and length of the axle. Hence, the 
precession rate becomes, 

p
mgh

L
ω =                          (11) 

where L is the angular momentum of the spin wheel, which can be calculated 
based on the wheel shape, a solid ring in this study, 

2L I mrω ω= =                        (12) 

where I and ω are the moment of inertia and spin rate of the wheel. 

Appendix 2. Calculation of Orbital Speed Due to Gyroscopic 
Effect 

Equation (7) is reformulated by replacing the reaction force created by the an-
gular momentum with the action force that creates the torque of precession, 

2

2

sinpLGMm mv
r RR

ω β
+ =                    (13) 

Plug in the moment of inertia, replace the angular speed of precession with 
the linear speed of precession, and let β = π/2, 

2 0Rv r Rv GMω− − =                      (14) 
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Solve for v. The potential orbital speed increase of Earth due to the gyroscopic 
effect of the Moon is calculated accordingly. Without changing its orbital radius 
and flying away from Earth, the Moon would need to increase its orbital speed 
by more than 130 thousand times in order to increase the orbital speed of Earth 
by 1%, provided that the Moon also changes the inclination of its orbit to 
squarely face the Sun. In other words, the gyroscopic effect of the Moon is neg-
ligible in comparison with those of the solar planets. 
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Abstract 
Many-body correlations in nuclei determine the behavior of Deep-Inelastic- 
Scattering (DIS) and Quasi-Elastic Scattering (QES) cross section ratios off 
heavy over light nuclei especially for xBjorken > 1, obtained at Jefferson Lab. 
They can be described in terms of quark-cluster formation in nuclei due to 
wave-function overlapping, manifesting itself when the momentum transfer 
is high so that the partonic degrees of freedom are resolved. In clusters (cor-
related nucleons) the quark and gluon momentum distributions are softer 
than in single nucleons and extend to xBjorken > 1. The cluster formation prob-
abilities are computed using a network-defining algorithm in which the initial 
nucleon density is either standard Woods-Saxon or is input from lower ener-
gy data while the critical radius for nucleon merging is an adjustable parame-
ter. The exact choice of critical radius depends on the specific nucleus and it 
is anti-correlated to the rescaling of the xBjorken needed for bound nucleons. 
The calculations show that there is a strong dependence of the cross section 
ratios on the xBjorken in agreement with the data and that four-body correla-
tions are needed to explain the experimental results even in the range 1 < 
xBjorken < 2. The dependence on the specific exponents of parton distributions 
in high-order clusters is weak. 
 

Keywords 
Deep Inelastic Scattering, Quasi-Elastic Scattering, Short-Range Correlations, 
Quark-Clusters 

 

1. Introduction 

The atomic nucleus is typically described as a system of protons and neutrons 
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interacting via some potential that binds them together. Pions emerge as the 
quanta of these interactions. When the nucleus is probed by high-energy projec-
tiles the parton-degrees of freedom of the nucleons and the pions are resolved 
and the picture of the quark model emerges. In this energy region the quarks 
appear to interact among themselves by means of gluons which in turn can give 
rise to quark-antiquark pairs, constituting the sea or ocean inside the nucleons 
and are distinguished from the valence quarks that make up the “core” of each 
nucleon. However, it is usually assumed that no matter how complicated the in-
teractions among nucleons are or how high the energy scale of the probe is, the 
nucleons maintain their individuality and independence from one another, i.e., 
they are uncorrelated. Data accumulated over the past two decades strongly sug-
gest that this picture is overly simplistic. 

The so called EMC-effect, named after the European Muon Collaboration [1] 
[2] [3] [4] [5], has shown that in the case of Deep Inelastic Scattering (DIS) of 
muons off nuclei the cross section does not scale with the number of nucleons 
and exhibits a strong dependence on the longitudinal momentum fraction car-
ried by the struck quarks. This effect has been observed in many other processes 
involving the electromagnetic and the weak interactions of nuclei with probes at 
high energies, such as Drell-Yan pair production, neutrino scattering, and 
charmonium and bottomonium suppression [6] [7] [8] [9] [10] and predicted 
for direct photon production in hardon-nucleus and nucleus-nucleus collisions 
[11] [12] [13]. 

The many-body correlations can be attributed to a physical overlap of the 
bound nucleons leading to the formation of multi-quark clusters and the conse-
quent exchange of quarks and gluons that results in softening of the parton dis-
tributions. The concept of multi-quark clusters was originally proposed by Pirn-
er, Vary and Coon [14] [15] [16] and has had significant success in interpreting 
data on a variety of processes involving hardon-nucleus and nucleus-nucleus 
collisions such as those mentioned above [17]-[23]. This is the approach taken in 
this work. A model that describes the probability for such overlaps is developed 
along with reasonable assumptions about the parton distributions in clusters. 
The authors of Ref [24] have addressed the issue of correlations by estimating 
their probability to be formed and comparing the results with heavy-to-light 
nuclei cross section ratios for Quasi-Elastic Scattering. These results are in gen-
eral agreement with the data but do not describe the explicit dependence of 
those ratios on the momentum fraction of the struck parton. This dependence 
contains a wealth of information on the nature of the correlations and their ef-
fect on the parton momentum distributions. 

This article is organized as follows: in Section 2, the concept of many-body 
correlations is introduced and described in terms of multi-quark clusters in the 
nucleus. In Section 3, a network-based algorithm for calculating cluster proba-
bilities given an initial spatial distribution of nucleons is presented. Those prob-
abilities are expressed as functions of a critical distance (radius) between two 
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nucleons. In Section 4, a method to calculate the numbers of various types of 
clusters (proton-proton, proton-neutron, etc.) in a given nucleus is introduced. 
In Section 5, the parton (quark and gluon) momentum distributions in clusters 
are postulated on the basis of existing data. They are expressed as functions of 
the longitudinal parton momentum fraction, xBjorken. In Section 6, it is argued 
that for bound nucleons, xBjorken may have to be rescaled by a multiplicative fac-
tor η. In Section 7, the structure functions of nuclei are calculated as sums of 
products of quark distributions weighted by the squares of the quark charges and 
summed over all types of clusters. In Section 8, the heavy-to-light nuclei cross 
section ratio is defined. In Section 9, comparison of the theoretical calculations 
with two sets of data is presented and the best-fit parameters (the critical radius 
and the rescaling factor) are extracted. The similarity of correlations between 
Deep Inelastic Scattering (DIS) and Quasi Elastic Scattering (QES) is discussed. 
Section 10 details the need for many-body correlations as indicated by data. Fi-
nally, in Section 11 conclusions are drawn and some directions of future contin-
uation of this research are suggested. 

2. Correlations as Quark-Clustering 

Correlations among nucleons bound inside nuclei imply that the nucleons are 
not independent particles so that the nucleus is not a collection of mutually in-
teracting, yet separate constituents. From a quantum-mechanical perspective 
this means that the wave-functions of nucleons overlap sufficiently to produce 
effective aggregates. These can be identified as clusters of various orders, from 
1st-order, that is single nucleons, to 2nd-order, made of two nucleons and so on. 
When the protons and neutrons are so close together, they can easily exchange 
gluons and sea quarks. As the gluons propagate they can also produce quark- 
antiquark pairs which subsequently annihilate back into gluons. The quarks may 
emit and reabsorb gluons. The sharing of such particles leads to energy and mo-
mentum exchanges among the nucleons and modifications to the parton mo-
mentum distributions inside them. 

In experiments using high energy electrons (or muons) as probes to peek into 
the structure of the nucleus the 4-momentum exchange between the projectile 
and the target determines the spatial and temporal resolution of the image of the 
nucleus and its constituents. When the square of the 4-momentum exchange, 
Q2, exceeds 2 GeV2 the sub-nucleonic (parton) degrees of freedom start being 
resolved, i.e., the interaction is directly between the electron and the quarks since 
the exchange photon wavelength is 2Qhλ = . This corresponds to distances 
just under 1 fm. Given the average nuclear density it is at this distance that 
nucleon wave-functions begin to overlap. Consequently, at relatively low Q2 the 
electron interacts with quarks in single nucleons and at high Q2 with quarks 
that may be shared among nucleons in clusters. This is illustrated in Figure 1. 
Furthermore, if the (invariant) photon energy, ν, is also large (greater than 1 
GeV) the quarks are probed in the asymptotically free region, that is the strong 
interaction among them is greatly weakened and the cross section becomes  
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Figure 1. Electron scattering off nuclei. At low momentum transfer (low Q2) the ex-
change photon resolves individual nuclei. As the momentum transfer increases the gluon 
(including quark-antiquark bubbles) exchange is probed. The nucleons are no longer in-
dependent and can be treated as clusters. The parton distributions in the clusters differ 
from those of single nucleons and become softer. 

 
approximately independent of Q2, depending only on the invariant quantity 
xBjorken = Q2/2Mν, where M is the nucleon mass (the Bjorken-x scaling variable, 
which, in a frame of reference where the nucleons move very fast and the trans-
verse momentum components can be neglected, is the longitudinal momentum 
fraction of a nucleon carried by a struck quark). This kinematic region is re-
ferred to as Deep Inelastic Scattering (DIS), while the region with large Q2 and 
lower ν in which the quarks are not completely resolved, is known as the Qua-
si-Elastic Scattering (QES) region. Completely elastic scattering corresponds to 
xBjorken = 1. Nucleon binding and the resulting Fermi motion lead to smearing of 
the cross section allowing xBjorken to deviate from unity. It has been reasonably 
argued [8] that Fermi motion and the formation of clusters, i.e., the presence of 
correlations among bound nucleons are strongly overlapping concepts. 

3. Calculation of Clustering Probabilities 

The probabilities for quark-cluster formation can be calculated using a qua-
si-classical network-based algorithm. An initial distribution of particles, nucle-
ons in this case, is produced. The coordinates of these particles are determined 
randomly from the given distribution in 3 dimensions. Then the array of dis-
tances between the particles is computed. The algorithm determines the particles 
whose distances are smaller than a critical radius Rc relative to one another and 
assigns these particles to a particular network (cluster). Special care is taken to 
ensure that each particle belongs to one and only one cluster. The particles are 
not physically displaced so that the center of mass remains fixed. The algorithm 
then counts the clusters of each order, the total number of clusters and the frac-
tion that corresponds to each order. The process is repeated many times starting 
from different randomly-generated initial coordinates. The final averaged num-
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bers of fractions are reported as the probabilities for each cluster-order for the 
chosen critical radius. The latter is then incremented and the algorithm is rerun 
to finally obtain the probabilities as functions of Rc. Specifically, the algorithm 
for N particles consists of the following steps: 

(1) A spherically-symmetric distribution of N particles (nucleons) is produced 
for a range of different Rc (critical distance) values using either a Woods-Saxon 
nuclear density or a Fourier-Bessel nuclear density, fit to real experimental data. 
The distance array ( ),d i j  for , 1, ,i j N=   is produced holding the values for 
the distances between each of the N particles in the distribution. Then, the initial 
network array ( )0 ,A i j  for , 1, ,i j N=   is produced so that ( )0 , 1A i j =  if 
( ), cd i j R<  and ( )0 , 0A i j =  otherwise. The initial network array is reduced 

to the final network array A(i,j) for , 1, ,i j N=   in the following manner. 
(2) Each column 1, , 1i N= −

 is compared with column 1, ,k i N= +  . 
(3) If two separate columns contain a 1 in the same position, the two columns 

are merged by replacing the column A(i,j) with the result of (A(i,j) OR A(k,j)) 
and the column A(k,j) with the zero vector. 

(4) The number of 1’s in each column of the matrix A(i,j) is then counted. This 
number corresponds to the order of the (quark) cluster that column is a part of. 
The total number of clusters of each order is then counted for the trial. These val-
ues are averaged over a large number of initial arrays for each Rc. The cluster 
probabilities fm, where m is the order of the cluster, are the fractions of a clus-
ter-type number over the total cluster number. The order m varies from 1 up to N. 

The crucial steps in the above algorithm are (2) and (3). Step (2) ensures that 
all networks that are formed maintain their internal structure while step (3) 
guarantees that each particle is assigned to one and only one network, specifi-
cally the network from a member of which the said particle has the smallest dis-
tance. This step identifies all the networks upon cycling over the array of 1’s and 
0’s that describe distances that pass the critical-radius test. 

The initial particle distribution can be chosen to be a Woods-Saxon in the 
radial direction and uniform in the azimuthal and polar directions. Another op-
tion is to use a radial distribution derived from experimental data using a Fouri-
er-Bessel method [25] [26]. In either case the results are consistent with larger 
cluster probabilities for larger and denser nuclei. In this approach the coales-
cence happens entirely in coordinate space. Even though the Fermi motion is 
implicit in the finite size of the wave-function, approximated by the critical ra-
dius, the relative momentum of the nucleons is not considered. Also differ-
ences between protons and neutrons are neglected at this stage. In Figure 2 a 
schematic diagram of cluster formation is shown. In Figure 3 the probabilities, fm, 
for clusters of order 1, ,m N= 

 are plotted as functions of the critical radius Rc 
for various nuclei characterized by their mass number A which in this case is the 
total number of particles (N). The Woods-Saxon radial distribution is used, 

( ) ( )( )~ 1 1 exprP r r a b + −  , where r is the distance from the center of mass of  
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Figure 2. Three types of clusters produced by the network algorithm. (a) 2nd-order clus-
ter (two nucleons or six valence quarks). (b) One type of 3rd-order cluster (three nucle-
ons or nine valence quarks). (c) One type of 4th-order cluster (four nucleons or twelve 
valence quarks). The straight-line links indicate distances that are smaller than the criti-
cal radius. 

 
the system, with an attenuation factor b = 0.55 fm and skin-thickness a = 0.33 
fm. It is observed that as the critical radius increases larger clusters are favored, 
resulting in a non-monotonic behavior. In the case of A = 12 (carbon) results 
originating in a Fourier-Bessel initial radial distribution are shown for compari-
son (Figure 4). The difference in cluster probabilities between Woods-Saxon 
and Fourier-Bessel is small. For this work the Woods-Saxon distribution is used. 

The free parameter in this calculation is the critical radius. This determines 
the relative values of cluster probabilities, hence the departure from single-nucleon 
physics. Earlier studies [7] [8] indicate that to account for diverse phenomena 
such as the EMC effect in DIS, nuclear, initial-state modifications of the Drell-Yan 
production, suppression of J/Ψ production in processes involving nuclei the cu-
mulative cluster probability for deuterium should be about 4% and for heavy 
nuclei it could exceed 30% (Table 1). The approximate dependence of the cu-
mulative probability on the mass number is logarithmic but for magic or doub-
ly-magic nuclei this probability is higher. In practice, the critical radius will be 
treated as a parameter to be estimated using particle scattering data off nuclei. 

It must be pointed out that the algorithm described in this section does not 
physically replace nucleons with a single object at the center of mass of the clus-
ter while it is still running. It simply identifies networks of nucleons without 
changing the spatial distribution of matter (and charge) or moving the center of 
mass of the system. 

4. Types of Clusters in Nuclei 

The parton distributions in clusters depend on the type of valance quarks in the 
nucleons they are made of. The 2nd-order clusters may consist of two protons 
(pp-type), two neutrons (nn-type) or a proton and a neutron (np-type). The 
3rd-order clusters can be of nnn, ppp, npp or nnp-type. A similar designation can 
be assigned to higher-order clusters. Therefore, a model is needed in order to 
calculate how many clusters of each type are present in a given nucleus at each 
value of the critical radius. 

To derive the cluster numbers for a nucleus of mass number A and atomic 
number Z certain constraints must apply. 1) The total mass of the nucleus must 
be fixed. In other words, the total baryon number of all clusters must remain  

https://doi.org/10.4236/jmp.2022.131004


A. Petridis et al. 
 

 

DOI: 10.4236/jmp.2022.131004 52 Journal of Modern Physics 
 

 

https://doi.org/10.4236/jmp.2022.131004


A. Petridis et al. 
 

 

DOI: 10.4236/jmp.2022.131004 53 Journal of Modern Physics 
 

 
Figure 3. Cluster probabilities versus critical radius in fm. (a) A = 2. The brown points cor-
respond to the two-nucleon cluster. (b) A = 4. The brown, green, black and purple points 
correspond to 1st, 2nd, 3rd and 4th-order clusters. The light-blue points indicate the cumula-
tive cluster probability. (c) A = 56. The brow, green, dark-blue, purple and bright-green 
points correspond to 1st, 2nd, 3rd, 4th and 5th-order clusters. The black points indicate the cu-
mulative cluster probability. (d) A = 107. The notation is the same as in the lower left panel. 
All these results are produced using Woods-Saxon radial probability density. 

 

 
Figure 4. Left panel: the Woods-Saxon and the experimentally-derived Fourier-Bessel radial probability distributions 
versus the distance from the center of mass. For 12C. Right panel: Cluster probabilities for 12C versus the critical radius. 

 
Table 1. A sample list of cumulative cluster probabilities for two values of the critical radius. For 12C the results 
produced using Woods-Saxon (WS) and Fourier-Bessel radial distributions are shown for comparison. For 197Au 
the probability can be more than 0.30. 

Nucleus Cluster Probability (f) for Rc = 0.85 fm Cluster Probability (f) for Rc = 0.85 fm 
2H 0.04 0.09 

12C (WS) 0.06 0.13 
12C (FB) 0.08 0.17 

197Au 0.15 0.30 
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equal to A. 2) The total charge of the nucleus must be fixed. Thus, the sum of the 
charges (contributed only by proton components) is equal to Z. In addition, a 
further natural assumption is made. 3) The number of p (or n, pn, nn etc.)-type 
clusters must be proportional to the number of protons (or number of neutrons, 
number of protons times the number of neutrons, number of neutrons squared 
etc.) in the nucleus. In this work clusters only up to 4th order will be considered. 
The highest order clusters, containing 12 valence quarks, will be assigned an ef-
fective probability to occur equal to 4 1 2 31f f f f= − − −  and generic parton dis-
tributions (see next section). In order to accommodate for this truncation, the 
nucleus must be treated as having an effective mass number ( )41A A f′ = −  and 
an effective atomic number ( )41Z Z f′ = − . These equations guarantee mass 
and charge conservation. Then the numbers of 1st, 2nd and 3rd-order clusters of 
all the possible types can be calculated solving a linear system of 10 equations, 
resulting in 

1 1

2 3 2 3

, ,
1 2 1 2p n

f Z f Nn n
f f f f

′ ′
= =

+ + + +
              (1.1) 

( )( ) ( )( )

( )( )

2
2 2

2 3 2 3

2
2

2 3

2
, ,

1 2 1 2

,
1 2

pp pn

nn

f Z f Z Nn n
f f N Z f f N Z

f Nn
f f N Z

′ ′ ′
= =

′ ′ ′ ′+ + + + + +

′
=

′ ′+ + +

     (1.2) 

( )( ) ( )( )

3 2
3 3

2 2
2 3 2 3

3
, ,

1 2 1 2
ppp ppn

f Z f Z N
n n

f f Z N f f Z N

′ ′ ′
=

′ ′ ′ ′+ + + + +
=

+
  (1.3a) 

( )( ) ( )( )

2 3
3 3

2 2
2 3 2 3

3
, ,

1 2 1 2
pnn nnn

f Z N f N
n n

f f Z N f f Z N

′ ′ ′
= =

′ ′ ′ ′+ + + + + +
  (1.3b) 

1 2 3
4

2 3
.

4
A n n n

n
− − −

=                     (1.4) 

Here the notation is self-explanatory. For example, npnn indicates the number 
of 3rd-order clusters of the type containing one proton and two neutrons. The 
effective number of neutrons is N A Z′ ′ ′= − . Also n1, n2, n3 and n4 are the total 
number of clusters for 1st, 2nd, 3rd and 4th order. The last equation involves the 
real mass number A. The 4th-order clusters are not separated into various possi-
ble types. 

5. Parton Distributions in Clusters 

The parton distributions in nucleons or higher-order clusters describe the prob-
ability that a certain type of parton (valence or ocean quark or gluon) carries a 
certain fraction of the cluster momentum in a reference frame where the (longi-
tudinal) momentum of the nucleus is very large. In this case motion is essentially 
one-dimensional and the transverse components of the parton momentum are 
usually and legitimately neglected. The momentum fraction for single nucleons 
(1st-order clusters) is defined as the Bjorken-x (xBjorken) and ranges from 0 to 1. 
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For 2nd, 3rd or higher-order clusters the upper limit of the momentum fraction is 
2, 3 or more, relative to single nucleons as a parton can carry up to 2, 3, or more 
times the nucleon momentum. The parton distributions in general also depend 
on the 4-momentum exchanged between the probe (lepton or quark) and the 
parton, denoted as Q2. This is the invariant mass of the exchange quantum, be it 
a photon or gluon or an intermediate vector boson. However, when Q2 is large, 
in excess of 2 GeV2, this dependence becomes very weak, a phenomenon known 
as Q2-scaling. The phenomena discussed in this article originate in the Q2-scaling 
region, thus the distributions used will depend only on xBjorken. Scaling violations 
are relevant at very small xBjorken [22] [23] [27] [28] [29]. The calculations in this 
article intend to interpret data in the region xBjorken > 1 where the presence of 
higher-order clusters becomes prevalent. In the equations that follow x refers to 
the parton momentum fraction relative to the cluster in which the parton is 
found. Therefore, it is equal to xBjorken/2 for 2nd-order clusters, xBjorken/3 for 
3rd-order and xBjorken/4 for 4th-order ones. 

Inside clusters there are valence quarks, ocean (or sea) quarks with equal num-
bers of ocean antiquarks and gluons. In order to determine the parameters of the 
parton distributions certain constraints must apply. 1) Since the number of va-
lence quarks of each flavor is fixed, the valence distributions should be norma-
lized to this number. 2) The total momentum fractions carried by all partons 
must add up to the momentum of the cluster. Additional model assumptions are 
also needed. 3) The gluon to total-ocean momentum ratio is fixed at 1/5. 4) The 
strange quark distribution in the ocean is chosen to carry one half of the up-quark 
(or antiquark) ocean distribution. Naturally the antiquark distributions in the 
ocean are the same as those of the ocean quarks of the same flavor. The parton 
momentum distributions, i.e., the probability distributions multiplied by x are 
assumed to have the following forms: 

( ) ( )
,

, , 1
u dbu d u d xxV B x−=  (valence up and down quarks),     (2.1) 

( ) ( )1 aS x xA= −  (sea quarks or antiquarks, one flavor),      (2.2) 

( ) ( )1 cG x xC= −  (total gluon),                (2.3) 

where A, Bu,d and C are constants. For the valence exponents, 1d ub b= +  as sup-
ported by scattering data [Ref]. If the total momentum fraction carried by one 
ocean quark flavor is xs and that carried by the gluons is xg then ( )1sA x a= +  
and ( )1gC x c= + . This generic notation applies to clusters of all orders. 

Isospin relations connect the distributions in various types of clusters of the 
same order. 

( ) ( ) ,u d
p nV x V x=                       (2.4a) 

( ) ( ) ( ) ( ) ( ) ( ), ,1  
2

u d u d u d
pp nn pn pn pp ppV V V V V Vx x x x x x = = = +       (2.4b) 

( ) ( ) ( ) ( )5 1 1 ,
2 6 3

u d u d
ppn pnn ppp pppV x V x V x V x = = +  

          (2.4c) 
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( ) ( ) ( ) ( )1 12 .
6 3

d u u d
ppn pnn ppp pppV x V x V x V x = = +  

          (2.4d) 

The ocean and gluon distributions are the same in all types of clusters of the 
same order. The exponents of (1 − x) in these distributions determine their 
overall behavior. Specifically, the higher the exponent, the “softer”, i.e., more 
concentrated towards lower x the distribution is. The choice of exponents is 
guided by the DIS data themselves. It turned out that the specific values of ocean 
and gluon exponents for 3rd and higher-order clusters are not as essential as is 
the actual presence of such clusters in cross-section calculations. Even though to 
a first approximation the gluon distributions do not enter the calculations of DIS 
of electrons off nuclei, the gluon distributions have to be considered because 
they affect the total momentum ratios carried by ocean quarks. The exponents 
for proton-like clusters that produce the best fits to the EMC and QES data (to 
be discussed) are shown in Table 2. The exponents in other types of clusters of 
the same order are determined by the isospin relations. For valence, the expo-
nents related to up quarks are given. For valence down quarks the exponents are 
simply increased by one unit. 

Application of the above mentioned constraints and isospin relations yields 
the multiplicative constants that appear in the distributions. The calculations 
involve extensive use of Beta-functions. The results are shown in Table 3 for 
proton-like clusters. For the ocean and gluon distributions the total momentum 
fraction is presented as it is proportional to the respective coefficient. The isos-
pin relations determine the coefficients in all other types of clusters of all orders. 
In the case of 4th-order clusters the up and down valence quark distributions are 
taken to be the same. It may be worth noting that the ocean and gluon total 

 
Table 2. Exponents of parton distributions in proton-like clusters. The exponents in 
other types of clusters of the same order are determined by the isospin relations. For 
4th-order clusters the valence distribution is generic. 

 
p pp ppp pppp 

Up-Valence (b) 3 9 15 21 

Ocean (a) 9 11 18 23 

Gluon (c) 6 10 16 20 

 
Table 3. Coefficients in parton distributions for all orders of proton-like clusters used. The 
momentum fraction for the ocean pertains to one up quark or antiquark flavor. The 4th-order 
valence distributions are generic so that the up and down coefficients are the same. 

 1st-order 2nd-order 3rd-order 4th-order 

Bu (valence u-quark) 2.18750 7.04788 13.43519 31.57550 

Bd (valence d-quark) 1.23046 3.70014 6.92752 31.57550 

xs (ocean, one flavor) 0.02289 0.02409 0.02442 0.02444 

xg (total gluon) 0.57239 0.60214 0.61039 0.61111 
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momentum fractions become saturated as the order of clusters increases. 

6. Rescaled Bjorken-x 

In a nucleus the physical size of bound nucleons (RMS radius of their wave- 
function) may be slightly altered compared to free nucleons [30] [31]. This is 
due to the attraction from surrounding nucleons and it increases their size. This 
phenomenon clearly affects correlations as it increases the probability for cluster 
formation amounting to an effective decrease in the critical radius. Furthermore, 
it results in a decrease of the parton momentum fraction in bound nucleons or 
higher-order clusters, relative to “free” ones. It can be accounted for by rescaling 
xBjorken by a factor η : 

( ) 1 ,bound freex xη η= <                      (3) 

where η  is a constant parameter that does not appreciably depend on the ener-
gy scale. 

7. Structure Functions of Nuclei 

The structure function of a nucleus with mass number A and atomic number Z 
is defined as the sum of all quark momentum distributions over all nucleons and 
higher-order clusters multiplied by the square of the charge of the quark. It is 
denoted by ( ) ( ),

2
A ZF x , x = xBjorken. 

The presence of correlations, described here as clusters, modifies the structure 
function relative to the one calculated for uncorrelated nucleons. The forms of 
the distribution functions are given by Eqs. (2.1, 2.2 and 2.3). In the construction 
of the structure function the cluster numbers, strange-to-up quark ocean ratios 
and isospin relations are employed to express the result in terms of only pro-
ton-like distributions. A straightforward calculation, thus, yields: 

( ) ( ) ( ) ( ) ( ),
2 , , ,

4 1 11
9 9 9

A Z u d
A Z A Z A ZF x V x V x S x= + + ,          (4.1) 

where the total up ( ,
u
A ZV ) down ( ,

d
A ZV ) valence quark and ocean ( ,A ZS ) contri-

butions are 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

,

4

1
2

5 1 1
2 6 3

1 2 ,
3 3

u u d u u d
A Z p p n p pp pp pn pp pp

d u u d
nn pp ppp ppp ppn ppp ppp

u d d u
pnn ppp ppp nnn ppp pppp

V x n V x n V x n V x n V y V y

n V y n V z n V z V z

n V z V z n V z n V w

 = + + + + 

 + + + +  
 + + + +  

  (4.2) 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

,

4

1
2

1 2
3 3

5 1 1 ,
2 6 3

d d u d u d
A Z p p n p pp pp pn pp pp

u d u d
nn pp ppp ppp ppn ppp ppp

u d u u
pnn ppp ppp nnn ppp pppp

V x n V x n V x n V x n V y V y

n V y n V z n V z V z

n V z V z n V z n V w

 = + + + + 

 + + + +  
 + + + +  

  (4.3) 
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( ) ( ) ( ) ( ) ( ), 1 2 3 4 ,A Z p pp ppp ppppS x n S x n S y n S z n S w= + + +        (4.4) 

and y = x/2, z = x/3 and w = x/4. In Equation (4) the variable x is the Bjorken-x 
rescaled by the parameter η. 

8. Heavy-to-Light Nuclei Cross-Section Ratios 

The interaction investigated in this work is Deep Inelastic Scattering (DIS) of 
electrons off nuclei in the Q2-scaling region. The scattering cross section is pro-
portional to the structure function. Therefore, the ratio of structure functions 
per nucleon for heavy over light nuclei studied as a function of xBjorken can reveal 
the presence and nature of correlations. Formally, 

( )
( ) ( )
( ) ( )

1 1

2 2

,
2 1

,
2 2

A Z

A Z

F x A
R x

F x A
= .                     (5) 

This is the ratio that revealed the EMC-effect. If no correlations or other mod-
ifications are present it should be equal to 1 for all x. However, data have shown 
that there is a strong, non-monotonic dependence of R on x even in the region 0 
< x < 1. Newer data show that R is measurable beyond x = 1. A step-wise beha-
vior as x increases by a unit is a strong indication that the cluster model predicts 
correlations in the nucleus. 

9. Comparison with Data 

The calculations presented here are compared with data from JLab Experiment 
E02-019. The experiment used a 5.75 GeV electron beam and reported results 
for high Q2. Final-state interactions are very small under this condition. To ex-
tract information on short-range correlations the data are focused on the QES 
region with cuts in the energy transfer imposed to remove DIS contributions. 
Therefore, the comparison may not expected to be complete. However, the xBjor-

ken-dependence of cross section ratios must be similar for the following reasons: 
First, the quark-cluster model strongly overlaps with the Fermi-motion model 
[8]. Second, the nature of the correlations should be the same in both QES and 
DIS cases. There are strong indications for this. According to Ref. [32] [33] 
there is a remarkably linear relation between the EMC effect which manifests 
itself in the DIS region for xBjorken < 1 and the short-range correlations. In fact 
the A-dependence of the EMC effect closely matches that of the correlations ef-
fect according to Jefferson Lab data [34]. Because of these observations a com-
parison of the model derived using parton-distributions in the asymptotical-
ly-free region with the date in the QES region is possible. The comparison 
should be focused around xBjorken = 1 to evaluate the rise of the cross-section ratio 
and on the plateau that follows it. 

First the 2007 data are addressed [35]. The free parameters in the model are Rc 
and η. The values of these parameters that produced the best fits to the 2007 data 
for various nuclei are shown in Table 4. Remarkably η turned out to have almost 
the same value for all nuclei studied. This parameter effectively controls the xBjor-
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ken point at which the cross section ratio begins to rise. 
The cluster formation probabilities for each order are shown in Table 5 for 

the various nuclei studied. The values presented correspond to the critical radius 
shown in Table 4. The 4th-order probability is the cumulative value for all orders 
higher than the 3rd. In the model presented here even the dilute deuterium nuc-
leus has a substantial probability for correlations. 

In Figure 5 the model calculations are compared with the experimental data 
from 2007. The curves represent the best obtained fits of the theoretical ratio, R, 
for four cases. It is immediately observed that the sharp rise of the data right af-
ter x = 1 is well described by the model. However, the dip around x = 1 is not. 
There is a pseudo-plateau in the data for 1 < x < 1.8 that is almost followed by 
the curves. However, the shape of the data in the case of the 12C over 3He ratio is 
not reproduced well. It must be noted that the parameters used for each nucleus 
are maintained for all curves. A better fit to the 12C over 3He data would result in 
a worse fit to the 12C over 2H data. Overall the curves involving 2H are closer to 
the data that those for 3He. The experimental uncertainties in these plots are sig-
nificant, though, and 3He may be an unusual case. 

The same experiment produced more detailed data published in 2012 [36]. 
Fitting the theoretical model to the new data with the two independent parame-
ters, Rc and η, resulted in slightly different values, presented in Table 6. The re-
sulting cluster formation probabilities are shown in Table 7. For 63Cu, 12C and 
3He a larger critical radius was needed with the same value of the rescaling pa-
rameter while for 2H the rescaling parameter was smaller, equal to 0.76. Stronger 
correlations were, thus, found for these nuclei based on the 2012 data. 

The fit to data in which 2H is in the denominator of the ratio is better, as 
shown in Figure 6. It is clear, though, that the model overestimates the ratio at 
high x. This is to some extent the result of the truncation of the model to the 4th 
–order clusters but mostly of the fact that the denominator, pertaining to 2H,  

 
Table 4. The critical radius Rc and the rescaling parameter η for the various nuclei stu-
died. These values fit the data from E02-019 (2007) [35]. 

 
63Cu 12C 3He 2H 

Rc (fm) 0.75 1.20 1.50 1.40 

η 0.80 0.80 0.80 0.80 

 
Table 5. The cluster formation probabilities for the nuclei studied. They correspond to 
the critical radii shown in Table 4. These values fit the data from E02-019 (2007) [35]. 

 
f1 f2 f3 f4 

63Cu 0.7549 0.1402 0.0512 0.0537 
12C 0.8148 0.1093 0.0438 0.0321 
3He 0.8564 0.1212 0.0224 --------- 
2H 0.9176 0.0824 --------- --------- 
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Figure 5. Comparison of the model calculations with data from E02-019 (2007) [35]. The nuclei involved are shown inside the 
plots. Upper left: 63Cu/3He. Upper right: 12C/3He. Lower left: 63Cu/2H. Lower right: 12C/2H. The model reproduces the sharp rise for 
x > 1 but fails to reproduce the dip at x = 1. The worst fit is for 12C over 3He data. 
 

Table 6. The critical radius Rc and the rescaling parameter η for the various nuclei stu-
died. These values fit the data from E02-019 (2012) [36]. 

 
197Au 63Cu 12C 9Be 4He 3He 2H 

Rc (fm) 1.20 0.85 1.50 1.60 1.80 1.70 1.40 

η 0.80 0.80 0.80 0.80 0.80 0.80 0.76 

 
Table 7. The cluster formation probabilities for the nuclei studied. They correspond to 
the critical radii shown in Table 4. These values fit the data from E02-019 (2012) [36]. 

 
f1 f2 f3 f4 

197Au 0.6772 0.1711 0.0704 0.0813 
63Cu 0.6960 0.1497 0.0629 0.0914 
12C 0.7151 0.1334 0.0597 0.0918 
9Be 0.7657 0.1179 0.0476 0.0688 
4He 0.7869 0.0741 0.0511 0.0879 
3He 0.7806 0.1692 0.0501 --------- 
2H 0.9176 0.0824 --------- --------- 
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Figure 6. Comparison of the model calculations with data from E02-019 (2012) [36]. The nuclei involved are shown inside the 
plots. Upper left: 197Au/2H. Upper right: 63Cu/2H. Middle left: 12C/2H. Middle right: 9Be/2H. Lower left: 4He/2H. Lower right: 
3He/2H. The model reproduces the sharp rise for x > 1. 

 
approaches zero as x tends to 2 since there are no 3rd-order clusters in 2H. The 
case of 3He over 2H ratio is most interesting in this regard. The level of the 3He 
over 2H plateau is described very well by the model as the curve remains flat up 
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to x = 1.8. This indicates that the 2nd-order correlations are accounted for suc-
cessfully. Combined with the other results the flat-behavior of the data may 
imply the presence of another mechanism that extends the 2nd-order correlations 
possibly beyond x = 2 or that the data are inaccurate near the kinematic limits of 
the experiment. Alternatively the theoretical ratio should be lower at high x by 
allowing the parton distributions in clusters to be softer. This, however, would 
make it difficult to account for the exact slope of the rise at x = 1. 

The differences in the critical radii used to fit the two sets of data merits some 
discussion. It must be pointed out that the fits are done over the entire sets of 
data so that the parameters for each nucleus are kept the same for the various 
nuclei ratios. 

The observation that the two sets of data required slightly different values of 
the free parameters of the model, most importantly the critical radius that con-
trols the strength of correlations, should be discussed. Clearly the data presented 
in 2007 carry substantially more uncertainty. Furthermore, there are differences 
in the average scattering angle of the emerging electron, i.e., in the average Q2. 
The 2007 data used here correspond to an average Q2 = 4.1 GeV2 while the data 
presented in 2012 are for Q2 = 1.5 GeV2 and have the best kinematic range cov-
erage and statistics. There may be a small scaling violation. The trends, however, 
are similar. As a result of these observations, the difference in the fitting para-
meters must result mostly from statistical differences in the data. The experi-
ment has provided data for other scattering angles but with lower statistics. 
Members of the E02-019 Collaboration have elaborated on their measurements 
in Ref. [37]. 

An interesting extension and challenge is the comparison with data in the 2 < 
x < 3 range. Such data were produced by the CLAS collaboration [38] and even 
though they are limited, they indicate the existence of a second plateau. The 
study of this range within the model is currently undertaken. 

10. The Need for Many-Body Correlations 

The existence of many-body correlations among bound nucleons is an irrefuta-
ble fact based on the data. To further elucidate this conclusion, the theoretical 
curves including 2nd, 3rd and 4th-order clusters are compared to 2007 data in Fig-
ure 7. The specific case of 63Cu over 3He is shown. It is clear that without up to 
4th-order clusters the data cannot be reproduced. It is remarkable that even in 
the range x < 2 the higher-order correlations have a significant effect. The 
nucleon-nucleon clusters also affect the cross-section ratio for x < 1 but to a 
lesser extent. 

11. Conclusion 

In this work it was shown that many-body correlations in the nucleus are ne-
cessary in order to understand Quasi-Elastic Scattering (QES) data. This is in 
agreement with the need for such effects in Deep Inelastic Scattering (DIS) data.  
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Figure 7. The 63Cu to 3He ratio. The curves correspond to theoretical calculations in-
cluding 2nd (red), 3rd (green) and 4th (purple)-order clusters. The higher-order correla-
tions are needed to reproduce the data for 1 < x < 2. The data are from Ref. [35]. 

 
The nature of the correlations appears to be the same. A quark-cluster model has 
been constructed to account for these correlations. This assumes overlapping of 
bound-nucleon wave-functions to the extent that they share partons whose mo-
mentum distributions are consequently softened compared to those in indepen-
dent nucleons. A network-based algorithm was developed in order to calculate 
the formation probabilities for all orders of clusters. This was supplemented by a 
model that produces the actual number of clusters of each type in every nucleus 
as well as a set of reasonable parton distributions. Comparison with two sets of 
data from Jefferson Laboratory helped extract the model parameters but the val-
ues obtained were slightly different for the two sets. The model generally repro-
duces the quasi-plateau in cross section ratios for xBjorken > 1.0 and the slope of 
the rising curve in the range 1.0 < xBjorken < 1.2. Even in the studied region up to 
4-body correlations are needed. The obvious next step is to study the extension 
of the model for xBjorken > 2. There are also data by the CLAS Collaboration to 
compare the theoretical calculations to [38]. However, certain questions arise. Is 
the coordinate-space network algorithm adequate to compute the cluster proba-
bilities? So far it has given results that agree with data but the effect of relative 
momentum among nucleons can be considered. The small differences between 
parameters fitting the two sets of data may be attributable to different average 
Q2. Therefore, one can ask what is the exact Q2-dependence of many-body cor-
relations? The similarity of the correlations between DIS and QES is intriguing 
but what would their mathematical formulation be if the parton-degrees of free-
dom are not entirely resolved? These questions are the subject of current and 
future investigations. 
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Abstract 
We present a non-destructive method (NDM) to identify minute quantities of 
high atomic number (Z) elements in containers such as passenger baggage, 
goods carrying transport trucks, and environmental samples. This method re-
lies on the fact that photon attenuation varies with its energy and properties 
of the absorbing medium. Low-energy gamma-ray intensity loss is sensitive to 
the atomic number of the absorbing medium, while that of higher-energies 
vary with the density of the medium. To verify the usefulness of this feature 
for NDM, we carried out simultaneous measurements of intensities of mul-
tiple gamma rays of energies 81 to 1408 keV emitted by sources 133Ba (half-life 
= 10.55 y) and 152Eu (half-life = 13.52 y). By this arrangement, we could detect 
minute quantities of lead and copper in a bulk medium from energy depen-
dent gamma-ray attenuations. It seems that this method will offer a reliable, 
low-cost, low-maintenance alternative to X-ray or accelerator-based techniques 
for the NDM of high-Z materials such as mercury, lead, uranium, and tran-
suranic elements etc. 
 

Keywords 
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1. Introduction 

Contaminations of high atomic number (Z) materials are of concern for both se-
curity and health reasons [1] [2]. Governments and industries are paying much 
attention to detecting these elements in goods during transportation or present 
in our surroundings, either water resources or agricultural environments. Cur-

How to cite this paper: Olshanoski, K. and 
Rangacharyulu, C. (2022) Multi-Energy Ga- 
mma-Ray Attenuations for Non-Destruc- 
tive Detection of Hazardous Materials. Jour-
nal of Modern Physics, 13, 66-80. 
https://doi.org/10.4236/jmp.2022.131005 
 
Received: November 24, 2021 
Accepted: January 23, 2022 
Published: January 26, 2022 
 
Copyright © 2022 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/  

  
Open Access

https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2022.131005
https://www.scirp.org/
https://doi.org/10.4236/jmp.2022.131005
http://creativecommons.org/licenses/by/4.0/


K. Olshanoski, C. Rangacharyulu 
 

 

DOI: 10.4236/jmp.2022.131005 67 Journal of Modern Physics 
 

rently, nuclear detection techniques mostly involve the use of X-ray beams of a 
few hundred keV, while high-energy gamma rays, or neutron beams from par-
ticle accelerators are considered as candidate tools [1] [2]. However, the latter 
technologies involve high-energy accelerators requiring high maintenance, large 
real estate, and the associated high costs of infrastructure and operations. They 
are also beset by the low yields of nuclear interactions. In this work, we suggest 
that multi-energy gamma-ray tomography, making use of photon emissions of 
radioactive isotopes of a few years of half-life, offers a promising tool. Below, 
we present the background physics, our choice of radioactive isotopes for the 
current work, and experimental data with a single detector to mimic a travel-
er’s suitcase inspection and comparison of the experimental data with the stan-
dard theoretical XCOM database [3] results, which can be extended to a to-
mographic setting. We also present the results of our XCOM based calculation 
for plutonium contraband material smuggling and mercury contamination in 
water. 

Background Physics 

As is the case with X-rays, multi-energy gamma-ray tomography relies on the 
variation of photon intensity attenuation coefficients in material media. The in-
tensity I of photons of energy Eγ  as they pass through a thickness x in a ma-
terial medium of density ρ  and atomic number Z can be written as: 

( ) ( ),
0, , , e E Z xI E Z x I ρ γµ ρ

γ ρ − ⋅=                    (1) 

where 0I  is the intensity at the entrance of the medium, 2cm gρµ     is the 
mass attenuation coefficient of the medium which varies with photon energy. It 
should be noted that the mass attenuation coefficient ρµ  is specific to the 
atomic number of the medium and the photon energy. It does not depend on the 
density nor on the physical state (solid, liquid or gas) of the medium. The mass 
attenuation coefficients for pure elements can be found for energies in the range 
1 keV - 100 GeV from the XCOM database [4], which can be easily extended to 
compounds and mixtures through Bragg’s formula [5]. XCOM also provides the 
data for compounds and mixtures. 

In Figure 1, we plot the mass attenuation coefficients of 1 keV - 10 MeV pho-
tons for six elements: carbon (Z = 6), oxygen (Z = 8), aluminum (Z = 13), cop-
per (Z = 29), tin (Z = 50) and lead (Z = 82) covering nearly the entire periodic 
table of stable materials of interest. Two conspicuous features present them-
selves: 1) for low energies of 0.1 MeVEγ < , the mass attenuation coefficients 
vary by a factor of about 10 - 100, and they exhibit discontinuities characteristic 
of absorption edges of the elements, 2) the coefficients are nearly constant for 

[ ]1 MeV 10Eγ< < , with an overall change in the attenuation coefficients of less 
than three for the entire periodic table. These features indicate that the attenua-
tion of gamma rays of 1 MeVEγ >  in a medium of certain linear thickness is 
not sensitive to the elemental composition, but it is strongly affected by density  
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Figure 1. Photon mass attenuation coefficients for select elements of Z = 6 to 82 extracted 
from XCOM website [4]. 

 
of the medium. On the other hand, as is well known, low-energy photon attenu-
ations are sensitive to the atomic number of the medium as the slope and dis-
continuities of attenuation coefficients are unique to each element. We, thus, 
conceive of a system where we may combine the density effect of high-energy 
photon intensity losses with the atomic number sensitivities of low-energy pho-
tons in a single measurement to detect small components of high-Z elements in 
a given medium. As we perform relative intensity measurements with respect to 
a reference medium devoid of the contaminants under investigation, our results 
are free from the variation of detection efficiencies, source strengths and/or 
source-absorber-detector geometries. 

2. Experimental Method 
2.1. Choice of Radio Isotopes 

To be able to exploit the dual sensitivities, i.e. a region of high energies  
( 1 MeVEγ > ) where the attenuations depend on the bulk of the medium and 
the low energies where the elemental constituents reveal themselves, an ar-
rangement of radioactive source(s) emitting photons over a wide range of dis-
crete energies is suggested. In this arrangement, a measurement of relative in-
tensities of the full-energy peaks of the sample in question with a reference sam-
ple is made. A detector system of moderate energy resolution will suffice. 

We used 152Eu (T1/2 = 13.5 years) and 133Ba (T1/2 = 10.55 years) as the pair of 
gamma-ray sources. Table 1 lists the energies and intensities (>2%) of the gam-
ma rays emitted by these isotopes1. 152Eu emits five gamma rays (779, 964, 1086,  

 

 

1The nuclear data is available at the Brookhaven National Laboratory website.  
https://www.nndc.bnl.gov/. Accessed 29 July 2021. 
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Table 1. Energies and intensities (Iγ > 2%) of gamma rays emitted by the 152Eu and 133Ba 
isotopes [6]. 

Isotope 
Gamma Ray Emissions 

Energy, Eγ [MeV] Intensity, Iγ [%] 

Ba-133 0.0810 35.6 

Eu-152 0.1218 28.5 

Eu-152 0.2447 7.5 

Ba-133 0.2764 7.2 

Ba-133 0.3029 18.3 

Eu-152 0.3443 26.5 

Ba-133 0.3567 62.0 

Ba-133 0.3839 8.9 

Eu-152 0.4114 2.2 

Eu-152 0.4440 3.0 

Eu-152 0.7789 12.9 

Eu-152 0.8674 4.2 

Eu-152 0.9641 14.5 

Eu-152 1.086 10.1 

Eu-152 1.112 13.7 

Eu-152 1.408 20.9 

 
1112, 1408 keV energies) of high intensities that can be used to judge the inte-
raction thickness 2g cmxρ     of the material. 133Ba and 152Eu together emit 10 
high-intensity gamma rays in the range of 81 to 444 keV which can be used to 
determine the Z of the material. The 81 keV gamma ray proved to be very useful 
as it, along with the 121 keV gamma ray of 152Eu, overlap with the absorption 
edges of high-Z elements and their attenuations are sensitive to the presence of 
mercury, lead and transuranic elements, as we discuss below. 

2.2. Experimental Setup 

Figure 2 shows the top view of the experimental setup; consisting of a high-reso- 
lution HPGe (high-purity germanium) gamma-ray detector, a 50 cm long trough 
to hold absorber materials, and the 133Ba, 152Eu radioactive sources. Each source 
is point-like and of about 5 μCi (185 kBq) activity. The geometry is such that the 
detector sees only those gamma rays passing through the absorber medium. 
During data taking, the detector was shielded with 10 cm lead blocks to minim-
ize the room background contributions. 

To mimic a suitcase of interest for security checks at airports, etc., small bricks 
of organic material were made by compressing cotton cloths with a hydraulic 
press to approximately one third of their original size (blocks in Figure 2). Each  
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Figure 2. Top view of the Experimental Setup. Left to right: source holder, trough with 
organic blocks, HPGe detector. 

 
block of organic material had an average density of 0.4 g/cm3. The overall densi-
ty thickness of blocks is chosen to correspond to an average suitcase of about 30 
kg in weight and dimensions usually stipulated by the commercial airlines. Rough 
measurements indicate that moderately packed cotton material has a density of 
about 0.3 g/cm3. A common dimension for a large passenger suitcase is 70 cm 
tall, 46 cm wide, and 30 cm in depth. A density of 0.3 g/cm3 and dimensions of 
(70 × 46 × 30) cm corresponds to 29 kg. Most standard check-in baggage allow-
ances are a maximum of 32 kg. Assuming moderate packing, the density thick-
ness through the depth of the suitcase is 9 g/cm2 and the density thickness 
through the width of the suitcase is 13.8 g/cm2. The organic cloths used were 
made up of unknown proportions of cotton (cellulose C6H10O5) and polypropy-
lene (C3H6). During the experiment foreign elements of our interest were in-
serted in between the blocks. The data acquisition system comprised of conven-
tional NIM electronics and an ORTEC—Maestro ADC based program2. 

3. Data Analyses 

When calculating theoretical values of attenuation coefficients for the simulated 
suitcase materials from XCOM database, a 50% cotton (cellulose), 50% polypro-
pylene mixture was assumed. To ensure that such assumption is not erroneous, 
we made XCOM [4] calculations for pure cellulose, pure polypropylene and 50% 
admixtures of each of them. As seen in Figure 3, for 81 to 1408 keV photon 
energies of our interest, the difference in mass attenuation coefficients between 
the three materials is monotonous and less than ~3%. Clearly, these small varia-
tions of attenuation coefficients for possible uncertainties in the relative compo-
sitions of cotton and polypropylene are of no consequence for the data analyses 
and interpretations. 

The organic and absorber materials were measured to determine their linear 
[ ]cmx  and density-thicknesses 2g cmxρ    . The reference spectrum was  

 

 

2See ORTEC—Maestro User’s Manual for information:  
https://web.archive.org/web/20211002065539/https://www.ortec-online.com/-/media/ametekortec/
manuals/a65-mnl.pdf  
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Figure 3. Mass Attenuation Coefficients for pure cellulose, pure polypropylene, and 
50-50 admixtures in the organic material (calculated from the XCOM interactive database 
[4]). 

 
obtained with only organic blocks between the radioactive sources and the de-
tector. The absorber spectra were measured by placing various low-Z (graphite, 
aluminum), medium-Z (copper, tin), and high-Z (lead) materials in the trough 
along with the organic blocks. The spectra were collected such that the error in 
the counts of each peak measurement was less than 2%. 

3.1. Determination of Absorber Role on Intensities 

The number of gamma rays of a certain energy, Eγ , seen by the detector de-
pends on three factors: 

1) Yield, ( )Y Eγ —characteristic of decay modes of the isotope, which deter-
mine the branching ratios for the intensities of photons of energy Eγ . It also de-
pends on the activity of the source (expressed in Becquerels [Bq] or Curies [Ci]) 
and the source-medium-detector geometry. In our experiment, the 50 cm separa-
tion between the detector and source was maintained constant throughout. 

2) Attenuation—characteristic of the absorbers placed between the detector 
and the source. This parameter depends on the material constituents of the me-
dium, both for their elemental composition and their thickness ix , density iρ , 
and attenuation coefficient ( ), iE Zρ γµ , which as seen in Figure 1 is specific to 
photon energy Eγ . The mass attenuation coefficient of any compound or mix-
ture can be calculated from XCOM data for elements and by assuming Bragg 
additivity applies, written as [5]: 

( ) ( ),i i
i

E w E Zρ γ ρ γµ µ= ⋅∑                    (2) 

where iw  is the fraction by weight of the ith atomic constituent and ( ), iE Zρ γµ  
is the corresponding mass attenuation of the ith element. The mass attenuation 
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coefficient of a compound or mixture is the sum weighted by the composition. 
For a gamma ray of energy Eγ , passing through multiple absorbers, each of at-
tenuation coefficient ( ), iE Zρ γµ , the overall attenuation is given by: 

( ),
e

i i i
i

E Z xρ γµ ρ− ⋅∑
                         (3) 

where i ix ρ  is the density thickness of ith absorber in the setup. 
3) Full energy peak efficiency, ( )Eγε —depends on the intrinsic detection ef-

ficiency of the detector, which varies with photon energy. The net area of an ob-
served full-energy peak ( )Y Eγ  is then: 

( ) ( ) ( )
( ),

e
i i i

i
E Z x

Y E I E E
ρ γµ ρ

γ γ γε
− ⋅∑

=                 (4) 

The ratio of areas of two full-energy peaks at energy Eγ  collected using ab-
sorbers 1 and 2 maybe written as: 

( )
( )

( ) ( )
( )

( ) ( )
( )

,

1 1

,
2

2

e

e

i i i
i

j j j
j

E Z x

E Z x

I E EY E

Y E
I E E

ρ γ

ρ γ

µ ρ

γ γ
γ

µ ρ
γ

γ γ

ε

ε

− ⋅

− ⋅

∑

∑

 
     =

      
  

            (5) 

which reduces to: 

( )
( )

( )

( )

,

1 1

,
2

2

e

e

i i i
i

j j j
j

E Z x

E Z x

Y E

Y E

ρ γ

ρ γ

µ ρ

γ

µ ρ
γ

− ⋅

− ⋅

∑

∑

 
     =

      
  

                  (6) 

where the subscripts 1 and 2 refer to the two spectra with absorber 1 and 2, 
respectively. This ratio does not depend on the intensity ( )I Eγ  of the gam-
ma ray nor on the full-energy peak detection efficiency ( )Eγε . Thus, it is 
simply the statistical errors of detected events which enter into the final re-
sult. The peak yield in the numerator of the ratio (spectrum 1) is referred to 
as the absorber spectrum: it is of the spectrum of gamma rays passing through 
the medium under investigation. The peak yield in the denominator (spec-
trum 2) is referred to as the reference spectrum, which is devoid of high-Z 
materials. 

An experimental reference spectrum (spectrum 2 in Equations (5) and (6)) 
was measured by placing materials in the trough that are “expected” to be there. 
In the case of airport security, organic material (clothes, plastic, etc.) ought to be 
expected. The experimental ratio of the areas of peaks between the absorber and 
reference spectra were then calculated. 

Figure 4 shows a spectrum with the reference material (upper) and an absor-
ber spectrum which includes a 0.435 mm lead sheet (lower). A conspicuous fea-
ture is that the 121 keV gamma ray in the spectrum with lead absorber is more 
attenuated than the 81 keV gamma ray, as compared to their relative intensities 
in the reference spectrum. This is understood as due to smaller attenuation  

https://doi.org/10.4236/jmp.2022.131005


K. Olshanoski, C. Rangacharyulu 
 

 

DOI: 10.4236/jmp.2022.131005 73 Journal of Modern Physics 
 

 
Figure 4. The 152Eu + 133Ba gamma-ray spectrum with reference organic material (upper) and a thin 
sheet of lead inserted (lower). The 81, 276, 302, 356, 384 keV full-energy peaks are of 133Ba and the 
other energies are of 152Eu decays. The unmarked peaks near 81 keV are due to Pb fluorescence, the 
rest of the unmarked peaks are due to background radiation. 

 
coefficient for 81 keV gamma ray at the lead absorption edge (see Figure 1), 
while 121 keV gamma ray is outside the absorption edge. All other peaks at 
higher energies show a monotonous trend for the peak ratios. 

The attenuation coefficients of the materials were obtained from XCOM and 
in some cases, calculated using the Bragg additivity formula (Equation 2). The 
theoretical ratio of the peaks between the absorber and the reference spectra 
were then calculated using Equation 6. 

3.1.1. Z-Dependence of the Attenuation 
To examine the Z-dependence of intensity variations, we measured two spectra 
one each with a copper sheet (0.508 mm = 0.455 g/cm2) and one with a lead sheet 
(0.435 mm = 0.491 g/cm2) inserted in the absorber sample. Note that the copper 
and lead sheets used are of nearly same density thickness. Figure 5 shows the ra-
tio of intensities with respect to the reference absorber (Equation (6)). Also 
shown are the XCOM results as curves. Two things are worth noting. First, 
XCOM calculations are in excellent agreement with the data. Secondly, as ex-
pected, for energies above about 800 keV, there is no difference between the cop-
per and lead absorbers. At lower energies, the intensities of lead absorber decrease 
much more steeply than with the copper absorber. Furthermore, the lead absorber 
shows a minimum ratio at 121 keV with an enhancement at 81 keV, not seen in 
the spectrum with copper sheet. This is understood as due to X-ray absorption 
edge of lead at 82 keV, which is not to be found in copper or other low Z-elements. 

3.1.2. Density Thickness Dependence 
It is of interest to examine the influence of density thickness of organic medium 
and the level of concentration of foreign materials. To this end, the ratios pre-
sented in Figure 6 were collected using absorber samples consisting of 22.1 cm 
(8.8 g/cm2) and 31.0 cm (12.4 g/cm2) of organic blocks each with a 0.435 mm 
thick lead sheet (0.493 g/cm2) inserted, and a sample containing 44.9 cm (18.0  
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Figure 5. Measured intensity ratios of 22.1 cm reference material (8.8 g/cm2) + 0.508 mm 
copper (0.455 g/cm2), and reference + lead sheet (0.493 g/cm2) with respect to the refer-
ence material. Also plotted are the XCOM calculation results. The sensitivity of the ratios 
to the Z-value of absorber at low energies is clear. 

 

 
Figure 6. Experimental and theoretical (XCOM) intensity ratios of organic block medium 
(reference material, 22.1 cm, 8.8 g/cm2) and the effect of a thin lead sheet (0.435 mm, 
0.493 g/cm2) inserted. At each energy, the data are normalized to yields with the reference 
material: triangles 22.1 cm organic medium (8.8 g/cm2) + lead, diamonds 31.0 cm organic 
medium (12.4 g/cm2) + lead, and squares 44.9 cm organic medium (18.0 g/cm2). The solid 
points are experimental data. The curves are corresponding XCOM calculations. 

 
g/cm2) of organic blocks only. The spectrum of 22.1 cm organic blocks with no 
lead sheet is used as the reference spectrum. Superposed on the data in Figure 6 
are the XCOM calculation results normalized to the 22.1 cm organic block ref-
erence spectrum at each gamma-ray energy. 

A few observations of the results are in order: 
1) The XCOM and experiment are in excellent agreement. The attenuations 

for all thicknesses with and without lead sheet are well accounted for. 

https://doi.org/10.4236/jmp.2022.131005


K. Olshanoski, C. Rangacharyulu 
 

 

DOI: 10.4236/jmp.2022.131005 75 Journal of Modern Physics 
 

2) For photon energies above about 800 keV, the ratio with respect to the ref-
erence spectrum decreases to 96% - 98% for 22.1 cm organic block + lead, and to 
72% - 78% level for 31 cm organic block + lead and to 60% level with no lead. 

3) At photon energies below 400 keV, the samples with lead show steeper de-
crease in the intensity with decreasing energy, while the 44 cm block without 
lead sheet has nearly continuous change with no steep decrease. 

4) As indicated above, the organic blocks with lead sheet shows enhanced in-
tensity of 81 keV peak relative to 121 keV, which is understood as due to an 
X-ray absorption edge. 

It is thus clear that the presence of high-Z materials significantly attenuates 
the low-energy photons without much change at high energies, while increase of 
the mass density alone brings down the overall intensities. It is also seen that the 
high-energy gamma rays show the sensitivity to density thickness xρ  of the 
absorber. XCOM database shows attenuation coefficients for atomic numbers Z 
= 1 - 100 behave very similarly around 1 MeV but with dramatic variations at 
low energies. 

If the density thickness of two absorbers is same, then their ratio of peak in-
tensities above about 1 MeV will be nearly the same. This is demonstrated in 
Figure 7, where we plot the XCOM results for 1 mm thick absorbers of graphite 
(Z = 6, ρ = 2.27 g/cm3), aluminum (Z = 13, ρ = 2.7 g/cm3), copper (Z = 29, ρ = 
8.96 g/cm3), tin (Z = 50, ρ = 7.31 g/cm3), gadolinium (Z = 64, ρ = 7.90 g/cm3) 
and lead (Z = 82, ρ = 11.34 g/cm3). The data points in Figure 7 indicate the 
photon energies of the 133Ba and 152Eu sources. As seen in Figure 7, the intensi-
ties of spectra with copper (Z = 29, ρ = 8.96 g/cm3), tin (Z = 50, ρ = 7.31 g/cm3), 
and gadolinium (Z = 64, ρ = 7.90 g/cm3) absorbers are within 1% at about 1 
MeV, while the three spectra clearly separate the three distinct materials at low 
energies below about 200 keV. This confirms that the high-energy gamma rays  

 

 
Figure 7. Theoretical XCOM calculations of ratios of peak intensities per 1 mm of absor-
ber elements. Data points are 133Ba and 152Eu gamma-ray energies. 
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are insensitive to changes in Z. If the data is taken using solely high-energy or 
low-energy gamma rays, the effects due to different densities and different Z- 
numbers are indiscernible. The wide energy range of gamma rays emitted by the 
133Ba and 152Eu sources make the evaluation of both the Z-number and density of 
the absorbing material possible. 

4. Calculations for Transuranic Elements and Mercury 

While we did not perform experiments with uranium, plutonium, or mercury 
for logistic reasons, we extend our calculations of XCOM for plutonium and 
mercury, representing a security and a health risk, respectively. 

4.1. Presence of Plutonium as Trace Element 

Plutonium (Z = 94) and uranium (Z = 92) are neighboring elements and solid 
materials. Our calculation for plutonium is readily applicable to uranium and 
nearby transuranic elements such as americium. We use the same reference ma-
terial (organic block of 22.1 cm) to examine the response to plutonium as for-
eign element. In Figure 8 we see an indication of a high-Z material as an X-ray 
absorption edge kink, even with plutonium of 10-micron thickness. The 100-micron 
foil will show the characteristic X-ray absorption structure. For larger thicknesses, 
the steep drop of intensities below 500 keV is a clear indication of the presence 
of high Z-materials. 

4.2. Presence of Mercury as a Contaminant 

Globally, there is a serious concern of mercury contamination in water as a ha-
zardous substance [6] likely to cause serious health effects. About 128 countries 
signed legally binding agreements to limit mercury concentrations. We explored  

 

 
Figure 8. XCOM calculations for attenuation of 133Ba and 152Eu gamma rays for various 
plutonium thicknesses embedded in the reference material. The Pu content: circles (10 
microns, 0.02 g/cm2), squares (100 microns, 0.2 g/cm2), and triangles (1 mm, 2 g/cm2). 
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the possibility that multi-energy gamma-ray attenuation techniques could be a 
potential tool for detecting low concentrations of mercury. The occurrence of 
mercury in aqueous solutions, say water, is a volume effect and one must treat it 
as a mixture. One concerns here with concentrations less than one part per bil-
lion (ppb) in water. The X-ray absorption edge of mercury is close to 133Ba’s 81 
keV gamma ray. Figure 9 shows the results of XCOM calculations for 1 cc water 
with admixtures of 0.001%-1% of mercury by volume. While the arrangement 
can detect concentrations of higher than 0.1% (one part in 1000), or better, it 
became obvious that this technique is not competitive against other technologies 
which can detect contamination levels of much less than a few parts in billion [6] 
[7]. 

5. Discussion 

The experiment and XCOM calculations clearly indicate that a simultaneous 
measurement of gamma-ray intensity attenuations over a range of energies, about 
80 to 1500 keV, can discern the presence of high-Z elements in otherwise dense 
medium. The test arrangement can be easily achieved with the simultaneous use 
of two radioactive isotopes of a few years lifetimes. 

Below we compare the sensitivity of this method to that of more commonly 
used techniques such as the continuous spectrum of low-energy X-rays and 
nearly monoenergetic high-energy gamma rays. X-ray tubes provide a conti-
nuous energy spectrum of photons below about 200 keV and have long been 
used to identify materials. While the low-energy photons are very sensitive to the 
atomic number of a medium, they are easily attenuated. Table 2 compares the 
response of the low-energy photons to that of 152Eu emissions for media of 20 cm 
thickness. The low transmission of X-ray energies is its limiting factor for use in  

 

 
Figure 9. XCOM calculations for attenuation of 133Ba and 152Eu gamma rays through a 1 
cc water column, mercury contaminants indicated by volume [mL/mL]. Hg concentra-
tions: circles 10−5 [mL/mL], triangles 10−4 [mL/mL], diamonds 10−3 [mL/mL], square 10−2 
[mL/mL]. 
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bulky media. 
In comparison to 152Eu gamma rays, the X-ray tube would have to be run for 

almost a factor of three times longer for low-Z materials (C-6, Al-13) and many 
orders of magnitude longer for medium to high-Z materials in order to achieve 
the same sensitivity. For X-ray tubes producing photons at energies lower than 
200 keV, the run times will be even longer. The US military uses a cobalt-60 
(60Co) source to probe vehicles3. This isotope emits two gamma rays of nearly 
the same energy (1173 and 1333 keV) which, as we have seen above, are insensi-
tive to the atomic number Z of absorber elements. In Table 3, the transmission 
of gamma rays produced by 133Ba, 152Eu, and 60Co sources through 1 mm of various 
materials is calculated. It is seen that the relative transmission for C:Al:Cu:Sn:Pb are 
1.0:0.998:0.962:0.977:0.95 and 1.0:0.98:0.523:0.113:0.066 respectively for 1333 
and 81 keV gamma rays. This observation clearly illustrates that the high-energy 
( 1 MeVEγ > ) gamma rays are not sensitive to the medium’s atomic number.  

 
Table 2. Transmission of 200 keV X-rays and select 152Eu gamma rays through a 20 cm 
thick sample of select materials. 

Source 
Transmission Through 20 cm of Material ( ) [ ]( ), 20 cme E Zµ ρ− ⋅ ⋅  

Energy, E 
[keV] 

C  
(Z = 6) 

Al  
(Z = 13) 

Cu  
(Z = 29) 

Sn 
(Z = 50) 

Pb 
(Z = 82) 

X-ray Tube 200 3.80e−3 1.35e−3 7.36e−13 2.13e−21 4.36e−99 
152Eu 344 1.01e−2 4.84e−3 1.02e−8 2.06e−9 6.04e−31 
152Eu 779 1.48e−2 1.48e−2 1.16e−6 7.17e−6 5.10e−13 
152Eu 1086 6.25e−2 4.12e−2 3.96e−5 3.16e−4 3.16e−7 
152Eu 1408 6.47e−2 4.28e−2 4.50e−5 3.55e−4 4.35e−7 

 
Table 3. Transmission of 60Co and select 133Ba, 152Eu gamma rays through a 1 mm thick 
sample of select materials. 

Source 
Transmission Through 1 mm of Material ( ) [ ]( ), 0.1 cme E Zµ ρ− ⋅ ⋅  

Energy, E 
[keV] 

C  
(Z = 6) 

Al  
(Z = 13) 

Cu  
(Z = 29) 

Sn 
(Z = 50) 

Pb 
(Z = 82) 

133Ba 81 0.9642 0.9469 0.5048 0.1096 0.0644 
152Eu 122 0.9680 0.9596 0.7543 0.4725 0.0203 
152Eu 1086 0.9862 0.9842 0.9506 0.9605 0.9279 
152Eu 1112 0.9864 0.9844 0.9512 0.9611 0.9294 
60Co 1173 0.9868 0.9848 0.9525 0.9622 0.9324 
60Co 1333 0.9876 0.9857 0.9554 0.9647 0.9383 
152Eu 1408 0.9879 0.9861 0.9566 0.9657 0.9404 

 

 

3See for example, Science Applications International Corporation (SAIC) website:  
https://web.archive.org/web/20071011181039/http://www.saic.com/products/security/pdf/mobile-V
ACIS.pdf  
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While the low-energy photons are sensitive to atomic number, the high attenua-
tion renders them impractical for dense materials. The advantage of a multi-energy 
photon arrangement for energies of about 80 keV to 1.4 MeV to discriminate the 
contribution from high-Z materials versus high density materials is clear. 

6. Conclusion 

From experiment and XCOM calculations we demonstrated that a radioactive 
source arrangement of multi-energy photons can detect small quantities of high-Z 
contraband materials in otherwise low-Z media, such as suitcases. While the 
high-Z contaminants such as mercury in water or other environmental samples 
can also be detected, nano technology [7] and diverse analytical methods [6] 
may be more competitive than the gamma-ray attenuation methods. In compar-
ison to X-ray tubes or particle accelerators, the radioactive source arrangement 
has practical advantages in that the sources are fail-proof, continuously operat-
ing systems, and require very little maintenance. Once procured, they can oper-
ate for years without additional investment due to their long half-lives. On the 
other hand, X-ray machines or accelerators require substantial maintenance, re-
pairs, and elaborate power supply schemes; high-energy photon machines re-
quire large infrastructures. As an example, an X-ray scanner comprises of an 
X-ray tube and an X-ray detector, both of which consume power and require 
regular maintenance. An X-ray tube running at 100 kVp and 100 mA would 
consume at least 10 kW. It is safe to assume that the entire X-ray tube system 
would consume much more power. In our set-up of radioactive sources and a 
detector, only the detector and electronic assembly consume power, which can 
be drawn from a wall power outlet. The 133Ba and 152Eu sources only need to be 
replaced once or twice every half-life (T1/2 = 10.55 y for 133Ba, T1/2 = 13.52 y for 
152Eu). Also, a combination of 154Eu (T1/2 = 8.59 y) emitting six gamma rays of 
123 - 1205 keV energies along with 133Ba can be a useful pair of isotopes. Of course, 
one can employ more than two sources without loss of information. Needless to 
say, fewer the number of sources, easier it is to handle. While we performed 
these tests with a single detector in a laboratory setting, the technique can be 
easily extended to a multi-detector ring system for tomographic reconstructions. 
In the field implementation, this system can be operated by a person or at most a 
few people. 
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Abstract 
A silver nanostructures prepared by using chemical reduction method. The silver 
nanoparticles were prepared with diameters of about (20 nm). Numerous tech-
niques had been used to study the optical, structural like the UV-Vis absorption 
spectrometer, Ttransmission Electron Microscopy (TEM), Field-Emission Scan-
ning Electron microscope (FESEM), and X-ray diffraction (XRD). The prac-
tical results exhibited the absorption spectrum of the prepared nanoparticles 
at (357 nm), it was found that there is a relationship between the positions of 
the optical absorption peak and the size of the silver nanoparticles. The anal-
ysis of TEM results showed the presence of nanoparticles in the range (20 
nm). The analyzing of XRD results explained the crystal structure for silver 
nanoparticles. It is found a cubic unit cell have a lattice constants (a = 4.0855 
Å), with the Miller indices were (111), (002), (002), and (113). 
 

Keywords 
Chemical Reduction Method, UV-Vis Absorption Spectrometer, Field-Emission 
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1. Introduction 

The nano materials are rapidly developing recently through potential applica-
tions in a wide range of technological areas such as electronics, catalysis, ce-
ramics, magnetic data storage, structural components [1]. Silver nanoparticles 
(AgNPs) are very important among different metallic nanoparticles, because it 
had a biomedical applications especially in cancer diagnosis and therapy. A nano 
spherical silver powder prepared using a chemical reduction method. The Tur-
kevich procedure [2] used for synthesis AuNPs, it considered most probable 
many reasons. The procedure is very simple and reliably to produces AuNPs 
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with diameters range (5 - 150 nm). The second thing, it is nontoxic and stabi-
lized by citrate ions [3]. There is a fast nucleation in the synthesis leads to 
AuNPs with narrow size distribution [3] [4]. It was achieved by increasing the 
reactivity of the precursor. There are two procedure used to generate nanopar-
ticles depend on a limited amounts of a material provided. Commonly, they ap-
plied in most researches and studies to produce nanostructure materials. These 
are classified as, the bottom-up and the top-down techniques, both mentioned 
in Figure 1. The bottom-up is assembled atoms together to produce nanopar-
ticle or dis-assemble the bulk material producing nanostructure, the last one 
represent the up-down technique. The first procedure is more complicated be-
cause it needs high technology to assemble many atoms or molecule producing 
nanostructure. The second is simpler and it needs a simple equipment to per-
form laboratory because it depends on the decomposition of bulk material into 
nanostructure. There many chemical and physical process used to transfer the 
bulk material into nanostructure such as nanoparticles, but the reduction me-
thod is one of powerful technique used to perform nanoparticle in the procedure 
top-down [5] [6]. 
 

 
Figure 1. The technique of nanostructure [7]. 
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In this research, it is related to prepare a silver nanoparticle experimentally by 
using the reduction method. It is necessary to apply in the laboratory and mak-
ing a specification on the sliver nanoparticle represented by Transmission Elec-
tron Microscope (TEM), Field-Emission Scanning Electron microscope (FESEM), 
UV-VIS spectrophotometer, and X-ray diffraction. All these analysis give us a 
knowledge on the characterization Ag-nanoparticle prepared experimentally. 

2. Experimental Procedure 

The reduction method is one of the chemical methods those were used to pre-
pare silver nanoparticles. It is considering a bottom-up procedure because the 
chemical reduction tends to produce Ag-atoms which are assembled to gener-
ate nanostructures. During the synthesis process, if the reaction rate is too fast, 
rapid formation of a large amount of metal nuclei will occur and result in par-
ticles that are too small. On the other hand, agglomeration of particles will 
take place if the reaction rate is too slow. The principle chemicals used in the 
experiment were the silver nitrate (AgNO3), glucose and polyvinyl pyrrolidone 
(PVP), and sodium hydroxide. The Silver nanoparticles reduced from the sil-
ver nitrate in PVP aqueous solution. The glucose used as reducer and sodium 
hydroxide apply to accelerate the reaction. Firstly, the preparation of silver ni-
trate solution prepared by adding 3.4 g of AgNO3 into 20 ml distilled water, 
the solution (a). The PVP solution prepared by dissolving PVP, the glucose 
and sodium hydroxide in 60 ml distilled water together, producing solution 
(b). Then the solution (b) heated to temperature (60˚C) by magnetic stirrer. 
After the temperature fixed for (15 min), the solution (a) added to (b) by 
drops. Then the mixed solution was stirred for (10 - 15 min). The particles 
were separated by centrifugation, and washing the products by distilled water 
many times to remove the possibility NO3 that might be not reacted [8]. There 
are many technique used to examine the appearance of nanoparticles. A field 
emission scanning electron microscopy (FESEM) and transmission electron 
microscope were used to investigate the nanostructure production. Normally, 
FESEM-device is giving a high resolution rather than SEM. That’s making a 
fine grain in the nano size. The main difference between FESEM and TEM is 
creating image by detecting reflected electrons, while TEM uses transmitted 
electrons to create an image. Then TEM-results offers a valuable information 
on the inner structure of the sample, while SEM provides information on the 
surface morphology and its composition. X-ray diffraction technique (XRD) is 
using to define the structural nature of the prepared sample. To investigate 
this purpose, the application of CrysDiff software is necessary to make a simu-
lation on the XRD-pattern. 

3. Results and Discussion 

After the successive preparation had been done by the reduction method to 
produce a silver nanoparticles. These analysis and measurements are useful to 
prove the successful the preparation of silver nanoparticle experimentally. The 
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absorption spectrum of silver nanoparticle by UV-visible spectrophotometer. It 
had been done for all prepared samples as a function of different concentration. 
The analysis of absorption spectrum state the first step of understanding the ex-
cited electronic states of molecules. It gives more information from state (So) to 
excited state (Sp) for the molecules under investigation, as shown in Figure 1 & 
Figure 2 for different concentration 1%, and 2% respectively. The spectrum is 
depending on the concept of surface Plasmon of silver nanoparticles which had 
been prepared by chemical reduction method. The surface Plasmon spectrum of 
large silver nanospheres those were mentioned by the sample with concentration 
(1%) as shown in Figure 2. It was clear that the maximum absorption peak oc-
curred at (357 nm) with a peak intensity about (1.82 a.u). Whereas the surface 
Plasmon spectrum of silver nanostructure was denoted in Figure 3, for the con-
centration (2%). One can noted the maximum absorption peak occurred at (358 
nm) with a peak intensity about (3.11 a.u). 

It is clear that the maximum absorption peak of surface Plasmon absorbance 
of silver nanoparticles goes toward short wavelength. That is obvious the indica-
tion for the decreasing the size of nanostructure such as particles. These results  

 

 
Figure 2. Indicate the UV-VIS spectrum for silver nanoparticle solution with 1% concen-
tration. 

 

 
Figure 3. Indicate the UV-VIS spectrum for silver nanoparticle solution with 2% concen-
tration. 
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is confirmed with the results obtained from transmission electron microscope 
previously [9]. 

The transmission electron microscopy (TEM) is a good technique to observe 
the size and the shape of the silver nanostructures, as shown in Figure 4. It was 
appeared as spherical shape with average particle size in the range (20 nm). The 
silver nanoparticles also showed high monodispersed. The results of FESEM is 
compatible with TEM-results. It was cleared the presence the nanoparticle, in 
addition it gives the morphology of surface and the homogeneity of grain size 
and grain boundaries, appeared in Figure 5. The results showed the presence of 
silver nanoparticle in different size. In addition, the agglomeration of silver na-
noparticle is clearer through the increasing of silver nanoparticle rather than the  

 

 
Figure 4. The TEM results for silver nanoparticle. 

 

 
Figure 5. The FESEM results for silver nanoparticle with different position. 
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size of nanoparticle concluded in TEM results. The agglomeration is possible 
because of high conductivity of silver metal under the effect of the electron beam 
of FESEM. 

The crystal structure during the XRD-pattern, as shown in Figure 6. The pattern 
analyzed by using specialized software to find the type of structure and the related 
lattice parameters, through the simulation by CrystalDiff. Software. The simulated 
results comparing with related database is the standard chart (1,100,136). The si-
mulated data showed a cubic phase with lattice constants (a = b = c = 4.0855 Å), 
and the volume of unit cell is (68.1923 Å3). The peaks are mentioned by the mil-
ler planes labeled by (111), (002), (022), and (113). It is agreement with the Lai et 
al. [1] and in contradiction with Mehta et al. [10]. 

The determination of lattice constants, and the crystal phase is related to posi-
tion of the peaks at a certain (2θ), which are coincidence with the data base. The 
widen peaks in the X-ray pattern is considering the proof of nanoparticles ap-
pearance. 

The appearance of many peaks is returning to polycrystalline structure, for 
this reason there are many orientation through the grains, and a predominant 
orientation is (111). Secondly, the peaks intensity is small enough comparable 
with X-ray diffraction of bulk sample. That is return the low density of Miller 
planes within the unit cell in comparable with bulk sample. 

It is useful to determine the crystallite size inside the grains, and the elastic 
strain might be exhibited in the unit cell during the axis (a, b, c) by applying 
Williamson-Hall equation, as mentioned in Figure 7. The results showed the 
crystallite size is about (155.7808 Å) which is equal to (15.57 nm). That is exactly 
equal to the grain size appeared. It is smaller than the particle size that was dis-
cussed by TEM-results before. The important thing that is mentioned related to  

 

 
Figure 6. XRD pattern of silver nanoparticle. 
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Figure 7. Explain the application of Williamson-Hall equation. 
 

elastic strain, which is about (0.0011). It is a small enough, that is good because it 
is a function to the stability of the cubic phase produced. 

4. Conclusion 

The synthesis ability a metal nanoparticle is valid experimentally during the re-
duction method. The size of nanoparticle is about (20 nm), which is favor than 
that imported from the external company. The output nanoparticle powder is 
suitable to apply in the medical field through the obtainable results. 
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