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Abstract 
The article shows that the special theory of relativity (STR) was not actually 
created in the 20th century, since: 1) the relativistic formulas presented therein 
are incorrect; 2) the relativistic formulas presented therein are explained incor-
rectly using the incorrect principle of light speed non-exceedance refuted in the 
article; 3) the relativistic formulas presented therein rise to incorrect conclu-
sions about physical unreality of imaginary numbers and existence of only 
our visible universe. Moreover, the STR could not even have been created in 
the 20th century since: 1) experimental data on the six-dimensional space of 
our hidden Multiverse, which allowed to derive the correct relativistic formu-
las, were obtained by the WMAP and Planck spacecraft only in the 21st cen-
tury; 2) the principle of physical reality of imaginary numbers, which allowed 
to refute the principle of not exceeding the speed of light and correctly ex-
plain the new relativistic formulas, was experimentally proved only in the 21st 
century. Therefore, the new relativistic formulas obtained given these cir-
cumstances allow to state that, in addition to our visible universe, there are 
numerous other mutually invisible universes, which together form the hidden 
Multiverse. Existence of invisible universes explains the phenomenon of dark 
matter and dark energy. Their existence also explains why antimatter in the 
hidden Multiverse does not annihilate with matter, and tachyons do not vi-
olate the principle of causality. The existence of these invisible universes can 
be proved by astronomical observations in the portals, since in them the con-
stellations of the starry sky will differ from the constellations observed from 
existing observatories on Earth. 
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1. Introduction 

To see invisible universes means to ascertain their real physical existence and, 
therefore, discover them. Moreover, this means their indisputable discovery, 
since the universes can be surely identified by the constellations visible in their 
sky, like people can be identified by fingerprints. That is, constellations are a 
kind of passport of any universe that cannot be forged.  

To see invisible universes, one needs to know how to do this, as they have not 
yet been discovered. However, in the existing version of the special theory of re-
lativity (STR) [1] [2] [3] it is stated that in accordance with the principle of not 
exceeding the speed of light, other universes, except our visible universe, do not 
exist in nature. And this statement seems to have been even confirmed experi-
mentally, as astronomers have never seen any other constellations in the sky, 
except those visible always. It is even considered that all the hypotheses of the 
Multiverse, proposed by scientists, some of which are given in [4]-[10], are un-
verifiable, i.e. they will neither now, nor in the distant future be in any way dis-
covered by the inhabitants of the Earth.  

So why then did the question referred to in the article headline arise? This is 
because other universes actually exist and can be seen by people [11]. 

2. Proof of Physical Reality of Concrete Imaginary Numbers 

However, attempts to see invisible universes would make sense only provided 
that there is confidence in their existence and possibility of detection; that is, 
provided that it will be understood how this could be done. Then it would be 
proved that the STR denying this possibility and thereby the existence of Multi-
verses is wrong.  

In order to make sure that the STR is wrong, we should recall that the prin-
ciple of light speed non-exceedance implies not only denial of existence of Mul-
tiverses, but also denial of physical reality of imaginary numbers discovered five 
hundred years ago. And this turned out to be the whole point, since the authors 
of the STR did not know how to explain the relativistic formulas [12], in which 
all physical quantities, such as mass, time, etc. became imaginary at superlumin-
al speeds. Neither the authors of the STR nor anyone before them knew what is, 
for example, 5i kilograms, 3i seconds, 2i meters, where 1i = − . However, phy-
sicists and mathematicians who lived before creation of the STR did not assert 
that imaginary numbers were not physically real. They admitted that they had 
no answer to this question. In contrast, the authors of the STR didn’t get to ad-
mit this, since otherwise the STR would not have received recognition. That’s 
why the STR turned out to require the postulate (i.e. the unproven assumption) 
on light speed non-exceedance, as it allowed the physical nature of concrete im-
aginary numbers not to explain. 

However, Nobel Prize winner Stephen Weinberg was pretty clearly about such 
theories based on postulates: “Scientific theories cannot be deduced by purely 
mathematical reasoning”. Therefore, the principle of light speed non-exceedance 
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in STR always caused doubt1 in physicists. And in the 21st century physicists de-
cided to verify experimentally the principle of light speed non-exceedance, as 
well as the assertion of physical unreality of imaginary numbers that followed 
from it. In 2011, the OPERA collaboration published a sensational report [13] 
stating that it had managed to refute the principle of light speed non-exceedance 
experimentally. But six months later the ICARUS collaboration refuted the 
OPERA experiment [14]. And thus impression was created that the principle of 
light speed non-exceedance is irrefutable.  

However, it is possible that the creation of such an illusion was the true goal of 
the OPERA and ICARUS experiments. After all, back in 2008-2010 reports 
[15]-[20] were published on experimental studies of special processes in linear 
electric circuits, in which the general scientific principle of the physical reality of 
imaginary numbers was successfully proved. Therefore, the OPERA experiment 
has become unnecessary. Reports on further studies of the same purpose were 
published in [21]-[28]. But while the unsuccessful and unnecessary very expen-
sive OPERA experiment was intensively touted, the physical community did not 
pay attention to simple alternative successful experimental evidence of the phys-
ical reality of imaginary numbers. Therefore, the assumption that the purpose of 
the OPERA and ICARUS experiments was not the search for scientific truth, but 
some other non scientific interests, does not seem to be unfounded. 

Moreover, in publications [15]-[28] even three experimental proofs of the 
principle of physical reality of imaginary numbers were given: 
• using transient oscillatory processes [19] [20] [24] [28], that allowed us to 

conclude that tsunamis would not have existed, church bells wouldn’t have 
sounded and children’s swing pushed by parents wouldn’t have swung, if the 
STR statement about physical unreality of imaginary numbers were true;  

• using resonant oscillatory processes [15] [16] [17] [18] [20] [21] [24] [28], 
that along with television, radiolocation and telecommunication could not 
have existed, if the STR statement about physical unreality of imaginary 
numbers were true;  

• using Ohm’s law in the interpretation of Steinmets [22] [23] [25] [26] [27] 
[28], proposed by him in 1893, which made it possible to refute the existing 
version of STR even before its creation. 

And since the experiments presented in these publications, unlike the OPERA 
and ICARUS experiments, are simple and can be repeated in any radio engi-
neering laboratory, the principle of physical reality of imaginary numbers is 
• 

 

 

• 1The STR has been criticized by Oliver Heaviside, Nikola Tesla, Nobel Prize winner Albert Ab-
raham Michelson, Nobel Prize winner Friedrich Wilhelm Ostwald, Nobel Prize winner Joseph 
John Thomson, Nobel Prize winner Svante August Arrhenius, Nobel Prize winner Philipp 
Eduard Anton von Lenard, Nobel Prize winner Alvar Gullstrand, Nobel Prize winner Wilhelm 
Carl Werner Otto Fritz Franz Wien, Nobel Prize winner Walther Hermann Nernst, Nobel Prize 
winner Ernest Rutherford, 1st Baron Rutherford of Nelson, Nobel Prize winner Johannes Stark, 
Nobel Prize winner Frederick Soddy, Nobel Prize winner Percy Williams Bridgman, Nobel Prize 
winner Edwin Mattison McMillan, Nobel Prize winner Hideki Yukawa, Nobel Prize winner 
Hannes Olof Gösta Alfven and many other outstanding scientists. 

https://doi.org/10.4236/jmp.2020.115039


A. A. Antonov 
 

 

DOI: 10.4236/jmp.2020.115039 596 Journal of Modern Physics 
 

indisputably2 proved by these experiments. The reluctance of the physical 
community to take into account the successful evidence of the physical reality of 
imaginary numbers set forth in these alternative radio engineering experiments 
speaks of the shortcomings in modern physical education. 

Moreover, the denial in STO of the physical reality of the concrete imaginary 
numbers is equivalent to the denial of the physical reality corresponding to these 
numbers of the invisible and therefore still largely unknown world3 which 
science will know about in the future. And this inhibits the development of 
science. Noting the great importance of imaginary numbers in the science, Sir 
Roger Penrose wrote: “The system of complex numbers has a profound and 
timeless reality which goes beyond the mental constructions of any particular 
mathematician … They were put there neither by Cardano, nor by Bombelly, 
nor Wallis, nor Coates, nor Euler, nor Wessel, nor Gauss, despite the undoubted 
farsightedness of these, and other, great mathematicians; such set of magical 
properties was inherent in the very structure that they gradually uncovered …”  

Therefore, taking into account the principle of physical reality of imaginary 
numbers, although unacknowledged in physics, but experimentally proved in 
radio engineering, all physical theories and hypotheses should now be corrected. 

3. Explanation of Physical Nature of Concrete Imaginary  
Numbers in the STR 

Sometimes it is written that the STR has refuted the classical physics of Galileo, 
Newton and other great scientists of the past. But it is not so. In fact, as can be 
seen from Table 1 presenting the results of calculations using relativistic formu-
las, for example,  

( )
0

21

mm
v c

=
−

                         (1) 

( )2
0 1t t v c∆ = ∆ −                        (2) 

where 0m  is the rest mass of a physical body;  
m  is the relativistic mass of a moving physical body;  

0t∆  is the rest time of a physical body;  
t∆  is the relativistic time of a moving physical body;  
v  is the velocity of a physical body;  
c  is the speed of light,  
Relativistic effects become noticeable only at speeds comparable to the speed 

of light. But such speeds are found only in space or at subatomic particle accele-
rators. There are no such speeds in everyday life, like in transport, in industry or 
in natural processes on Earth.  

 

 

2What evidence could be more convincing than existence of, for example, TV-sets, tsunamis or 
children’s swings that should not have existed, if the STR statement about physical unreality of im-
aginary numbers were true? 
3However, an invisible world exists. For example, from the room in which we are now, the next 
room is not visible and, therefore, at that time it is an invisible world. Nevertheless, no one will deny 
its existence. 
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Table 1. Calculations, illustrating the absence of a relativistic effect in everyday human 
life in transport, in industry, in natural processes on Earth. 

v c  0.0100 0.1000 0.9000 0.9900 0.9990 0.9999 

0m m  1.00005 1.00504 2.29416 7.08881 22.36627 70.71245 

0t t∆ ∆  0.99995 0.99498 0.43589 0.14167 0.04471 0.01414 

 
Consequently, the existing version of SRT is not only not quite true, but it is 

not needed by people in everyday life. And still need classical physics.  
But in science, for example, in astrophysics, STR is needed. More precisely, we 

need a corrected version of it. The denial by the existing version of the SRT of 
the principle of physical reality of imaginary numbers, as has just been shown, is 
its mistake. Therefore, the error must be corrected, i.e. it must be taken into ac-
count that relativistic formulas (1), (2), etc. must be explainable both in the 
range of 0 v c≤ <  and in the range of c v≤ < ∞ . However, the graphs of for-
mulas (1) and (2) in Figure 1(a), Figure 1(b) shows that the formulas are in-
correct, since their graphs in the ranges 0 v c≤ <  and c v≤ < ∞  are of signifi-
cantly different forms. Therefore, they are inexplicable.  

Analysis of their possible explainable options has showed that the graphs of 
relativistic formulas should be written as shown in Figure 1(c), Figure 1(d). 
Therefore corrected relativistic formulas should take the following form 

( ) ( )
0 0

2 21 1

q qm i m im
v c q w c

= =
− − −

                  (3) 

( ) ( )2 2
0 01 1q qt t i v c q t i w c∆ = ∆ − − = ∆ −              (4) 

where q v c=     is the “floor” function of argument v c , whose values4  
correspond to different parallel5 universes;  
w v qc= −  is the local velocity for each universe, which can take values only 

in the range of 0 w c≤ < ;  
v  is the velocity measured for our visible universe.  
Thus, formulas (3) and (4) can already be interpreted in a comprehensible 

manner. Their q parameter can be considered as an extra spatial dimension6. 
Thus, the value 0q =  would correspond to our visible universe (as 0 1i = ); and 
the value 1q =  would correspond to another universe (as 1i i= ) invisible for 
us, given that v c> , as it is beyond the horizon of events. It shall, therefore, be 
referred to as a tachyon universe, just like subatomic particles moving at super-
luminal speeds. For the same reasons, our universe shall be referred to as tar-
dyon. The value 2q =  would correspond to a tardyon antiverse (as 2 1i = − ), 
the value 3q =  would correspond to a tachyon antiverse (as 3i i= − ), the value 

4q =  would correspond to another7 tardyon universe (as 4 1i = ), the value 
5q =  would correspond to another tachyon universe (as 5i i=  for it), etc.  

 

 

4And it takes non-integral values in the portals considered below, in which, their value q changes for 
one from entry to exit under the influence of physical factors not yet studied. 
5Called so because they do not intersect, despite their infinity. 
6Like numbers of apartments in an apartment building. 
7There are about twenty such invisible universes in the hidden Multiverse, as shown below. 
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Figure 1. Graphs of functions (1), (2) corresponding to the existing wrong 
version of the STR, and (3), (4) corresponding to its corrected version. 

 
Thus, concrete imaginary numbers in the corrected relativistic formulas 

(3), (4), etc. correspond to mutually invisible parallel universes, together 
forming the Multiverse, which we therefore call the hidden Multiverse [29] 
[30] [31]. 

However, the invisible universes mentioned are not a gift in science, since they 
are known even less than, for example, dark matter and dark energy. Moreover, 
despite the logically unimpeachable arguments presented in [32] [33] confirm-
ing real physical existence of invisible universes, there is still no8 complete cer-
tainty about this due to the lack of indisputably conclusive experiments.  

4. Explanation of Dark Matter and Dark Energy by Existence  
of Invisible Universes of the Hidden Multiverse 

However, existence of dark matter and dark energy that are as much incompre-
hensible as invisible universes has already been experimentally proven: dark 
matter in 1932-33 by Jan Hendrick Oort and Fritz Zwicky, and dark energy in 
1998-99 by Saul Perlmutter, Brian Schmidt and Adam Riess, who were awarded 
the Nobel Prize for this discovery. Emphasizing the outstanding importance of 
these discoveries, Nobel Prize winner Adam Riess wrote: “Humanity is on the 
verge of a new physics of the Universe. Whether we want it or not, we will have 
to accept it.” And about this new physics in the article is discussed below. 

Dark matter and dark energy [34] [35] [36] [37] are called dark for their ob-
scurity. It is unclear why they are absolutely invisible in all ranges of electro-
magnetic oscillations and can only be detected indirectly by their gravitational 
manifestations. It is unclear why neither molecules, nor atoms, nor subatomic 
particles are found in dark matter and dark energy, though their total 
mass/energy is more than 20 times greater than the mass/energy of our visible 
universe. Many other things are as well unclear. Therefore, their knowledge in 
modern physics is a task of paramount importance.  

Professor Michio Kaku commented on this situation as follows: “Of course, a 
whole bunch of Nobel Prizes is waiting for the scientists who can reveal the se-

 

 

8However, it is written below how to get them. 
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crets of the dark energy and dark matter”.  
The phenomenon of dark matter and dark energy is currently investigated 

very intensively. But it is still far from being fully explained, since all the studies 
are conducted only in terms of the hypothesis of the visible Monoverse that fol-
lows from the erroneous version of the STR. And in this case we cannot but 
agree with the Nobel Prize laureate Albert Einstein, who argued: “Insanity: doing 
the same thing over and over again and expecting different results”. In this re-
gard, it is pertinent to recall Sir Isaac Newton’s opinion: “No great discovery was 
ever made without a bold guess”.  

Therefore, assuming that there is a hidden Multiverse rather than a Mono-
verse, the phenomenon of dark matter and dark energy can be explained as fol-
lows [38]-[45]:  
• dark matter and dark energy do not actually have any real physical contents; 

they are some kind of image (but not electromagnetic) analogous to an opti-
cal, something like a shadow evoked by existence of invisible parallel un-
iverses;  

• herewith, the phenomenon of dark matter is evoked by invisible parallel un-
iverses adjacent to our visible universe, and the phenomenon of dark energy 
is evoked by other invisible parallel universes of the hidden Multiverse;  

• therefore, no material contents, such as molecules, atoms or subatomic par-
ticles, will ever be found in dark matter and dark energy; 

• dark matter and dark energy are invisible because other parallel universes of 
the hidden Multiverse, except our visible universe, are invisible. 

Such approach allows getting an idea of the structure of the hidden Multi-
verse, based on experimental data from WMAP spacecraft that was launched by 
the National Aeronautics and Space Administration (NASA) in 2001 and oper-
ated until 2009, as well as data from the Planck spacecraft that was launched by 
the European Space Agency (ESA) in 2009 and operated until 2013. Thus, ac-
cording to the WMAP spacecraft date [46], the entire universe (in fact, the entire 
hidden Multiverse) is 4.6% composed of baryonic matter, 22.4% of dark matter, 
and 73.0% of dark energy. And according to later data from the Planck space-
craft [47], the entire universe (in fact, the entire hidden Multiverse) is 4.9% 
composed of baryonic matter, 26.8% of dark matter, and 68.3% of dark energy. 
So, assuming that over billions of years of existence mass/energy of all invisible 
universes has substantially averaged due to exchange of their material contents 
through portals9, it can be argued that: 
• according to the WMAP spacecraft data the hidden Multiverse is formed by 

100%/4.6% = 21.74 universes, and according to the Planck spacecraft data 
they are 100%/4.9% = 20.41 universes, i.e. real number of the universes is 
supposedly 20 … 22; 

• according to the WMAP spacecraft data 22.4%/4.6% = 4.87 universes cor-
respond to the dark matter phenomenon, and according to the Planck space-
craft data they are 26.8%/4.9% = 5.47 universes, i.e. real number of the un-

• 

 

 

9That will be discussed below. 
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iverses is supposedly 5 … 6; 
• according to the WMAP spacecraft data 73.00%/4.6% = 15.87 universes 

correspond to the dark energy phenomenon, and according to the Planck 
spacecraft data they are 68.3%/4.9% = 13.94 universes, i.e. real number of 
the universes is supposedly 14 … 16.  

And such a result in the 20th century was impossible to guess by any 
postulate.  

But it is not difficult to notice that the results obtained as a result of calcula-
tions do not correspond to the corrected relativistic formulas (3) and (4). In-
deed, according to formulas (1) and (2). Our tardyon universe in the hidden 
Multiverse should have only two adjacent universes in one extra dimension, ra-
ther than five or six universes, as follows from the above calculations. Therefore, 
it follows from the WMAP and Planck spacecraft data, that the number of extra 
dimensions should be three.  

Thus, formulas (3) and (4) must be corrected again as follows 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

00 0

00 0

0 1 2 3

2
0 0 0

0 1 2 3

2

1

1

s sq q r r

s sq q r r

m i i i
m

v c q r s q r s

m i i i

w c

−− −

−− −

=
 − − + + − − − 

=
−

              (5) 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

00 0

00 0

2
0 1 2 3 0 0 0

2
0 1 2 3

1

1

s sq q r r

s sq q r r

t t i i i v c q r s q r s

t i i i w c

−− −

−− −

 ∆ = ∆ − − + + − − − 

= ∆ −
   (6) 

where 0 0 0, ,q r s  are the coordinates of our visible universe in the hidden Mul-
ti-verse:  
v  is the velocity measured from our tardyon universe;  
c  is the speed of light;  

( )0 0 0w v q r s q r s c= − + + − − −  is the local velocity for the universe corres-
ponding to the coordinates , ,q r s  of the universe, which can take values only in 
the range of 0 w c≤ ≤ . 

Herewith, three imaginary units 1 2 3, ,i i i  that correspond to three extra di-
mensions and are present in hypercomplex numbers called quaternions [48], are 
interconnected by the relations 

2 2 2
1 2 3 1i i i= = =                           (7) 

1 2 3 2 3 1 3 1 2 1i i i i i i i i i= = = −                       (8) 
1 3 2 2 1 3 3 2 1 1i i i i i i i i i= = =                        (9) 

Consequently, the structure of the six-dimensional space (see Figure 2) of 
the hidden Multiverse can be described by the formula  

( ), , 1 2 3, ,q r sf x y z i q i r i s+ + +  in which the summand 1 2 3i q i r i s+ +  determines 
the coordinates of the corresponding invisible universe, and the summand 

( ), , , ,q r sf x y z  determines the distribution in the coordinates , ,x y z  of its 
material contents in this universe.  
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Figure 2. Six-dimensional space of the hidden Multiverse. 

 
Professor Lisa Randall wrote about a similar situation: “We probably live in a 

three-dimensional gap of higher dimensional space”. And her assumption, as 
seen, was confirmed.  

Figure 3 presents an example of such a quaternion structure of the hidden 
Multiverse corresponding to the results of mathematical processing of WMAP 
and Planck data and containing twenty-one parallel universes. As can be seen, 
tardyon universes and antiverses alternate with tachyon universes and antiverses 
in such an open screw structure. Pursuant to the formula (7), they are intercon-
nected by numerous bidirectional portals denoted by bidirectional arrows. And 
tachyon universes and antiverses are interconnected by numerous unidirectional 
portals denoted by unidirectional arrows pursuant to the formulas (8) and (9). 
Herewith, invisible tachyon universes and antiverses adjacent to our tardyon 
universe evoke the phenomenon of dark matter. And the remaining invisible 
universes of the hidden Multiverse evoke the phenomenon of dark energy.  

Thus, two obscure concepts “invisible universes” and “dark matter and dark 
energy” let us understand their meaning in joint consideration. Dark matter and 
dark energy turn out to be the result of recording gravitational manifestations of 
invisible parallel universes of the hidden Multiverse in our visible universe.  

Advantage of such hypothesis of dark matter and dark energy is that, in addi-
tion to explanation of dark matter and dark energy inexplicable until recently, it 
also explains the inexplicable issues regarding the existence of antimatter and 
tachyons [49]. As can be seen from Figure 3, antimatter exists in antiverses and 
it does not annihilate with matter because tardyon universes and antiverses al-
ternate with tachyon universes and antiverses. Moreover, there are even several 
tardyon and tachyon matters and antimatters in the hidden Multiverse. And ta-
chyons that do not violate the principle of causality exist in tachyon rather than 
in tardyon universes and antiverses. 

5. Comments on the Existing Version of the STR 

The results obtained are so important that they need additional comments. STR 
actually consists of two large sections, in the first of which relativistic formulas 
are derived, and in the second these formulas are explained. 
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Figure 3. Example of the quaternion structure of the hidden Multiverse. 

 
And it turned out that in both sections of the existing version of the STR, in-

correct results were obtained: 
• in the first section, instead of the valid relativistic formulas (5) and (6), the 

incorrect formulas (1) and (2) are obtained; 
• in the second section, from the wrong relativistic formulas (1) and (2), erro-

neous conclusions were drawn about the physical unreality of imaginary 
numbers and the existence in nature of our only visible universe. 

Thus, since the existing version of the STR is incorrect, we have to conclude 
that in the 20th century STR was not created [50] [51]. Moreover, it could 
not be created at that time, since Albert Einstein was ahead of his time the 
experimental data necessary for the derivation of relativistic formulas (5), (6) 
and other spacecraft WMAP and Planck were obtained only in the 21st century. 
And the principle of the physical reality of imaginary numbers, necessary for the 
interpretation of these formulas, was also proved only in the 21st century. 

Nevertheless, the very statement of the task of creating STR is an outstanding 
scientific achievement of Albert Einstein. Without an intermediate result in the 
form of formulas (1), (2), the final result in the form of formulas (5), (6) would 
not have been obtained. And the basic principles for solving this problem are 
described in this article.  

6. Explanation of Dark Space by Existence of Invisible  
Universes of the Hyperverse 

As can be seen from Figure 3, our visible universe and some invisible universes 
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in the hidden Multiverse are connected not only with each other but also with 
invisible universes of other Multiverses through unidirectional and bidirectional 
portals denoted by single-sided and double-sided arrows [52] [53] [54]. These 
other Multiverses relevant to the phenomenon of dark space [55] [56] together 
with our hidden Multiverse form the Hyperverse (see Figure 4).  

And if this were not so, then the hidden Multiverse would have to have edges 
that contradict common sense and cannot be explained in any way, as, for ex-
ample, archaic conception about shape of Earth.  

But the phenomenon of dark space with WMAP and Planck spacecraft is not 
registered. However, it can be registered with the studies described below of in-
visible universes in portals. 

7. Verifiability of Invisible Universes 

Now it’s time to answer the question formulated in the article headline “How to 
see invisible universes?” The question can also be formulated in another way, 
since it is not completely clear what means to see a universe and why it is neces-
sarily.  

This is not necessarily, but such evidence of existence of invisible universes is 
the most understandable and convincing. Invisible universes can be compared 
with rooms of our house that are invisible to us from the room we are in now. It 
is clear that to see invisible rooms one has to come to the doors and look into or 
enter the rooms. In the same way, to see invisible universes, one has to pene-
trate the portals and look at the starry sky. It must be different in other un-
iverses. Other constellations must be observed on it [11] [55] [56]. And these 
differences would apparently be the greater the further one enters the portals by 
foot or by vehicle10. The starry sky would be completely different after leaving 
portals and getting into other universes, which would become visible to us, un-
like our universe. 

Besides, it is clear that satisfaction of our curiosity in this way would be com-
plicated by two things. The first is that the portals are invisible, and the second is 
that we haven’t been invited to other universes through these portals. However it 
is possible that some portals, which are very numerous on the Earth [57], are not 
protected from our visit. Therefore, one can probably try to visit them. 

 

 
Figure 4. Structure of the Hyperverse. 

 

 

10Therefore, there is no need to fly in portals and through portals by rockets. 
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In order not to get lost in the portals and to have a guaranteed opportunity to 
return to Earth located in our universe after visiting them, it is desirable to have 
some navigation devices, a kind of a marine compass. These devices of portal 
navigation should indicate the direction of movement from portal entries to ex-
its and vice versa. Creation of such devices is possible, because with distance 
from portal entry radio signal strength, e.g, for mobile communication, would 
decrease and after leaving the portal for the adjacent universe, the signal will 
completely disappear.  

However, it is not necessary to penetrate the portals far off their entries and 
use navigation devices make certain of existence of invisible universes. The fact 
is that as you move through the portal from our visible universe to one of the 
neighboring invisible universes, the map of the earth’s starry sky will smoothly 
transform into a map of the starry sky of another universe. At that the maps of 
the starry sky in our and in any of the neighboring universes, of course, differ in 
an extreme way. Therefore, even with shallow penetration into the portals, it 
will be found that the constellations above the head of the researcher will be 
so markedly different from the constellations observed in Earth observato-
ries that even amateur astronomers can probably detect and register these 
changes with their telescopes. And of course, these differences will be noticea-
bly larger than the differences recorded in 1919 in a similar experiment by Sir 
Arthur Stanley Eddington [58]. 

8. Conclusions 

The article shows that the existing version of SRT is incomplete and, therefore, 
in the 20th century this theory has not yet been created. Moreover, SRT in the 
20th century could not have been created, since the data obtained by the WMAP 
and Planck spacecraft only in the 21st century were necessary to derive the cor-
rect relativistic formulas. And for their correct interpretation, the principle of 
the physical reality of imaginary numbers was needed, experimentally proved in 
the 21st century. The article also proposes and explains the corrected relativistic 
formulas of the STR, from which it follows that there is a hidden Multiverse 
formed by invisible parallel universes. 

It is explained how the existence of invisible universes can be convincingly 
proved experimentally. For this, it is enough to use the obvious truth, the starry 
sky of other universes contains other constellations. Therefore, in portals, which 
are transitional zones between neighboring universes, the constellations of the 
starry sky should also be different. And this starry sky in the portals, which on 
Earth are, at least, some of the many so-called anomalous zones, can be seen and 
registered. In the entire history of the existence of astronomy, it has not had a 
task more interesting and more important than the discovery and study of in-
visible universes. 

Thus, the hypothesis of the hidden Multiverse and Hyperverse set forth in the 
article is verifiable, and the invisible universes are real and can be seen.  
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Abstract 
Previously, it has been repeatedly suggested that the radioactive decay of 
nuclei is not a random phenomenon and can occur under the influence of a 
neutrino flux. Our recent experiment [1] showed that the neutrino flux 
created by a nuclear reactor affects the decay of nuclei in an isolated source 
90Sr/90Y, whose beta-electrons have an average energy of the order of 1 MeV. 
This paper presents the results of searching for the effect of the neutrino flux 
generated by a pulsed nuclear reactor on the rate of decay of 63Ni nuclei. 
These nuclei were chosen as the object of research due to the fact that they 
have a low energy of beta-electrons of the order of 50 keV. Measurements 
have shown that the same flux of reactor neutrinos has approximately an or-
der of magnitude stronger effect on 63Ni nuclei than on the previously studied 
nuclei 90Sr/90Y. 
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1. Introduction 

The discovery of radioactivity raised the question: is radioactive decay a random 
phenomenon? 

The new physics of the early twentieth century gave the phenomenon of ra-
dioactive decay a quantum-mechanical explanation. N. Bohr and other creators 
of quantum mechanics explained it by the laws of tunnel phenomena and consi-
dered its absolute randomness to be proved. 

The power of the quantum mechanics apparatus and the beauty of the new ap-
proach have swayed the physical community to the side of the anti-determinists. 
Currently, this view is dominant and radioactive decay is considered a purely 
random phenomenon. 

But some other physicists from the very beginning of discussion did not agree 
with this approach. 
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A. Einstein expressed his categorical rejection of the new point of view with 
his famous metaphor: “God doesn’t play dice!” 

From a deterministic point of view, radioactive decay must have been caused 
by some hitherto unknown external causes. 

The neutrino flux is very well suited for the description of the external causes 
that can induce beta-decay. 

The hypothesis that the impact of the neutrino flux may be the cause of be-
ta-decay of radioactive nuclei has been repeatedly expressed earlier by various 
researchers [2] [3] [4]. 

It is important that the phenomenon of beta-decay of neutron is energetically 
advantageous, since the mass of neutron is greater than the total mass of proton 
and electron. 

All main parameters of neutron, its mass, spin, magnetic moment, decay 
energy, can be calculated with satisfactory accuracy in the framework of the 
electromagnetic model [5] [6] [7]. This model predicts the characteristic proper-
ties of neutron excited states [6] that it should possess. In high-energy physics, 
particles with these properties are commonly called hyperons. 

(Only the neutron lifetime is not computable). 
Electromagnetic forces that, according to the electromagnetic model, bind 

proton and electron to form neutron do not carry a mechanism for degradation 
of the combined state. 

In this model, there is no internal cause that could induce the lose stability of 
neutron and its decay. 

Therefore, in order to cause the decay of neutrons or β-active nuclei, they 
must be affected from the outside by the neutrino flux. 

In previous paper, it was shown that the flux of reactor neutrinos does have a 
small effect on the rate of beta-decay in the source 90Sr/90Y [1]. 

In this paper, it is shown that the same flux of reactor neutrinos has approx-
imately an order of magnitude stronger effect on the decay of 63Ni nuclei, cha-
racterized by low energy beta-electrons. 

1.1. The Neutron Lifetime 

Multiple studies of the neutron lifetime have shown one feature. Neutrons in the 
last century at very accurate measurements made on relatively small reactors 
lived noticeably longer than neutrons lived near the powerful Grenoble reactor 
at the beginning of the XXI century. 

The difference in life time of these neutrons in these changes significantly 
went beyond the limits of experimental errors [8]. This result can be explained 
by the fact that the powerful neutrino flux of the Grenoble reactor causes accele-
rated neutron decay. 

1.2. The Effect of Solar Neutrinos on β-Decay of Nuclei 

A clear result was obtained by E. Fishbach and J. Jenkins [3]. 
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They showed that according to the data of experiments conducted in various 
laboratories around the world, the rate of nuclei decay depends on the distance 
between the Sun and the Earth. The authors explained this effect by the influ-
ence of the solar neutrino flux. 

Accordingly to measurement data [9], the sunny neutrino flux is equal ap-
proximately  

10 26 10 cm sνΦ ≈ × ⋅


                     (1) 

To explain the measured modulation depth, it can be assumed that the solar 
neutrino flux is approximately only 1/30 of the total neutrino flux that affects the 
decay of nuclei in our laboratories, and this total neutrino flux from all cosmic 
sources is equal to  

12 230 2 10 cm scosm νΦ ≈ ⋅Φ ≈ × ⋅


                (2) 

2. The Effect of Reactor Neutrinos on β-Decay 
Experiments on a Stationary Reactor 

In order to detect the effect of neutrino flux on the beta-decay phenomenon, a 
group of researchers led by E. Fishbach conducted experiments on the High Flux 
Isotope Reactor of Oak Ridge National Laboratory [10]. 

This reactor had a high power  
2185 MW 1.4 10 MeV s.HFIRW ≈ ≈ ×                  (3) 

Given that the fission of a single nucleus of reactor fuel releases approximately 
200 MeV of energy [11], this reactor produced approximately 1019 of nuclear fis-
sion per second. 

If we assume that one act of fission produces 6 neutrino [11], it turns out that 
at a conditional distance of 10 meters from the core, this reactor created a neu-
trino flux  

12 23 10 cm secHFIR νΦ ≈ × ⋅                     (4) 

Thus, the neutrino flux generated by this reactor was approximately equal to 
the flux of cosmic neutrino (Eq. (2)). 

Therefore, according to the authors, switching the reactor on or off should 
have greatly changed the rate of decay in the beta sources under study. 

However, despite a very serious approach to the processing of experimental 
results, the authors did not find any effect of such a powerful reactor on the be-
ta-decay of a number of studied nuclei [10]. 

How this discrepancy in research results ([3] and [10]) can be explained? The 
possible reason for this is due to the difference in the spectra of cosmic and 
reactor neutrinos. 

Most reactor neutrinos generated by fission fragments have an energy of the 
order of 1 MeV or less. At the same time among the cosmic neutrinos, there are 
particles with very high energy. 

In this regard, it can be assumed that the average flow of reactor neutrinos 
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may have a smaller effect on beta-decay than the same-valued flow of cosmic 
neutrinos. 

In this regard, in order to notice the effects of reactor neutrinos on beta-decay, 
it is necessary to take a different approach to this experiment. 

3. Experiments on a Pulsed Reactor 
3.1. The Pulse Reactor Efficiency 

For this experiment, we used the IBR-2 reactor (Dubna) as a neutrino source. It 
has an average power of 1.6 MW and operates in pulse mode. The interval be-
tween the flashes was about 200 ms. 

The duration of the flash itself is approximately 0.3 ms. 
The estimate shows that the neutrino flux generated by this reactor during the 

flash of its intensity is approximately equal to the flow of a powerful stationary 
reactor or the flow of cosmic neutrinos. 

Using a pulse reactor makes it possible to accumulate information synchron-
ously with the flash. This is an important advantage because over a long time of 
measurement, it is possible to sum up the data obtained in the on-off mode of 
the reactor. 

This method of data accumulation is equivalent to the increasing of the reac-
tor power by several orders of magnitude. 

3.2. The Reactor Neutrinos Generation 

During the fission reaction of nuclear fuel, β-active nuclei are born in the form 
of fission fragments. Their decay leads to the generation of neutrinos. 

However, almost all fission fragments of nuclear fuel have a half-life longer 
than the time period separating the flares of our reactor. Therefore, in our case, 
they can be considered long-lived. Their decays are not “tied” to a specific flash 
of the reactor and can only give a slight increase in the background in the accu-
mulation mode. 

There are very few short-lived isotopes with a half-life of 1 2 200 msT <  in 
nature. One of these isotopes, 12B, has a half-life of about 20 ms [12]. 

The probability of its formation as a plutonium fission fragment is unknown 
and should probably be very small. 

But it is a great success that the neutrinos formed during its decay have a high 
boundary energy-up to 13.3 MeV [12]. 

It is likely that the beta-decay of 12B creates those neutrinos whose effect on 
the beta-decay at the source of 90Sr/90Y was registered earlier (Figure 1) [1]. 

The measurement time is 3 days. 

4. Experimental Setup and Measurement Results 

A new series of experiments was carried out on the same installation that had 
previously been used for measurements effects of the neutrino flux on the decay 
of nuclei 90Sr/90Y [1]. 
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Figure 1. The result of the accumulation of registered beta-electrons 
emitted by the 90Sr/90Y source in the time interval between reactor flashes.  

 

In new experiment, the rate of β-decays in the source 63Ni was measured. 
Beta-electrons emitted by 63Ni nuclei were registered using a scintillation de-

tector equipped with a photomultiplier (Figure 2). 
Using electronics, the photomultiplier pulses were amplified, discriminated in 

amplitude, and then registered. 
In order to protect the sensitive part of the equipment from the penetration of 

neutrons and γ-quanta, it was placed in a small house made of lead bricks and 
borinated polyethylene. 

The measuring system was located at a distance of about 20 meters from the 
core of the pulse reactor. 

In the absence of the β-source, the measuring system gave false positives no 
more than once every few minutes when the reactor was running. 

When the reactor was switched off, beta decays in the source occurred statis-
tically evenly. 

The results of measurements of the effect of reactor neutrinos on the decay 
rate of the 63Ni isotope are shown in Figure 3. 

This figure shows a peak of reactor activity, generated approximately 3 ms af-
ter the start of data logging. The figure shows that before the reactor flash, the 
beta-electron count occurs at a certain low level, determined by the established 
amplitude discrimination. 

Without discrimination, the beta-electron count, determined by the activity of 
the source, is about 6 orders of magnitude higher. 

The reactor pulse generates a spike in the rate of decay in the source, followed 
by the linear decline (on a logarithmic scale, i.e. exponential on a linear scale) of 
the account. This exponent corresponds to a half life of approximately 20 ms, 
which corresponds to the reference data for the isotope 12B [12]. 
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Figure 2. Diagram of the measuring unit.  
 

 

Figure 3. The result of the accumulating registration of beta-electrons 
emitted by 63Ni. Measurement time is 1 day. The level of amplitude dis-
crimination close to the boundary energy was chosen expermentally. On 
abscissa: time in ms in the logarithmic scale. 

 
As known the boundary energy of beta-electrons of the 63Ni isotope is only 

0.067 MeV, while the boundary energy of beta-electrons of 90Sr/90Y isotope is 
approximately 2.3 MeV. 

When selecting the 63Ni isotope as an object for studying we assumed that the 
effect of the neutrino flux on an isotope with a lower boundary energy would be 
stronger. It turned out to be correct. 

There seems to be some approximately inverse relationship between the 
number of beta-electrons generated by reactor neutrinos and their energy. 

The physics of this dependence seems to be related to the fact that when neu-
trino collides with nucleus, which leads to the decay of this nucleus, some part of 
the neutrino’s energy is ultimately transferred to the beta-electron. 

And the probability of such energy transfer is greater for small portions of it. 
The average energy of a reactor neutrino can be equal to 1 MeV or more. 
However, since only a small portion of this energy reaches beta-electron, in 

https://doi.org/10.4236/jmp.2020.115040


B. V. Vasiliev 
 

 

DOI: 10.4236/jmp.2020.115040 614 Journal of Modern Physics 
 

order to register this effect, it is advisable to study it on isotopes with low energy 
of beta-electrons. 

As seen in Figure 3 the decay total account of 63Ni increases under the action 
of reactor neutrinos by about a quarter per 1 day. The same flux of reactor neu-
trinos affects the rate of decay of 90Sr/90Y isotopes about ten times weaker 
(Figure 1). 

5. Conclusions 

In response to A. Einstein’s metaphorical statement, anti-determinists developed 
quantum mechanical theory of alpha-decay. 

The power of the quantum mechanical apparatus and the novelty of this ap-
proach have tilted public opinion to the side of anti-determinists. 

As a result currently, in the physical community, most believe that radioactive 
decay is a truly random process. 

However, this issue should not be decided by voting. 
The way to solve such problems was determined more than 400 years ago by 

the outstanding scientist of the middle ages W. Gilbert (1544-1603), who formu-
lated the basic principle of natural sciences: 

“Theoretical constructions that claim to be scientific must be tested and con-
firmed experimentally.” 

The dispute between determinists and anti-determinists about the nature of 
nuclear decay can be resolved experimentally only. 

It seems that the discovered effect of reactor neutrinos on the rate of be-
ta-decay suggests that the nature of this phenomenon was correctly understood 
by A. Einstein. 

Now it seems that the study of the possible influence of reactor neutrinos on 
the phenomenon of alpha-decay is of great interest. 

The author is sincerely grateful to A.V. Strelkov and V. V. Zhuravlev for pre-
paring the high-purity 63Ni beta-source and realization of measurements at the 
reactor. 
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Abstract 
Radiometric data from the Pioneer 10/11, Galileo and Ulysses spacecraft in-
dicated an anomalous constant acceleration acting on them, directed toward 
the Sun, and a gradual growth of the radio signal frequency emitted by the 
receding transmitter. The reported odd acceleration of Pioneer 10 with a 
magnitude ~8.5 × 10−10 m/s2 can be explained by an induced gravitational in-
teraction on the S-band signals traveling between the probe and the Earth, 
arising from the electromagnetic properties of the outer Solar System vacuum 
zero-point radiation interacting with matter. Their nature is of quantum 
vacuum origin, and these induced forces act in addition to ordinary gravita-
tional forces, violating the principle of Equivalence. We suggest a new physi-
cal theory based on a new principle called “Compensation” as a thinkable ex-
planation for the non-conventional Pioneer effect. The theory of Relation, 
which is an alternative to the inflationist model, postulates that our universe 
is made of two antagonistic but complementary structures. The principle of 
Compensation contradicts Relativity theory, predicts such acceleration and is 
for the electromagnetic spacetime metric what the principle of Equivalence is 
for the gravific spacetime metric. 
 

Keywords 
Theory of Relation, Principle of Compensation, Two Structures, Negative EM 
Wavelength of Spacetime, Zero Point Fluctuations 

 

1. Introduction 

First published in 1998 (PRL 81, 2858), results from an almost twenty-year study 
of radiometric data from Pioneer 10/11, Galileo and Ulysses spacecraft have 
been continuously reported by Anderson et al. (1998, 1999, 2002) [1] [2] [3]. 
Detailed analyses of these data indicated existence of an apparent anomalous, 
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constant, acceleration acting on the spacecraft, directed toward the Sun [4]. The 
spacecraft ranging and Doppler velocity measurements are performed by 
sending a radio signal from the Earth to the spacecraft, from which an active 
transponder returns it back. The time of the signal travel is used for the posi-
tion calculation verification and the Doppler effect of frequency change with 
its high accuracy provides an additional verification of the relative velocity. 
Considering modelv  [5], the predicted frequency of the re-transmitted signal ob-
served by a DSN antennae, and ov  the reference frequency. The observed, 
two-way normal effect can be expressed to first order in v/c as  

 ( )1 2model o modelv v v t c = −  .                   (1) 

The factor 2 is because they use two- and three-way data. modelv  is the mod-
eled velocity of the spacecraft due to the gravitational and other large forces. 
This velocity is outwards and hence produces a red shift. The measurements 
with the use of special programs permitted to observe a steady increment of fre-
quency of the radio signal sent off from the Earth and actively re-transmitted by 
the spacecraft, i.e. on the background of the usual Doppler effect, the drift of the 
measured frequency toward its growth displayed itself and allowed to conclude 
that Pioneer 10 slows down. Therefore, the acceleration pa  produces a slight 
blue shift on top of the larger red shift 

( ) ( ) ( )2obs model o pDSN
v t v t t cv a  = −− .              (2) 

obsv  is the frequency of the re-transmitted signal observed by a DSN antennae. 
Anderson et al. concluded that there was an anomalous, weak, long-range acce-
leration of the Pioneer spacecraft in the outer regions of the solar system toward 
the Sun of ~−8.5 × 10−10 m/s2. The sign indicates that pa  is inward [5]. It shows 
a steady frequency drift of about −6 × 10−9 Hz/s, or 1.5 Hz, over 8 years 
(one-way only). This equates to a clock acceleration, ta− , of −2.8 × 10−18 s/s2. 
The identity with the apparent Pioneer acceleration is 

10 2 18 28.5 10 m s 2.88 10 s st pa a cc − −− = = − × = − × .         (3) 

The S-band carrier radio signal frequency is 2.29 GHzov ≈   

t cosm pa v v t a v c− = − = −                     (4) 

( ) ( )
( ) ( )
( )( )

18 2 9

9 17

10 2 9

9

2.88 10 s s 2.29 10 Hz

2.29 10 Hz 3.472 10 s

8.65 10 m s 2.29 10 Hz

6.6 10 Hz s

c

−

−

−

− × × ×

= × − ×

= − × ×

= − ×

 

Besides, an independent analysis by Markwardt [6] of radio Doppler tracking 
data from the Pioneer 10 spacecraft for the time period 1987-1994 confirms the 
previous observations. The anomalous accelerations observed are constant and 
persistent. None of the claimed conventional effects can account for the magni-
tude and direction of the anomaly.  
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We think that the reported anomalous acceleration of the Pioneer 10 space-
craft of ~−8.5 × 10−10 m/s2 (i.e. toward the Sun) and the gradual growth of the 
radio signal frequency emitted by the receding transmitter can be explained by a 
gravitational interaction on the S-band signals traveling between Pioneer 10 and 
the Earth, and by the properties of the interplanetary vacuum.  

But before coming to this explanation, let’s relate what happened around 
2011-2012. Until 2011, after many theories had been advanced, there was no sa-
tisfactory explanation for this acceleration anomaly affecting the Pioneer 10 and 
11 space probes during their transit outside the solar system and measured be-
tween 1979 and 2002. An Italian-Portuguese team in 2011 verifies and validates a 
relatively prosaic explanation of the Pioneer anomaly. The heat produced by ra-
dioisotope thermoelectric generators is emitted isotropically (in all directions), 
but a significant fraction of it is reflected by the back of the large gain satellite 
dish. The resulting radiation pressure pushes in the opposite direction, i.e. in the 
direction of the Sun. These results have been confirmed by independent teams 
using thermal modeling software and in 2012 the scientific community believes 
that the mystery is solved. 

We believe that blind confidence in this assumption alone of thermal recoil 
pressure has made these digital models too schematic. In this respect, we con-
sider it useful to submit here another hypothesis which leads to the opposite 
conclusion: the thrust is in the direction of displacement of the probe. 

First, let’s mention the main internally generated heat source comes from the 
spacecraft electronics box located on the leading side of the spacecraft, but just 
behind the large parabolic high-gain antenna that points to Earth. The box col-
lects the heat of the various scientific instruments (including the heat of the sun 
captured by the antenna). Orifices of the box facing the top of the antenna curve 
evacuate the heat. We assume that the arrival of this heat forms a kind of exhaust 
gas does not crush on the top of the antenna but dissipates in jets on both sides 
of the axis of the parabola. These jets slide along the opposite side walls and ac-
company the curves towards the flared end of the parabolic antenna where they 
are thrown into the void facing the sun. This is how the probe would be pushed 
forward, in the direction of travel of the spacecraft, by a force called thrust; this 
under Newton’s third law of motion: each action causes an equal reaction and of 
opposite direction.  

The other source of heat comes from two radio-thermal generators (RTGs), 
cylindrical in shape, each connected to the main compartment through a truss. 
These nuclear power sources also emit heat toward the back side of the 
disc-shaped antenna pointing in the direction of the Earth. When the thermal 
radiation reaches the main compartment of the equipment, where the majority 
of the energy is consumed, it joins the gas streams evacuated from the electronic 
box which travel at high speed to the ends of the horn of the antenna to be ex-
pelled and generate the forward thrust at the closed interior apex of the antenna.  

We conclude that an additional anomaly with a conventional explanation can 
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add to the Pioneer effect. And that at the current level of our knowledge of the 
Pioneer 10 spacecraft and its trajectory, the statistically significant acceleration 
anomaly still exists and cannot be resolved in standard physics. Its origin must 
be found in new principles. An unconventional explanation will have astronom-
ical consequences: cosmology, starting from its foundation [7], will have to con-
sider a paradigm shift; standard physics will undergo major renovations, and it 
will be an opportunity for discovering a new vision of the universe. 

In this paper we study the consistency of the data of the Pioneer anomaly with 
the new theory of Relation. Firstly, in Sec. 2, we introduce the initial conditions 
of the theory and its new principle. In Part 1 Sec. 3, we show how Pioneer effect 
is a violation of the equivalence principle. In Sec. 3.1, we postulate the principle 
of Compensation, which explains the Pioneer anomaly of the outwards redshift 
in relation with the inward blueshift, and find the deep meaning of this principle 
in the existence of two structures going in opposite directions. In Sec. 3.2, we 
suggest that the loss of energy of the photon in the farther interplanetary va-
cuum induces a gravitational effect like a macroscopic Casimir effect. In 3.3, we 
understand the vacuum by a possible effect from unknown physics: a gravita-
tional frequency shift of the radio signals proportional to the distance to the 
spacecraft and a loss of density energy in the intermediate medium. We argue 
that the gravitational interaction of the S-band radio with a growing empty va-
cuum might be responsible of the anomalous acceleration of the Pioneer space-
craft. In 3.4, according to the CP, we construe bond between the gravitational 
photon of the structure of condensation and the cosmological photon of the 
structure of expansion: energy lost by the latter is retrieved by the former. We 
discern, in Sec.3.5, gravific spacetime and EM spacetime, and explain in 3.6 the 
relation between the acceleration of Pioneer inward and its deceleration outwards. 
Predictions in Sec. 3.7. In Part 11 Sec. 4, the unaccepted concept of “tired light” 
seems consistent with data of the anomaly and is integrated within the framework 
of the theory of Relation which claims, in 4.1, that gravitation and electromagnet-
ism are two sides of one force. In Sec. 4.2, with the intention of dispelling a huge 
discrepancy and to be reconciled with anomalous data, we propose a negative 
cosmological constant with a varying density of energy through time, which im-
plies a positive pressure. In Sec. 4.3, we discuss of links between CP, zero point 
fluctuations, induction of gravity and inertia. Along a different line in 4.4, we 
concentrate on connections between theory of Relation and quantum gravity 
through Pioneer effect. With correlations and assumptions concerning the gra-
viton, we write down some characterizations of a quantum gravity to be con-
structed, finally, the conclusion in Sec. 5.  

2. Relativity, Theory of Relation and Principle of  
Compensation 

Special Relativity (SR) concerns isolated system, free of outside influence, in a 
completely empty and homogeneous space in which the speed of light is an ab-
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solute constant. General Relativity (GR) is SR looking at the influence of gravita-
tion. It is based on the principle of Equivalence (EP) considering the equality 
everywhere between gravitational mass and inertial mass. Matter, which is grav-
ity, curves spacetime. 

The new theory called “Theory of Relation” regards that not only matter but 
also vacuum interact with the system. Vacuum is not empty space but ocean of 
interacting negative and positive energies. The reported anomalous acceleration 
of the Pioneer 10 spacecraft is a consequence of this misunderstood part of our 
physics. This theory gives an interaction between the electromagnetic (EM) 
spacetime of expansion and the gravitational matter of condensation. This new 
cosmological model initially assumed that 

1) Our universe is made of two complementary and interpenetrated struc-
tures, one for condensation with a gravific spacetime and EM matter (Eins-
tein), the other for expansion with a flat EM spacetime and ordinary matter 
(Lorentz-Maxwell).  

2) Since the big bang, the EM structure of expansion is decreasing giving up 
its energy to the positive gravitational increasing structure of condensation. A 
perpetual annihilation of the negative energy-mass is transformed into a continual 
creation of positive energy-mass. The first structure of condensation represents the 
positive solution of Dirac’s equation of energy while the second structure of ex-
pansion express its negative energy solution which was eliminated by a mathe-
matical trick [8].  

3) The EM wave of spacetime is supported by an inhomogeneous vacuum 
filled of “minimal” negative energy perpetually in interaction with positive mat-
ter. The speed of light is a constant but there is an anisotropy making it not ab-
solute.  

4) Ether exists. There is no precise definition for it and it is a lumber room for 
scientists. In our theory, it is close to the Lorentz’s ether theory: a negative EM 
spacetime wave in a quantum void, which is a plenum.  

5) Electromagnetism in macrocosm is the negative side of gravitation [8] [9]. 
If gravitation is the only force between planets in the structure of condensation, 
electromagnetism is the driving force of the structure of expansion. Gravitation 
of the first structure is “positive” relatively to the “negative” electromagnetism of 
the second structure.  

6) The theory is in a framework of “cyclic universe theory”. Our model com-
bines the cosmology of the big bang with the continual creation of matter. Our big 
bang starts with the big crunch of a pre-big bang universe. This pre-compression 
resolves the problems of causality, conservation, flatness, horizon, without being 
committed to the cosmological standard model of inflation, strings, higher dimen-
sions, or to branes and orbifolds. The concepts that the universe “comes back full 
of negative energy-mass”, and the “normalization” of the negative energy solution 
of the classic equations, are the central ideas of this cyclic model.  

Our complex universe is dual: positive and negative. The negative part of the 
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universe, which is a universe by itself, is disintegrating, “creating” our actual 
positive universe. The compensation principle (CP) asserts that the permanent 
loss of negative energy of the expanding EM wavelength of spacetime induces 
the positive gravific spacetime matter. Flat EM spacetime can yield induced 
gravity to ordinary matter. Gravific spacetime matter produced by the expansion 
can flatten the EM spacetime.  

Note on matter and antimatter: In the theory of Relation, our dual universe 
contains two opposite structures of energy-mass, each has two roots for both 
positive and negative energy, each containing its own particles and antiparticles, 
being dependant of Dirac’s equation on energy  

( )1 22 4 2 2E m c p c± = + .                    (5) 

In each structure, antimatter is matter that is composed of the antiparticles of 
those that constitute normal matter. In a larger sense, antimatter is the extension 
of the structure of expansion, while our normal matter constitutes almost en-
tirely the structure of condensation. This asymmetry of matter and antimatter 
would come from a kind of continual transmutation attributed to the disintegra-
tion, all along the cosmic expansion, of the negative antimatter-anti energy into 
the creation of positive matter-energy of the observable universe.  

PART 1 
TWO STRUCTURES AND TWO PRINCIPLES 

3. Violation of the Principle of Equivalence in Empty Inertial  
Space  

In empty space of GR, a supposed observer inside the Pioneer spacecraft will 
theoretically undergo a force equal to “inertial mass × acceleration”, also equiva-
lent to a force equal to “gravitational mass × intensity of the gravitational field” 
[10]  

i i g gF M a F M g= × = = × .                    (6) 

This equivalence is corroborated by experiences on Earth. But observation on 
Pioneer gives 

( ) ( )i i g gF M a F M g= × ≠ = × .                  (7) 

Precisely ( ) ( )i i g gF M a F M g= × < = × .              (8) 

Keeping the equality between the masses, a decreases while g increases. Ano-
malous deceleration outwards is interpreted like anomalous acceleration to-
ward the Sun [5]  

108.5 10t pg a c a −∆ = − = = − × .                   (9) 

This anomalous acceleration, which signifies an extra measurable gravita-
tional potential, counteracts the EP saying “In a freely falling local frame (even 
including self-gravitating bodies), no influence is measurable of the gravita-
tional potential which may cause an acceleration of the frame as a whole” [11].  
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Radio-signal interval is shorter than expected meaning linear radius 
(Newtonian) is shorter (range). With GR, shorter distance wants to say a 
greater curvature due to an excess of sunward gravity [12] [13]. Let us sup-
pose a clock situated on a probe in a fieldless region of space. With GR, if we 
take the origin of the space coordinates in the center of an atom, we can put 
( ) ( ) ( ) 0x y zξ η ζ= = = , and have  

2 2 2 2
44s c T g t= − =  

( )1 2
44t Tc g= − .                       (10) 

It is only in a fieldless space that we have 2
44g c= − , thus t T= .  

Suppose a clock situated on Pioneer 10 in the same “fieldless” region of 
space. An anomalous acceleration is observed: we say that a downward trend of 
minimal energy with distance in the vacuum induces gravity. So the gravitational 
field 44g  in this false fieldless is different from 2c− , say ( )2

44 1g c γ= − − . 
Thus the time of vibration is altered to  

( )1 21t T γ= −                        (11) 

or, as the deviation γ  is small, approximately  

( ) 2 2 2 21 2 ; 2 2 2t T c GM Rc v cγ γ= + = Φ = =   .       (12) 

For GR and the EP, a clock in the vacuum undergoes no gravity. The CP says 
there is a difference in the beating of the same clock for which the difference of 
the induced gravitational field in the vacuum given by 44g  has the relative val-
ue γ . 

Pioneer effect is a clear violation of EP, an anomaly in the redshift of GR. It is 
as if the loss of density in the vacuum was turned into gravitational energy, like 
if a negative energy was converted into a positive energy. Energy of both sys-
tems is conserved if what constitutes a non-standard channel of energy-loss by a 
is recuperated by g. A new principle is necessary to explain this anomalous ef-
fect and maintain this conservation.  

3.1. Principle of Compensation in Empty EM Space 

The principle of compensation says that the decrement of negative EM ener-
gy-mass during the expansion induces a proportional and opposite increment of 
the positive gravitational energy-mass. Considering that further distance from 
matter lowered minimal density energy in vacuum, assuming that a long-range 
negative scalar field interacts with matter inducing gravity, the CP permits the 
transformation of negative EM energy from the increasing wavelength of space-
time into positive gravitational matter. According to this principle, the negative 
EM energy of vacuum slowly lessens with distance inducing the lost into posi-
tive gravitational energy. The progressive deceleration of the space probe out-
ward, interpreted as a constant sunward acceleration, is related to the deep 
general idea that the scalar field of the vacuum with an appropriate potential of 
negative energy is continuously able to transform its energy into a positive 
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gravitational energy. It explains the anomaly of the outwards redshift in rela-
tion with the inward blueshift.  

In a general sense, the EM wavelength of spacetime is assimilated with the cos-
mological constant interpreted as dark energy and corresponding in our theory to 
the negative mass-energy containing the baryons at speed under 𝑐𝑐 and the bosons 
at speed c. In a special sense, the EM wavelength of spacetime is associated with 
the energy and with the bosons at the speed of light.  

The situation of the cosmological photons streaming from this special EM 
wave of spacetime, related by CP to the gravitational photon of the structure of 
condensation, is illustrated in a sort of double vacuum wells which forms a tri-
angle ◄ with A at left, E down and G up. A has a double role: it is the EM 
charge source for the EM cosmological photon on the structure of expansion 
(similar to the metric of special relativity) and it is the attractive mass for the 
gravitational photon on the structure of condensation (similar to the metric of 
GR). The branch AG is of a gravitational well. The branch AE belongs to an 
empty quantum well. Both wells are different but related.  

When cosmological EM photons in space fall from A to E into the steady 
slowly growing vacuum which forms a “quantum well”, they lose energy (red-
shift). The energy lost at point E induces energy in gravitational photons on the 
structure of condensation at point G falling down toward A into a “matter well”. 
So the gravitational photons rolling down the potential well will have an extra 
energy (blueshift) coming from the vacuum energy, adding the kinetic energy to 
a standard gravitational field obeying the EP. We can also say that the EM pho-
ton tumbling from A to E into a vacuum well becomes less energetic and slightly 
colder by ( ) ov c T , where the inferred velocity is v c< . The gravitational pho-
ton at G recovers the energy lost by the opposite photon E, is hotter by ( ) ov c T , 
and is more energetic before he falls into this kind of gravitational well than the 
conventional gravitational photon gaining energy like a ball rolling down a hill. 

When cosmological photons climb back out from E to A, they are blueshifted, 
they gain EM energy. On the contrary, gravitational photons rolling up a matter 
well lose energy, are redshifted. It is like if the lost gravitational energy was 
transformed into EM energy. The deep meaning of CP is that when there is less 
EM mass-charge repulsive force in the structure of expansion going forward 
with the arrow of cosmological time, there is more mass-matter attractive force 
in the other structure. When there is more EM energy in the structure of expan-
sion going backward against the arrow of cosmological time, there is more nega-
tive EM energy-mass, more quantum gravity, less classical gravitational ener-
gy-mass-matter, an antigravity. The conservation of mass-energy law is basically 
respected because there are two structures with two incompatible energies: the 
negative EM energy and the positive energy of rest mass. CP allowed their con-
version in each other. The annihilation of one form of matter-energy is the crea-
tion of the other. The present universal current is the disintegration of the nega-
tive EM energy-mass converted into the positive gravitational energy-mass.  
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With the theory of Relation, the cosmological photon is bound up with the 
gravitational photon. Thus, in the same proportion that the cosmological photon 
will be stretched and redshifted to a longer wavelength in the deepening poten-
tial well of the fabric of spacetime itself, the gravitational photon will be con-
tracted and blueshifted to a shorter wavelength in a gravific potential well. This 
paradoxical situation gives the connexion between the compensation and the 
equivalence principles. Note that inflation or cyclic brane cosmology models, 
with the dark energy causing universal expansion to accelerate toward a big rip, 
are pure violation of EP.  

3.2. Macroscopic Casimir Effect: Induction of Gravity  

Photons of the interplanetary vacuum simply lose energy by traveling through 
space toward the infinity. In deep space there is an increase of wavelength of photon 
proportionally to the time/distance while passing through the space undisturbed [14]. 
The loss of energy induces a gravitational effect like a macroscopic Casimir effect [8] 
[9]. Gravity is induced when the EM energy of space is lowered between two 
plates. It implies a mechanical action which is equivalent to the ad hoc expla-
nation saying that shorter external waves pushed plates one toward the other. 
It seems likely that redshifts may be due to a decelerating expanding EM space-
time transforming its loss of energy into the condensed matter of the gravita-
tional structure. The observed excess redshift express both a steady decrease of 
the minimal energy of vacuum proportional to the distance and an induced 
gravity of matter. The observed excess blueshift express both a shorter distance 
and a higher frequency from positive quanta of energy. 

Quantum vacuum field induced a constant gravity in fieldless space which is 
like the action of a constant gravitational field such as occurs at the immediate 
surface of a celestial body which, in accordance with GR, can be replaced by an 
acceleration of the observer with the same value g directed opposite to the at-
traction. Pioneer effect is related to energy. Induced gravity by quantum vacuum 
aimed at the Sun means mass enlargement and lower gravitational potential 
(negative gravitational potential energy becomes smaller when bodies come 
closer) [15]. This anomalous lower potential energy from Sun is amount to an 
increase of mass (if c is the speed of gravity and light, and if the distance is ano-
malously shorter, sM  becomes more massive in 2

sGM c r= ). In fact, the CP 
is the underlying mechanism bringing a perpetual creation of positive ener-
gy-matter. Does it say there is no more conservation of energy and mass? Abso-
lutely not, but this law must be enlarged to the notion of negative energy and 
mass in agreement with ( )2E mc± = ± .  

3.3. Regarding a Lower Density of the Vacuum 

Anderson et al. [5] reported D.F.Crawford [16] suggesting a possible effect from 
applications of known physics: a gravitational frequency shift of the radio signals 
that is proportional to the distance to the spacecraft and the density of dust in 
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the intermediate medium. In particular, he has argued that the gravitational in-
teraction of the S-band radio signals with the interplanetary dust may be respon-
sible for producing an anomalous acceleration similar to that seen by the Pio-
neer spacecraft. The effect of this interaction is a frequency shift that is propor-
tional to the distance and the square root of the density of the medium in which 
it travels. Didon, Perchoux and Courten [17] proposed similarly that the effect 
comes from resistance of the spacecraft antennae as they transverse the inter-
planetary dust. This is related to more general ideas that an asteroid or comet 
belt, with its associated dust, might cause the effect by gravitational interactions 
or resistance to dust particles [18]. “However, these ideas have problems with 
known properties of the interplanetary medium: infrared observations rule out 
more than 0.3 Earth mass from Kuiper Belt dust in the trans-Neptunian region. 
Ulysses and Galileo measurements in the inner solar system find very few dust 
grains in the 10−18 - 10−12 kg·m−3 range. The density varies greatly, up and down, 
within the belt (which precludes a constant force) and, in any event, the density 
is not large enough to produce a gravitational acceleration on the order of pa
[5].  

We think that the effect does not come from resistance of the spacecraft an-
tennae as they transverse the interplanetary dust but on the contrary from a void 
of density. This is related to the more general idea that emptiness might cause 
the effect by gravitational interactions. It is not the resistance to “positive” dust 
particles but their absence which is generating gravity. Induced gravity in Casi-
mir effect is not caused by presence but by absence of energy.  

We suggest a possible effect from applications of unknown physics: a gravita-
tional frequency shift of the radio signals that is proportional to the distance to 
the spacecraft and the loss of density energy (dust, etc.) in the intermediate me-
dium. In particular, we argue that the gravitational interaction of the S-band ra-
dio signals with the growing empty space of the interplanetary vacuum may be 
responsible for producing drag acceleration similar to that seen by the Pioneer 
spacecraft. The effect of this interaction could be a frequency shift that is pro-
portional to the distance and the square root of the “lack” of density of the me-
dium in which it travels (not, as expected, proportional to the square root of the 
density of the interplanetary dust) [16].  

It is assumed that the density of the vacuum vacuum solar systemp p n=  differs 
from the density in solar system (ecliptic) significantly. Index 1n <  is the av-
eraged characteristic of the negative energy layer thickness of which decreases 
by the law l (distance) = vt (outwards) between the probe-transmitter and the 
Earth-receiver [19]. The Pioneer effect comes from resistance of the spacecraft 
antennae as they go through the interplanetary medium. This resistance, like 
associated gelatine, which is not real dust particles, is the negative pressure of a 
negative energy, which is the scalar medium of the vacuum. It induces a gravi-
ty which has a real mechanical effect similar to the Casimir effect. It is also 
presumed by the CP that this index (n toward 1) is likewise the averaged cha-
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racteristic of the positive gravitational energy layer thickness of which increas-
es by the law l vt=  (inward). 

Having said this, we do not exclude the presence of dark matter as associated 
gelatine forming the resistance. Without elaborating on the nature of dark mat-
ter, it is in the theory of Relation an intermediate state between negative and 
positive energy-matter. The creation of this exotic matter is always accompanied 
with a creation of an exotic space, and both produces a gravitational flux density, 
both concerns non-baryons and non-bosons originating from the structure of 
expansion on a very slow way to become baryons and bosons in the structure of 
condensation. The specific case of Pioneer relates to bosons and “dark space” 
(void).  

3.4. Gravitational and Cosmological Photons  

The measurements allowed observing an increment of frequency of the radio 
signal sent off from the Earth and retransmitted by Pioneer 10. Light of fre-
quency v can be regarded, according to quantum theory, as consisting of 
quanta of energy E hv= . These have an inertial mass 2 2m E c hv c= =  and 
this is, according to the EP, equal to its gravitational mass. When light quanta 
hc have travelled the distance l toward the field of gravitation g, their energy 
has increased by g/m. The receiver on Earth detects a frequency  

2hv hv g hv c′ = + .                        (13) 

According to the CP in the deep space, we must add an extra induced gravi-
ty links up to vacuum. The gravitational interaction is caused by the focusing of 
the signal photons in curved space; in this case, the curvature is related by an 
anomalous induced gravity characterized by the lack of density of the interpla-
netary positive dust. When light quanta hv  have travelled the distance l to-
ward the field of gravitation g, their energy has increased by  
g m g m+ ∆ . Hence at the end of this journey the energy of quantum is:  

 ( )2 2hv hv g hv c g hv c′′ = + + ∆ .                (14) 

The receiver on Earth detects a frequency slightly higher than the one de-
tected according to the EP ( 2hv hv g hv c′ = + ). It is a blueshift for the “gravi-
tational” photons on the structure of condensation. Radio-signals intervals are 
shorter. The spacecraft in deep space undergoes more frequency which is not in-
crement of speed because there is no recession: data proved Pioneer 10 is slowing 
down going outwards. On the standpoint of the spacecraft going outwards, the 
frequency observed on Pioneer ( v′′ ) is anomalously more diminished than the 
expected frequency ( v′ ).  

( ) ( )2 2 21 1v v v v v v c v g g l c   ′′ ′ ′= − ∆ = − + ∆ = − + ∆   .       (15) 

The observed redshift is greater than the calculated one. So the extra g from 
2gl c  is an outwards deceleration interpreted, with a change of sign, like ac-

celeration toward Earth-Sun, which is an application of CP.  
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What about “cosmological” photons on the expansion structure? In deep 
space they follow the EM expansionist arrow of Time. Their sources are the 
negative matter-energy at the beginning of our cosmological time. They are in 
a position of a gravitational photon (emitted by star or planet) going against 
the field of gravitation g and losing energy with outwards distance. With re-
gard to the EP and Doppler effect, when light quanta hv have travelled the dis-
tance l with an expansionist EM field, their energy has decreased by g/m giving 
the frequency 2hv hv g hv c′ = − . In empty space, the photon loses also an 
additional energy because a downward trend of minimal energy with distance. 
Hence at the end of this journey, according to the CP, there is an anomalous 
redshift and the receiver on Earth should detect a frequency slightly lower than 
the one expected [12] [13]  

 ( )2 2hv hv g hv c g hv c′′ = − + ∆ .                 (16) 

Another way to say this is that in the deep space out of our solar system the 
probe follows an increasing EM spacetime wave. We postulate that with distance 
in vacuum the minimal negative EM energy of expansion is slowly diminished. 
It is a real effect in addition to the usual “Doppler effect”. There is an anomalous 
loss of energy in the vacuum against the EM source giving an anomalous redshift. 
The energy of a quantum alongside with Pioneer going outwards is only 

 ( ) ( )2 2 21 1hv hv hv hv v v c hv g g l c   ′′ ′ ′= − ∆ = − + ∆ = − + ∆   .    (17) 

This equation without h is like (15), where an anomalous acceleration toward 
the gravitational source gives the same redshift. It is like if the EM energy was 
converted into gravitational resistance or acceleration toward matter. Pioneer 10 
in the deep space of expansion slows down going outwards; the cosmological 
photon loses energy, which fuels the gravitational potential. According to the 
CP, the energy lost by the cosmological photon ( 2g hv c− ) is retrieved by the 
gravitational photon ( 2g hv c+ ). The observed redshift on Earth is higher 
than predicted, but the real effect is a blueshift. In the vacuum, “lost energy” is 
equivalent to “gain of gravity”, “anomalous redshift” from light quanta is equiv-
alent to “anomalous blueshift” from anomalous acceleration (induced gravity). 

3.5. About Time and Metric  

Theory of Relation discerns two real spacetimes: the gravific spacetime, or 
Einsteinian spacetime, associated with positive energy and condensation; and 
the EM spacetime, or Lorentz-Maxwell spacetime, associated with negative 
energy and expansion. And two distinctive times going from past to future: 
cosmic time for the gravific spacetime (cosmic time of GR); and the cosmo-
logical time for the EM spacetime. Cosmologic time goes along with macros-
copic thermodynamic time (entropy). Considering the two structures, electro-
magnetism becomes the counterpart of gravitation in the macrocosm [20] [21].  

Usually we consider cosmic time, atomic time and ephemeris time. Cosmic 
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time is the time of GR: dilatation of time when space contracts with greater 
curvature. Atomic time is also called “proper time”. Ephemeris time is asso-
ciated with Kepler-Newton time. It is the uniform time of Solar system; planets 
around the Sun. In a standard GR where empty space is without energy there is 
an agreement between those times. Non-conventional Pioneer effect contra-
dicts relativity theory.  

There is equality between atomic time of DNS antenna, cosmic time, epheme-
ris time but not with cosmological time on which they are depending. EM time 
(link with absolute time of our universe) is still ignored because not only the 
positive energy but also the negative energy of the vacuum is not considered. 
The origin of the anomalous signals is related to this cosmologic EM time. Cos-
mological time of a clock in the scalar field of vacuum (negative scalar) is longer, 
because the EM wave of spacetime is longer with the distance and loses some 
negative energy (tired light).  

Atomic time of a clock on probe Pioneer in vacuum is also longer because 
matter gains the same negative energy converted into positive energy. Atomic 
time of DNS antenna takes the coincidental point-time of a time clock accele-
rating toward Sun (blueshift) corresponding to an anomalous decelerating Pio-
neer outwards (redshift). This shorter atomic time is not the same as the longer 
“proper time” of the atoms of Pioneer in deep space. In this regard, there is two 
“atomic times”. 

The radio signal sent off from the Earth and actively retransmitted by the 
spacecraft constitutes a “clock” which is not in a constant relation with an atom-
ic clock on Earth. Perturbed shorter intervals affect the “temporal length” of the 
wavelength of the spectral narrow color lines even if it does not change the type 
of atom emitting the light. This is a violation of the relativistic 2ds  based on 
Minkowski metric in space which embodies an imaginary time and directly no 
EM field. Our interpretation is that “temporal length” of the atom depends of 
distance and of a Lorentz-Maxwell metric with an EM wave of spacetime pro-
ducing the cosmological time of our universe.  

Note that, on Earth, only the atomic clock in relation with Pioneer going out-
wards with an anomalous deceleration is affected by the change of frequency. It 
reflects an anomalous and constant modification of the state of the vacuum sur-
rounding Pioneer. The usual atomic clocks on Earth and on the planets are in-
fluenced just by the physical or mechanical local conditions in the near limited 
domain in which is this clock [22]. The irregular deceleration outwards inter-
preted as an anomalous acceleration inward is not seen on planets and there is 
no perceived change in the frequency of the usual atomic clocks, because orbital 
planets are in a finite and stationary movement.  

This being said, ephemeris time apparently does not change. But beyond 
Neptune, Pioneer 10/11 radiometric data indicated a constant skewing between 
predicted and observed Doppler shifts [23]. It is a blueshift: radial distance be-
come shorter because an excess of gravity makes the range of Newtonian radius 
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shorter (greater curve with GR). The time of ephemeris, which is Newtonian 
time, is shorter and so is the range disturbance of the proportional radius.  

3.6. Relation (Not Coincidence), Ether and Two Structures 

There is a relation between, on one hand, the anomalous acceleration of the 
probe toward the Sun ( pa− ) and the acceleration of the clock ( t pa a c= ), and, 
on the other hand, an anomalous decrease in acceleration outwards and the in-
crease of EM wavelength in deep space. 

We have postulated the existence of two structures going from past to future 
but oppositely directed in space: condensation with the positive energy of gravity 
and expansion with the negative energy of electromagnetism. In this respect, EM 
force on cosmic scale is a counterpart comparable to gravitation. 

GR is a local structure of condensation with space as a gravific ether and 
matter as an EM field. Gravitation is associated by GR to properties of spacetime. 
With Einstein, the field of electromagnetism in space is not determined by the 
gravific ether and its links in the ether are secondary, almost nonexistent [24]. 
SR associated Maxwell’s electromagnetism to properties of spacetime and, in 
our view, this association constitutes the second structure, the one of the glob-
al expansion, initiated by Lorentz-Maxwell with an EM ether field as space and 
the ordinary matter. This second structure, inspired by Dirac, is a negative 
ocean where the negative energy-matter is perpetually transformed into the 
positive matter-energy of our world. Searching a physical meaning for the 
negative energy in his equations, Dirac uses above all the passage of positive 
energy toward the ocean of negative energy. Relation theory considers the 
ocean of negative matter-energy as the matrix of our world and its “evapora-
tion” into the space-time-matter of our positive world follows the recessional 
motion with the arrow of time from past to future. Both structures exist and are 
necessary to our universe but properties of each structure are of different nature. 
The so-called greatest blunder of Einstein was not about the cosmological con-
stant but the denial of a second structure in our world. It was more a limitation 
curbing unification than a mistake, since “ether” was set aside.  

We assume that Pioneer follows the Lorentz-Maxwell structure in which the 
arrow of cosmological and thermodynamic times is going outwards toward ex-
pansion and entropy. It gives a deceleration of clock time, because longer cos-
mological time corresponds to a deceleration outwards and an increase of EM 
wavelength in deep space. Pioneer going outwards was under steady lower fre-
quency drift of about 6 × 10−9 Hz/s which equates to a clock deceleration of 2.8 × 
10−18 s/s2. The identity with Pioneer deceleration in deep space is t pa a c+ = +  
(sign + means pa  is outwards). This corresponds to the observed anomaly us-
ing the Doppler effect: the redshift is more than the calculated and verified by 
the frequent position measurements using the time of travel of the radio signal.  

In fact, the location and the motion of the space vehicles point out less veloci-
ty [14]. Analysis of Pioneer’s radio-metric tracking data has consistently indi-
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cated at heliocentric distances the presence of a small Doppler frequency drift 
which is a blueshift. Anderson et al interpreted it as a constant sunward accele-
ration of spacecraft [25].  

The radio-signal known as the Pioneer anomaly follows the structure of Eins-
tein-Newton with the positive energy of gravity. This structure of condensation 
and the cosmological time are going toward the future with the same arrow of 
time (→), but both structures have opposite spatial direction. Cosmic time fol-
lows the spatial direction of condensation (←). In this respect, let’s say that our 
universe is a spacetime with a spatio-temporal dynamics. Spacetime of the ex-
pansion structure is temporally flat (not completely) with a positive or nega-
tive curvature, while the spacetime of the condensation structure is spatially 
curve.  

Pioneer going sunward under steady higher frequency drift of about −6 × 10−9 
Hz/s which equates to a clock acceleration 18 22.8 10 s st pa a c −− = − = − ×  (sign 
means inward). The acceleration of Pioneer, the acceleration of clock and the 
frequency are higher. It’s a blueshift.  

There is an interpenetration of both structures giving opposite results and 
connected by the CP. Expansion is the dominant structure with cosmological 
EM time and negative energy begetting the condensation structure with gra-
vific space and positive energy. Let’s take t pa a c− = +  (negative and positive 
signs mean inward and outwards). Pioneer going outwards slows down by fol-
lowing the way of spacetime EM in growth. The inverse of a growing universal 
time gives ta−  which is a lower drift, or lower clock acceleration, sunward† 
(see 3.7).  

The underlying mechanism is that the energy of the negative EM spacetime 
wave of expansion loses of its energy with the distance so generating the positive 
energy of the gravity. Longer cosmological time gives a diminishing frequency 
with distance because the negative energy density of the vacuum scalar field is 
slowly decreasing by generating an induced gravity, like a Casimir effect. The 
negative energy lost by space wave is converted into positive energy or, in other 
words, quantum vacuum is inducing gravity. Equivalently, it gives an anomalous 
acceleration of clock time, a blueshift going inward. Blueshift means a shorter 
wave of cosmic time on the condensation structure. The velocity of Pioneer 
outwards slows down; the distance and the time of travel of the radio signal are 
shorter.  

This relation is not coincidence but an obliged natural link between both 
structures, an everlasting exchange between negative and positive energies. They 
are related by the CP: lost energy of expansion is recuperated into positive ener-
gy of condensation. There is more gravity-energy in condensation, because with 
distance there is less energy in the EM wave of expansion. This anomalous grav-
ity-energy is equivalent to the anomalous shorter distance. More than a simple 
coincidence, t pa a c− = +  express a perpetual relation between condensation 
and expansion, between both energies. 
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3.7. Predictions 

The observations made by WMAP, as well as the high redshift supernova data, 
are usually explained by an accelerating expansion of the present universe. 
However, with the current quality of the supernova 1a data, the allowed para-
meter space is wide enough to accommodate the decelerating models as well [26]. 
Moreover, the satellite XMM-Newton of Agency’s European Space X-ray obser-
vatory (ESA) has returned data about the nature of the universe indicating that 
the universe must be a high-density environment, in clear contradiction to the 
“concordance model” relying on the theory of inflation. In a survey of distant 
clusters of galaxies, the results of XMM-Newton revealed that today’s clusters of 
galaxies are superior to those present in the universe around seven thousand 
million years ago. Such a measure also goes toward a decelerated expansion [27].  

At this stage we can wonder if we do not make wrong road from the initial 
conditions, if we really understand the relation between masses and gravitation, 
if the official accreditation in 1998 of a positive cosmological constant from the 
observations of type 1a supernova was not premature and misinterpreted. We 
foresee a rectification in the future. We think, for reasons else than those re-
quired by the classic big bang and by the decelerating Einstein-de Sitter model, 
which used to be the favoured model before these observations, that the global 
expansion decelerates since the beginning. The deceleration of Pioneer in the 
deep space where the wavelength of spacetime grows is in itself an experimental 
proof of a decelerated world.  

In the future, there will be inward a predictable less acceleration for the probe, 
less clock acceleration, less blueshift, less shorter time interval between signal 
pulsations† (see 3.6). In other words, with the distance and the time outwards the 
anomalous acceleration inward will be weaker, unless there is a sudden attractive 
body or an unexpected pocket of lower vacuum level. A longer cosmological 
time corresponds to a declining anomalous acceleration toward Sun. What we 
call an acceleration of time toward Sun is a deceleration of time toward infinity; 
the acceleration of Pioneer toward Sun is a deceleration outwards, being astride 
upon a slowed down expansion associated with the EM spacetime wave.  

Notice that a number of people have pointed out  
10 2~ 8 10 m sH p ta cH a a c −= → = → ×               (18) 

depending on the value of H (inverse of the Universal Time) or pa  [5]. The use 
of the time of travel of the radio signal gives an additional redshift going out-
wards: lower frequency, longer wavelength. It showed that there is here no Hub-
ble effect (recession: faster speed of the galaxies with distance) corresponding to 
Doppler effect. They are prone to conclude that there is no recession at all and 
no expanding universe because the Hubble redshift is distance caused.  

Our view is that the redshift is linked with the EM wave of spacetime of the 
second structure. A longer spacetime wavelength, or “tired light” in immediate 
deep space, points out a deceleration of expansion going toward the future. 
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There is no contradiction with Hubble discovered nebular redshift versus dis-
tance explained through recession as long as it is toward the past on the struc-
ture of cosmological time: to see weakly the distant galaxies implicates see earlier 
in the past and a faster speed toward the point of origin. This means that the 
universe does not accelerate toward the future, and that its speed at the begin-
ning was almost the speed of light. 

PART 11 
TIRED LIGHT MECHANISM: THE ZPF THEORY AND THE PRINCIPLE 

OF COMPENSATION 

4. Tired Light Integrated into Theory of Relation  

Till now, relativity and Doppler effects went along very well to explain the shift-
ing of spectral lines. When astronomers look at the spectrum of light from a star 
or galaxy, they see the precise wavelength of the narrow, colored spectral line 
telling scientists what type of atom has emitted light. The Doppler effect is the 
apparent change in the wavelength of sound or light caused by motion of the 
source, the observer, or both. Waves emitted by a moving object as received by 
an observer will be blueshifted if approaching, redshifted if receding. The change 
in frequency depends on the speed at which the object moves to or away from 
the receiver [24]. With relativity, if we suppose two stars S1 and S2 link up by a 
rigid stick, a monochromatic light sent from S1 to S2 and reflected from S2 to-
ward S1 would have the same frequency than the one measured by a clock in S1: 
the number of wavelengths along the stick will be the same.  

A radio signal sent from Earth to Pioneer 10 and retransmitted to Earth would 
not have the same frequency as that initially measured by a clock on Earth: the 
observation of an abnormal blueshift indicates a wavelength that disappeared 
along the supposed stick between them. On the other hand, there is a cosmolog-
ical redshift which excludes the Hubble redshift with its distance\source propor-
tionality, interpreted as the recession of galaxies. With distance, the light around 
the probe seems as tired as its speed.  

Pioneer effect is the first support to explain it by the concept of “tired light”. 
One of the difficulties before was that there was no consistent mechanism 
known that could give a tired light effect: it was not related to transmission in 
a transparent medium. Data from Pioneer 10 give evidence that there is plasma 
of space slowing down the photons. 

Tired light is a class of hypothetical redshift mechanisms that were proposed 
as an alternative explanation for the redshift-distance relationship. It was first 
proposed in 1929 by Fritz Zwicky [28] who suggested that photons might slowly 
lose energy as they travel vast distances through a static universe by interaction 
with matter or other photons, or by some novel physical mechanism. Since a de-
cline of energy corresponds to an increase in light’s wavelength, this effect would 
produce a redshift in spectral lines that increase proportionally with the distance 
of the source. The term “tired light” was coined by Richard Tolman in the early 
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1930s [29]. Today this model is considered highly speculative even if it was a se-
rious alternative intended to replace the competing cosmologies of the big bang 
and the steady state, which both assumed that Hubble’s law is associated with 
the metric of expanding space.  

In the theory of Relation, tired light becomes a mixture of big bang and steady 
state cosmologies. The redshift is due to recessional motion and the photons 
emitted by a nebula lose energy on their journey to the observer. Pioneer 10 
going outwards loses some frequency. The Pioneer effect is important because it 
demonstrates that light in space cannot be explained purely as a wave pheno-
menon. Relativity and the Maxwellian theory of EM wave cannot explain any 
real scattered energy and any shift in wavelength. Light must behave as a stream 
of particles whose energy is proportional to the frequency in order to explain 
what a Compton scattering for the space seems. This dispersion of energy, like a 
Compton effect in space, implies discontinuity in space instead of continuity. If 
photons can impair energy through some interaction with the medium (a plas-
ma) located between the source and the observer, it requires a different metric 
than the one used by relativity [30].  

4.1. Gravitation and Electromagnetism: Two Sides of One Force 

The EM force in the vacuum, shown above, arises from a proposal of 
Sakharov [31] based on the work of Zeldovich [32] in which a connection is 
drawn between Hilbert-Einstein action and the quantum vacuum [33]. This 
leads to a view of gravity as “a metric elasticity of space”. There were some early 
pioneering attempts, inspired by Sakharov’s conjecture, to relate gravity to 
the vacuum from a quantum-field-theoretical viewpoint. The first step in 
developing Sakharov’s conjecture in any detail was the work of Puthoff [34]. 
Gravity is treated as a residual force in the manner of van der Waals forces. 
Unlike the Coulomb force, which, classically viewed, acts directly between 
charged particles, this interaction is mediated by extremely tiny propagating 
secondary fields created by the zero-point fluctuations (ZPF)-driven oscilla-
tions [35], and so is enormously weaker than the Coulomb force. Puthoff’s 
attempt to derive a Newtonian inverse square force of gravity proves to be un-
successful. 

Our approach, based on the theory of Relation, considers our whole universe 
as a white hole estimated as around 1053 kg. The radius for the positive ener-
gy-mass ( 2 4o

UGM c GE c R= = ), as long as it is a Schwarzschild radius, is also 
a gravific wave ot c . The same radius is the cosmological EM wave of the nega-
tive-energy mass of the vacuum ( 2

o EMt c h mc hc mc= = ). This means that dur-
ing the expansion, triggered by the big bang, the negative mass-energy of a nega-
tive universe turned into a positive universe with a positive mass-energy. Our 
universe would be part of a cycle universe. Dark matter would be a negative 
mass-energy waiting to be transformed into positive mass-energy. 

In classical physics, empty spacetime is called the vacuum. In quantum me-
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chanics, the vacuum is the state of minimum energy, the “ground state” full of 
fluctuating quantum fields.  

These quantum fluctuations, ZPF a zero point energy associated with any 
quantum field supposedly do not involve real particles, only virtual par-
ticles-antiparticles pairs produced by the vacuum; the particle and the antipar-
ticle try to separate for a short period (allowed by the principle of uncertainty), 
but they quickly annihilate with each other and the pair disappears again [36]. 
Since there is infinite number of harmonic oscillators per unit volume, the total 
zero-point energy density is, in fact, infinite. Through the process of renormali-
sation some sense can be made of infinite quantities. As it is usually imple-
mented, this yields a zero energy density for the standard quantum vacuum.  

The theory of Relation postulates that the zero-point energy yields a non-zero 
energy density for the quantum vacuum. It is extremely difficult to observe these 
vacuum fluctuations, since there is no state of lower energy to which the vacuum 
can be compared. However, the “Casimir effect” is one situation in which its ef-
fects can be seen indirectly.  

In 1948, the Dutch physicist H.B.G. Casimir predicted that two clean, neutral, 
parallel, microscopically flat metals attract each other by a very weak force that 
varies inversely as the fourth power of the distance between them. It was expe-
rimentally verified in 1958. It can be understood in the following way: the ze-
ro-point energy filling the vacuum exerts pressure on everything; in most cir-
cumstances, this pressure is not noticeable, since it acts in all directions and the 
effect cancels. However, the quantum vacuum has different properties between 
the two plates. Some of the zero-point vibrations of the EM field are suppressed 
namely, those with wavelengths too long to fit between the plates. So, the ze-
ro-point energy density between the plates is less than that of the standard va-
cuum, i.e. it is negative. From this it follows that the pressure outside is greater 
and hence the plates feel an attractive force. 

We think that it is precisely because the zero-point energy density between the 
plates is less than that of the standard vacuum that this negative energy induces 
(allowed by the CP) more positive energy, which is attractive. Since the begin-
ning, the ground state of the going on expansion loses constantly some energy, 
and real fluctuations transform negative energy into positive energy. Pretend 
there is only virtual vibrations is a quantum way to corroborate the classical 
empty spacetime and deny physical significance to the states of negative energy. 

The vacuum EM zero-point radiation is very dim, and theorists concluded 
that gravitation appears to be a long-range interaction akin to the van der 
Waals force. We prefer to declare it similar to the electromagnetism, which is 
less restrictive and includes both forces Coulomb and van der Waals. Rough-
ly speaking, all the forces involved in interactions between atoms can be traced 
to the EM force acting on the electrically charged protons and electrons inside 
the atoms. This contains the intermolecular forces between the individual mole-
cules.  
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On one hand, at the ZPF of the vacuum, the negative EM force of the vacuum 
appears to be itself a long-range interaction such as the van der Waals force 
because it has been diluted since the beginning: the EM charge weakens during 
expansion and looks like a residuum force. And, if gravity is treated as a resi-
duum force, it is because inertial and gravitational forces alike arise due to an 
interaction between vacuum EM zero-point radiation and negative subatomic 
particles giving birth to ordinary matter [35].  

On the other hand, Coulomb force, which, classically viewed, acts directly 
between charged particles, is enormously stronger than the gravitational 
force. We calculate a difference of about 1036 orders of magnitude between the 
EM and the gravitational forces between two protons in the atom like if, in mi-
crocosm, electromagnetism was the only force existing. Suppose two protons 
on a surface of a collapsing star due to gravity, so that at the end a little bit 
more than a Fermi separated them. Then the difference of strength between 
gravity and electromagnetism would be of the order of about 1 rather than 
1036. Gravitation, in this view, appears to be a short-range interaction akin to 
the Coulomb force. Gravity could then be construed as the second side, op-
posite and attractive, of the EM force. We already said that since the begin-
ning of our universe the EM negative-energy transforms itself into positive 
gravitational energy. To be consistent with our theory, if we take the EM force 
of the vacuum and go back (from present to past) to the big bang and, on the 
other hand, if the whole universe collapses gravitationally (going from present to 
future), we will have the same magnitude of force. Like if electromagnetism in 
the vacuum and gravitation between stars were the repulsive and attractive sides 
of one force with EM origin. This said for the order of magnitude, we do not al-
lege that gravity is exactly the opposite replica of electromagnetism.  

4.2. Cosmological Constant 

For a few years observational advances have led to the conclusion that the 
present universe is dominated by an energy density with negative pressure. 
Cosmologists call it dark energy and made it a version of Einstein’s cosmological 
constant a constant, unchanging energy that pushes space to expand.  

Microwave background experiments as well as supernova results strongly sup-
port the proposition coming from inflationary models that space is flat. To equal 
the critical density in a spatially flat universe it requires the total mass/energy den-
sity. Observations of galaxy clusters tell us that the matter contribution (baryonic 
and non-baryonic) to the total energy density can amount to only 20% - 30% of 
the needed critical density. Dark energy, which makes up about three-quarters of 
the energy density of the universe, accelerates cosmic expansion. With inflatio-
nary cosmology, the cosmological constant is driving this accelerated expansion 
only for a tiny fraction of a second. With quintessence model there is a slower 
and steady accelerated phase of spatial expansion. Whatever the model, a 
non-vanishing cosmological constant is expected, on the basis of quantum 
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theory, to describe the astronomical observations [37].  
Cosmologists are then confronted with two problems. First, since all sorts of 

vacuum energies contribute to the effective cosmological constant, why is the 
total vacuum energy density so small by all particle physics standards? Second, 
since the vacuum energy density is supposed to be constant in time while the 
matter energy density decreases as the universe expands, what can explains this 
cosmic coincidence that both densities are comparable just at the present time, 
while their ratio has been tiny in the early universe and will become very large in 
the distant future? [38] 

Theory of Relation is not an inflationary cosmology and claims that the ener-
gy density of vacuum is negative with an associated positive pressure driving a 
decelerated expansion of empty space. It assimilates dark energy with the cos-
mological constant, and also with the negative energy, while it is generally per-
ceived as “exotic” positive energy. Even if the assumption was right that a spa-
tially flat universe needs about 30% of ordinary and dark matter and about 70% 
of dark energy to obtain the total mass/energy density equaling the critical den-
sity, we disagree with the interpretation that the expansion of the universe is ac-
celerated. We think the observations, supernova and CDM, are construed 
through a very speculative inflationary cosmology. We conclude that the percent 
of positive matter will grow and that the percent of expansionist dark energy will 
wane until equality, it will be then the path toward a big crunch.  

Cosmologists are not satisfied with identifying the cosmological constant with 
dark energy because the expected sea level for the quantum vacuum is much 
higher than we observe: naively one should indeed have a characterless universe, 
with matter drowned by ~122 orders of magnitude below the energy density of the 
cosmological constant. But the cosmic concordance measures only a factor of a few 
differences. Furthermore, the matter and radiation we see in the universe evolves 
with the expansion, while the cosmological constant does not [37]. What is the ex-
planation? The theory of Relation assumes that there is more a causal relation 
than a scheming coincidence encloses in the question “why both densities with-
out apparent relation are today about the same order”? His approach is to 
change the initial conditions: the energy density of the cosmological constant 
was large at the beginning and composed of baryons and bosons which gave up 
their energy to become actual “tired matter” and “tired light”. On this temporal 
mode, the primordial vacuum energy was ~122 orders of magnitude greater than 
the present nearly zero of the cosmological constant. The matter and light of our 
universe came from the transformation of the negative energy-matter into posi-
tive energy-matter throughout expansion. The energy of the vacuum is dynamic; 
its density varies in time: that is why the density of the global positive matter di-
luted into the expansionist void coincides with the density of the vacuum [39] 
[40].  

All this negative energy is now recycled into positive matter in the framework 
of GR with four dimensions, with matter-galaxies attached to the fixed grid on 
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the expanding fabric of spacetime, like dots on the surface of a balloon. Density 
of matter of the whole universe is very weak, nearly zero, but would be as big as 
initial negative energy if the mass distributed throughout the surface was con-
centrated in a pre-relativistic Newtonian centre. On this spatial mode, the small, 
dense vacuum would produce a higher energy of 122 orders of magnitude. Sub-
sequently, the spatial radius of the universe would have the same variation as the 
temporal wave of spacetime expansion: u o emR t c= . 

About 4% of matter is ordinary (baryonic: ~0.4% visible, ~3.6% not visible), 
and we speculate that dark matter is a negative matter which is still waiting to be 
transformed into positive ordinary matter. The very low dark energy, taking the 
form of a cosmological constant, is like a cold radiative surface on a featureless 
negative Dirac’s ocean. A low vacuum energy keeps evaporating, which dulls the 
negative EM energy of our second structure, and in the same breath enlarges the 
positive energy, which allows the gravitational charge to take the ascendant. It is 
the deep explanation of the tired light theory.  

Note that “quintessence” is dynamic, and has a density of energy that varies 
through time, like the negative EM spacetime wave. Quintessence is a hypothet-
ical form of dark energy postulated as an explanation for observations that infer 
an accelerated universe; it is a positive energy density of the vacuum which 
proceeds from a positive cosmological constant with a negative pressure. By 
contrast, the negative EM spacetime wave of the theory of Relation has a nega-
tive energy density of vacuum resulting from a negative cosmological constant in 
decline, which implies a positive pressure that requires a decelerated expansion 
of the universe. 

4.3. Principle of Compensation and the Zero-Point Fluctuations 

In order to solve the “unsolved mystery in modern physics”, known as inertia 
(the instantaneous opposition to acceleration of all material objects), Haisch and 
Rueda related EP to Sakharov’s conjecture of a connection between Einstein 
action and the vacuum [41] [42]. They said that the properties of the EM 
quantum vacuum as experienced in a Rindler constant acceleration frame were 
investigated, and the existence of an energy-momentum flux was discovered 
and also its relative radiation, both stem from event-horizon effects in accele-
rating reference frames. The force of radiation pressure produced by the ener-
gy-momentum flux proves to be proportional to the acceleration of the refer-
ence frames, which leads to the quantum vacuum inertia hypothesis meaning 
that the inertia of matter could be interpreted at least in part as a reaction 
force originating in interactions between the EM zero-point field and the ele-
mentary charged constituents (quarks and electrons) of matter. They tried to 
demonstrate that this approach to inertia is consistent with GR and it appeared 
also that Newton’s equation of motion ( f ma= ) could be inferred from Max-
well’s equations as applied to the ZPF, i.e. the stochastic electrodynamics (SED) 
version of the quantum vacuum [43].  
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Their goal was to show that a ZPF-EM reaction force will prove to be the 
exact opposite of this, and can therefore reasonably be interpreted as the iner-
tia of the object, i.e. that in general [41] [44] 

zp
rf f f= = − .                        (19) 

While we view their approach as promising we propose that the link of in-
ertia of material objects with the hidden structure of the vacuum pass by both 
EP and CP. To illustrate this let us take a simple and gross comparison from the 
theory of Relation with two structures.  

Imagine that the negative and expansionist EM wave of spacetime in the 
second hidden structure of the vacuum is represented by a rocket A going to-
ward infinity. The two fuels of the rocket are mixed in the combustion chamber, 
where they undergo a violent chemical reaction. The products of this reaction are 
hot, high pressure gases that escape through the exhaust nozzle with a high veloci-
ty and thereby acquire a large backward momentum. The total momentum of the 
system must remain constant and so the backward momentum acquired by the 
ejected gases must be compensated by an equal and opposite forward momentum 
given to the rocket and unspent fuel: ( ) ( )r A Ap p= − . In terms of force: 

( ) ( )r A Af f= − . The reaction force ( )r Af  is EM and it is the asymmetric energy and 
momentum flux at a non-zero-point-field ZPF, so this back-reaction of lost EM 
energy is also a zero-point force ZPF called the inertial reaction:  

( ) ( )
zpf

r A Af f= . 

 ( ) ( ) ( )( )zpf
A r A Af f f− − = = .                    (20) 

Imagine also that the first structure of positive gravific spacetime is 
represented by a similar rocket B in gravity-free space going in opposite direc-
tion; that some sort of connecting pipe (or wormhole), can collect the backward 
negative energy and momentum flux of A, and transform it into a positive energy 
which is conveyed to B. With this momentum, B will accelerate ( f ma= ) toward 
star and will have an equal and opposite reaction in direction of A: ( )B r Bf f− =  
( ) ( ); ;r rf ma f f ma f ma f = = − = − − = − = −  . In this case we can say that the 

back momentum of B in direction of A is equal to the back momentum of A in di-
rection of B: ( ) ( )r B r Af f= , giving  

( ) ( ) ( )( )zpf
B r B Bf f f+ − = = .                    (21) 

This equivalence of reactions gives apparently a connection between Einstein’s 
EP and the inertia of the vacuum based on Sakharov’s conjecture.  

In the case of stationary orbit, there seems no difference between positive or 
negative energy, like if there was just one structure with no vacuum energy  

 ( ) ( ) ( )( ) ( ) ( ) ( )( )zpf zpf
A r A A B r B Bf f f f f f− − = = + − = =

 
=

 

.         (22) 

There is a balance between gF  and iF , and the ZPF which is usually per-
ceived as isotropic, symmetric, stationary or uniform-motion frame, without 
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resistance. The EP is safe but does not explain the lost energy of A gained by B. 
In deep space, A and B are in a dynamical system. With time and distance, a 

kind of resistance not coming from particles of positive energy settles in front of 
A, which causes an unexpected loss of energy and a decrease in speed. It follows 
that B receives additional energy and has an abnormal acceleration. After a while, 
the deceleration of A became smaller, as did the acceleration of B. The EP ex-
plains neither this anomaly nor the change of sign of the energy.  

We consider that Pioneer in deep space is a material object in a dynamical 
system which undergoes a change of its velocity with respect to time on both 
interpenetrated structures. The tired light wave of spacetime causes an asym-
metric non-zero-point field of the quantum vacuum which decelerates the ad-
vancing probe. Tired light phenomenon is analogously the rocket A which 
loses energy going toward infinity. 

According to the strong equivalence principle (SEP), in a zero homogeneous 
background of ordinary classical electrodynamics, inertial mass is equal to active 
and passive gravitational mass ( i g a g pm m m− −= = ). Ordinary classical electrody-
namics presupposes positive energy solutions and, accordingly, negative energy 
is merely Dirac’s artifice, a virtual particles background that not changes the 
laws of physics when exchanging one inertial reference system for another. In a 
non-zero background SEP could be satisfied if  

 g i zpfm a m a m a= =
  

.                    (23) 

It would be operational if at least there was equality between the coefficients 
of resistance gm  and zpfm . This would require more dust with positive energy 
in deeper space which is not the case ( 2

zpf zpfm E c≠ + ). 
On the contrary, the space vacuum density is less positive. If the ZPF force 

represents the system of inertia (resistance to positive energy), then there is less 
inertia than gravity, which is construed by the theory of Relation as a reduction 
in negative EM energy converted into positive gravitational energy. At point 

ZPFF , the declining negative energy flux ( 2
ZPF ZPFF E c− = − ), characterized by 

more empty space, interacts with quarks and electrons in the physical probe, 
adds a growing positive energy ( 2

zpfE c+ ), and generates an inertia reaction 
force in the opposite direction. The theory includes the real, not just virtual, ef-
fects of the quantum vacuum EM in physics, and CP allows the conversion of 
the energies that induce weight. The anomalous deceleration of Pioneer out-
wards is interpreted like an anomalous acceleration toward the Sun, giving  

 ( ) ( ) ( )
zpf

P r P Af f f= − = − .                     (24) 

There is an anomalous acceleration toward the Sun in relation with an equal 
deceleration outwards, an imbalance between g am −



 and im


, with g a im m− > . 
By considering Pioneer as an integral part of a freely falling local frame in a flat 
space-time, an “abnormal” influence is measurable from the gravitational poten-
tial which causes an acceleration of the frame as a whole. The outcome of a local 
non-gravitational test experiment is dependent of the velocity and location of 
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the freely falling frame relative to other matter in the universe [45] [46] [47]. 
Relatively to Newton’s third law, which requires that the driving force defined 

in the second law be counterbalanced by a reaction force traditionally called the 
inertia of matter [44], the meaning is that the abnormal acceleration of Pioneer 
toward the Sun is counterbalanced by the deceleration of the expansion in oppo-
site direction. 

The Pioneer’s anomaly brings an argument against the equality (or propor-
tionality) of inertial mass to gravitational mass within the standard theoretical 
framework of GR. The energy flux at point ZPFF  causes asymmetry in the me-
tric: the gravitational system toward Sun gains energy ( ( )

zpf
Bf+ ) while the inertial 

system outwards loses the same energy ( ( )
zpf
Af− ). Equation (22) becomes an in-

equality  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )
zpf zpf zpf zpf

A r A A A B r B B Bf f f f f f f f− − = = − ∆ ≠   
 + − = = ∆ + 

.   (25) 

It also exhibits two opposite systems, like two structures going in the opposite 
infinity but in close relation, one springing from the other. 

In virtue of the CP there is an induced gravitation at the point ZPF: negative 
EM energy of the expansion converts its energy into positive gravitational con-
densable energy. This is reflected in a compensation which requires that the EM 
background has a spectrum of variable Lorentz energy density and real vacuum 
interactions. In that sense, both energies are equivalent to give birth to inertia.  

Both principles are complementary and are necessary to understand our dual 
universe: EP for the global positive matter; CP for the universal negative expan-
sion. An observer on the first structure (positive) will have the trend to adopt 
Mach proposition saying that inertia, the instantaneous opposition to accelera-
tion of all objects, somehow originated in a global linkage of all matter in the 
universe. An observer on the second structure will adopt the view of Newton 
that inertia is an inherent property of matter for which a further explanation 
possible is a link with an absolute space. For Mach, matter is inertia. For Newton, 
space is inertia. Mach’s explanation is for the positive energy while the one of 
Newton is for the negative energy. The theory of Relation embraces both propo-
sitions: absolute space of Newton is the negative EM energy of the expansion 
converted into the positive energy of matter.  

4.4. Pioneer Effect and Theory of Quantum Gravity  

If anomalies in various stellar and galactic redshifts, commonly interpreted as 
Doppler shifts in an expanding universe, are in fact the result of loss of energy by 
observed photons traversing a radiation field (Erwin Finlay-Freundlich)), where 
does this loss of energy go? No generally accepted physical mechanism has been 
proposed for this loss, which seems against the conservation of energy, and 
some conclude that the assumption of a universal expansion is erroneous [48].  

The theory of Relation says that photons slowly lose energy across an ex-
panding world, thus creating an EM space-time. Since a fall of energy corres-
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ponds to an increase in cosmological wavelength of light, this effect would pro-
duce a redshift in the spectral lines which would augment proportionately with 
the distance of the source. The energy lost by the photons of the EM cosmologi-
cal wave of spacetime reappears in gravific spacetime. If we state that there is an 
EM negative structure of the expansion directly connected with the positive gra-
vitational structure, by which unknown physical mechanism in the vacuum the 
lost negative energy could be converted into positive energy?  

The theory of Relation is in the line of those who support the ZPF proposal 
seeking to ascribe gravitation entirely to interaction with zero-point radiation. 
Puthoff’s gravity [34] [49], suggesting that gravitation is a residual effect of the 
ZPF of the vacuum EM field, is positive-energy “pushing together” gravitation, 
similar to Lesage’s “ultra-mundane corpuscles”. We prefer a model proposed by 
Hotson [8], which also utilizes a residual effect of electromagnetism, whereas 
negative-energy forces act by “pulling together” [35]. This attraction suggests 
that the zero-point energy is felt by the Casimir effect. Two metal plates brought 
sufficiently close together, allowing only small, high-frequency EM “mode” of 
the vacuum energy to squeeze in between, will attract each other very slightly 
[50]. Frequencies of any type of EM mode (which give more fluctuations) out-
side of the plates creates a vacuum pressure which brings the two plates closer to 
each other. Our explanation is to say that empty space with longer wavelengths 
induces gravity. There is attraction when the energy is thrown out of the space 
which separates the plates, the energy then becomes lower than that of the stan-
dard vacuum. We assimilate this phenomenon to a kind of gravity illustrating 
the CP: the less energy there is in empty space, the more gravity there is. 

If gravity pulls the plates together, how comes? By what mechanism if the 
negative energy acts? It would take a quantum theory of gravity involving the 
idea of the “graviton” as the quantum of the gravitational field to answer these 
questions. Unfortunately, it is not easy to construct theories of physics in va-
cuo. Physicists feel that attempt to formulate a theory of quantum gravity to in-
corporate GR and quantum mechanics in a fundamental way must require the 
input of radically new concepts and quantic language of gravitation. In spite of 
a variety of a priori assumptions, arguments and disagreements, not only 
there is no experience to test a theory of quantum gravity but there is not 
even a reasonable existing theory [51]. The absence of any experimental in-
put opens up a Pandora’s Box of possibilities. One approach, which remains 
elusive, is to regard gravity as “just another field”, and to treat it in the way 
that has been successful with the EM interactions. Our view is that Pioneer 
effect could be a kind of experimental input that might provide a consistent 
theory of quantum gravity.  

In 1937, Louis de Broglie wrote: “The neutrino would be a kind of 
half-photon. Isolated, that is to say not accompanied by an antineutrino, it 
would have no electromagnetic field since it could not annihilate itself by 
photoelectric effect. But united with an antineutrino, it would form a photon 
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and would possess an electromagnetic field of Maxwellian type” [52] [53]. 
Gamow [54] and Niels Bohr emitted the possibility of a link between neutrino 
and graviton. In the early 1950s, Erwin Finlay-Freundlich proposed a redshift as 
“the result of loss of energy by observed photons traversing a radiation field” 
[55]. R.A. Alpher noted “No generally accepted physical mechanism has been 
proposed for this loss”, though P.F. Brown proposed that the energy lost reap-
pears as neutrino pairs resulting from the exchange of a graviton between two 
photons.  

For our part, we think that the empty space created by the evacuated energy 
between the Casimir plates is filled with gravitons which can be created by neu-
trinos. We suggest that “the neutrino is a kind of half-graviton. Isolated, that is 
to say without an antineutrino, it would have no gravitational field since it 
could interact just with weak nuclear force. But linked to an antineutrino, it 
would form a graviton and would possess a gravitational field of Casimir type” 
(The square root of a negative number provides a negative solution and, in this 
case, a real negative energy solution) 

( ) ( )

34 34 68

1 2 1 268 68 68

graviton

10 kg 10 kg 10 kg

1

neutrino & an

0 kg 10 kg 10 kg

tine

1 2 gr

utr

aviton 1 2 gra

n

o

o

it n

i

v

− − −

− − −

→

× →

× →
              (26) 

This assumption of a graviton composed of two half neutrinos is based on a 
connexion between Casimir experience, the Hubble constant, the Pioneer ef-
fect, and also with the age and the radius of the universe.  

Firstly, about the Casimir experience, S. K. Lamoreaux, while at the University 
of Washington, conducted the most precise measurement of the Casimir effect 
[50]. Helped by his student Dev Sen, he used gold-coated quartz surfaces as his 
plates. One plate was attached to the end of a sensitive torsion pendulum; if that 
plate moved toward the other, the pendulum would twist. A laser could measure 
the twisting of the pendulum down to 0.01 micron accuracy. A current applied 
to a stack of piezoelectric components moved one Casimir plate; an electronic 
feedback system countered that movement, keeping the pendulum still. Ze-
ro-point energy effects showed up as changes in the amount of current needed to 
maintain the pendulum’s position. Lamoreaux found that the plates generated 
about 100 microdynes (one nanonewton: 10−9 N) of force. The result falls within 
5% of Casimir’s prediction for that particular plate separation and geometry. 
The strength generated by the plates is  

2 910 Nhc λ −= ,                       (27) 

so 81.41 10 mλ −= × . Energy is  

( )( )9 8 1710 N 1.41 10 m ~ 1.4 10 J ~ 88 eVFλ − − −= × = × = . The force of the Casimir 
experience moving a plate toward the other comes into existence from the ener-
gy of quantum fluctuations, from physical properties of the vacuum [56]. 

Secondly, if we suppose that the configuration of all the mass in the universe, 
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estimated ~2 × 1053 kg, is concentrated at the center of a sphere with radius ~1026 
m, we note about the same Casimir strength. The force between the global mass 
and a peripheral body of 1 kg would be ~10−9 N: 

( ) ( )22 53 262 10 1 10F GMm R G= = × × .               (28) 

The gravitational acceleration toward the center would be ~10−9 m/s2.  
Thirdly, the cosmological acceleration ~8 × 10−10 m·s2, noted before (18), is 

also the reported Sunwards anomalous acceleration of Pioneer 10 [5]. There is a 
correlation between 1) the acceleration of expansion with Hubble constant based 
on the age of the universe ( 1H t= ), 2) the anomalous acceleration of the 
spacecraft, and 3) the acceleration of time [57]. On one hand, 2) and 3) have the 
same acceleration and force in common, and are roughly on the same “cosmo-
logical” scale. On the other hand, even if the three items have the same force 
(10−9 N), the microscopic scale of Casimir force and the macroscopic scale of the 
universe have apparently no rational classical link. With the theory of Relation 
there is a deep and strong link. Both effects, Pioneer and Casimir, happen in 
empty space, at the zero-point energy. Concerning Pioneer effect, we have al-
ready put a link between the negative EM cosmological wave of spacetime losing 
energy and the gravity which induces matter. In the case of Casimir, the effect 
happens after a void is created between the plates. We assume that the expulsion 
of the positive energy which creates a void gives way to the negative scalar EM 
cosmological wave of spacetime which is on the same scale as 2) and 3) (i.e. the 
EM cosmological wave equivalent to the radius of our universe.). Since there is 
almost the same strength between the anomalous acceleration of the Pioneer ef-
fect and the Casimir effect in empty space, we presume that the void in Casimir 
experience is about the same magnitude as that of the vacuum enveloping the 
spacecraft. At this zero-point energy, there is an ocean of photon and electrons 
and, also, of gravitons and neutrinos.  

The force ~10−9 N corresponds to a particle ~10−34 kg (~88eV) considered as a 
possible mass for the neutrinos. Our proposition for the neutrino to be half a 
graviton gives for the graviton  

( ) ( )234 68 33~ 10 kg ~ 10 kg; ~ 10 eV− − −= .            (29) 

This weight matches with the one assessed for the graviton particle [58], if we 
assimilate the negative EM cosmological wave with the radius of the universe 
(based on Schwarzschild: 2

SCH oR t c GM c= = ); ot c  is then like a Compton 
wavelength of the quantum graviton for the radius of the universe  

26~ 10 mg g o Uh m c c H t c Rλ = = = = = .              (30) 

The value ~10−68 kg for gm  could also be for a Compton wavelength of the 
quantum photon for the radius of the universe  

26~ 10 mo EM Uh m c c H t c Rγ γλ = = = = = .             (31) 
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Note that ( )68 33~ 10 kg ~ 10 eVm − −=  could be a quantum graviton, or photon, 
and the dimensionless coupling constant for the universe could be 

( )
2 122
graviton or photon ~ 10GM ћc −= . The inverse is the cosmological constant: =~10122 

[59].  
Pioneer effect, tired light, and the postulated graviton resulting from neu-

trinos pair in the framework of the theory of Relation, could provide a basic 
idea of what we simply do not know.  

5. Conclusions  

General Relativity deals with the interaction between a system in inertial space 
and gravity-matter based on the principle of Equivalence. The theory of Relation 
considers it like its first structure of “condensation” with a positive mat-
ter-energy accompanied by an empty space generally ascribed without gravita-
tion or energy. This structure is directly counterbalanced by a second one with a 
negative matter-energy driving the expansion. Since the so-called big bang, a 
negative electromagnetic mass-energy transforms itself into the positive gravita-
tional mass-energy. We live in a dualverse rather than a universe, where the pa-
rameters of both structures are not independent but linked by a communicating 
vessels system, such as all that is earned by one is lost by the other one. One of 
the consequences is a deceleration of the expansion in phase with a local incre-
ment of gravity of the galaxies. Since 1998, a logic and over-simple line of rea-
soning based on a positive dark energy of empty space, interprets wrongly, in 
our opinion, the global expansion as accelerated with a positive cosmological 
constant. 

The Pioneer anomaly in deep space is the first to reveal a decreasing negative 
electromagnetic wave of tired light which induces a positive gravity in the va-
cuum, by virtue of the postulated principle of Compensation. We think that 
other anomalies, like “Allais effect” [60] [61] or “galaxy rotation curves” [62], 
can also be explained by the theory of Relation, which is in the frame of “cyclic 
universe theory”.  

In the deep space outside our solar system, the probe is in a flat space (not in a 
Hubble space with recession), in the furrow of an expansible electromagnetic 
wavelength of spacetime. With the distance in vacuum, the minimal negative 
electromagnetic energy slowly lowers which induces the positive gravitational 
energy. In this induction process, cosmological photons gradually lose energy, 
thus heightening the gravitational potential. It is like if the electromagnetic 
energy was converted into gravitational resistance or acceleration toward matter. 
Pioneer 10 slows down going outwards and the observed frequency of the red-
shift on Earth is lower than predicted. Pioneer effect is an experimental “viola-
tion” of the principle of Equivalence. Such a violation shakes the foundation of 
physics. That does not mean that Einstein’s theory is fundamentally “wrong” but 
incomplete, that the gravitational interaction is more complex than previously 
assumed, and contains, in addition to the interacting Einsteinian field of spin 2, 
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the effect of another long-range field, which is that of the second structure which 
incorporates an electromagnetic spacetime. This new vision of the universe is 
based on the Compensation principle allowing interaction between material sys-
tem in deep space and vacuum electromagnetic-zero-point fluctuations inducing 
gravity. The equivalence principle and the compensation principle coexist and 
are complementary.  
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Abstract 
It is well-known that equilibrium density profiles of gases and fluids in gravi-
tational potentials have an r−1 dependence, where r is the radius. This is found 
in both astronomical observations and detailed simulations in spherical-
ly-symmetric geometries. It is also well-known that the standard equation 
for hydrostatic equilibrium does not produce such solutions. This paper 
utilizes a Lagrangian formulation that produces a closed-form r−1 solution 
and identifies the needed terms to be added to the standard equation for 
hydrostatic equilibrium to obtain such a solution. Variants of the r−1 solu-
tion avoid a density singularity at the origin and a total-enclosed mass sin-
gularity at infinity. The resulting solutions are shown to be in good agree-
ment with well-established density profiles of ordinary matter in galaxies, 
dark matter haloes, and the atmosphere of earth. Comparisons are made to 
solutions based on the standard hydrostatic equation, including solutions 
based on the Lane-Emden equation. The origins of differences are explained. 
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1. Introduction 

Early numerical solutions for dark matter (DM) density profiles were found to 
have dependence inversely proportional to radius [1]. Astronomical observa-
tions of both ordinary matter and dark matter have also inferred density profiles 
closely resembling the r−1 profile, where r is the radius from the nominal center 
of the distribution, in a region surrounding the origin [2] [3] [4] [5] [6]. Howev-
er, the profile has several serious drawbacks. First, it gives infinite density at the 
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origin. Second, it gives infinite total enclosed mass. Third, it is not consistent 
with many observations of the shape of the inner profiles of low-spectral bright-
ness galaxies [7] [8] [9]. Nonetheless, the r−1 profile is “ubiquitous” [10]. This 
paper will provide theoretical support that such a profile is indeed ubiquitous 
when there is thermal and mechanical equilibrium. 

To analyze the spatial distribution of a gas of particles, N-body simulations [1] 
[11] or solutions to the Vlasov equation [12] are typically used. Two simplified 
governing equations are considered for DM density profiles in this paper. The 
first is the standard equation for hydrostatic equilibrium in a spherical-
ly-symmetric geometry: 

( )( ) ( ) 21 d d v encP r m M r G rρ = − .               (1) 

here ρ  is the number density of DM, P is the pressure, r is the radius, mυ  is 
the mass of a DM particle, ( )encM r  is the enclosed mass, and G is the gravita-
tional constant. This equation can be solved using the well-known Lane-Emden 
formulation [13], which uses the assumption that pressure is a function of den-
sity only: 

P c γ
γ ρ= ,                          (2) 

where cγ  is a constant for a given polytropic exponent γ . An inhomogeneous 
form of the Lane-Emden equation can be used when ordinary matter (OM) is 
present as shown later in the paper. As shown in Section 4, calculations using 
Equations (1) and (2) are inconsistent with an r−1 solution. Such solutions have 
no cusp at the origin and are a poor match to the standard Sersic or Einasto pro-
files based on observations [1] [2] [3] [4] [6] [14] [15] [16]. This is found to be 
true for any polytropic exponent between about 1.1 and 2 in Section 4 below.  

To address this, a generalization of Equation (1) is derived using a Lagrangian 
formulation. This derivation is given in Section 2. A partial validation of this de-
rivation is given in Section 3 using the properties of a well-known density profile 
of a gas in a gravitational potential, namely, the earth’s atmosphere. Section 4 
presents behavior of solutions near the origin. Section 5 presents the behavior of 
solutions far from the origin and presents a sample calculation for a dark-matter 
halo. Section 6 compares the solutions to Einasto and de-projected Sersic pro-
files. Section 7 compares the solutions to results from the Lane Emden equation. 
Section 8 provides a brief summary. 

2. Derivation of a Generalized Equation for Hydrostatic  
Equilibrium 

The assumed kinetic and potential energy densities for a medium in a spherically 
symmetric geometry under the influence of gravity is given by  

( ) ( ) ( ) ( ) ( ). . , . . v encK E r P r P E r r m M r G rρ= = − ,            (3) 

where the variables are defined as in Equation (1). In the topic of this paper, 
( )encM r  consists of both ordinary and dark matter. The ordinary (radiant) 
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matter has mass density denoted ( ),?m rad rρ . Note that the pressure is treated as 
a kinetic energy for the obvious reason. This will allow a variational approach 
with a Lagrangian density. Explicit relativistic effects and the possible impact of 
angular momentum are neglected in this initial analysis 

The pressure is assumed to be a function of density only. As an example, the 
number density for fermions in Equation (3) assuming thermodynamic equili-
brium is 

( ) ( ) ( )
1 2222 3 2 2 22 d exp 1 ,s v v vn p p pc m c m c kTρ µ

  
= + −

  π     
− +  

   
∫  (4) 

where p is the fermion momentum, vm  is its mass, sn  is the number of spin 
states, vµ  is the chemical potential, and ћ  is Planck’s constant. The other va-
riables have been defined earlier. In Equation (4), the chemical potential is set to 
zero for non-interacting particles. With Equation (4) the pressure for fermions 
has the usual form in the non-relativistic limit, and is given by  

5 3
5 3P c ρ= ，                         (5) 

where 2
5 3 1.914 vc m=   assuming 2 spin states for a fermion. For the relati-

vistic case, the exponent is 4/3, and 4 3 5.536 cc =  . For the general case of ar-
bitrary polytropic exponent γ  and assuming cγ  is of the form a b cћ c mνα  
with α  a dimensionless constant of order unity, one obtains  

( )3 1 5 3 4 3c ћ c mγ γ γ
γ να − − −= . With this relation and 21eVvm c= , for example, one 

obtains 2
5 3

3 27.42 10 J mc − −= × ⋅  For 1γ =  and 2 one finds  
2

1
2016 10 Jmc cν
−≈ = ×  and ( )3 2 39 3

2 1.22 10 J mћ mc cν
−≈ = × ⋅ , respectively. 

This initial general development also considers independent variations of 
pressure with density and temperature, ( )TP ρ∂ ∂  and ( )P T

ρ
∂ ∂  Moving on 

to the second term of Equation (3), the gravitational potential energy term is of 
the usual form, involving the enclosed mass computed starting from the center 
of mass of the overall mass distribution. It also has units of energy density. One 
may use the kinetic and potential energy density expressions of Equation (3) to 
find the density of DM or OM versus radius in a spherically-symmetric geome-
try for a single species of matter. This is done by taking variations of the Lagran-
gian density, K.E.-P.E. with respect to ρ  and T. The result for DM or OM is 
(with ordinary matter or dark matter held fixed, respectively) 

( ) ( ) ( ) ( )

( ) ( )

2 2
0

4 d

0.

r
v enc vTP m M r G r r m r r r G r

P T T r
ρ

ρ δρ ρ δρ

δ

 ′ ′ ′ ∂ ∂ π+ +    
+ ∂ ∂ =

∫      (6) 

This equation should hold for arbitrary small variations ( )rδρ  and ( )T rδ  
at each point r in mechanical and thermodynamic equilibrium at temperature 
T(r) and density ( )rρ . The two last terms look like they could pose a problem. 
To address the last term, assume Equation (2) applies, so that T is a function of 
ρ  only, and ( ) ( ) ( )d dT r T rδ ρ δρ= . Then 
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( ) ( ) ( ) ( )

( )2 2
0

d

4

d

 d .

v encT

r
v

P P T m M r G r r

r r r G r

T

m

ρ
ρρ δρ

ρ δρ

 ∂ ∂ + ∂ ∂ + 
 ′ ′ ′+   

π ∫
         (7) 

Note that the first two terms are d dP ρ . To address the last term, differen-
tiate Equation (7) with respect to r to obtain 

( ) ( ) ( )
( ) ( ) ( )

( ) ( )

2 2
,

2 2

2 2
0

d d

d d 4

4 d d

d d 4 d .

v v m rad v enc

v v enc

r
v

r P r m m G r m M r G r

m r G r r m M r G r r r

r m r

P

r G r r

ρ ρ ρ

ρ δρ δρ

ρ δρ

ρ

 ∂ ∂ + + −
+ + +  

′ ′ ′+ 

π

π

 π 
 ∫

      (8) 

The integral in the last term in Equation (8) can then be eliminated using Eq-
uation (7) to give 

( ) ( ) ( ) ( )
( ) ( ) ( )( )

( ) ( ) ( ) ( )

2 2
,

2 2

1

d

d d 4 2

4 d d

d d d d 0

d

.

v v m rad v enc

v v enc

v enc

r P r m m G r m M r G r r

m r G r r m M r G r r r

r r r m M r G r r

P

P

ρ

ρ ρ ρ δρ

ρ δρ δρ

ρ ρ δρρ−

π

π

 ∂ ∂ + + − 
+ + +  

− + =      

  (9) 

The second term in Equation (9) is the change in the potential energy of the 
system at radius r due to mass at radius r, and can be dropped if the enclosed 
mass is understood to be the enclosed mass strictly less than r.  

To address the term involving ( )d dr rδρ    the second line in Equation (9) 
can be integrated by parts, accounting for the volume integral of the Lagrangian 
density, as well as the r2 factor that is associated with it. After considerable alge-
bra, the result is  

( ) ( ){
( ) } ( )

1d d

0

d

d .

d

d

v enc

v enc

m M r G r

m

P r

PM r G r r r

ρ ρ

ρ

ρ

δρ  

+  

+ + =
              (10) 

This equation now has the required form so that the expression in curly 
brackets is zero: 

( ) ( )( ) ( )
( ) ( )2

d d d d

d d

1 1

.
v enc

v enc

m M rP r r

P

G r

m M r G r r

ρ ρ ρ

ρ

+   
= − −

            (11) 

Equation (11) is the result for strict equilibrium for a medium with a pressure 
that depends on density only in a spherically-symmetric geometry, and with a 
single species of matter. The limiting case of the standard hydrostatic equation is 
obtained by neglect of the second terms on both sides of Equation (11). 

Based on the usual derivation of Equation (1), the standard hydrostatic equa-
tion should be valid when mechanical equilibrium applies but the stricter action 
equilibrium of Equation (11) does not apply. The term involving ( )( )1 d drρ ρ  
in Equation (11) arises because of the energy required to maintain a density gra-
dient in a gravity potential, and the term involving ( )d d rP ρ−  arises because 
of the form of the divergence of the radial part of the bulk modulus in a spheri-
cal geometry. 
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It is also worth noting that Equation (11) can be written as  

( ) ( )d ln d ln 1rρ = − .                     (12) 

This simplification indicates a solution for density of the form 

( )0 0~ r rρ ρ .                        (13) 

This result is both remarkable and perhaps expected. It arises because of the 
spherical geometry and the r−1 potential as discussed above. It matches the Na-
varro-Frenk-White (NFW) result [1] as well as other related results near the ori-
gin [2] [3] [5]. However, it has two serious drawbacks. First, it gives infinite den-
sity at the origin. Second, it gives infinite total enclosed mass. One may attempt 
to address these issues within the Lagrangian formalism by introducing a density 
constraint using a Lagrange multiplier ρλ , and a total particle number (mass) 
constraint with multiplier Mλ . With these two constraints, Equation (10) be-
comes  

( ) ( ) ( ){ } ( )

{ } ( ) ( )

( ) ( ) ( )

12

12

2 2 2

d d d d

d d

1 1

 2 1

 4 d d d 0.

M v v enc

M v v enc

M v M vr

r m G m M r G r r

r m G m M r G r

r

r r

m G r r r r r

P

r

P

m G

ρ

ρ

ρ ρλ ρ ρ λ δρ

λ ρ λ δρ

λ ρ δρ λ ρ

ρ

−

−

∞

   + + +     

  + − + + +   

   ′ ′ ′+ π + =  

  

∫

(14) 

The last term arises from the variation of the total-mass constraint with re-
spect to density. For r small (close to the origin) or large (far from the origin), 
one might expect this integral to be approximately zero, since the total mass 
constraint requires that the radial integral from zero to infinity of the density 
variations be identically zero. This version of the equation will be explored in 
subsequent sections of this paper. 

3. Generalized Equation for Earth’s Atmospheric Density  
Profile with Altitude 

As a basic check of the results of Section 2, one may consider the case of earth’s 
atmosphere. In the earth’s atmosphere, it is well-known that (a) the temperature 
is not constant with altitude in the troposphere [17], and (b), that despite (a), a 
density profile computed with an isothermal atmosphere is a decent approxima-
tion. This apparent inconsistency is investigated in this section with various solu-
tions and in the process provides some confirmation that the generalized hydros-
tatic equation has validity. 

First the version of the generalized equation for hydrostatic equilibrium given 
by Equation (11) is considered. For the earth’s atmosphere at distance z above sea 
level, one has 

( ) ( )( ) ( )1 d d 1 d d d dair air eP r z m g Pz m g r zρ ρ ρ ρ+ = − − + .     (15) 

here airm  is the atomic weight of air, approximately (29.0) (1.67 × 10−27) kg, and 
g is the gravitational constant at or near earth’s surface, 9.8 m·sec−2. The radius 

er  is measured from earth center. Next consider an equation of state 
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( ) ( ) ( ) P z k z T zρ= ,                       (16) 

where T(z) is the temperature, which is treated as an input from [17] for some of 
the following equations. Note that ( ) ( )d d e eP r kT z rρ =  is about 6.3 × 10−28 
J·m−1 and that 25 14.7 10 J mairm g − −= × ⋅ . Hence the last term of Equation (15) 
can be neglected relative to airm g . Using expression (16) and Equation (15) one 
obtains 

( ) ( ) ( ) ( )( )d d d d 1 d d air airk zT z z T z z m gz m gρ ρ ρ ρ ρ + + = −  .   (17) 

This equation simplifies to (neglecting terms of order z/re), 

( )( ) [ ] ( )1 d d d dair airz m g k T z kT z m gzρ ρ  = − − +  .          (18) 

This can be solved analytically: 

( ) ( ) ( )0 0 airz kT z kT z m gzρ ρ  = = +  .              (19) 

here 0ρ  is the density at sea level, which is an input. The solution of Equation 
(19) gives poor agreement with measured data, with significantly larger density 
than measured at higher altitudes. This will be seen to arise from the underlying 
assumption of strict action (mechanical and thermal) equilibrium. Equation (19) 
may be compared to the isothermal approximation, which amounts to retention 
of only the first terms on both sides of Equation (17) and assuming constant 
temperature. One obtains the usual exponential atmosphere in this case,  

( ) [ ]0 0exp airz m gz kTρ ρ= − ,                   (20) 

where T0 is the temperature of the atmosphere at sea level. 
There is also the adiabatic equation for pressure and density. The above Equa-

tions (17)-(19) assumes strict action equilibrium. The adiabatic equation assumes 
that hot parcels of air near the surface of the earth rise without significant heat 
exchange with the surrounding air. Hence it corresponds to a process in qua-
si-static equilibrium that is not in strict mechanical and thermal equilibrium at all 
layers. With this insight, the adiabatic result can be derived from Equation (17) 
by neglect of the last terms on both sides of the equation, and assuming the gas 
satisfies a polytropic relation (2) with a polytropic exponent ~ 1.4γ . With these 
assumptions, one obtains the result from the standard hydrostatic equation, 
which is the well-known formula for density [18]: 

( ) ( ) ( )1 1

0 01 air pz m gz c T
γ

ρ ρ
−

 = −  .                (21) 

here cp is the specific heat at constant pressure of the atmosphere at sea level. 
Note that ( )0 0 01pc T Pγ γ ρ = −  , where P0 is the pressure at sea level. For Fig-
ure 1 below, the value of cp used is 1004.7 J·kg−1·K−1, the value of T0 used is 290.1 
K. The latter is consistent with the ideal gas law and the sea-level values of pres-
sure and density given in [17]. For Figure 1, a polytropic exponent of 1.38 rather 
than 1.40 is used and is justifiable because of the presence of significant water 
vapor in the middle atmosphere between 1 and 15 km. The integration step size is 
250 m. 
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Figure 1. Solutions for Earth’s atmospheric pressure (a) and density (b) versus altitude 
under various assumptions. Blue: standard atmospheric density (measured). Green: iso-
thermal profile from Equation (20) with T = 290.1 K. Red: Adiabatic result (21) using the 
standard hydrostatic equation. Cyan: Adiabatic result using generalized hydrostatic Equa-
tion (15) with factor given by Equation (22).  

 
It should be noted that Equation (21) gives nonsensical results for 

( )0 1air pm gz c T > , which corresponds to an altitude z of about 30 km. However, 
the result for density is quite accurate for the lowest 15 km of the atmosphere. 
To remedy the errors above 15 km, the additional terms in Equation (15) can be 
restored gradually above 15 km, representing the return to true equilibrium at 
higher altitudes. The altitude dependent factor used to restore the full Equation 
(15) is given by Equation (22): 

( ) ( ) ( ){ }2 215 1 exp 15 20f z H z z = − − − −  ,           (22) 

where z is in km in this expression and H(z) is the Heaviside function. This fac-
tor gives a gaussian onset to equilibrium and multiplies the terms 
( )( )1 d d airz m gzρ ρ  and ( )d d eP r zρ +  in Equation (15). A numerical inte-
gration of (15) with this factor is shown in Figure 1, along with the other solu-
tions given above. All are compared to the standard (measured) atmospheric 
pressure and density from [17]. 

Comparing the cyan and blue curves for both pressure and density in Fig-
ure 1, it is seen that the use of the full generalized equation of hydrostatic 
equilibrium with Equation (22) arguably gives the best fit to the measured 
standard atmosphere particularly for the density, and simplifies to the stan-
dard adiabatic equation below 15 km, where strict equilibrium does not apply. 
It further avoids the nonsensical result given by the standard hydrostatic equ-
ation, Equation (21), above 30 km. 

4. Solution near the Origin 

As discussed at the end of Section 1, the unconstrained equilibrium solution 
gives infinite density at the origin. This defies the Fermi-Dirac equation, 
which implies a maximum density due to fermion degeneracy pressure. It also 
seems counter-intuitive, at least in the absence of a gravitational singularity. 
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To remedy this, a density constraint (as well as a total particle constraint) is 
added to the Lagrangian density, with a result given by Equation (14). It is not 
difficult to see that Equation (14) can be written  

( ) ( ) ( ){ } ( )

( ) ( ) ( ) ( )

( ) ( )

2

2 2 2

2

d ln d ln 1 2

4 d d d 1

0d1 d

M v

v v Mr

M v v enc

r r m G r

m G r r r r r r m G r

r m G m M r G rP ρ

ρ λ ρ δρ

ρ δρ ρ λ

λ ρ λρ

∞

+ +

   ′ ′ ′+ π +  
   × + + + =

 






∫      (23) 

The last term of Equation (23), comprising the last two lines, can be esti-
mated in several ways. The simplest approach is to assume that the density 
variations in the integral average to zero, yielding zero for this term. However, 
a more careful approach is appropriate, and this can be done assuming the 
zeroth-order solution, Equation (13). It is further assumed ( )2

M vr m Gλ ρ  is 
much less than 1, to investigate behavior near the origin. Then the various 
factors in the last term of Equation (23) are 

( ) 2
0 0d d 2r r r r rρ ρ= − ,                    (24a) 

( ) ( )( )2 21 1M v M vr m G O r m Gλ ρ λ ρ+ = + ,             (24b) 

( ) ( ) ( )( )12 2 2 2
0 01 v M M v M vm G r r r m G o r m Gρ λ λ ρ λ ρ

−
 + = +  ,     (24c) 

And ( ) 2
0 0 02v enc vm M r G r m G r r C rρ= π ≡ .             (24d) 

The “big-oh” and “little-oh” notations are used in Equations (24b) and 
(24c). With Equations (24), the last term of Equation (23) can then be esti-
mated as 

( ) ( )0
28 d ddM r

r r C rr P ρλ δ ρρ λ
∞

′ ′ ′− π + +∫ .             (25) 

Note also that with constrained total particle number, the variations should 
satisfy  

( )2
0

4 d 0r r rδρ
∞

′ ′ ′π =∫ ,                     (26) 

which allows Equation (25) to be re-written as 

( ) ( )2
0 0d d8 d
r

M r r Cr P r ρλ δ ρρ λ′ ′ ′π + ++ ∫ .           (27) 

With bounded variations ( )rδρ ′  in 0 to r, this expression tends to zero as 
r tends to zero, when the denominator is not zero (as should be the case). 
Hence, however the last term is estimated, the summary result for Equation 
(23) near the origin is  

( ) ( ){ } ( )2d ln d ln 1 2 0M vr r m G rρ λ ρ δρ  + + = .           (28) 

Note that this has two possible solutions for any given r. The first solution 
is obtained by the usual approach, setting the quantity inside curly brackets to 
zero. This gives the r−1 solution presented in Equation (13) near the origin, 
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when ( )2
M vr m Gλ ρ  is much less than 1. A second solution to Equation (28) 

is obtained by setting the variation ( )rδρ  to zero, i.e.,  

ρ  = constant in a spherical region.              (29) 

This latter solution is consistent with an incompressible medium, as occurs 
when the density is limited by Fermi-Dirac statistics. It is also consistent with 
the observed features of most celestial bodies, in which the density is ap-
proximately constant at their core, and also often in spherical shells. It is also 
approximately consistent with observations for dark matter in central regions 
that are less than a kpc in diameter [7] [9]. It implicitly assumes that the 
properties of the constituent materials are constant within spherical regions. 
It also is self-consistent with expression (27) equal to zero in such a region. 
With these facts in mind, the solution (29) of constant density in a region 
nearest the origin is a candidate solution. It should be further noted that this 
same result of constant density can be applied far from the origin where par-
ticles achieve their nominal cosmic background temperature and density. 

Next consider the standard hydrostatic equation. One can assume a solu-
tion of the form 1

0 0r rρ −  for the density and substitute into Equation (1) with 
Equation (2) and check for consistency. One finds that  

( )( ) 22 2
0 01 d 2d d dencG r c rP r m M r m Gγ

γν νρ γρ ρρ−→ = − π= − .     (30) 

One notes that the left-hand side varies as r γ−  whereas the right-hand 
side is a constant under the assumption of 1~ rρ − . Hence for any γ  except 
possibly zero the standard hydrostatic equation is not consistent with an r−1 
solution. 

One can also analyze the standard equation for hydrostatic equilibrium in a 
gravitational field assuming constant number density 0ρ  in the vicinity of 
the origin of a spherical mass distribution. A constant density near the origin 
is self-consistent in Equation (1) as can be seen as follows. Assuming a poly-
tropic relation P c γ

γ ρ=  in Equation (1) one obtains  

( )2 2
04 3d  d vrc m G rγ

γ ρργρ − = − π .                  (31) 

here 0ρ  is the sum of OM and DM mass density at the origin, normalized to 
the mass of the DM particles, with the assumption that OM dominates. This 
expression shows that the derivative of the dark or ordinary matter is zero at 
the origin, and gradually becomes more negative, consistent with constant 
density. A solution of Equation (31) for dark matter gives the following result 
for 1γ > : 

( ) ( ) ( ) ( )
( )1 11 1 1 1 21 1 2 2

01 01 1 01 1 011 1 ,ar C r C r r r
γγ γγ γρ ρ ρ ρ ρ
−− −− −   = − = − = − 

      (32) 

where 01ρ  is the (equivalent) number density at the origin, and 
( ) ( ) ( )2 1

1 0 012 3 1vC m G c γ
γρ γ γρ −= π − . Note that 1C  has units of ·m−2, and so 

one may set 2
1 aC r−≡ , and this is used in the last equality of Equation (32). 

The solution is clearly approximate because for r greater than ar  the density 
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can be become complex and also because the density variation of DM in Equ-
ation (32) is not included in the enclosed mass in Equation (31). However, it 
does show that a constant density to order of ( )2

ar r  is consistent with the 
standard hydrostatic equation. 

To summarize Section 4, it is found that setting the variations of the La-
grangian density to zero yields an alternative, constant-density solution. This 
solution is consistent with the observed density profile of many celestial bo-
dies near their origin, including observationally-inferred dark matter profiles. 
The standard hydrostatic equation also shows solutions consistent with ap-
proximately constant density at the origin but is seen to be inconsistent with 
r−1 solutions. With these considerations in mind, the constant-density solu-
tion is used in a region of radius r0 near the origin in the following sections. 

5. Behavior of Solutions away from the Origin 

The mass-constrained Equation (14) is most relevant here. The last term in the 
equation is assumed negligible in this case, since the integral of any physical 
density variations from r to infinity should tend to zero for large r in the case of 
constrained total particle number. The result is 

( ) ( ) ( )

{ } ( )

12

12

d d d1 1

 2 1 0

d

d .d

M v v enc

M v v enc

r m G m M rr G r

r m G m M r G r

P

P r

ρ

ρ

λ ρ ρ λ

λ ρ λ

ρ ρ

ρ

−

−

   + + +     

 + − + + + =   

    (33) 

Inspection shows that this equation can be simplified considerably, giving, as 
in Equation (28), 

( ) ( ) 2d ln d ln 1 2 Mr r m Gρ λ ρ = − −   .                (34) 

This result shows that the solution is independent of the density constraint 

ρλ  with the neglect of the last term of Equation (14). This equation may further 
be put into dimensionless form by defining ( )2

M v c cm G rλ ρ≡ , where is cρ  
the cutoff density and cr  is the cutoff radius where the density drops due to the 
constraint on the total particle count. The resulting equation is  

( ) ( ) ( )( )d ln d ln 1 2 c cr r rρ ρ ρ = − −   .                (35) 

This equation may be solved numerically or perturbatively. For a perturbative 
treatment, assume ( )( )c cr r ρ ρ  is much less than 1, corresponding to radii 
near the origin but not at the origin. Then the zeroth order solution is given by 
Equation (12),  

( ) ( ) ( )( )0 0 c cr r r O r rρ ρ ρ ρ = +   .                  (36) 

where the “big-oh” notation is used to indicate the order of the approximation. 
Substituting this solution back into Equation (35) gives 

( ) ( ) ( )( )2
0 0d ln d ln 1 2 c cr r r rρ ρ ρ = − −   .               (37) 

This equation is readily solved to give  
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( ) ( ) ( ) ( ){ } ( )( ){ }
( ) ( ) ( ){ } ( )( ){ }

( )( ){ }

( ) ( )( ){ }

22 2
0 0 0 0 0

22 2
0 0 0 0 0

20 0
2

0
2

00

20 01
2 2

02

 exp

 1

 

1 1

  
1

c c c c

c c c c

c c
c

c

c c

r r r r r r r O r r

r r r r r r O r r

r O r r
rrr
rr

r O r r
r r r

ρ ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ

ρ
ρ ρ

ρ
ρ

ρ
ρ ρ

   = − − +   

   = − − +   

 = +     
+ −   

    

 = +  +

 (38) 

In the last expression, ( )01 0 1r r µ= − , ( )2 2
02 0 1r r µ µ= − , and  

( )0 0c cr rµ ρ ρ= . With µ  less than 1 and ( )( ) 2
1c cr r ρ ρ  < , this expression 

is similar to the NFW result with a 1/r dependence near the origin and a 1/r3 de-
pendence far from the origin. It is also similar to the double-power-law models 
and in particular the ( ), ,α β γ  models [2] [3], with ( ) ( ), , 2,3,1α β γ = . Howev-
er, because the scaling factor 02r  differs from 01r , the above is formally differ-
ent from such models.  

To check the above results, Equation (35) may be integrated numerically from 
the origin for some relevant input values. In accord with Section 4, the density is 
assumed constant for 0r r< . The resulting density is shown in plot (a) of Figure 
2, along with approximate results from Equations (36) and (38). The dimen-
sionless inputs for Figure 2 are 0 0.011cr r =  and 0 0.011cρ ρ = . One can see 
that the approximation of Equation (36) is relatively good for r less than about 
0.5rc and for Equation (38) for r less than about 0.7rc. The plot on the right 
shows the normalized enclosed-mass curve for the numerical result in plot (a). 
The normalization of enclosed mass uses the results of Section 4, accounting for 
the region of radius r0 of constant density 0ρ  near the origin and a 1/r depen-
dence outside this region to a radius of 0.7rc (at which the 1/r dependence is seen 
to be no longer valid). The result is  

( )2 2
,? 0 0 02 0.7 3enc tot v cM m r r rρ  ≡ π −  .                  (39) 

 

 

Figure 2. (a): Normalized DM density 0ρ ρ  versus normalized radius. Blue: numeri-

cally computed from Equation (35), thresholded from below at 5
010 ρ− . Green: leading 

order result, Equation (36). Red: next leading order result, Equation (38). (b): normalized 
enclosed mass ( ) ,enc enc totM r M  versus normalized radius for computed density profile.  
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It should be noted that the results of Figure 2 are not explicitly dependent on 
the polytropic exponent, particle mass, or temperature. The result does depend 
on the latter 2 parameters implicitly through the initial density at or near the 
origin via Equation (4), for example. One may observe from Equation (35) that 
the logarithmic slope varies continuously from −1 at the origin to −3 for 

c cr rρ ρ= . It is well known that logarithmic exponents less than −3 corres-
pond to solutions that have convergent enclosed mass [1] [2].  

In both this section and Section 4, the last term of Equation (14) is neglected 
with some justification. However, there is no particular justification for its neg-
lect in regions neither near nor far from the origin. The retention of this last 
term could introduce perturbations into the nominal equation which are arbi-
trary, but which might average in some sense to zero. It should also be observed 
that in cases of interest, the parameter Mλ  is extremely small compared to the 
other energy densities involved, so in such cases the neglect of the last term of 
Equation (14) is justified. For example, with 2

M v c cm G rλ ρ= , with rc = 92 kpc 
for a halo like that of the Milky Way [19], a temperature of 2 K and masses of 1 
eV/c2 and 5 keV/c2, one obtains 902.13 10Mλ

−×=  and 1.89 × 10−77 J·m−3, respec-
tively, using Equation (4). These values of Mλ  should be compared with the 
pressure at the origin, which from Equations (4) and (5) is about 3.22 × 10−10 
and 1.14 × 10−4 J·m−3 for the same two masses, respectively. Even with densities 
200 times lower as occur might occur at the edge of the density profile, the value 
of Mλ  is negligible in comparison. These considerations provide some justifi-
cation for neglect of the last term of Equation (14).  

6. Comparison to Einasto and De-Projected Sersic Profiles 

Taking all the above sections into consideration, one finds that  

( ) ( )( )2
M v c cr m G r rλ ρ ρ ρ=  is always less than 1 where there is appreciable 

density, so the resulting solution is 

( ) ( )

0 0in a spherical region about the origin of radius ,or

d lnsatisfies 1 2
d ln

c

c

r
r rr

r r

ρ

ρ ρρρ
ρ


=    = − −   

  

    (40) 

This solution has a central core region that is qualitatively consistent with the 
size of inner profiles of low-spectral brightness galaxies [2] [8] [9]. Further, the 
constant density in a core region avoids a density singularity and so is consistent 
with a Fermi-Dirac density distribution at finite temperature. Moreover, the fi-
nite density at the origin is consistent with all observed astronomical bodies ex-
cept black holes. Lastly, the “core” solution offers a potential path to resolution 
to the “core-cusp” problem in dwarf galaxies. 

For the region just outside the core, the logarithmic slope given by Equation 
(40) is −1 or less, which is consistent with most past results. A comparison of the 
solution to the ( ) ( ), , 2,3,1α β γ =  model is given in the previous section. Equa-
tion (40) can also be compared to the well-known de-projected Sersic and Ei-
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nasto models [4] [5] [6]. The de-projected Sersic (dpS) density distribution for 
radiant matter is approximated by [2]: 

( ) ( )10 expnp n
rad rad e n er R b r Rρ ρ −= − 

  .               (41) 

The parameter 0radρ  is obtained by setting the volume integral of Equation 
(41) equal to the measured or inferred ordinary mass of the galaxy. The variable 

eR  denotes the radius which encloses 1/2 the total light of the galaxy. The dpS 
profile is also used with some success for characterization of DM density profiles 
versus radius. The other two parameters in Equation (41) are given conveniently 
and approximately from Equations (19) and (27) of [2], 

21.0 0.6097 0.05463np n n= − + , and              (42) 

2 1 3 0.009876nb n n= − + .                    (43) 

The parameter n ranges from roughly 2 to 4 for DM haloes of galaxies and 
clusters, from the same reference. With these values of n, the leading exponent 

np  in Equation (42) is −0.7 to −0.85, which is not too different from −1, and [2] 
notes that the logarithmic slope is almost always approximated by −1 in the vi-
cinity of the origin in the N-body simulations they investigated. The logarithmic 
derivative of Equation (41) is  

( ) ( ) ( )( )1d ln d ln n
dpS n n er p b n r Rρ = − − .             (44) 

Another density distribution used for characterization of DM is the Einasto 
distribution, which for the purposes of this paper is given by  

( )10exp n
Ein n ed r rρ ρ= − 

  ,                    (45) 

where er  is the ( )exp nd−  radius of the DM galactic halo, n is typically 4 to 7 
in this case, and nd  is given approximately by Equation (24) of [2]:  

3 1 3 0.0079 , for 0.5nd n n n≈ − + > .                (46) 

For the Einasto distribution, the logarithmic derivative is 

( ) ( ) ( )( )1d ln d ln n
Ein n er d n r rρ = − .                (47) 

Inspection of Equation (44) finds a total logarithmic slope of about 
( )3 1 3 0.6097n n− + +  at er R=  for the dpS model. The leading term matches 

the logarithmic slope of Equation (40) at ( )( ) 1c cr r ρ ρ = . Note that the onset 
of steeper logarithmic slopes occurs for smaller r with the dpS model than for 
Equation (40). The primary potential disadvantage of the dpS model relative to 
Equation (40) is the infinite density at the origin (but if there is a gravitational 
singularity this may be an advantage).  

The Einasto model does not have infinite density at the origin. The logarith-
mic slope of the Einasto model is also zero at the origin, matching the core solu-
tion of Equation (40). These may be viewed as positive features if the true densi-
ty distribution is not infinite at the origin. However, the derivative d dEin rρ  is 
infinite at the origin for n > 1. The logarithmic slope of the Einasto model also 
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gives a value of about −3 + 1/(3n) at er r=  using Equation (46). This is an ap-
proximate match of the logarithmic slope of Equation (40) at ( )( ) 1c cr r ρ ρ = . 
However, as with the dpS model, the onset of steeper logarithmic slopes, slopes 
less than −1 but greater than −3, occurs for smaller r than for Equation (40). 

This different behavior of the model solutions can be addressed with the 
possible solutions or extensions of Equation (14). One approach is to add angu-
lar momentum. The net effect of angular momentum would be to limit the ex-
tent of the galactic halo and would result in a more rapid decline in density than 
given in Equation (40). However, faster declines are found in simulations with-
out appeal to angular momentum. As a second approach, one may consider the 
results of Section 3, which indicate that if the medium is not in a strict equili-
brium, then solutions with faster declines occur. The outer perimeters of a large 
halo are not expected to be in strict equilibrium because of the process of aggre-
gation of subhaloes [10]. Proceeding as in Section 3, one may neglect the term 
( )( ) ( )d1 d v encm M r G rrρρ     in the first line of Equation (14) and the 
( )d dP rρ  term in the second line, as well as the last term with leading factor 

Mλ . The resulting equation is  

( ) ( ) ( )( )21 1d d 2v enc c cm M r GP r r rrρ ρ ρ = − +  .           (48) 

Consider the region r which is significantly greater than 0r  but also signifi-
cantly less than ( )c cr ρ ρ , to address the issue identified in the previous para-
graph. Using the techniques of Equations (30) to (32), one may assume an initial 

( )0 0r rρ  solution to evaluate the enclosed mass, but this time without the ex-
pectation for consistency of the resulting density profile. One obtains an equa-
tion similar to Equation (21) in this range of r: 

( ) ( )

( ) ( )( )

1 1
0

1 1
0

1

1 c c

r r r

r r o r r o r r

γ

γ

γ

γ γ

ρ ρ

ρ ρ ρ

−

− −

  



= −

 = + +  +  

           (49) 

where 

( ) 2 2
0 02 1r c Gm r γ

γ γ υγ γ ρ −= π −   .                  (50) 

For related states of matter, such as neutron stars, a polytropic exponent γ  
ranging from 3/2 to 2 is often used [20] [21] [22]. With these choices for γ , one 
obtains familiar forms of solutions, 

2

3 21 r r
−

 +   to [ ] 1
21 r r −+ , respectively. 

The former can be found as a factor in the NFW solution. The form of these so-
lutions, along with the large values of rγ  found for certain particle masses and 
temperatures as shown in Section 7, provides a potential explanation for the long 
tails observed in the Einasto and dpS model profiles. Also, in this range of r one 
may see that ( )2 2s γ= −  can give self-consistent solutions in Equation (48) by 
inserting ~ 1 srρ , for s > 0.  

One may also compare the logarithmic derivative of Equation (48) to the dpS 
and Einasto forms. From Equation (48), the logarithmic derivative is given by  

( ) ( ) ( ) ( )( ) 1d ln d ln 1 2v enc c cr m M r G r r r c γ
γρ ρ ρ γρ − = − +  .      (51) 
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Substituting ~ 1 srρ , s > 0, gives a right-hand side proportional to ( )2 2sr γ+ −  
for ( )( ) 0.5c cr r ρ ρ < . This is always negative (with the overall minus sign on 
the right of Equation (51)). When the right-hand side is less than −1, the density 
will decline faster than the r−1 solution. One can match the 1 nr  dependence of 
the dpS and Einasto logarithmic derivatives of Equations (44) and (47) with ex-
ponent n of 2 to 7, by setting ( )2 2s γ+ −  equal to n−1. The requisite values of s 
are in the range of ( ) ( )13 7 2 γ−  to ( ) ( )3 2 2 γ− , for 2γ <  and in the 
stated range of values of r. Hence, the overall radial dependence of the Einasto 
and de-projected Sersic models can be obtained with the assumption of devia-
tion from equilibrium, using insights from Section 3. One also observes that in-
cluding the mass constraint term will invariably result in convergent mass for 
decreasing density with increasing radius. 

7. Lane-Emden Solutions for Non-Relativistic Particles 

It is also instructive to consider the case in which constituent particles are 
non-relativistic and use the standard hydrostatic relation Equation (1) and the 
polytropic relation Equation (2). This leads to a familiar equation for the density 
and provides an analytic estimate for the scale size of cosmic structures. When 
Equation (2) for non-relativistic fermions is inserted in the standard equation 
for hydrostatic equilibrium, Equation (1), one obtains 

( ) ( )1 3 2
5 3 d d5 3 encrc m M r G rνρρ− = − .             (52) 

Multiplying Equation (52) by r2, and then including the 1 3ρ−  factor in the 
differential, one obtains  

( ) ( )2 2 3
5 35 2 d d encr c r m M r Gνρ = − .              (53) 

Dividing by 2m Gυ  and applying the operator 2 d dr r−  to both sides of Equ-
ation (53) gives  

( ) ( )
( )

2 2 2 5 3
5 3

2 2 3 2
5 3

5 2 d dd d

d d enc

c m G r r r

C r M m

r

r r

υ

υ

ρ

ρ

−

−

 
 
= ∇ = −

              (54) 

where ( )2
5 3 5 35 2C c m Gυ= . Note that the first equality in Equation (54) as-

sumes spherical symmetry. Account for ordinary radiant matter as part of the 
enclosed mass. Then 

( ) ( ) ( )2
,0

4 d
r

enc m radM r r r m r rν ρ ρ′ ′ ′ ′ = π + ∫ ,           (55) 

where ( ),m rad rρ  is the density of ordinary matter, as defined in Section 2. Also 
normalize the number density by its value 0ρ  at the origin. With the notatio

1 0ρ ρ ρ=  the resulting dimensionless equation is  

( ) ( )2 1 3 2 2 3
5 3 0 1 1 , 05 8 m radc m G mυ νρ ρ ρ ρ ρ π ∇ = − −  .           (56) 

This equation is a form of the well-known Lane-Emden equation for poly-
tropic spheres [13] for a polytropic exponent of 5/3. The constant 
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( ) 1 22 1 3
5 3 5 3 05 8L c m Gυ ρ = π   (non-relativistic).           (57) 

has units of length and sets the scale of the decay of the density distribution. For 
relativistic fermions with polytropic exponent 4/3 the corresponding length scale 
is 

( ) 1 22 2 3
4 3 4 3 0L c m Gυ ρ = π   (relativistic).           (58) 

The parameter 5 3L  is shown in Table 1 as a function of particle mass for 
temperatures of T = 100, 8, and 2 K respectively at the origin. These tempera-
tures set the density 0ρ  at the origin via Equation (4) for fermions. The tem-
peratures larger than 2 K may be relevant for bound fermion states, for which 
the chemical potential, Fermi energy, and corresponding Fermi temperature 
may be much greater than ambient. Also shown is 5 3r  from Equation (50). The 
scale sizes shown for larger temperatures are much smaller because a larger 
temperature implies a higher density, which therefore results in a smaller scale 
parameter due to stronger gravitational forces from more mass. To understand 
the mass scaling, recall that number density scales as (particle mass)3/2 for 
non-relativistic fermions [23], so larger masses also result in larger density which 
further results in smaller scale sizes. Accounting for this number density scaling 
and the scaling of 5 3c  with mass, 5 3L  scales as 7 4mυ

−  and 5 3r  scales as 
7 2mυ

− . Table 1 shows that the lower masses, ~0.025 eV/c2, and lower temperature, 
2 to 8 K, yield values of the scale parameter 5 3L  which correspond to the peak of 
the large-scale mass power spectrum of about 300 Mpc [24]. Somewhat higher 
masses, ~0.1 eV/c2 and temperatures of 2 to 8 K correspond to scales sizes 5 3L  
of superclusters of the order of 30 Mpc [25] [26]. Masses of 20 eV/c2 or more for 
these temperatures give 5 3L  of 3 kpc or less, corresponding to the diameter of 
dwarf galaxies. One may note that the temperatures and masses shown corres-
pond to non-relativistic conditions.  

 
Table 1. Scale parameters L5/3 and r5/3 (Mpc) versus T and particle mass. 

L5/3 Mass (eV/c2) 

T (K) 0.025 0.1 0.4 1.6 5.0 10 20 

2 391 34.7 3.07 0.27 0.037 0.011 0.0033 

8 275 24.5 2.17 0.192 0.026 0.0078 0.0023 

100 133 12.7 1.14 0.102 0.0139 0.0041 0.0006 

r5/3 Mass (eV/c2) 

T (K) 0.025 0.1 0.4 1.6 5.0 10 20 

2 3.1 × 108 2.4 × 106 1.9 × 104 147 2.72 0.240 0.021 

8 1.5 × 108 1.2 × 106 9390 73.4 1.36 0.120 0.011 

100 3.6 × 107 3.2 × 105 2620 20.7 0.385 0.033 0.003 
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Table 1 shows results for 5 3r , assuming r0 = 1 kpc. The table highlights the 
rapid variability of this scale parameter with mass. Masses of 1.2 to 1.6 eV/c2 
give scale sizes corresponding to the peak of the large-scale mass power spec-
trum, at a nominal background temperature of 2 K, and masses of 10 to 50 
eV/c2 yield scale sizes that correspond to radii of large to dwarf galaxies. Note 
that the masses shown in this table are not consistent with recent estimates of 
dark-matter particle mass [27] [28], which identify masses of the order of 5 keV. 
This implies that some underlying assumption of this paper is not consistent 
with the assumptions of those results. The only key assumptions of Table 1 are 
(a) mechanical or energy equilibrium applies, (b) the particles are fermions, and 
(c) ordinary gravity applies. The value of 5 3r  also depends on r0, the region in 
which the density is approximately constant and equal to 0ρ . This region is a 
corollary of the assumption of fermionic matter in the absence of a gravitational 
singularity. 

Figure 3 shows some density profiles corresponding to Table 1. Plot (a) of 
Figure 3 shows results for the Lane-Emden equation, Equation (56). Plot (b) of 
Figure 3 shows results for the generalized hydrostatic equation, Equation (40). 
The assumed conditions are shown in Table 2. For the numerical integration, 
4000 radial steps are used, with each step equal to 77 kpc. The seed mass at r = 0 
is set to the estimated mass of OM of a galaxy similar to the Milky Way, which is 
chosen to be 9 × 1010 solar masses [19]. The chemical potential is set to zero for 
the results of Figure 3 because the particles are assumed to be free and 
non-interacting rather than bound (however, the results shown in plot (b) of 
Figure 3 are also consistent with bound states of matter in fluid or gaseous 
form). The temperature T at the origin for plot (b) of Figure 3 is set to 25 K in 
order to remain above a number density floor of 108 m−3 out to a radius rc of 300 
Mpc. This choice of number density floor is based on the estimated neutrino 
density in standard cosmology [29]. The average temperature of the profiles on 
the right is about 0.15 K in all cases, using Equation (4) to relate density to tem-
perature. Note also that plot (b) of Figure 3 derives the r−1 solution. For this so-
lution, the scale parameter rγ  of Equation (50) and Table 1 is not directly rele-
vant.  

 
Table 2. Inputs for Figure 3. 

Input Parameter Values Comment 

Temperature at origin, T 2, 25 K 
Sets density at origin using Equation (4), 

0υµ = . 

Masses of particles, mυ  0.025 - 0.3 eV/c2  

Source mass at origin 9 × 1010 solar masses Similar to Milky Way OM mass 

Inner scale r0 77 kpc Input to Equation (40) 

Temperature Tout at outer 
radius rc 

0.1 K 
Sets density cρ  at outer radius in Equation 

(40) using Equation (4). 

Polytropic exponent 5/3 Input to Lane-Emden equation 
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Figure 3. Particle density versus radius (Mpc). (a) Solution to Lane-Emden equation, 
Equation (56), with polytropic exponent = 5/3 and T = 2 K. (b): Solution to generalized 
hydrostatic Equation (40) with T = 25 K, rc = 300 Mpc. In (a), the X’s mark the corres-
ponding large-scale structure radius L5/3 from Equation (57). 

 
In summary, this Section compares the results of the Lane-Emden equation 

with that of the generalized hydrostatic equation. It is seen that the former 
produces a different dependence of scale size on temperature and particle mass 
that does the generalized hydrostatic equation, and the shapes of the solutions 
are significantly different near the origin; the former is flat, the latter has a 
cusp at or near the origin. However, in both cases, a narrow range of masses 
and temperatures yield scale sizes that are consistent with observed galactic and 
large-scale structure as seen from Table 1. 

8. Summary 

In summary, Section 2 shows a derivation of a generalized hydrostatic equation 
in spherically symmetric geometries with a single species of matter satisfying a 
polytropic relation. Section 3 provides a partial validation of the generalized hy-
drostatic Equation (10) using the earth’s atmosphere. Section 4 shows that there 
is a constant-density solution for the Lagrangian formulation in a spherical re-
gion about the origin (or in spherical regions about the origin), and that the r−1 
solution near the origin is not self-consistent with the standard hydrostatic equ-
ation, as expected, when the added terms of the generalized equation are not in-
cluded. Section 5 explains how Equation (14) gives a convergent enclosed mass 
far from the origin and shows an example solution of the differential equation. 
Section 6 demonstrates that the solutions can match the radial behavior of ac-
cepted models of OM and DM density versus radius away from the origin. Sec-
tion 7 presents solutions of the generalized equation for the density and com-
pares it to the standard hydrostatic equation with a polytropic exponent in a 
gravitational potential. The overall conclusion is that a generalized equation for 
hydrostatic equilibrium, Equation (40), gives a cuspy solution for DM that is 
more consistent with observations and simulations (e.g., [1] [2]) than the stan-
dard hydrostatic equation near the origin and more consistent with finite density 
and lower slope in the immediate vicinity of the origin [7] [9] than the 
de-projected Sersic or Einasto models. Because this paper shows that the r−1 den-
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sity profile is largely independent of the properties of the constituent material, 
this profile should indeed be “ubiquitous,” as discussed by other authors, whe-
rever there is strict equilibrium. 

Portions of this work were presented in Paper APR19-000356 at the 2019 
April Meeting of the American Physical Society.  
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Abstract 
Einstein guessed that the macroscopic electromagnetic wave is built by 
thousands of photons, however, no one has offered a theory about how the 
macroscopic electromagnetic wave is built from photons. A concrete theory 
about photons is needed to answer this question. Current theory for pho-
tons is Maxwell’s equation which has the solution of waves, but it is difficult 
to describe the photon as a particle. There is the paradox problem of 
wave-particle duality. This article offers one solution to solve this problem by 
introducing the normalized mutual energy flow. The interaction of the re-
tarded wave and advanced wave produce the mutual energy flow. The mutual 
energy flow satisfies the mutual energy flow theorem. The mutual energy flow 
theorem tells us that the energy that goes through each surface between the 
emitter and the absorber is all same. That means the mutual energy flow is 
different in comparison to the waves. The wave, for example, the retarded 
wave, its amplitude is decreased with the distance from the source to the 
point of the field. The mutual energy flow does not decrease. The author no-
ticed this and claimed that the photon is the mutual energy flow. In this ar-
ticle the author updated this claim that the photon is the normalized mutual 
energy flow. Here the normalization of mutual energy flow will normalize the 
mutual energy flow to the energy of a photon, which is E = hf. E is the energy 
of the photon; h is Planck constant; f is the frequency of the light. This nor-
malization is similar to the normalization in quantum mechanics. After this 
normalization the relation between an electromagnetic wave and photon as a 
particle becomes clear. This article will prove that the macroscopic wave of an 
electromagnetic field can be built by thousands of normalized mutual energy 
flows, which describes the photons. The mutual energy flow is an interaction 
of the retarded wave and the advanced wave. The retarded wave and the ad-
vanced wave satisfy the Maxwell equations. There are two additional waves 
which are the time-reversal waves which satisfy time-reversal Maxwell equa-
tions. The advanced wave and the two time-reversal waves are all real and 
physical electromagnetic fields. The time-reversal waves cancel all self-energy 
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flows of the retarded wave and advanced wave. Hence, the waves do not 
carry any energy, the energy is only transferred by the normalized mutual 
energy flows which are the photons. Hence, all energy is transferred by the 
photon instead of waves. This offers a solution to paradox of the duality of 
wave-particle. 
 

Keywords 
Advanced Wave, Retarded Wave, Time-Reversal Wave, Photon, Mutual 
Energy, Energy Flow, Electromagnetic Fields, Normalization, Wave-Particle 
Duality, Electron, Quantum 

 

1. Introduction 
1.1. Mutual Energy Flow Can Be Applied to Normalize the Photon 

In quantum mechanics we can make normalization to an electron in the orbiter, 
which belongs to the stable solution of Schrödinger equation. We also can nor-
malize the plane waves. However, we do not know how the normalization can be 
done for photon, or the electron in empty space. The reason is that we do not 
know how to describe the photon or electron in empty space. Someone perhaps 
will argue the photon can be described by Maxwell equations in the empty space, 
the electron can also be described as Schrödinger equation in empty space. That 
is true, but photon starts from an emitter and ends at an absorber. The energy is 
transferred from a point to another point without decrease. The solution of 
Maxwell equation is a wave which spreads to the whole space; hence, the ampli-
tude of the wave decreases with the distance from the field point to the source. 
The wave solution and the particle have very big difference. Someone perhaps 
will argue that plane wave can describe the particle. But first, the charge cannot 
radiate plane wave, second the plane wave doesn’t focus to two points in the 
place the photon is radiated and received. This is so called wave and particle 
duality paradox. Since this paradox, how the normalization of the photon in 
empty space occurs has not been solved yet. Similar situation happens also for 
electron in empty space. We need a wave package which can focus to point in 
both places of emitter and absorber; it is thick in the middle between the emitter 
and the absorber.  

Recently this author has claimed that the photon is nothing else but the mu-
tual energy flow [1]. The mutual energy flow is the interaction between the re-
tarded wave sent from the source and the advanced wave sent from the absorber. 
This integration leads to an energy flow that starts from emitter ends at the ab-
sorber. The mutual energy flow theorem guarantees the energies go through any 
surfaces between the emitter and the absorber are all equal. Hence, the mutual 
energy flow can be a good role to do the normalization for photon. This article 
describes the details why and how to normalize the mutual energy flow and 
claim the photon is normalized mutual energy flow. 
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1.2. History Review about the Theory for Mutual Energy Flow 

In physics, Wheeler and Feynman introduced the absorber theory in 1945 and 
1949 [2] [3], which claimed that the electric current can radiate advanced wave 
in the same time when it radiates the retarded wave. The absorbers send the ad-
vanced waves. This view of point has been extended to the transactional inter-
pretation of quantum mechanics by Cramer around 1980 [4]. The theory about 
advanced wave of Wheeler and Feynman cited the earliest publications of action 
at a distance [5] [6] [7]. 

In electronic engineering, Welch has introduced his time-domain reciprocity 
theorem in 1960 [8]. In this theorem the transmitting antenna sends the re-
tarded wave. The receiving antenna sends the advanced wave. Ramsey introduc-
es his reciprocity theorem in 1963 [9]. This author introduced the mutual energy 
theorem in early of 1987 [10]. de Hoop introduced the cross-correlation reci-
procity theorem in the end of 1987 [11]. All these theorems are same theorem 
and only have a difference in Fourier transform. Traditionally, when we speak 
about the reciprocity theorem, the two fields in the theorem do not need both to 
really exist. One field can be real and another can be virtual. In the reciprocity 
theorem of Welch, the retarded wave can be real, the advanced wave can be vir-
tual, hence, the causality of physics has not been violated. However, when we 
speak these theorems as an energy theorem, it needs the two fields in the theo-
rem to really exist. Hence, this author claimed this theorem is an energy theorem, 
that means the advanced wave must also exist in nature as a real substance. This 
author also applied the mutual energy theorem to Huygens principle, sphere 
wave and plane wave expansions in 1989 [12] [13]. 

Recently, this author reviewed the mutual energy theorem. Since, the search 
engine technology is much developed than before, when this time entering this 
field, this author found the cross-correlated reciprocity theorem of de Hoop [11]. 
From that, the author further found the time-domain reciprocity theorem of 
Welch [8]. Welch talked the concept of advanced wave, this author began to 
search the concept of advanced wave and noticed the publications of Wheeler 
and Feynman [2] [3], Cramer [4]. This author also noticed the publication of 
Stephenson [14], in which has a lot of interesting topic about advanced waves. 
After reading all these, this author believes the advanced wave really exists. After 
this, this author proved that the mutual energy theorem is an energy theorem [1] 
by proving it is a sub-theorem of Poynting theorem [14]. We know Poynting 
theorem is an energy theorem, hence, the mutual energy theorem is also an 
energy theorem. After these, this author found that the Poynting theorem con-
flicts with the energy conservation for N charges in the empty space scenario. In 
order to solve this conflict, this author introduced the self-energy principle [1], 
which says corresponding to the retarded wave and advanced wave of the elec-
tromagnetic field, there are two time-reversal waves which cancel the self-energy 
flow of the retarded and advanced wave. Hence, the retarded wave and advanced 
wave do not carry any energy, they are probability waves instead of energy waves. 
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Maxwell equations together with the self-energy principle can derive the mutual 
energy principle [1]. The mutual energy principle can also derive the Maxwell 
equations. However, the solutions of the mutual energy principle, are different 
with Maxwell equations. The Maxwell equations have two solutions, the retarded 
solution and the advanced solution, which exist independently. The solutions of 
the mutual energy principle are also the retarded solution and the advanced so-
lution, but these two solutions exist together and must be synchronized together. 
The synchronized retarded wave and advanced wave can build the mutual ener-
gy flow which satisfies the mutual energy flow theorem. The mutual energy flow 
theorem is an extension of the mutual energy theorem. All these theories can be 
found in [1]. Details can also be found in [15] [16] [17].  

1.3. Normalized Mutual Energy Flow 

It should be clear in the mutual energy theorem, mutual energy flow theorem, 
mutual energy principle, the word “mutual” is only because the historical reason, 
this word can be dropped. It can be called as “energy theorem”, “energy flow 
theorem”, “energy principle”. This is because the self-energy principle has told 
us the self-energy flow does not carry and transfer any energy, the energy is only 
carried and transferred by the mutual energy flow. Hence, the mutual energy 
flow is the exclusive energy flow. This energy flow has similar property of the 
photon. For example, the photon is substance that can transfer energy from a 
point (emitter) to another point (absorber). The photon energy that goes 
through each surface between the emitter and the absorber should be equal, 
which is the energy of the photon. This property of photon is just described by 
the mutual energy flow theorem. Hence, this author claimed that the photon is 
the mutual energy flow. 

However, the mutual energy flow calculated by the classical electromagnetic 
field theory is decreased when the distance between the emitter and the absorber 
is increased. We know photon energy does not decrease with this distance and is 
a constant. Considering this, in this article, this author would like to normalize 
the mutual energy flow. After the normalization, the normalized mutual energy 
flow has exactly same properties as the photon. 

It should be clear that, if the theory of mutual energy flow theorem, mutual 
energy principle, can still be put inside the frame of the Maxwell theory, the 
normalized mutual energy flow belongs to pure quantum effect and cannot be 
put inside the frame of Maxwell theory. However, this quantum effect has not 
been described by the current quantum mechanics theory. The preprint of this 
article can be found in ref [19]. 

2. Mutual Energy Theorem and Mutual Energy Flow  
Theorem 

2.1. Mutual Energy Theorem 

The Welch’s reciprocity theorem can be written as, 
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( ) ( )( ) ( ) ( )( )1 2 1 2, ,t t t tξ τ τ ξ= −                    (1) 

where t is time and, 

[ ], , 1,2i i i iξ ≡ =E H  

[ ], , 1,2i i i iτ ≡ =J K  

iE  is electric field, iH  is magnetic field. iJ  is electric current. iK  is 
magnetic current, which is 0 here. The two inner products are defined as, 

( ) ( )( ) ( ) ( )
2

1 1 202, d d
t V

t t t t t Vξ τ
∞

=
≡ ⋅∫ ∫∫∫ E J               (2) 

( ) ( )( ) ( ) ( )
1

1 2 1 20
, d d

t V
t t t t t Vτ ξ

∞

=
≡ ⋅∫ ∫∫∫ J E               (3) 

1J  is inside volume 1V . 2J  is inside 2V . The above formula. It should be 
clear that the above theorem can be easily extended to de Hoop’s  
cross-correlation reciprocity theorem, 

( ) ( )( ) ( ) ( )( )1 2 1 2, ,t t t tξ τ τ τ τ ξ+ = − +                 (4) 

The Fourier transform of the de Hoop’s reciprocity theorem is the mutual 
energy theorem, the mutual energy theorem is in the Fourier domain, which still 
can be expressed as Equation (1). But with the meaning of inner product is in 
the Fourier transform domain, ω  is angle frequency. 

( ) ( )( ) ( ) ( )( )1 2 1 2, ,ξ ω τ ω τ ω ξ ω= −                   (5) 

( ) ( )( ) ( ) ( )
1

*
1 2 1 2, d

V
Vτ ω ξ ω ω ω≡ ⋅∫∫∫ J E                 (6) 

( ) ( )( ) ( ) ( )
2

*
1 2 1 2, d

V
Vξ ω τ ω ω ω≡ ⋅∫∫∫ E J                 (7) 

The above is Rumsey reciprocity theorem and also the mutual energy of this 
author. The above 4 theorems (1, 4, 5) can be seen as same theorem in two dif-
ferent domain, time-domain and Fourier domain. It is clear that these theorems 
are reciprocity theorems, but this author claimed that it is also an energy theo-
rem [10] and hence, called it as the mutual energy theorem. In the above theo-
rem, this author usually assumed 1τ  is the source, its field 1ξ  is the retarded 
field, 2τ  is the sink, its field 2ξ  is the advanced field. This theorem tells us 
that the advanced wave 2ξ  sacked energy from the source 1τ  which is equal to 
the energy that the retarded field 1ξ  offers to the sink 2τ . In the formulas (1, 4, 
5) there is a negative sign, that is because 1τ  is source, the source offers energy, 
hence, has a negative sign. Here the tradition is that the consumed energy is pos-
itive, hence, the energy offered by the source is negative. The right of the formu-
la (1, 4, 5) is the energy offered by the source 1τ . The left of the formula (1, 3, 5) 
is the consumed energy by the current of the sink 2τ . The theorem tells us these 
two energies are equal.  

2.2. Mutual Energy Flow Theorem 

The above theorem has been extended as mutual energy flow theorem [1], 
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( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 2, , ,t t t t t tξ τ ξ ξ τ ξ= = −              (8) 

The mutual energy flow is defined as 

( ) ( )( ) ( ) ( ) ( ) ( )( )1 2 1 2 2 10
ˆ, d d

t
t t t t t t n tξ ξ

∞

= Γ
≡ × + × ⋅ Γ∫ ∫∫ E H E H



      (9) 

Γ  is the arbitrary close surface or open surface which has extended to infinity 
between the source 1τ  and the sink 2τ , see Figure 1. 

The mutual energy flow theorem tells us, that the energy from the source to 
the sink is transferred through the mutual energy flow. The mutual energy flow 
is also a good inner product of the two fields, ( ) ( )1 2,t tξ ξ . The mutual energy 
flow theorem can also be converted to Fourier domain, 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 2, , ,ξ ω τ ω ξ ω ξ ω τ ω ξ ω= = −            (10) 

( ) ( )( ) ( ) ( ) ( ) ( )( )*
1 2 1 2 2 1Γ

ˆ, dnξ ω ξ ω ω ω ω ω≡ × + × ⋅ Γ∫∫ *E H E H


      (11) 

The mutual energy flow theorem can be seen by Figure 1. In the Figure a is 
the source or emitter and b is the sink or absorber. The emitter can be seen as an 
atom with a transmitting antenna inside it. The absorber can be seen as an atom 
with a receiving antenna inside it. The source sends the retarded wave. The sink 
sends the advanced wave. The mutual energy flow is built by the retarded wave 
and advanced wave. The shape of the mutual energy flow is the overlap of re-
tarded wave and the advanced wave which are thin in the two ends and thick in 
the middle. The mutual energy goes through any surfaces between a and b are 
equal. This is the mutual energy flow theorem. The mutual energy flow theorem 
further guarantees that the mutual energy theorem is an energy theorem. 

3. Normalized Mutual Energy Flow 
3.1. Normalized Mutual Energy Flow 

This author has claimed that the photon is nothing else, but the mutual ener-
gy flow [1]. However, recently this author also noticed that the mutual energy 
flow calculated according to classical electromagnetic field theory decreases 
when the distance between the source and sink increases. This is clear, since 
the radiation fields decreases  

( )1 2
1
r

ξ ∝x                           (12) 

( )2 1
1
r

ξ ∝x                           (13) 

2 1r ≡ −x x                          (14) 

1x  is the position of source. 2x  is the position of sink. In other side we 
know the mutual energy flow should be the photon which has fixed energy 
E ω=  , where   is reduced Plank constant, ω  is the angle frequency of 
the light. Hence, we require that, 

( ) ( )( )1 2,t tξ ξ ω=                        (15) 

https://doi.org/10.4236/jmp.2020.115043


S.-R. Zhao 
 

 

DOI: 10.4236/jmp.2020.115043 674 Journal of Modern Physics 
 

 
Figure 1. The mutual energy flow, which is started from source “a” and ended at sink “b”. 
Source “a” is an emitter or transmitting antenna. Sink “b” is absorber or a receiving an-
tenna. Photon is the mutual energy flow. According to the mutual energy flow theorem, 
the mutual energy go through any of the surfaces between source “a” and sink “b” are 
equal. The surfaces can be closed surface for example the sphere surface surrounding to 
the source “a” or the sink “b”, or the infinite plane between “a” and “b”.  

 
In order to satisfy the above formula, we need to adjust the value of fields. 

We need to increase the fields according to the distance 2 1r ≡ −x x , that is,  

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 2, , ,kr t t kr t t kr t tξ τ ξ ξ τ ξ ω= = − =         (16) 

k is a constant which is not related the distance r. The above can be re-written 
as, 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )1 2 1 2 1 2, , ,p p p p p pt t t t t tξ τ ξ ξ τ ξ ω= = − =          (17) 

where, 

( ) , 1,2p
i ikr t iξ ξ≡ =                      (18) 

( ) , 1,2p
i ikr t iτ τ≡ =                      (19) 

p
iξ  is the electromagnetic fields of the photon, p

iτ  is the source of the pho-
ton. The field of photon is much stronger than the mutual energy flow calculated 
according to the classical electromagnetic fields, especially when the distance 

1 2r = −x x  is very large. We can think that the energy is carried by the mutual 
energy flow of the classical electromagnetic field which is very small. However, 
this mutual energy flow builds an energy channel from emitter to the absorber. 
The energy channel can transfer the energy from emitter (source) to the absor-
ber (sink). This energy channel can be applied repeatedly until the energy reach 
to the energy of one photon. That is the reason the photon field is stronger than 
the classical electromagnetic fields. 

3.2. Normalization the Wave Function in Quantum Mechanics 

In quantum mechanics there is also the normalization of the wave function. 
The square of amplitude of the wave function is normalized to 1. This 1 is 
probability. The square of amplitude of wave function is normalized to 1 is 
similar to the normalized mutual energy flow to the energy of one photon. 
The difference between the two ways are only a constant. 
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Because this author believes the wave is an energy-based wave instead of 
probability-based wave, the photon was normalized to the energy ω . It 
should be clear that after the normalization, the field of photon p

iξ  is quite 
different with the classical electromagnetic field theory iξ . The photon field 
is normalized electromagnetic fields. 

It should be clear, that in the current example the retarded field 
( ) [ ]1 1 1,ξ =x E H  is sent from the source a and hence, decreases according to 

1−x x . The advanced field ( ) [ ]2 2 2,ξ =x E H  is sent from the sink b and 
hence, decreases according to 2−x x . Even ( )1ξ x  and ( )2ξ x  decrease 
with the distance 1−x x , 2−x x , the mutual energy flow ( ) ( )( )2 1,ξ ξx x  
is not changed at any surfaces see Figure 1. 

There is also another possibility that the advanced wave become the guid-
ance wave of the retarded wave and the retarded wave become the guidance 
wave of the advanced wave. Because of the effect of guidance waves, the re-
tarded wave and the advanced wave both do not decrease with the distance 

1−x x  and 2−x x . However, inside the photon we cannot measure the 
field [ ]1 1,E H  and [ ]2 2,E H . This scenario has the same mutual energy flow 
as before. For calculating the mutual energy flow we still can use Equation 
(9). 

4. The Macroscopic Electromagnetic Field 

Here macroscopic electromagnetic field means the field produced by many 
photons together. This section we prove that the macroscopic electromagnetic 
field satisfy Maxwell equations of the retarded wave. We need a condition: all 
absorbers are uniformly distributed on the big sphere with its radius as infi-
nite. 

4.1. Poynting Theorem Is Equivalent to Maxwell Equations 

It is known that the Maxwell equations, 

t∇× = −∂E B                            (20) 

t∇× = + ∂H J D                          (21) 

0 0,µ= =B H D E                         (22) 

(where t t
∂

∂ =
∂

) is equivalent to the corresponding to Poynting theorem [18],  

( )
Γ

dt tV
V− × = ⋅ + ⋅∂ + ⋅∂∫∫ ∫∫∫E H E J E D H B



            (23) 

If we can prove the field of many photons satisfy Poynting theorem above 
we have proved that the macroscopic electromagnetic field satisfy Maxwell 
equations. 

4.2. The Self-Energy Principle and the Mutual Energy Principle 

Assume in the space there are N charges. For the electromagnetic field of each 
charge, it satisfies Maxwell equations and hence, the Poynting theorem,  
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( )
Γ

ˆd di i i i i t i i t iV
n V− × ⋅ Γ = + ∂ + ∂⋅ ⋅ ⋅∫∫ ∫∫∫E H E J E D H B



       (24) 

Substitute the superposition principle  

1 1,N N
i ii i= =

= =∑ ∑E E H H                   (25) 

to the Poynting theorem Equation (23) we obtain  

( )
1 1 Γ

1 1

Γ ˆd

d

N N
j ij i

N N
j i j t i j t ij i V

n

V

= =

= =

− ×

= +

⋅

⋅ ⋅ + ⋅∂ ∂

∑ ∑ ∫∫
∑ ∑ ∫∫∫

E H

E J E D H B



         (26) 

Equation (24) is the energy of self-energy flow, we have introduced the 
self-energy principle [1] which tell us that self-energy flows do not carry any 
energy. The self-energy flow terms (which have i j= ) have been all canceled by 
corresponding terms of the self-energy flows of the time-reversal waves. Hence, 
we can take away all self-energy flow terms from Equation (26), we obtain, 

( )
1 1, Γ

1 1,

ˆdΓ

d

N N
j ij i i j

N N
j i j t i j t ij i i j V

n

V

= = ≠

= = ≠

− × ⋅

= ⋅ + ⋅ ∂ + ⋅∂

∑ ∑ ∫∫
∑ ∑ ∫∫∫

E H

E J E D H B



        (27) 

Equation (27) is the mutual energy formula, we have promoted it as the mu-
tual energy principle, and claim it is real physical equation for photon [1]. From 
mutual energy principle, we can derive the Maxwell equations Equation (20, 21). 
However, the derived Maxwell equations must belong to the two groups, one is 
the retarded wave and another is the advanced wave. The retarded wave must 
synchronize with the advanced wave. The synchronized retarded wave and ad-
vanced wave can produce the mutual energy flow which satisfy the mutual 
energy flow theorem. Hence, the mutual energy principle is the foundation of 
the mutual energy flow theorem which describes the photon. In the follow sec-
tion we will prove the macroscopic field i.e. the field of many photons that satis-
fy Maxwell equations by using the mutual energy principle. In this way, we have 
proved that the macroscopic wave can be built by thousands of photons together 
and proves Einstein’s guesses.  

4.3. The Macroscopic Field of the Electromagnetic Field 

Equation (27) can be re-written as, 

( )
( )

1 1 Γ

1 1

ˆdΓ

d

N i j
j i i jj i

N i j
j i i j j t i i t j j t i i t jj i V

n

V

<

= =

<

= =
⋅ ⋅ ⋅ ⋅

− × + × ⋅

= + + ∂ + ∂ + ⋅∂ + ∂⋅

∑ ∑ ∫∫
∑ ∑ ∫∫∫

E H E H

E J E J E D E D H B H B



(28) 

Considering among these charges there are L emitters and M absorbers. The 
retarded field of the emitter can only paired to an advanced field from absorbers, 
hence Equation (28) can be re-written as, 

( )
( )

1 1 Γ

1 1

ˆdΓ

d

L M
j i i jj i

L M
j i i j j t i i t j j t i i t jj i V

n

V

= =

= =

− × + × ⋅

= + + ∂ + ∂⋅ ⋅ ⋅ ⋅ ⋅ ⋅+ ∂ + ∂

∑ ∑ ∫∫
∑ ∑ ∫∫∫



E H E H

E J E J E D E D H B H B

(29) 
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We consider a special situation, the source is at the origin point, there are in-
finite more absorbers are at the big sphere with its radius infinite large. Assume 
L = 1, there is only one source (Emitter) which radiate the retarded wave. All 
other M charges are absorbers which are on the big sphere. In this special situa-
tion the above formula can be written as, 

( )

( )
0 01 Γ

0 0 0 0 0 01

ˆdΓ

d

M
i ii

M
i i t i i t t i i ti V

n

V

=

=

− × + × ⋅

= ⋅ + ⋅ + ⋅ ∂ + ⋅∂ + ⋅∂ + ⋅∂

∑ ∫∫
∑ ∫∫∫

E H E H

E J E J E D E D H B H B



(30) 

In the above, the retarded wave has the subscribe “0”. We have considered the 
advanced wave cannot build the mutual energy with advanced waves; hence, all 
absorber must build mutual energy with the only source. The above can be writ-
ten as,  

( )
( )

0 0Γ

0 0 0 0 0 0 d

a a

a a t a a t t a a tV
V

− × + ×

= ⋅ + ⋅ + ⋅ ∂ + ⋅∂ + ⋅∂ + ⋅∂

∫∫
∫∫∫

E H E H

E J E J E D E D H B H B


 (31) 

where 
1

M
a ii== ∑E E , 

1
M

a ii== ∑H H  are superposed advanced wave. In the 
above formula, we can take the volume only includes the source. In this situa-
tion, the above formula become, 

( )
( )

0 0Γ

0 0 0 0 0

ˆdΓ 

d

a a

a t a a t t a a tV

n

V

− × + × ⋅

= ⋅ + ⋅ ∂ + ⋅∂ + ⋅∂ + ⋅∂

∫∫
∫∫∫

E H E H

E J E D E D H B H B


    (32) 

0 a⋅E J  is disappear in the above formula, since aJ  are at the big sphere 
which is at outside of V. In this case the absorbers uniformly distribute on the 
big sphere, the advanced wave will exactly same as the retarded field radiate 
from the source which is at the origin. Hence, the above formula can be writ-
ten as, 

( )
( )

0 0 0 0Γ

0 0 0 0 0 0 0 0 0 0

ˆdΓ

dt t t tV

n

V

− × + × ⋅

= ⋅ + ⋅ ∂ + ⋅∂ + ⋅∂ + ⋅∂

∫∫
∫∫∫

E H E H

E J E D E D H B H B


     (33) 

or 

( ) ( )( )0 0 0 0 0 0 0 0Γ
ˆ2 dΓ 2 dt tV
n V− × ⋅ = ⋅ + ⋅ ∂ + ⋅∂∫∫ ∫∫∫E H E J E D H B



    (34) 

Assume the total electromagnetic field together of retarded field and the 
advanced field are   

0 0,a a= + = +E E E H H H                     

We have  

0 0 0 0 0 02 , 2= + = = + =E E E E H H H H             (35) 

Substitute it to Equation (34), we have, 

( ) ( )0Γ
ˆdΓ dt tV
n V− × ⋅ = ⋅ + ⋅ ∂ + ⋅∂∫∫ ∫∫∫E H E J E D H B



       (36) 

This is the Poynting theorem of the total electromagnetic fields ,E H . 0J  
is the current intensity of the source. Please notice we have assumed that the 
absorbers are uniformly distributed on the big sphere. In this situation, the 
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total electromagnetic field which are sum of the retarded wave from the emit-
ter and the advanced wave from the absorber satisfy the Poynting theorem. If 
this electromagnetic field satisfies Poynting theorem, it also satisfies the 
Maxwell equations. It seems that all the electromagnetic fields are started 
from the source. Hence, we have proved that the electromagnetic fields of a 
point source together with the fields of the absorbers at big sphere with infi-
nite radius satisfy Maxwell equations. This field looks like the retarded field. 
Here it only looks like the retarded field. The fields ,E H  actually are the 
summation of the retarded field radiate from the source and advanced wave 
radiate from the absorbers. 

If the macroscopic electromagnetic fields of a point source with the field of 
the absorber satisfies Maxwell equations, we can extend this result to many 
point sources inside a region. It should be clear, here the total electromagnet-
ic field are contributions of the retarded wave and the advanced wave, but it 
looks like as all the field are send as retarded wave from the emitter. Hence, 
for macroscopic wave, it still can be seen as retarded. Since the mutual energy 
flow are the energy flow of the photon, we have proved that the macroscopic 
wave can be built by many photons. This macroscopic wave can be seen as 
retarded wave even it is built from the mutual energy flows which are in turn 
built from retarded wave and advanced wave.  

4.4. The Effect of the Normalized Mutual Energy Flow 

In the above we have actually proved the total electromagnetic fields satisfy 
Maxwell equations. The total electromagnetic field has two parts one is the 
retarded field from the source, the other are advanced wave from the un-
iformly distributed absorbers on a big sphere. Normalized mutual energy flow 
is the photon energy, which is much stronger than the mutual energy flows 
calculated through classical electromagnetic field theory without the norma-
lization. The number of the normalized mutual energy flows are also much 
less the mutual energy flows calculated from classical electromagnetic field 
theory. If the number of normalized mutual energy flows are enough more, 
they will have same effect as the mutual energy flows calculated through the 
classical electromagnetic field theory (which has much smaller values, but 
much larger in numbers).  

If the absorbers could be seen as uniformly distribute at big sphere, the ad-
vanced waves of the total absorbers will have the same value as the retarded 
wave. Hence, the above proof in subsection 4.3 is also effective for the case of 
normalized electromagnetic fields, which is the field of photons. 

4.5. The Structure of the Macroscopic Electromagnetic Fields 

According to the discussion of this article, the structure of the electromagnet-
ic fields can be shown in Figure 2. From these, we can see the macroscopic 
electromagnetic fields have a complicated structure. The macroscopic elec-
tromagnetic fields are built by infinite mutual energy flows. The effect of 
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Figure 2. The structure of the electromagnetic field. In this figure the energy is sent from 
the emitter to the absorbers. Assume that the absorbers are uniformly distribute at big 
sphere with infinite radius. The emitter sends retarded wave and corresponding 
time-reversal wave. These two energy flows cancel. The absorber sends advanced wave 
and corresponding time-reversal wave. These two energy flows cancel. The retarded wave 
and the advanced wave interacted and produce the microscopic mutual energy flow. 
Normalized mutual microscopic energy flows are photons. Many photons have the same 
effect with many microscopic mutual energy flows. Macroscopic mutual energy flows 
have the same values as microscopic mutual energy flow. Macroscopic mutual energy 
flows can build the retarded solution of the Maxwell equations in case the absorber can be 
seen as uniformly distribute on the big sphere with infinite radius.     

 
the mutual energy flow is same as infinite photons. It should be clear that the 
mutual energy flows are much smaller than the photon. However, when both 
mutual energy flows and photons have very big number, they are equivalent. 
In order to build the macroscopic wave to satisfy Maxwell equations, the ab-
sorbers have to be uniformly distributed on the big sphere with an infinite ra-
dius. Photons are the normalized mutual energy flows. After the normaliza-
tion, the mutual energy flow has the energy of  E ω=  . The mutual energy 
flows are built by the retarded wave sent from the emitter and the advanced 
wave sent from the absorber. The emitter also radiates the time-reversal wave 
which cancel the energy flow of the retarded wave. The absorber also radiates 
the time-reversal wave which cancel the energy flow of the advanced wave. 

This figure tells us how macroscopic wave of electromagnetic field is built by 
photons which are normalized mutual energy flows. The mutual energy flow is 
the interaction of the retarded wave radiate from the source and the advanced 
wave radiate from the sink. The self-energy flow of the retarded wave and the 
advanced wave has been canceled by the corresponding time-reversal waves. 
Hence the waves, retarded and advanced wave, can be seen as probability wave, 
because they do not carry energy, if we consider the effect of the time-reversal 
waves. This means the microscopic waves are only look like probability wave, 
they are also real physic waves. 

5. In Case the Absorber Cannot Be Seen as Uniformly  
Distributed 

In order to test the above theory, we noticed that the above theory is only satis-
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fied in case the absorbers can be seen as uniformly distributed in big sphere with 
infinite radius. In case this condition cannot be satisfied, the result should be not 
obtained. That means the macroscopic wave of many photons should not satisfy 
Maxwell equations. This is true. For example, we assume there is a transmitting 
antenna radiate the wireless wave. We assume the environment can be seen as 
uniformly distributed absorbers. Hence, according to the above theory, the elec-
tromagnetic fields includes the retarded wave sent by the transmitting antenna 
and the advanced wave sent by the uniformly distributed absorbers together can 
be seen as retarded waves sent out from the transmitting antenna. Now we put a 
receiving antenna inside the above space. It is clear that when the receiving an-
tenna is put in the system, closing to the receiving antenna, the absorbers cannot 
be seen as uniformly distributes on the big sphere. This means that closing to the 
receiving antenna, the electromagnetic field should not satisfy the Maxwell equ-
ations of the retarded wave. This is true. We know that for the receiving antenna, 
there are a concept of effective scattering section area. If effective scattering sec-
tion area equals to the section area of the antenna, it tells us the field close to the 
antenna exactly satisfies the Poynting theorem. If the effective scattering section 
area larger than the section area of the receiving antenna, that means the Poynt-
ing theorem has not been exactly satisfied. We know from electronic engineering, 
for the receiving wire antenna, the effective scattering section area can be a hun-
dred times larger than its section area. This means in this case the Poynting 
theorem cannot be satisfied. Since the Poynting theorem is equivalent to the two 
Maxwell equations Equation (20, 21), that means the Maxwell equations are also 
not satisfied.  

In electronic engineering, the directivity dialog of receiving antenna cannot be 
calculated according to the theory of the retarded wave of Maxwell equations. 
Through the experiment we find the directivity dialog of the receiving antenna is 
same as the antenna used as the transmitting antenna. Hence engineers calculate 
the directivity dialog of the receiving antenna just using the same method as it is 
a transmitting antenna. This way it needs a proof that the directivity dialog of 
the receiving antenna is same as that of the transmitting antenna. Normally Lo-
rentz reciprocity theorem is used for this task. It should be clear that the mutual 
energy flow theorem can also do this job. Since, in the directivity dialog is abso-
lute value, and the phase information is omitted, and hence have the same value 
for the mutual energy theorem and Lorenz reciprocity theorem. Hence, the di-
rectivity dialog calculation for the receiving antenna is also because of the mu-
tual energy theorem not Poynting theorem and also not Maxwell equations.  

6. Conclusions 

It is found that photon can be described by the normalized mutual energy flow. 
The mutual energy flow is the interaction of the retarded wave radiated from the 
source and the advanced wave radiated from the absorber. The normalization 
process is a process of physics which cannot be put in the frame of Maxwell 
theory. It is a pure quantum mechanics effect.  
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After the normalization of the mutual energy flow, the mutual energy flow can 
be a good description of photon. The structure of the macroscopic electro-
magnetic field becomes clear; the macroscopic electromagnetic field is built by 
many photons. The effect of many photons is same as many mutual energy 
flows without the normalization. The mutual energy flow is built by the re-
tarded wave and the advanced wave. The self-energy flow of the retarded wave 
and the advanced wave have canceled by the corresponding energy flow of the 
time-reversal waves of the retarded wave and the advanced wave.  

With the theory of mutual energy flow and this normalization, the concept of 
collapse of the wave is not required. The wave and particle duality paradox have 
been solved.  
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Abstract 
It is demonstrated that the use of Kolmogorov’s probability theory to describe 
results of quantum probability for EPRB (Einstein-Podolsky-Rosen-Bohm) 
experiments requires extreme care when different subsets of measurement 
outcomes are considered. J. S. Bell and his followers have committed critical 
inaccuracies related to spin-gauge and probability measures of such subsets, 
because they use exclusively a single probability space for all data sets and 
sub-sets of data. It is also shown that Bell and followers use far too stringent 
epistemological requirements for the consequences of space-like separation. 
Their requirements reach way beyond Einstein’s separation principle and 
cannot be met by the major existing physical theories including relativity and 
even classical mechanics. For example, the independent free will does not 
empower the experimenters to choose multiple independent spin-gauges in 
the two EPRB wings. It is demonstrated that the suggestion of instantaneous 
influences at a distance (supposedly “derived” from experiments with entan-
gled quantum entities) is a consequence of said inaccuracies and takes back 
rank as soon as the Kolmogorov probability measures are related to a consis-
tent global spin-gauge and permitted to be different for different data subsets: 
Using statistical interpretations and different probability spaces for certain 
subsets of outcomes instead of probability amplitudes related to single quan-
tum entities, permits physical explanations without a violation of Einstein’s 
separation principle. 
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1. Introduction 

The differences between classical probability and the modified probabilistic 

How to cite this paper: Hess, K. (2020) 
Kolmogorov’s Probability Spaces for “En-
tangled” Data-Subsets of EPRB Experi-
ments: No Violation of Einstein’s Separa-
tion Principle. Journal of Modern Physics, 
11, 683-702. 
https://doi.org/10.4236/jmp.2020.115044 
 
Received: April 15, 2020 
Accepted: May 6, 2020 
Published: May 9, 2020 
 
Copyright © 2020 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/   

  
Open Access

https://www.scirp.org/journal/jmp
https://doi.org/10.4236/jmp.2020.115044
https://www.scirp.org/
https://doi.org/10.4236/jmp.2020.115044
http://creativecommons.org/licenses/by/4.0/


K. Hess 
 

 

DOI: 10.4236/jmp.2020.115044 684 Journal of Modern Physics 
 

concepts used in quantum mechanics, have been the topic of many discussions 
related to the foundations of quantum mechanics and are in a way the root of 
Feynman’s well-known remark that no one understands quantum mechanics. To 
avoid ambiguities, I define Kolmogorov’s (set-theoretic) probability framework 
as “classical” probability and the absolute square of Feynman’s probability am-
plitudes as the quantum probability version. 

The classical-quantum distinction of probabilistic concepts has appeared in 
clearest relief due to the work of J. S. Bell [1] and his inequalities that involve 
Einstein-Podolsky-Rosen (EPR) experiments [2] and corresponding measure-
ments of entangled pairs. Wigner [3] presented a set-theoretic version of Bell’s 
inequalities. The actually performed experiments (see e.g. [4]) are a variation of 
EPR as proposed by Bohm (EPRB). The experimental results contradict the 
Bell-Wigner inequalities, a contradiction that has led to the common belief that 
instantaneous influences at a distance are at work in experiments of entangled 
quantum “entities” (photons, electrons etc.) and that Einstein’s separation prin-
ciple derived from the speed c of light in vacuum is actually violated in EPRB 
experiments. 

Any criticism of the Bell-Wigner inequalities is currently seen by a majority of 
physicists as nonsensical and comparable to the attempts to build a perpetuum 
mobile that contradicts energy conservation. It is the purpose of this paper to 
show that the criticism of the Bell-Wigner approach should rather be compared 
to the early days of the calculus and to Berkeley’s criticism of Newton’s fluxions 
and Leibniz’s infinitesimals that were put to zero after a logical procedure that 
regarded them as definitely not-zero. Bishop Berkeley stated that such a method 
of reasoning would not be allowed in Divinity. It took about a century and the 
work of Cauchy, Weierstrass and other notables to repair the problems convin-
cingly. 

Instantaneous influences over space-like distances do have similar logical 
problems as the fluxions of Newton and are indeed considered instantaneous 
only when the outcomes of the influences are random and when it is absolutely 
impossible to transmit any information instantaneously. Any instantaneous 
transfer of information would contradict Einstein’s relativity and no sane phy-
sicist believes in such a possibility. Therefore, in a variety of descriptions, “in-
fluences” are introduced that are “instantaneous” only if the instantaneity can-
not directly be proven but only statistically inferred. That statistical inference is 
invariably based on the violation of the Bell-Wigner type of inequalities. 

It will be shown in great detail below that the commonly used logic of apply-
ing Bell-Wigner-type inequalities to actual EPRB experiments and/or the results 
of quantum mechanics would also not be allowed in Divinity because of a variety 
of reasons that uncover serious inaccuracies of epistemological, physical and 
mathematical nature. In contrast to the case of calculus, a repair of these prob-
lems appears unlikely. 

Avoiding the mentioned inaccuracies permits us to construct a model for 
EPRB experiments, which is based on a statistical relation of certain subsets of 
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measurement outcomes as opposed to interpretations regarding individual en-
tangled pairs. 

2. EPRB Experiments and Notation  

I assume that the reader is reasonably familiar with EPRB experiments that deal 
with entangled (correlated) photon pairs. These pairs are sent into two direc-
tions or into two optical fibers. To be definite we assume that one of the entan-
gled photons propagates perpendicular to the ,x y  plane that labels one face 
(perpendicular to the z-direction) of a cube-like Wollaston prism. The 
x-direction of this chosen coordinate system may also be called “horizontal” 
and the y-direction “vertical”. The second photon of the entangled pair prop-
agates perpendicular to the face of a second Wollaston prism and that face is 
labeled by the ,x y′ ′  coordinate system, which is perpendicular to the z′  di-
rection and we may use for simplicity z z′= . The photons exit the Wollaston 
cubes along two different directions and are registered by detectors 1

vD  and 
1
hD  in wing 1 of the experimental system and by detectors 2

vD  and 2
hD  in 

wing 2, respectively. The measurement system must also guarantee that the 
signals detected in the two different and spatially distant wings belong to en-
tangled pairs. This is usually achieved by registering the measurement time 
and by correlating the signals by the usual space-time correlations of photons 
propagating with the speed of light. Furthermore, we can find an orientation 
of maximal correlation by fixing Wollaston prism 1 and rotating Wollaston 
prism 2 perpendicular to the propagation direction of the photons until we 
have a virtually perfect anti-correlation of the outcomes, i.e. when the hori-
zontal detector clicks in wing 1, the vertical detector clicks in wing 2 or vice 
versa. In actual experiments this happens for about 99% of all photon pairs or 
even better, while in the theories that we discuss this must happen with proba-
bility 1. It is convenient to define the directions of maximal anti-correlation in 
wing 2 also as the ,x y -directions. 

As we will see later, the theoretical work of Bell deals with at least two differ-
ent rotations of the Wollaston prisms for each wing and relates the correspond-
ing detector registrations to a “horizontal” and “vertical” spin component for all 
the different orientations of the Wollaston prisms. Thus, we do not have a care-
fully defined and unique gauge for the spin measurements in Bell’s work (in its 
most basic definition of “gauge” like that of the meter-measure in Paris) and we 
will see that this fact alone calls for extreme caution when formulating Bell’s in-
equalities and using Einstein’s hypothesis that elements of physical reality de-
termine the spin outcomes and their correlations in both wings. It is certainly, in 
general logically inadmissible to denote different directions in a given wing by 
“horizontal” or “vertical”. The gauge in the other wing is codetermined by the 
requirement of complete anti-correlation for given instrument settings, which is 
usually guaranteed and agreed upon through the complete experimental design 
of both wings. One must chose one instrument setting in one wing as gauge (like 
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the meter measure in Paris) and relate the gauge of the other wing and the so 
called Bell angles θ , by the convention that for maximum anti-correlation we 
have 0θ = . Bell and his followers emphasize the free will of the experimenters 
to choose the instrument settings independently, randomly and swiftly in both 
wings. However, the spin-gauge cannot be chosen freely and independently as 
will be further discussed in detail. Oaknin [5] has given careful considerations to 
these facts and has offered a relativistic resolution for the EPR-paradox. (See also 
his detailed further explanations in his recent paper [6].) 

Bell’s original paper does not discuss photons but instead spin 1
2

 quantum 

entities (such as entangled electrons) that propagate toward Stern-Gerlach mag-
nets instead of Wollaston prisms (cubes). The ,x y - and ,x y′ ′ -coordinates are 
again perpendicular to the propagation direction. Unit vectors that characterize 
the gradient of the magnetic field are introduced and typically denoted by a, 
which points in the positive x-direction in wing 1 and b, which points in the 
x’-direction in wing 2. 

3. Bell’s Functions and Their Relation to Einstein’s  
Separation Principle 

Bell attempted to describe EPRB experiments by introducing in each wing func-
tions with a domain of variables that respect Einstein’s separation principle. The 
co-domain or range of Bell’s functions describes the outcomes for the measure-
ments of entangled pairs. The mathematical physics of these functions is re-
quired to agree with the results of quantum mechanics and/or those of actual 
experiments. 

In order to understand Bell’s task, we need to explain the precise meaning of 
Einstein’s separation for EPRB experiments and for Bell’s functions that describe 
them. 

Consider the two wing experiments described above and the case of maximal 
anti-correlation of the outcomes for entangled singlet pairs and assume that the 
measurement equipment of the two wings is spatially separated so that light 
would take considerable time (say a millisecond) to propagate from the place of 
measurement in wing 1 to the place of measurement in wing 2. Then, according 
to Einstein’s relativity, whatever instrument setting is used in one wing and 
whatever is measured within about a millisecond cannot affect the outcomes of 
the measurement in the other wing by any transmission of information between 
the two wings. The measurement stations are information-separated in this way 
and this fact is called Einstein’s separation principle. 

Why did Einstein’s separation principle enter the discussions of EPRB expe-
riments? Because of the following strange fact. At the instrument settings of 
maximum anti-correlation, the outcome in wing 1 (e.g. “horizontal” or “vertical”) 
is always anti-correlated to the outcome in wing 2 (which then is “vertical” or 
“horizontal”, respectively i.e. the opposite) How can that be? If we toss a coin in 
wing one and obtain heads, the coin-toss in wing 2 must give tails. Einstein 
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claimed that this would only be possible if instantaneous influences are exerted 
from the measurement in one wing to the measurement of the other or, alterna-
tively, there need to exist elements of physical reality (possibly “hidden” to us) 
that determine the measurement outcomes. Actually, one can easily agree with 
Einstein, when magnets are involved in the measurements. If coins with little 
magnets of opposite polarization are sent out from the source as entangled pairs 
to the measurement stations then it is fairly easy to imagine that one falls on 
head and the other on tail and that can also happen randomly. The hidden 
magnets in the coins are then Einstein’s elements of physical reality. 

The problem is, of course, that photons do not have little magnets inside and 
the elements of physical reality may be very complex and describe the dynamics 
of the photon equipment interaction etc. Furthermore, the experimental results 
need to be explained for all instrument settings and not only for maximal an-
ti-correlation. Therefore, Bell attempted to develop a theoretical model for EPRB 
experiments in a more general fashion. 

Bell introduced functions ( )...A  for wing 1 and ( )...B  for wing 2 with the 
following properties of the variables in the domain of the functions: one of the 
variables in each function is the magnet “setting”, usually denoted by a, b or d in 
wing 1 and by b or c in wing 2. All other magnet settings (or equivalent settings 
of the Wollaston prisms) are possible but not considered in the following. The 
functions A and B contain each another special “variable” λ  that represents 
the entangled pair. Bell states: 

“… λ  stands for any number of variables and dependences thereon of A and 
B are unrestricted.” 

In other words, λ  may represent actually a whole set of variables that de-
scribe Einstein’s elements of physical reality involved in the measurement of the 
entangled pair. Considering Einstein’s theoretical thinking, such a set of va-
riables might contain elements of the space-time continuum such as the mea-
surement time mt , because of possible correlations of the measurement dynam-
ics that occurs in the two wings. Of course, such dynamic correlations may be 
described, in special cases, by a phase relationship between the two wings; the 
phase being again an element of a continuum. 

The set of variables represented by λ  is thus very general. In essence the set 
λ  may contain any number of variables, but it must never contain a variable 
representing the instrument settings of the other wing, because these cannot in-
fluence the measurement outcomes in a given wing. In fact, to exclude instanta-
neous influences at a distance from the theory it is necessary and sufficient that 
the set λ  in the domain of the function A in wing 1 must not contain any in-
strument-setting-variable from wing 2 and vice versa. With the given definitions, 
one can, mathematically speaking, use variables λ  that are independent of the 
instrument settings of both wings. The elements of reality that λ  represents 
may actually include local equipment interactions and, therefore, acquire some 
dependency on the local instrument settings. Mathematically, however, these 
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local settings are included already in the domain of Bell’s functions anyway. 
(Note also that there is a slight inconsistency in Bell’s notation inasmuch he 

uses fixed settings a, b etc. in the domain of his functions while λ  is standing 
for a variable and only in some instances for the value of this variable (a given 
element of physical reality). We leave Bell’s notation as it is and just make sure 
that this inaccuracy does not introduce a bigger mistake.) 

To illustrate by an example, allowed functions in wing 1 are ( ), , ,mA tµ a  
and ( ), , ,mB tµ ′

b  in wing 2, respectively, where µ  represents some element 
of physical reality related to information about the photons from the source. The 
measurement times mt  and mt′  may appear in the function domain because of 
possible time-like correlations of the dynamic photon-Wollaston or elec-
tron-Stern-Gerlach interactions in the respective wings. A and B are then, in 
Kolmogorov’s framework, the functions (random variables) of bi-variate sto-
chastic processes. 

The values of the functions i.e. their co-domain are the detector registrations 
for the given measurement times, e.g. ( )1

v mD t  or (exclusive) ( )1
h mD t  in wing 1 

and ( )2
v mD t′  or (exclusive) ( )2

h mD t′  in wing 2. 

4. Logical Problems with the Applicability of Bell-Type  
Inequalities to EPRB Experiments 

4.1. Problems with Bell’s Function-Domain 

One of the inaccuracies related to Bell’s work (that Bishop Berkeley would have 
criticized) is the simplistic assumption that λ  represents just a finite number 
of elements of physical reality like coins that are sent out by the source and reg-
istered by a detector-click after passing some “evaluation” equipment. If that 
were the case, we could surmise that for very many measurements with given 
setting pairs ( ),a b , ( ),a c  or ( ),b c  etc. each setting pair must encounter 
about the same elements of physical reality that are essentially randomly sent out 
from a source. In other words, the expectation value of outcomes for given in-
strument setting pairs would just be an average of the function outcomes for 
these same elements λ . This simplistic assumption together with Bell’s choice 
of co-domain or range of the functions (see next) leads immediately to Bell’s in-
equalities. But do these inequalities then have anything to do with actual EPRB 
measurements? 

4.2. Problems with Bell’s Function-Range 

A second suspicious assumption of Bell is an oversimplification of the 
co-domain or range of his functions. He innocuously introduces the value of +1 
for a “horizontal” result and −1 for “vertical”, respectively. (Or equivalently for 

spin 1
2

 entities Bell uses +1 for an “up” deflection by the Stern-Gerlach mag-

nets and −1 for “down”.) This use of the same two integer numbers for all possi-
ble instrument settings has far reaching consequences (see beginning of next 
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section), because it implies (without any justification) that the function-values 
follow the mathematical rules for the integers +1 and −1. Christian has empha-
sized repeatedly (most recently in [7]) that Bell oversimplified the range of his 
functions. 

5. Bell Type Inequalities and Algebra 

With the above assumptions we may deduce from the algebra of the integer 
numbers +1 and −1 that:  

( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ), , , , , 1 , ,A B B A B B Bλ λ λ λ λ λ λ− = −a b c a b b c      (1) 

Note that the λs of the pair with a product of two B functions correspond 
necessarily to different entangled pairs (if we wish to compare Equation (1) with 
actual experiments). Furthermore, if we define the instrument settings for 
maximal anti-correlation as equal, use accordingly B A= −  and take the abso-
lute value, we obtain:  

( ) ( ) ( ) ( ) ( ) ( ), , , , 1 , , ,A B A B A Bλ λ λ λ λ λ− = +a b a c b c          (2) 

an equation that now features the A B⋅  pair instead of the B B⋅ , suggesting 
that the outcome-pair now does correspond to the measurement of an entangled 
pair. The triviality of Equation (2) has persuaded many to believe that Bell’s in-
equality (which almost immediately follows from it) is a simple consequence of 
algebra. A moment of reflection, however, shows that the algebraic operations of 
Equations (1) and (2) that Bell used after his Equation (14) are physically speak-
ing not trivial at all and require extensive justification. 

Bell further assumes the existence of a single common probability density, 
which might be appropriate if λ  just represented a finite number of elements 
of physical reality; such as 20 fair or not so fair coins. However, Bell did claim 
the generality of λ  and that λ  may represent a whole set of variables, in-
cluding measurement times. How, then, can all of these physical variables and 
the instrument setting variables have the same probability density? 

Only with precisely one given probability density for all function products 
( A A A B⋅ = − ⋅ ), do we obtain Bell’s inequality: Averaging over this single prob-
ability density ( )ρ λ  and noting that the absolute value of a sum is always 
smaller than or equal to the sum of the absolute values, one obtains the expecta-
tion value E for the function products with Bell’s instrument-setting pairs ,a b , 

,a c  and ,b c :  

( ) ( ) ( ), , 1 , ,E E E− ≤ +a b a c b c                   (3) 

where E may, in general, be expressed by a Lebesgue integral over the product 
A B⋅  of Bell’s functions. 

6. Bell Inequalities and Probability Spaces 

It was soon realized [8] [9] [10] that Bell’s inequality could be derived with only 
one necessary and sufficient powerful condition: All functions appearing in 
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Bell’s inequality are random variables on one given probability space in the sense 
of Kolmogorov. This fact makes it also easy to extend the validity of the inequa-
lity to a countable infinite number of the λs. However, two major problems still 
exist with the application of Bell’s inequality to actual experiments and the re-
sults of quantum mechanics. 

First, it turns out (shown by a theorem in [9]) that the measurement time and 
the instrument settings cannot be random variables on one common probability 
space. The reason is simply that we cannot have two different instrument set-
tings in a given wing at the same measurement time. The proof of this fact is 
simple and may have been known to Einstein when he enunciated: “Gott wuer-
felt nicht”. 

I would also like to point to the recent work of Khrennikov connecting quan-
tum probabilities and classical conditional probabilities [11]. Novel arguments 
about the necessity of using different probability spaces for different setting pairs 
have been put forward (within the framework of quantum mechanics) by Cetto, 
Valdes-Hernandez and Pena [12]. 

Second, there exists a problem with the spin-gauges. How can one logically 
deal with two different “horizontal” and “vertical” directions in each given wing, 
( ( ),a b  in wing 1 and ( ),b c  in wing 2), and, in addition, regard all the mea-
surement outcomes in the above equations equal to +1 or to −1 independent of 
how “horizontal” or “vertical” are globally defined for a given pair measure-
ment? 

7. Wigner Inequalities and Set Theory; Selecting Global  
Subsets 

Eugene Wigner [3] improved Bell’s treatment [1] significantly by using set 
theory and considering certain subsets of the measurement outcomes. Instead of 
using outcomes +1 and −1 as Bell does, Wigner relies only on the judgement of 
equal e and not-equal ne for the pair measurement outcomes of a given instru-
ment setting pair. 

The actual value and physical nature of the co-domain (integer numbers or 
“up/down”) is thus of no concern, for we need to have only a judgement of 
“equal” or “not-equal”. Wigner also noticed that, for the purpose to derive a 
Bell-type inequality, it is sufficient to determine the number of (possible) out-
comes that are either e or ne for a given pair of instrument settings. He, there-
fore, just counted the number of equal and not-equal outcomes separately for 
each of the 3 pairs of Bell’s instrument settings ( ),a b ; ( ),a c  and ( ),b c  and 
derived his Bell-type inequality using these numbers. The spin-gauge may also 
be (and must be, in principle), chosen as separate and different for each such 
given pair of instrument settings. Note, as a preview of the more detailed discus-
sions below, that the judgement of e or ne is a global one that determines the 
relative outcomes and the frequency of them in both wings. Their frequency may, 
in general, depend on the instrument settings of both wings, which may lead to a 

https://doi.org/10.4236/jmp.2020.115044


K. Hess 
 

 

DOI: 10.4236/jmp.2020.115044 691 Journal of Modern Physics 
 

violation of the Bell-Wigner inequalities. 
Bell [1], Wigner [3] and later d’Espagnat [13] do use, however, a single 

common probability space for all Bell instrument setting-pairs and the e-, 
ne-subsets, which enforces their inequalities. They do offer a weighty argu-
ment for this choice: If we consider a triplet-set of measurements (instead of 
the 3 pair measurements), we may write all possible measurement-outcomes in 
terms of triples:  

( ) ( ) ( ),... ,... ,... ,A A Aa b c                      (4) 

and using A B= −  automatically obtain one common joint-triple probability 
space that lets us construct the Bell-Wigner inequalities (think of the frequency 
interpretation of probability). 

This last step, however, presents again major problems. First, a triplet is not 
measured in EPRB experiments, but we deal with entangled pairs. We, therefore, 
run again into the problem of the assumption of all equal λs, which cannot be 
justified if λ  encompasses variables related to a continuum. We deal then with 
more complex bi-variate stochastic processes. One for each of the instrument 
setting pairs. 

This problem is easily understood from the following example. Consider the 
three instrument setting-pairs of Bell and let λ  be the measurement time. I 
assume, for simplicity, the measurement times in the two wings to be equal for a 
given instrument setting pair and given entangled pair and thus have the fol-
lowing possible measurement outcomes (Bell function-pairs):  

( ) ( ) ( ) ( ) ( ) ( ), , ; , , ; , ,m m n n k kA t A t A t A t A t A ta b a c b c             (5) 

here we let 1,2, ,m N=   further 1, 2, ,2n N N N= + +   and 
2 1,2 2, ,3k N N N= + +  , with N indicating a large number of measurements. 

Then, because all the outcomes for each of the function pairs may be either equal 
e or not-equal ne, we have ( )32 N  possible different combinations of e and ne 
outcomes. Bell’s inequality, however, is based on the assumption of equal λs in-
stead of different measurement times and considers, therefore, only ( )22 N  
possible combinations of e and ne outcomes. This leaves us with ( ) ( )3 22 2N N−  
of these possible e and ne outcome-combinations that may contribute to viola-
tions of the Bell-Wigner inequalities. (Actually, things are not quite as drastic as 
suggested by these considerations, because Wigner needs for his inequality only 
the fraction of the number of e and ne outcomes. Considering only combina-
tions that change that fraction, one obtains ( )31N +  different combinations if 
we include measurement times taken out of a continuum, as compared to 2N  
for a finite (countable) number of the λs [14].) 

Thus, the number of combinations of equal and not-equal outcomes that may 
violate the Bell inequality (given general time dependent functions as they are 
usual in physics) is vastly larger than the number of combinations that necessar-
ily obey Bell’s inequality; which is negligibly small for large N. If one would bet 
on the odds that any experimental sequence of EPRB-type experiments (de-
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scribed by time dependent functions) violates the Bell inequality, one could bet 
with great certainty that it will. It is thus not surprising that so many different 
quantum experiments violate Bell-type inequalities. 

As indicated above, there is also the other, even more disturbing, restriction 
and inconsistency in the treatment of Wigner that was later taken over by 
d’Espagnat [13]: they use only one common probability space, an assumption 
that is incorrect if one does not deal with Bell’s λs, but instead with the subset of 
those λs that lead either to e or ne outcomes i.e. with λe  and λne , respectively. 
Exactly how many of these “global” entities will lead to e or ne outcomes in the 
respective wings does in general depend, as I will demonstrate below, on the in-
strument settings of both sides without any involvement of instantaneous influ-
ences at a distance. 

8. Alice and Bob to the Rescue: The Bell Game 

The many objections related to infirmities of the derivation of Bell’s inequality 
(and a large number of similar types of inequalities and equalities) made it de-
sirable to find some way of stating Bell’s findings crisply and without any possi-
bility of objection. This was accomplished by putting the Bell inequalities them-
selves into the far background and just using their power of contradicting the 
quantum mechanical result. In this way Bell conceived a theorem for “local” 
theories, which is mathematically and physically always true, but only for a cer-
tain definition of “local”. It was formulated by Bell in his following statement 
[15]: 

“But if (a theory with … variables λ ) is local it will not agree with quantum 
mechanics, and if it agrees with quantum mechanics it will not be local. This is 
what the theorem says.” 

Bell’s definition of “local”, however, does not only mean that the Einstein 
separation principle is strictly valid but adds additional, physically not neces-
sary (actually physically impossible), conditions as explained below for the 
“Alice-Bob-game” or “Bell game”, which was divined by Bell’s followers and 
science writers. 

Indeed, the above statement of Bell, with the addition of the “Alice-Bob-local” 
definition, is unassailable. As we will see, the theorem so stated is true and needs 
no mathematics to prove it. The problem with the theorem so stated is of epis-
temological nature: there exists no Alice-Bob-local physical theory of spatially 
distant and correlated measurements; not Einstein’s relativity, not classical me-
chanics, not quantum mechanics, not any non-trivial theory as we will see mo-
mentarily. 

What is the Alice-Bob-locality about? Alice and Bob are the experimenters in 
the two EPR wings and know only their own instrument setting and not that in 
the other wing during the measurements, because of the random switching of 
the instrument settings before a given measurement. It is postulated by the fol-
lowers of Bell that Alice and Bob must be able to find a “local theory” that gives 
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them the outcome for Bell’s functions as soon as they obtain an element of 
physical reality λ  that is sent to them from a source. This “local-theory-game” 
is, as we will see, impossible to play and thus the Bell theorem is proven. Ex-
treme non-localities, on the other hand, make it easy to find violations of Bell’s 
theorem: just include a setting variable from the other side in Bell’s functions 
(and use e.g. ( ), ,A λa b ) and Bell’s inequalities are easily violated (spooky in-
fluences yield any desired results). 

To understand why the “Alice-Bob-game” (also called by many “the Bell 
game”) cannot be played and why the corresponding definition of “local” is too 
narrow and physically inappropriate, we have to realize that the experimenters 
must use non-local or global knowledge throughout their experimental design, 
during the measurements and after the measurements are finished and eva-
luated. 

Much of the knowledge that Alice and Bob need about the other wing, can be 
gained by the design of the global experimental set-up before any of the actual 
measurements are done. Alice and Bob need to know that they measure the ap-
propriate counterpart of an entangled pair. This is commonly accomplished by 
careful determination of the measurement times in both wings and requires the 
additional assumption that the measurement time does not depend on the 
equipment setting (which we may accept here without consequences for the fol-
lowing reasoning). The global gauge for all given instrument setting pairs and 
the settings for maximal anti-correlations as well as the connection of the coor-
dinate systems of Alice and Bob, may also all be fixed before the actual mea-
surements begin. 

During the measurements, Alice and Bob do not have information about the 
global gauge that is relevant for a particular pair-measurement, because that 
gauge depends on the instrument setting of both wings and these instrument 
settings are randomly switched. It is, therefore, impossible for them to find a lo-
cal theory that describes measurement outcomes violating Bell-type inequalities 
at this stage of the experiment. I have pointed out in a previous publication [16] 
that such requirements for a local theory would not permit any theory of relativ-
ity, which necessarily works with systems as seen relative to other systems, a fact 
that has been discussed by Oaknin [5] in great detail. Alice and Bob certainly 
cannot choose, at this stage, the Wigner subsets that are the key for finding vi-
olations of Bell-type inequalities and require the knowledge of the global gauge 
and instrument settings. The illustration in section 9 gives further reasons why 
Alice and Bob cannot play the Bell game. 

The information about Wigner subsets is found by Alice and Bob only after all 
measurements are done: they assemble the Wigner subsets from the global data 
to prove the experimental violations of Bell-type inequalities by counting the 
equal e vs not-equal ne outcomes for the Bell-pairs of instrument settings. In 
this way they assess outcomes as seen relative to the other wing. The fact that 
this relativity is introduced after the measurement run does not make a differ-
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ence to the fact that the statistics of the outcomes is determined by non-local 
means. 

I have sometimes been asked by Bell’s followers: “Nature can play the Bell 
game and finds measurement outcomes during the experimental runs, why can 
you not do it?” We see from the above that nature cannot play that local game, 
because it involves a global experimental design, a global gauge and a global as-
sembly of Wigner subsets with the assessment of the frequency of relative out-
comes in the two wings. 

The theoretician who develops a theory about the Wigner subsets for e and ne 
outcome pairs, needs to have, as a minimum, that same global knowledge that 
the experimenters have and use to produce and finally collect their data as al-
ready outlined in [16]. These latter global facts and knowledge may not only 
reasonably be used by the theoretician, but must be used when probabilistic 
theories are invoked, because the probability spaces of subsets may depend on 
these global facts: when we ask the question of how many e and ne pairs we have 
for a given instrument setting pair, we do address a global fact for which only a 
globally valid theory and gauge can account. In fact we ask what is the outcome 
relative to the outcome in the other wing and we lose the possibility to treat the 
two wings independent of their respective measurement outcomes. Wigner im-
proved Bell with respect of the generality of the function range (co-domain) but 
had to deal, in return, with the numbers of λ  that correspond to e and ne 
outcomes and these numbers (or their frequencies of occurrence) may depend 
on the instrument settings (gauge) of both wings because they depend on the 
relative measurement outcome of the other wing. This latter fact will be shown 
in more detail in section 9. 

In this connection it is also important to remember that non-locality by in-
stantaneous influences at a distance requires a specific inclusion of the instru-
ment-settings of the other wing in the domain of Bell’s functions. Such inclusion 
is neither present nor required at all in the following illustration. 

9. Wigner-Subsets, Spin-Gauge and Probability-Spaces:  
The Role of Free Will and Randomly Switched Instrument  
Settings 

The gauge for the spin (“horizontal/vertical” in a certain coordinate system) can 
be chosen freely in only one wing of the EPRB experiment. The gauge in the 
other wing is determined by the requirement of complete anti-correlation, which 
also determines the ,x y  coordinates on both sides. The outputs of the Wollas-
ton prisms (Stern-Gerlach magnets) are then anti-correlated by definition for 
the same ,x y  coordinates, as they should be for the singlet entangled pairs that 
we consider. 

This latter important point and its full consequences were not realized by Bell 
and his followers. They claim that the settings on both sides are chosen by the 
free will of Alice and Bob. Naturally, even the free will cannot turn instruments 
faster than the speed of light c, which is the reason why measurement times and 
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instrument settings cannot be defined on one common probability space [9]. 
Furthermore, the gauge of the spin must be globally well-defined also in the 
second wing, once chosen in the first. Detailed considerations about using con-
sistent spin-gauges were presented by David Oaknin [5]. They were also dis-
cussed independently and from a different vantage point by this author [17] and 
in an early stage with collaborators [18]. It is important to realize that there are 
certain restrictions for the choice of gauge, which have been discussed in all ge-
nerality by Oaknin [5]. For our purposes here it is sufficient to adopt a definition 
of gauge corresponding to one given instrument setting (say in wing 1) and to 
connect this gauge to wing 2 as described above and below. 

We may rotate the Wollaston prism in wing 2 freely, for example by an angle 
θ  around the z-axis and replace thus the measurement directions ,x y  by the 
rotated ,x y′ ′  coordinates in wing 2. Note, however, that we must now label the 
measurement data in wing 2 by the angle θ  between x and x′ , if we wish to 
say anything about the Bell-correlations of the two wings including complete an-
ti-correlation for the ,x x′  settings. Oaknin [5] states: “… only their relative 
orientation (referring to ,x x′ ) is a physical degree of freedom.” If we do not re-
late the wing 2 instrument settings and wing 2 gauge to that of wing 1, we natu-
rally cannot speak about correlations. Remember also that in actual EPRB expe-
riments the determination of the Bell angles is usually done by the experimenters 
before the actual measurement-runs, while the choice of measurement sequences 
and setting pairs is made after the experimental runs are finished; when the 
Wigner subsets are collected mostly based on measurement times. 

The rotation of the Wollaston in wing 2 by θ  results, of course, in measure-
ment outcomes that are different from complete anti-correlation. The corres-
ponding correlations of the outcomes in this new situation are still determined 
by the physical law that governs the interactions of the photons and the Wollas-
ton prisms and the possible measurement outcomes may, therefore, be different 
in wing 2 in a variety of ways. 

The following illustration by an example from classical mechanics is designed 
to explicitly demonstrate the associated possible changes of probability spaces by 
rotations of the Wollaston prism and by subsequently choosing Wigner-type 
subsets of e and ne outcomes. We will see that such rotation changes the Kol-
mogorov probability spaces for the e and ne outcomes and involves θ  or func-
tions of θ . It will also become obvious that these changes of the probability 
spaces with θ  have nothing to do with instantaneous influences at a distance in 
spite of the fact that θ  depends on the instrument settings of both sides. 

9.1. Illustration of Global Correlations between Classical  
EPRB-Type Measurement Pairs without Violation of  
Einstein’s Separation Principle  

This oversimplified illustration (per se) is not invalidating Bell’s inequality, be-
cause it is linear in all its variables. It is demonstrating in the most elementary 
way, however, that a dependence of certain probabilities on θ  has nothing to 
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do with influences at a distance but arises naturally from local factors and the 
global experimental design and gauge. 

Consider two macroscopic rods parallel and next to each other, one with a red 
top and blue bottom section, the other with a blue top and red bottom section. 
The top of one rod is always next to the bottom of the other. The center of these 
rods is on the z-axis of a coordinate system and the rods are always oriented 
perpendicular to the z-axis. Assume further that these rods are emitted from a 
source. The direction of the emission is random: either the first rod propagates 
into wing 1 and the second into wing 2 along the z-axis or vice versa, both rods 
exhibit the same angle φ , which is measured from the x-axis of the ,x y -plane 
and ranges in value randomly between 0 and π. 

In both wings we have instead of the Wollaston prisms simple color detectors 
that indicate the result “horizontal” if and only if for any φ  between 0 and π 
the color is red, while they indicate “vertical” if for any such φ  the color is blue. 
We can see that this simple experiment will always result in complete an-
ti-correlation without any suspicion of instantaneous influences at a distance. 
There is, of course, global knowledge and fact involved in the gauge, the physical 
conservation law that guides the rods toward the detectors and how the rods in-
teract with the detectors locally but in a correlated way, because of the overall 
design of the experiment. 

Assume now that many such rod-pairs are emitted from a source. We use the 
same local rules for evaluating the red and blue rod-sections, but we rotate the 
coordinate system and color detectors in wing 2 by an angle θ  that turns x into 
x′ . We denote the angles of the rods with the x′ -axis by φ′  and determine the 
new “horizontal” and “vertical” outcomes in wing 2 according to the colors red 
or blue, respectively. Now, however, we do this for φ′  in the ,x y′ ′ -plane with 
values between 0 and π. 

After performing many measurements, we select in wing 1 the subset of rods 
with the exclusive outcome “horizontal”. We then ask the question, which frac-
tion of the corresponding rods in wing 2 is “vertical” and which fraction “hori-
zontal”. The “entangled” pair of rods is determined by the angle φ  and the fact 
that φ φ θ′ = − , another needed global knowledge. Because φ  is random be-

tween 0 and π, one obtains 1 θ
−
π

 for the “vertical” fraction of rods and θ
π

 for 

the “horizontal” fraction, respectively. Thus, the probability (using the frequency 
interpretation) of the “horizontal” and “vertical” outcomes depends on the angle 
θ  between the two coordinate systems. 

Alice and Bob, however, could not possibly guess that simple result; they 
cannot know about the instrument setting in the other wing during the mea-
surements and thus also do not know the angle θ . The probability measure 

( )P A B=  for the outcomes to be e, equals the probability that 0 θφ≤ ≤
π

, 

which equals θ
π

. As is evident from the simplicity of the model, the dependence 

of the probability measure on the angle between the instrument settings in the 
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two wings does not indicate any implausible non-locality and certainly not any 
influences at a distance but arises from the global factors of the experimental ar-
rangement, gauge and choice of Wigner subsets. 

This means that Wigner-subset probability-measures for Bell’s function 
products and the numbers of e and ne outcomes may depend on the instrument 
settings of both sides, without involvement of spooky non-localities. 

As a major corollary one can state that a global statistical result, obtained from 
many measurements at separate locations for correlated information packages 
and correlated measurement times, may depend on non-local variables such as 
θ . The global statistical result may reflect measurement arrangements of all of 
the separate locations, even if those arrangements do not influence each other 
and are unknown to anyone controlling the local measurement events. It is this 
corollary, which permits us to use the space-time system to exorcise spooky in-
fluences in complex situations if we choose to do so. 

Note that these statistical properties of subset probability-measures do not 
imply that Bell’s function-domain contains a variable corresponding to the 
equipment settings of the other wing. Nor does the random angle φ , which 
corresponds to Bell’s λ  (except that it is chosen out of a continuum of an-
gles) depend on any instrument settings. It is only the probability for e and 
ne outcomes that depends on the instruments of both wings. Nor is the free 
will of Alice and Bob to choose any angle θ  restricted in any way (su-
per-determinism). They must choose, however, the spin-gauge of both wings 
consistent with the settings of complete anti-correlation and cannot decide that 
fact by their separate free will. 

9.2. The Importance of Subset Selection and the Problem with  
Random Switching 

Fast random switching of the instrument settings (and thus of θ ) are declared 
by Bell’s followers to be the vade mecum for proving Bell’s theorem, because it 
makes it impossible to play the Alice-Bob-local game (the Bell game). Neither 
Alice nor Bob know θ  and the gauge that is chosen in the other wing, because 
that gauge depends on the (rapidly switched) instrument setting. Their choice of 
the outcome-value for Bell’s functions (of ( ),A λa  by Alice and ( ),B λb  by 
Bob, after they receive a value of λ ) is, therefore, meaningless at the time the 
measurements are performed. They both do not know the global gauge at this 
point. This knowledge is only acquired by them when they select the Wigner 
subsets after the measurements are completed. 

Random switching of the measurement settings on both sides does involve 
random changes of the spin-gauges and of the probability measures for the e and 
ne outcomes of selected subsets. It is, therefore, nonsensical to require that Bell’s 
functions and the ordering of their outcome-values into subsets a la Wigner are 
related to only one common probability space. The probabilities ( )P A B=  and 
( )P A B≠  depend in our (classical mechanics) illustration on θ , which is ran-
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domly changed by randomly switching the instrument settings. The angle φ  
(chosen out of a continuum), which corresponds to Bell’s λ  emanating from 
the source, does not depend on the instrument settings as dictated by Einstein’s 
separation principle. However, the frequencies of e and ne outcomes may de-
pend on the instrument settings (and do depend on them in our illustration), 
because of the underlying physical law, global experimental arrangement and 
global gauge. 

These facts make us appreciate Einstein’s view (in his discussion with Heisen-
berg) that the theory codetermines what can be measured. The experimenters 
need to know about Wigner subsets in order to find out whether or not Wigner’s 
inequality is obeyed by their data. The theoretician needs to help with the con-
struction of the global design and needs to provide a consistent global gauge. 
The requirement that Alice and Bob should be able to find a theory at a certain 
point of the experimental procedure at which they have no idea of the global 
gauge and other factors, appears in this light as a crucial mistake. 

Quantum mechanics also gives results for precisely one given instrument set-
ting in each wing. That setting pair determines the operators that act on the des-
ignated states of a product Hilbert-space. The instrument setting thus deter-
mines the spin operators and defines the gauge through the eigenvalues and ei-
genvectors of these operators. The preparations of particles and their quantum 
states (on which the spin-operators act), determine the precise division into dif-
ferent subsets of the possible outcomes corresponding to e and ne values. These 
different subsets are, however, not necessarily defined on one common probabil-
ity space but involve, in general, different probability spaces for different in-
strument setting pairs. 

10. Explicit Statistical Interpretation and Model for EPRB 

How can one model the general probability measures for the actual sing-
let-entangled-pair measurement outcomes, without invoking any inappropriate 
nonlocal influences? How can one exclusively use the data and invoke a physical 
law that explains the probability measures without instantaneous influences at a 
distance? 

I specify our considerations to the case of entangled photon pairs and mea-
surements with Wollaston prisms and also consider only Wigner’s set theoretical 
approach, which means we need to determine only the number of e and ne out-
comes for a given instrument setting pair say a in wing 1 and a as well as b in 
wing 2. This use of Wigner-type subsets, which are selected by the theoretician 
after all measurements are completed, is crucial. 

We follow the above illustration and collect from all data, as a first step, the M 
“horizontal” outcomes of wing 1, as well as the corresponding measurement 
outcomes for the entangled photons in wing 2. For 0θ =  (setting pair ,a a ) all 
the outcomes in wing 2 must be “vertical” because of maximal anti-correlation. 
For 0θ ≠  and Wollaston prism in wing 2 set to b (the x axis rotated by an an-
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gle θ  to form the x’-axis), one naturally expects a Malus type law at work (see 
e.g. The FeynmanLectures on Physics III), which results in about ( )2sinM θ  
“horizontal” outcomes, because that is what is natural for a system of entangled 
pairs that had shown all “vertical” outcomes before the Wollaston prism was ro-
tated by θ . The “vertical” outcomes in the rotated system are then 

( ) ( )2 2sin cosM M Mθ θ− = . These results are also expected by quantum con-
siderations as shown in the Feynman lectures. 

As in our illustration above, the use of the angle θ  involves no “illegal” 
nonlocality. We have used a Malus-type law for the probabilities of “horizontal” 
and “vertical” outcomes. 

Symmetrically, for the set of all “vertical” outcomes in wing 1, we obtain in 
wing 2 about ( )2cosM θ  “horizontal” outcomes and ( )2sinM θ  “vertical” 
outcomes. One easily obtains then the number of equal outcomes to be 

( )22 sinM θ=e , while the number of non-equal outcomes is ( )22 cosM θ=ne . 
Thus, we have for the difference in the outcome probabilities (frequencies):  

( ) ( ) ( )( ) ( )2 2, cos sin cos 2E θ θ θ= − − = −a b               (6) 

Nothing in the procedure depends on the distance of the Wollaston prisms. 
Nor do we need to involve any instantaneous influences at a distance. 

We got around the instantaneous changing of a “state” by avoiding, a la Eins-
tein, relations of state concepts to single objects and instead using all horizontal 
outcomes in wing 1 as a subset and obtaining the correlated subsets in wing 2 by 
the probabilities as obtained from a Malus type law. 

In contrast, the quantum-interpretation of Bell’s followers maintains that 
(because the outcomes that we consider in wing 1 are all “horizontal”) we are 
dealing in wing 1 with measurement of a single “horizontal” quantum state and 
only after these measurements do we know that the state in wing 2 must be a 
vertical quantum state and instantaneously so. 

We have, with the outcome-subset treatment, not achieved any progress or 
improvement of the results, but have avoided instantaneous changes of sin-
gle-object quantum states. In other words, we can clearly avoid any hint of in-
stantaneous influences in this model for EPRB experiments. The major novelty 
is that certain subsets of data-pairs may necessarily be defined on different 
probability spaces. Quantum mechanics avoids dealing with this complication by 
only working with probability amplitudes that lead to the final subset probabili-
ties by Born’s interpretation. Andrei Khrennikov has analyzed the matter of sta-
tistical vs individual interpretations from a mathematical point of view and has 
contributed over many years to a large number of questions discussed above [19] 

Would Einstein be satisfied with the model here presented? Not quite, because 
he preferred ab initio physical theories that do not invoke probability laws. 
However, if we do not wish to introduce a Malus type law of nature, then we 
must dive into the nitty gritty of the dynamic interactions of entangled pairs and 
measurement equipment and describe them in space-time. This presents a very 
complicated theoretical problem that may lead to the well-known infinite regress 
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that arises if the equipment is treated as a many body system. This difficulty is 
the great barrier for ab initio Bell-type models and this barrier has contributed to 
many frustrations in this area. It is identical to the similar barrier of quantum 
theory that usually does not and cannot supply an ab initio theory of the mea-
surement instruments. 

Of course, there are numerous other quantum experiments exhibiting the 
same features that I have just described for EPRB: they are much easier to ex-
plain with instantaneous influences at a distance than without those influences. 
In the final analysis, Einstein found the use of such influences spooky and spook 
must be exorcised. However, spook is sometimes “entrenched” in highly valued 
physical concepts and strategies of explanation, simply because it solves all 
problems easily. 

Typical examples are experiments that can be explained with interference at 
distant regions of space, particularly interference of probability amplitudes. 
However, we encounter here again a suspect logic that Bishop Berkeley would 
have objected to: how can the interference of “something” destruct any results at 
distant spatial locations, where that “something” is, ontologically speaking, not 
present in the first place? In other words, the concept of interference at a dis-
tance involves instantaneous influences at a distance to start with. Instead of 
embracing such concepts and using them to unseat other logical explanations, 
work must be done, as above for the model of EPRB experiments, that permits to 
remove instantaneous influences at a distance and exorcise spooky effects. Such 
work is not going to be easy, as one can see from the years of controversy with 
the Bell theorem. However, only such dedicated work can lead us away from 
spooky influences and toward more Einstein-like theories. 

11. Conclusions 

It has been examined whether EPRB experiments can be reasonably modeled 
without the use of instantaneous influences at a distance and a way was found 
that is numerically identical to the quantum mechanical results but interpreta-
tional different. The concept of quantum-state as a description of a single entity 
has been avoided by using the description of subsets of entities interacting with 
instruments and resulting in subsets of data. A main difference between quan-
tum and Kolmogorov probability concepts has been pinpointed in the treatment 
of such subsets of the data for measurement outcomes. These subsets correspond 
in quantum mechanics to different quantum states as well as operators, while in 
Kolmogorov’s framework they correspond generally to different probability 
spaces. 

I have also shown that Bell’s theorem does not apply to such subsets of da-
ta-pairs of distant EPRB measurement outcomes, because the definition of “local” 
by Bell and followers in the Alice-Bob-game is too narrow. With that definition, 
the Bell theorem is indeed valid, but does not apply to any nontrivial actual ex-
periments. 
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I have further shown that the Bell inequalities themselves suffer from a num-
ber of logical inconsistencies and lack of generality in their dealing with proba-
bilistic concepts, inconsistencies that also cannot even be repaired by the more 
general set theoretic approach of Wigner and d’Espagnat. 

I believe that my findings suggest that instead of embracing instantaneous in-
fluences at a distance in physical theories and in quantum mechanics, ways must 
be searched for that avoid the use of such concepts by the appropriate use of dif-
ferent subset-probability-spaces. Quantum mechanics, of course, has accom-
plished that division into sub-sets through quantum states and operators. How-
ever, the interpretations that link quantum states to single ontological entities 
lead to temptations of suggesting instantaneous influences, which may be 
avoided by careful additional explanations as presented above for the special 
case of EPRB. 
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Abstract 
With the support of numerous arguments, it has been shown that Melia’s 
claim that his cosmological Rh = ct model is flat and infinite is erroneous. In 
contrast, the model is positively curved, closed and, therefore, finite. With 
respect to results of Melia’s model, it is identical to our Subluminal Model. 
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1. Introduction 

In numerous papers1, Melia has proposed a cosmological model that is flat and 
infinite and thus contains an infinite amount of matter. Matter, space, time, and 
infinity were created with the Big Bang. Melia called his model the Rh = ct model, 
where Rh represents the non-comoving radial coordinate at the cosmic horizon 
of the expanding model and t the cosmic time, i.e., the time in the system that 
comoves with the expansion. Evidently, the name of Melia’s model comprises 
two variables belonging to two different coordinate systems. 

Melia has an extensive set of astrophysical data and has demonstrated in a se-
ries of articles that this data can be best adapted to the Rh = ct model as com-
pared to other Friedman-Robertson-Walker (FRW) models. Moreover, his 
model provides an exact solution to Einstein’s field equations while most FRW 
models do not. Therefore, Melia’s model is significantly different from the stan-
dard FRW model, where pressure is applied by hand. As Einstein’s field equations 
cannot fully determine the FRW models, it is necessary to introduce numerous 
parameters, namely, the Ωs and the deceleration parameter. These quantities 
must be determined using astrophysical data. However, for Melia’s model, only 
one parameter needs to be determined. This feature explains why Melia’s model 

 

 

1Most papers by Melia and colleagues are listed in [1]. 
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is favored over other models. 
We proposed our Subluminal Model [1], which is positively curved and closed. 

The main aim of this paper is to prevent the assumption that galaxies in the un-
iverse have superluminal velocities. Surprisingly, Melia’s Rh = ct model and our 
Subluminal Model yielded the same final results. One obtains the same Fried-
man equation, the same EOS, i.e., 0 3 0pµ + = , and a uniform expansion of the 
universe. 

In the second section, we oppose the two models and show that both models, 
although derived in different ways, are identical. We collect the results from our 
earlier papers and comment on them. We believe that Melia’s universe is also 
positively curved and closed. Thus, Melia’s observational results are valid for our 
model as well. Nevertheless, we assert that Melia’s geometrical interpretation of 
his model is erroneous. 

2. The Question of Curvature 

In the following section, we will demonstrate step by step that Melia’s Rh = ct 
model is not flat at all. We have referred to our earlier papers [2] [3] where we 
treated the same aspect of the problem. Here, we have summarized the results. 

i) We favor the view that infinite universes, be they open, flat, or negatively curved, 
are ruled out as a way of describing Nature. This is because infinities are hard to im-
agine and because we want to avoid conclusions from Hubble’s law that lead to 
acausality and contradictions to the special theory of relativity. This is one of the 
reasons we have rejected the geometrical interpretation of Melia’s infinite model.  

ii) An infinite universe has to expand to avoid Olbers’ paradox. An infinite 
number of stars emit an infinite amount of light. Although the intensity of light 
decreases with 21 r , the night sky will be as bright as our sun. In the case of 
expansion of the universe, distant stars run away and influence the 21 r  law, 
thereby avoiding Olbers’ paradox. 

iii) According to Hubble’s law, v Hr= , where H, as the Hubble parameter, 
associates the recession velocity v of the galaxies with the distance r of an ob-
server. This law emerges from astrophysical observations. Evidently, in an infi-
nite universe, the distance r can be chosen to be arbitrarily large, and the reces-
sion velocity may reach or exceed the velocity of light. Thus, the formation of 
galactic islands could be possible. However, no information can be exchanged 
between such galaxies. The laws of special relativity are inevitably violated in an 
infinite universe. 

iv) The boundary where the recession velocity becomes superluminal is 
known as the cosmic horizon. Melia introduced such a horizon rather artificially. 
He, building on a flat universe, created an event horizon by comparing it with 
the Schwarzschild theory. He referred to Weyl’s cosmological principle and 
Birkhoff’s theorem. An enclosed mass ( )hM M r=  of a certain volume in the 
universe determines the Hubble radius2 22hr GM c= , leading to the relation 

 

 

2Melia’s variables ,R t  correspond to our variables , ' r t , which we have used in our earlier papers. 
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( )'h hr ct R ct= = . The Hubble radius is defined as the distance light has traveled 
since the Big Bang;  't  represents the age of the universe and hr  the location at 
which the rate of expansion reaches the speed of light. 

It should be mentioned that to define a cosmic horizon, the mass content of 
the universe is not mandatory. This shows the original version of the dS cosmos, 
which is empty and has a horizon. 

v) In contrast, our Subluminal Model has a natural horizon. This model is based 
on the dS model, which can be geometrically represented by a 4-dimensional 
pseudo-hypersphere with a constant radius R  embedded into a 5-dimensional 
flat space. Expunging the condition .const=R , one can obtain our Subluminal 
Model. 

The pseudo-hypersphere of the dS cosmos is usually described with pseu-
do-spherical coordinates 4, , ,r x it iϑ ϕ ψ= = R . Here, 

sinr η= R                          (2.1) 

is the radial coordinate and η  the polar angle of the pseudo-hypersphere. 
Choosing an arbitrary point on the pseudo-hypersphere as a pole, i.e., the loca-
tion of an observer, the associated equator surface ( sin 1η = ) has 

hr = R ,                          (2.2) 

the maximal extension of r. This is the natural geometrical definition of the 
cosmological horizon and is equally valid for the Subluminal Model. It is the ba-
sic relation that connects the two models under consideration. Thus, the reces-
sion velocity is also limited via Hubble’s law. As we have already shown in our 
paper [4], the geometric horizon can be reached by drifting galaxies only after 
infinite time, as experienced by the chosen observer. As observers can be fixed at 
any arbitrary point on the pseudo-hypersphere, each observer has an individual 
horizon. 

vi) To examine the relationship between the two models in greater depth, let 
us revisit the abovementioned definition of Melia’s cosmic horizon. Melia de-
termined the Hubble radius with 

( )
2

2 h
h

GM r
r

c
= . 

Here, 

( )
3

02
4
3

h
h

rM r
c

µπ
=  

is the mass enclosed by the sphere with radius hr  and 0µ  as the assigned mass 
density. Thus, with the aid of (2.2), we get 

4

0 0

3 3
8h
cr
Gµ κµ

= = =
π

R .                  (2.3) 

This immediately results in 

0 2
3κµ =

R
,                         (2.4) 
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an expression derived in our Subluminal Model with geometrical methods. 
The mass density decreases as the universe increases with the radius R . This 

and similar relations can also be found in Einstein’s universe, Friedman’s un-
iverse, and in the models of the dS family. However, this relation is missing in 
Melia’s papers. As Melia’s model is assumed to be flat, a familiar relation (2.4) 
cannot be derived within the framework of his model. 

vii) Both models the Rh = ct model and the Subluminal Model describe the re-
lation between the non-comoving radial coordinate r and the comoving coordi-
nate 'r  with 

( )' 'r t r=K ,                        (2.5) 

where K  is the time-dependent scale factor. We still need to demonstrate that 
the Rh = ct model is compatible with the features of the curvature of the pseu-
do-hypersphere. With 

0 0 0sin , ' sin , , .r r constη η= = = =R R R KR R ,      (2.6) 

we can write the Hubble parameter with both the scale factor and the pseu-
do-hypersphere’s radius of curvature as 

H = =
 R K

R K
,                       (2.7) 

where 0R  is the radius of the curvature of the pseudo-hypersphere if it is cal-
culated with the aid of comoving, i.e., expanding rods, and thus appears to be a 
constant quantity for the comoving observer. 

In addition, by solving the field equations of the Subluminal Model, we can 
obtain the mass density, the pressure, and the EOS as follows: 

0 2 2
3 1, , 3 0op pκµ κ µ= = − + =

R R
.            (2.8) 

Both pressure and mass density are functions of the time-dependent radius of 
the universe.  

viii) In the Subluminal Model, the recession velocity is geometrically defined by 

sin rv η= =
R

.                        (2.9) 

Respecting (2.2), the recession velocity at the horizon is 

1hv = , 

the velocity of light in the natural measuring system. In addition, solving Fried-
man’s equation, we can arrive at the following simple relation: 

1=R .                         (2.10) 

With (2.7) one has 1H = R , and using Hubble’s law, we can confirm (2.9). 
The dot in Equation (2.10) denotes the derivation with respect to cosmic time. 
Thus, we can now recover Melia’s fundamental relation Rh = ct using the physi-
cal measuring system. 

ix) The essential difference concerning the interpretation of the models is the 
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question of curvature, i.e., the interpretation of the curvature parameter k. The 
line elements of both models in comoving coordinates are the same, and we can 
see from them that  0k = . 

In our Subluminal Model with the static dS metric as the seed metric has 
 1k = . The geometry of the dS cosmos is interpreted as the pseudo-hypersphere 
and thus as a positively curved, finite universe. It should be noted that a coordi-
nate transformation to the comoving system cannot change the curvature of the 
space. Due to this, we insist that the curvature of both models is positive and the 
universe is finite. 

It is well known to gravitational physicists that a transition to a freely falling 
coordinate system does not change the geometrical structure of a model. Le-
maître found such a transformation for the Schwarzschild model. Observers in a 
freely falling elevator tend to hover, implying that they are not exposed to gravi-
tational forces. When writing the line element of the static Schwarzschild model 
in canonical form, the curvature parameter is 1k = ; however, in a freely falling 
system is 0k = . This shows that k is not a reliable criterion for the curvature of 
space. In contrast, 0k =  denotes that an observer is in free fall. Thus, it would 
be more convenient to call k a form parameter for a metric. In our paper [3], we 
have discussed this problem in detail and extended Einstein’s elevator principle 
to cosmology. We conclude 0k =  in Melia’s model does not necessarily indi-
cate the model is flat but rather indicates that the universe is in free fall. 

x) In an extensively quoted paper [5], Florides discussed the relations between 
comoving and non-comoving coordinate systems for several cosmological mod-
els. In our papers [6] [7], we complemented the coordinate transformations of 
Florides with Lorentz transformations. From all these papers, it can be seen how 
the parameter k changes under coordinate transformations. In a table, we have 
provided an overview of cosmological and gravitational models in [8] and shown 
that k assumes rather individual values depending on the choice of coordinates 
for the line element. Therefore, the statement of numerous authors at the begin-
ning of their articles that ( ) 1,0, 1k = −  denotes positively curved, flat, or nega-
tively curved spaces is definitely wrong. Florides states that the only physical ac-
ceptable member of the dS family is the de Sitter cosmos, i.e., the universe with a 
metric that transforms 1k =  into 0k = . This is the very metric we have used 
as the seed metric for our Subluminal Model. 

xi) To determine the structure of the universe, we cannot rely on the parame-
ter k. Instead, Einstein’s field equations need to be solved and the geometrical 
properties of the given quantities studied. Unfortunately, several cosmologists 
tend to manipulate Friedman’s equation without considering the remaining 
components of Einstein’s field equations. This way, they propose new models, 
trying to explain dark matter or dark energy and other possible effects in cos-
mology. It can be said that such solutions are not exact solutions to Einstein’s 
field equations. 

A complete treatment of the field equation can disclose the geometrical struc-
ture of the model and determine the curvatures of space. We will demonstrate 
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this in a somewhat pedagogical manner. Starting with a simple 2-sphere embed-
ded into a 3-dimensional flat space, the line element on this sphere can be ex-
pressed as follows: 

2 2 2 2 2 2d d sin ds r rϑ ϑ ϕ= + .                    (2.11) 

Here, r represents the radii of the greater circles and sinr ϑ  the radii of the 
parallels. From the line element, we can read the tetrads and calculate the Ric-
ci-rotation coefficients3 

{ } { }
, ,

0,1,0 , 0,0,1 , 1,2,3

s s s s s s s s s
mn mn mn mn m n m n mn m n m n

m m

A B C B b B b b b B C c C c c c C
b c m

= + = − = −

= = =
 

Herein, the curvatures are defined by 

1 1 1,0,0 , sin , cos ,0 .
sin sinm mB C

r r r
ϑ ϑ

ϑ ϑ
   = =   
   

        (2.12) 

We see that the Ricci-rotation coefficients contain the curvatures of the sphere 
1 1,

sinr r ϑ
. It is easy to extend this method to higher-dimensional spaces. 

xi) The dS model is based on the metric 
2 2 2 2 2 2 2 2 2 2 2 2 2d d sin d sin sin d cos ds iη η ϑ η ϑ ϕ η ψ= + + +R R R R .   (2.13) 

It is the metric of a 4-dimensional pseudo-hypersphere 
' ' 2 , ' 0 ',1', ,4 'a ax x a= = R  

with a constant radius R  embedded into a 5-dimensional flat space, parame-
trized by 

3'

2 '

1'

4 '

0 '

sin sin sin

sin sin cos

sin cos

cos sin

cos cos

x
x
x
x i
x i

η ϑ ϕ

η ϑ ϕ

η ϑ

η ψ

η ψ

=

=

=

=

=

R

R

R

R

R

. 

Here, 'a  denotes the Cartesian coordinate system of the embedding space, 
where 4' cosx i shη ψ= R  is related to an imaginary dimension of space, the 
“Cartesian time.” To understand the curvature problem, we can restrict ourselves 
to the greater circles of the spherical piece of the pseudo-hypersphere, i.e., the sur-
face ' ' 2 , ' 1',2 ',3'x x rα α α= = , sinr η= R . In the local 5-dimensional pseu-
do-spherical system, the curvature quantity of these circles can be obtained as4 

1 1, cot ,0,0,0 , 0,1, ,4aB aη = = 
 



R R
            (2.14) 

or with sinr η= R , the more familiar form 

1 1sin , cos ,0,0,0aB r r
η η =  

 
.               (2.15) 

 

 

3The Christoffel symbols are not appropriate for this purpose. 
4One can find a detailed calculation in [9]. 
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The 0-dimension is the local extra dimension. Comparing the 4-dimensional 

part 1 cos ,0,0,0
r

η 
 
 

 of this equation with (2.12), we find that the  

4-dimensional space cannot be flat. Squaring (2.15), we get 21a
aB B r= , r being 

the curvature radius of the greater circles of the spherical part of the model. 
Performing a Lorentz transformation in the local [1,4]-slice, we get for (2.15) 

1 1 1sin , cos cos ,0,0, cos sinaB i i
r r r

η η χ η χ =  
 

         (2.16) 

where iχ  is the Lorentz angle. In the case of transformation to a comoving 
system in a universe expanding in free fall, the relative motion of a comoving 
observer is geometrically defined and the relation 

cos cos 1iη χ =                        (2.17) 

is satisfied. It should be noted that the geometrical quantity cosη  and the ki-
nematical quantity cos iχ , the Lorentz factor of the motion, are closely related. 
Using this, we can easily derive 

sin tani iχ η= . 

Respecting these two relations, we can obtain from (2.16) 

1 1 1sin , ,0,0, sinaB i
r r r

η η =  
 

.                (2.18) 

Here, 1 ,0,0
r

 
 
 

 is the spatial part of quantity B, which seems to be flat accord-

ing to (2.12). Evidently, this is a consequence of Einstein’s elevator principle that 
we have discussed in detail in paper [3]. However, all five components of (2.18) 
need to be considered. Again, the square of B is 21 r , with r as the radii of the 
greater circles. As expected, the curvature of space turns out to be an invariant 
property. The same holds for quantity C mentioned in (2.12). 

In addition, further slices of the pseudo-hypersphere are open pseudo circles 
2 20' 4 ' 2 2cosx x η+ = R  

with radii cosηR  and curvatures 1 cosηR , recalling 4'x  as an imaginary 
coordinate. This curvature is the cause of the force of acceleration in the dS 
cosmos. The latter is a component of the Ricci-rotation coefficients. It should be 
noted that for the transition of this quantity into a comoving system, the inho-
mogeneous transformation law of the Ricci-rotation coefficients is required. We 
have discussed this problem in the quoted papers. 

Omitting the calculation of all the components of the Einstein tensor, we can 
circumvent the question of the curvature of the model. We could not find any 
controls in Melia’s papers concerning the first three components of the Einstein 
tensor. They would exhibit the curvature radii of the normal and oblique slices 
of the pseudo-hypersphere, representing the positively curved universe. 

xiii) As already mentioned in the earlier parts of this section, a transition 
from the dS model to the Subluminal Model is rather simple: the restriction 
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xiii) As already mentioned in the earlier parts of this section, a transition from 
the dS model to the Subluminal Model is rather simple: the restriction .const=R  
needs to be expunged. Then R , the radius of the pseudo-hypersphere, i.e., the ra-
dius of our universe, behaves as a function of time. The evolution of our universe 
can be described by a series of self-similar dS universes. Evidently, the metric of 
the dS universe does not contain any information regarding how the universe 
can develop or how to calculate the change in R . A second set of differential 
equations needs to be consulted. These are the contracted Bianchi identities 

[ || ] 0s
m n r sR ⋅ ⋅ =  that provide possible changes of the Riemann curvature tensor. To 

define a genuine expanding cosmological model, the following two differential 
equation systems are needed: 

mn mn mn

n
m ||n ||m

1(I) R g R κT
2

1(II) R R 0
2

− = −

− =
.                  (2.19) 

System (II) leads to the conservation law || 0n
m nT = . This equation is often 

used in the literature to establish an outstanding relation with variables. Solving 
these two systems of equations, the Subluminal Model can be obtained with 
properties mentioned in items vii and viii. 

3. Conclusion 

We have demonstrated step by step that our positively curved and finite Sublu-
minal Model is identical to Melia’s Rh = ct model and have extensively discussed 
the question of curvature. We conclude that Melia’s claim that his model is flat is 
erroneous. 
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Abstract 

If an electron emits all of its rest mass energy 2
em c , the relativistic energy of 

the electron will become zero. According to the special theory of relativity, an 
electron whose relativistic energy is zero does not have photon energy. In this 
paper, however, an electron is regarded as having photon energy 2

em c  and 

negative energy 2
em c− , even when its relativistic energy is zero. The state 

where relativistic energy is zero is achieved due to the positive energy and 
negative energy canceling each other out. Relativistic energy becomes zero for 
an electron in a hydrogen atom when the principle quantum number n is ze-
ro. The author has already pointed out the existence of an energy level with 

0n = . If this model is used, it is possible for an electron in the state with 
0n =  to emit additional photons, and transition to negative energy levels. 

The existence of negative energy specific to the electron has previously been 
nothing more than a conjecture. However, this paper aims to theoretically 
show the existence of negative energy based on a discussion using an ellipse. 
The results show that the electron has latent negative energy. 
 

Keywords 
Energy-Momentum Relationship in a Hydrogen Atom, Negative Energy  
Specific to the Electron, Relativistic Energy, Dark Matter 

 

1. Introduction 

The most important conclusion derived from the special theory of relativity 
(STR) is the equivalence of inertial mass and energy [1]. Energy in all its forms 
has inertial mass [2]. To put it another way, all changes in the energy of an ob-
ject E∆  correspond to changes in the object’s inertial mass m∆  [3]. Einstein 
expressed these as follows. 
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2 .E mc=                            (1) 
2 .E c m∆ = ∆                           (2) 

In this paper, let us review the energy-momentum relationship of Einstein 
using a textbook [4]. 

Now, in classical mechanics, an increase in kinetic energy corresponds to 
work done by an external force. That is, 

dd d d .
d
pE F x x
t

= =                        (3) 

If d dv x t=  is used here, Equation (3) can be written as follows. 

d d .E v p=                            (4) 

The following relationship also holds in classical mechanics. 

.pm
v

=                             (5) 

In the textbook of French, the following equation is obtained by combining 
Equation (1) and Equation (5). 

2

.c pE
v

=                            (6) 

Next, if the right-hand sides of Equation (4) and Equation (6), and the cor-
responding left hand sides, are multiplied together, 

2d d .E E c p p=                          (7) 

Integrating this, 
2 2 2 2

0 .E c p E= +                         (8) 

Equation (8) can also be expressed as follows. 

( ) ( )2 22 2 2 2
0 .mc c p m c= +                     (9) 

here 0m  is rest mass and m is relativistic mass. Equation (8) is the ener-
gy-momentum relationship of Einstein that holds in an isolated system in free 
space. 

If an object is at rest, 0p =  and thus Equation (8) is as follows. 
2

0 .E m c=                           (10) 

However, if we are satisfied with Equation (10) only, then the deeper meaning 
of the theory of relativity is lost. Typically, momentum is not zero. In that case, 
Equation (1) is used.  

Equation (1) includes Equation (10) as a special case. In this paper, the energy 
in Equation (1) becomes important when dealing with the relativistic energy of 
the hydrogen atom. 

Now, what sort of relation holds in the case of an electron in a hydrogen atom?  
Let’s consider a situation where an electron at rest in free space is taken into a 

hydrogen atom due to the electrostatic attraction of the atomic nucleus (proton). 
At this time, the electron emits a photon and acquires kinetic energy. The in-
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crease in kinetic energy of the electron corresponds to the work done with re-
spect to the outside. This situation is the opposite of Equation (3), and thus Eq-
uation (3) must be rewritten as follows. 

dd d d .
d
pE F x x
t

= − = −                       (11) 

From this, we obtain not Equation (4) but rather 
d d .E v p= −                            (12) 

Multiplying in the same way the right-hand sides of Equation (6) and Equa-
tion (12), and the corresponding left hand sides, 

2d d .E E c p p= −                          (13) 

And integrating, 
2 2 2 2

0 .E c p E= − +                         (14) 

Equation (14) can also be expressed as follows [5]. 

( ) ( )2 22 2 2 2
e e,n n nm c c p m c m m= − +    < .               (15) 

Equation (15) is an energy-momentum relationship applicable to an electron 
in a hydrogen atom which has potential energy.  
here, 2

em c  is the rest mass energy of the electron, and 2
nm c  is the relativistic 

energy of the electron. The subscript n is the principal quantum number. 
Incidentally, the author has previously conjectured that the electron has latent 

negative energy in ref. [6]. However, since then no papers have been published 
developing the author’s conjecture. Therefore, this paper aims to theoretically 
predict the existence of this negative energy. 

2. Relativistic Correction of the Bohr Energy Levels 

Past attempts to relativistically expand the energy levels of the hydrogen atom 
derived by Bohr have taken Equation (8) as their point of departure [7] [8] [9] 
[10]. However, this is a mistake. 

The equation which treats an electron in a hydrogen atom relativistically is 
not the Dirac equation satisfying Equation (8). It must be another equation sa-
tisfying Equation (14). The author has already derived this equation [11].  

The energy levels derived by Bohr are given by the following formulas [12] 
[13]. 

2 4
e

BO, 2 2
0

1 1 1
2 4n

m e
E

nε
 

= − ⋅ 
 π  

                  (16a) 

2 2
e

BO, 2 1, 2, .
2n
m c

E n
n

α
= − ,   =                   (16b) 

here, BO,nE  signifies the energy levels derived by Bohr. Also, α  is the 
fine-structure constant, and is defined as follows. 

2
3

0

7.2973525693 10 .
4
e

c
α

ε
−= ×

π
=



                (17) 
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In Bohr’s theory, the energy when the electron has been pulled away from the 
atomic nucleus, and is stationary at an infinite distance, is set to be zero. How-
ever, the true energy in this state is 2

em c . The relativistic energy 2
nm c  in Eq-

uation (15) indicates the energy with an absolute scale. 
Incidentally, Einstein and Sommerfeld defined kinetic energy as the difference 

between the total energy and rest mass energy of an object [14]. That is,  

( )
2 2 2

0 0 1 22 2

1 1 .
1

K mc m c m c
v c

 
 = − = −
 −  

             (18) 

If this definition is also used for the kinetic energy of an electron in a hydro-
gen atom, then the energy levels of the hydrogen atom can be defined as follows. 

2 2
re, re, e .n n nE K m c m c= − = −                    (19) 

here, re,nK  is the relativistic kinetic energy of an electron [15]. However, it is 
not appropriate to call re,nE  relativistic energy. The relativistic energy of an 
electron has already been defined by Equation (15). re,nE  gives energy levels 
which correct the Bohr energy levels (16) from the perspective of the theory of 
relativity. However, it should be noted that the term “theory of relativity” is ap-
plied not in the sense of Equation (9) but in the sense of Equation (15). 

Incidentally, the following formula can be derived from Equation (9). 

( )
0

1 22 2
.

1

m
m

v c
=

−
                       (20) 

Using similar mathematics, the following formula can be derived from Equa-
tion (15) [16]. 

( )
e

e1 22 2
.

1
n n

n

m
m m m

v c
=  ,   <

+
                  (21) 

An electron in a hydrogen atom becomes lighter in mass as it increases in 
speed. This is the opposite of the prediction of STR. 

Next, Equation (21) is rewritten using the following relationship derived in ref. 
[15]. 

.nv
c n

α
=                            (22) 

when that is done, 

( )
e

1 22 2
.

1
n

m
m

nα
=

+
                     (23) 

Hence the energy levels in Equation (19) become as follows. 
1 22

2 2 2
re, e e 2 2 1 0,1,2, .n n

nE m c m c m c n
n α

  
 = − = − ,   = 

+   
       (24) 

To simplify the discussion in this paper, the only quantum number addressed 
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is n. 
Next, when the part of Equation (24) in parentheses is expressed as a Taylor 

expansion, 
2 4 6

2
re, e 2 4 6

3 51 1
2 8 16nE m c
n n n

α α α  
≈ − + − −  

   
              (25a) 

2 2
e

re, 2 .
2n
m c

E
n

α
≈ −                        (25b) 

It is evident from this that the Bohr energy levels (16b) are an approximation 
of Equation (24). 

Incidentally, it was once pointed out by Dirac that Equation (8) has a negative 
solution [17]. In the same way, the author has pointed out that Equation (15) has 
a negative solution [18]. The mass of an electron at negative energy levels be-
comes negative. 

In the current universe, there is thought to exist a tremendous mass whose 
true nature is unknown (an unknown source of gravity). The author has pre-
sented matter formed from an electron with negative mass and a proton (atomic 
nucleus) with positive mass as a strong candidate for this unknown matter, i.e., 
dark matter [19] [20] [21] [22].  

Now, if the negative solution of Equation (15) is also incorporated, then the 
relativistic energy ab re,nE±  of a hydrogen atom can be written as follows. 

1 22
2 2 2

ab re, e re, e 2 2 0,1, 2, .n n n
nE m c m c K m c n

n α
±  

= ± = ± = ±  ,   =   
+ 

     (26) 

The ab re,nE  newly introduced here has a long subscript. However, the reason 
for this is to distinguish from re,nE  in Equation (19). ab re,nE  is relativistic 
energy, but this is also energy expressed with an absolute scale. The “ab” in the 
subscript stands for “absolute,” while “re” standard for “relativistic.” If the above 
points are kept in mind, then there is no problem in abbreviating ab re,nE  as 

ab,nE . 

3. Equation (15) Derived from an Ellipse 

In this section, Equation (15) is derived using an ellipse. 
First, consider the Cartesian coordinate system O-xy. Letting F and F’ be the 

points x f= ± , an ellipse is drawn taking those 2 points as foci (Figure 1).  
Let A and A′  be the points where the ellipse intersects the x-axis, and let B 

and B′  be the points where the ellipse intersects the y-axis. Also, let 2a be the 
length of the line segment A A′ , 2b be the length of the line segment BB′ , and 
2f be the length of the line segment FF′ . 

The eccentricity of the ellipse in this case is defined as follows. 

.f
a

ε =                            (27) 

The eccentricity of the ellipse can also be expressed using the following for-
mula. 
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Figure 1. First, the energy 2

em c  is taken to correspond to the line seg-

ment OA , and then Equation (31) is assumed. Equation (15) can be de-
rived if the Pythagorean theorem is applied to the right triangle OBF′ . 

 
1 22

21 .b
a

ε
 

= − 
 

                       (28) 

The following equation can be derived from Equation (28). 

( )1 221 .b a ε= −                        (29) 

here, the line segment OA  is taken to correspond to the energy 2
em c . Let us 

express this as follows. 
2

e .a m c=                           (30) 

Also, assume the following relation. 
1 22

2 2 .n
n

ε
α

 
=  + 

                       (31) 

Taking Equation (30) and Equation (31) into account, b can be expressed with 
the following equations. 

1 22
2

e 2 21 nb m c
n α

  
= −  

+   
                  (32a) 

1 22
2

e 2 2 .m c
n

α
α

 
=  + 

                     (32b) 

Incidentally, if the length of the hypotenuse AB is taken to be c in the right 
triangle AOB in Figure 1, then the Pythagorean theorem below holds for the 
lengths of the three sides of the right triangle.  

 2 2 2 .c a b= +                        (33) 

Next, the Pythagorean theorem is applied to the right triangle OBF′ . At that 
time, taking into account that f aε= , we obtain 

( ) ( ) ( ) ( )
2 22 2 22 2 2 2 2

e e e2 2 2 2 .na b m c m c m c
n n

αε
α α

   
+ = + =   

+ +   
    (34) 

here, if Equation (23) and Equation (22) are also taken into consideration, then 
the equation in Equation (34) can be expressed as follows. 
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( )
2 22 2 2 2 222 2 2 2 2 2 2 2

e2 2 2 2 2 2 2 .n
n n n

n vnm c m c c m c c p
n n n n

α α α α
α α α

     +
= ⋅ = ⋅ =     

+ +     
(35) 

Substituting this result for Equation (35) into Equation (34), 

( ) ( ) ( )2 22 2 2 2 2 2
e .n na b m c c p m cε + = + =                (36) 

when 2
em c  is taken to correspond to the line segment OA , and Equation (31) 

is assumed, then Equation (15) can be derived from the right triangle OBF′ . 
Also, from Equation (30) and Equation (32b), 

 
1 22

2 2 .b
a n

α
α

 
=  + 

                       (37) 

when Equation (37) is substituted for α  in Equation (17), it is evident that the 
ellipse that should actually be drawn is far flatter than that in Figure 1. However, 
to make the diagram easier to read, the ellipse is drawn with an elongated y-axis 
in this paper. (The segment AF  was also drawn longer than it actually is for the 
same reason.) 

Incidentally, the author has previously derived the following relation in ref. 
[21]. 

 
( )
( )

1 22 2
e

1 22 2 e

.n n

nn

n nr m m
m mr n n

α

α

−

+

+ − −
= =

++ +
                 (38) 

However, when considered using an ellipse, Equation (38) can be expanded as 
follows (Figure 2). 

( )
( )

( )
( )

1 22 2 2
e

1 2 22 2
e

AF 1 .
1AF

nn

n n

n n m m cra f
a f r m m cn n

αε
ε α

−

+

+ − −− −
= = = = =

+ +′ ++ +
      (39) 

Also, the following relation can be obtained from Figure 1. 

( ) 1 22

2 2
e

2FF .
AA

n n n n n n

n n n n

r r r r r m n
mr r r r n

ε
α

+ − − + −

+ − + −

+ −  ′ −
= = = = =  ′ + + + 

       (40) 

In Equation (39), nr
+  was taken to correspond to the line segment AF′ , and 

nr
−  was taken to correspond to the line segment AF . Also, if 2

em c  is taken to 
correspond to the line segment OA , based on Equation (40), then 2

e2m c  cor-
responds to line segment AA′ . At this time, ( ) 2

e nm m c−  corresponds to line 
segment AF , and ( ) 2

e nm m c+  corresponds to the line segment AF′ . 
However, this does not mean that line segment length expresses the absolute 

value of a physical quantity, so caution is necessary. Also the orbital radii nr
+  

and nr
−  at different energy levels are apparent in the ellipse in Figure 2. This 

shows that this ellipse is not an illustration of the orbital of a single electron. The 
discussion thus far is summarized in the following table (Table 1). 
here, er  is the classical electron radius, defined as follows. 

2

e 2
0 e

.
4

er
m cεπ

=                        (41) 
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Figure 2. Caution is necessary because the lengths 
of the line segments in this diagram do not give the 
absolute value of physical quantities. 

 
Table 1. Electron energy corresponding to each line segment and orbital radius. There 
are differences between energy *1 and *2, and energy *3 and *4. These energy differences 
are discussed in section 4. 

Line Segment AF  AO  AF′  

Orbital Radius  
Corresponding to Line Segment nr

−  e

2
r

 nr
+  

Relativistic Energy of Electron 2
nm c−  0 *3 2

nm c  *1 

Indication using n and α  ( )1 22 2n nα+ −  ( )1 22 2n α+  ( )1 22 2n nα+ +  

Energy Corresponding to  
Line Segment 

( ) 2
e nm m c−  2

em c  *4 ( ) 2
e nm m c+  *2 

 
Incidentally, when the electron’s relativistic energy 2

nm c  becomes zero, then 
the value of re,nE  in Equation (19) is 

2 2
re,0 e , 0.nE m c m c= −    =                      (42) 

Also, the following formula can be derived from the relationship between hy-
drogen atom energy levels and potential energy. 

( )
22

2e e e
re, e

0

21 1 1 1 .
2 2 4 2n n

n n n

r m c reE V r m c
r r rε

 
= = − = − = −  

 π
     (43) 

here, if Equation (42) and Equation (43) are compared, the radius 0r  when 
0n = , is 

e
0 .

2
r

r =                           (44) 

Incidentally, the electron does not have a definite orbital in quantum me-
chanics. The author has previously predicted in ref. [6] that the radius of the 
atomic nucleus of the hydrogen atom (proton) is e 4r . However, this is not a 
claim that the atomic nucleus is completely spherical. The meaning is that statis-
tically the atomic nucleus can be regarded as a sphere with radius e 4r . In the 
same way, this paper does not assert that an electron with energy ab,nE+  revolves 
in an elliptical orbital with semi-major radius nr

+ . (In quantum mechanics, the 
Bohr radius Ba  of the hydrogen atom signifies the radius where the probability 
of finding the electron is maximal.) 
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4. Discussion 

1) In Figure 2 and Table 1, the relativistic energy corresponding to n is 
2

nm c  (*1). The orbital radius nr
+  of an electron with this energy becomes 

( )1 22 2n nα+ +  when indicated in terms of n and α . However, the energy cor-
responding to this is ( ) 2

e nm m c+  (*2). 
There are two types of electron energy in a certain state. How should we think 

about this? First of all, the following two points are correct. 
a) The relativistic energy of an electron with orbital radius of nr

+  is 2
nm c  

(*1). 
b) The energy of an electron with orbital radius of nr

+  is ( ) 2
e nm m c+  (*2). 

We must elucidate the true nature of the energy ( ) 2
e nm m c+ . The author has 

previously assumed in ref. [6] that an electron in a state with 0n =  has photon 
energy and negative energy. Let’s use that as a hint. 

Now, taking Figure 2 and the existence of negative energy into account, Table 
1 can be expanded as follows (Table 2). 

Here, if the photon energy possessed by an electron is expressed as ph,nE , then 
the relativistic energy of the electron ab,nE  defined in Equation (26) can be 
written as follows.  

2
ab, ph, e .n nE E m c= −                        (45) 

According to this model, 2
nm c  (*1) is the relativistic energy of the electron, 

and ( ) 2
e nm m c+  (*2) is the photon energy possessed by the electron.  

Incidentally, the relativistic energy of an electron ab,nE  is thought to be what 
determines the electron’s orbital radius. However, in Equation (45), the inter-
pretation is also possible that it is ph,nE  which determined the orbital radius of 
the electron. 

Now, in the state where ab 0E = , the photon energy possessed by the electron 
and the negative energy 2

em c−  cancel each other out (the relationship of *3, *4, 
and *5 in Table 2). If this model is used, an electron with ab 0E =  can emit ad-
ditional photons, and transition to negative energy levels. 

 
Table 2. Relationship of the relativistic energy of an electron, and the photon energy 
possessed by that electron. The relativistic energy of an electron is defined as the sum of 
the photon energy possessed by that electron, and the negative energy specific to it. 

Line Segment ― AF,a f−  AO a,  AF a f′, +  ― 

Eccentricity Indication ― ( )1 aε−  a ( )1 aε+  ― 

Orbital Radius e

4
r

 nr
−  e

2
r

 nr
+  ∞  

Indication using n and α  ― ( )1 22 2n nα+ −  ( )1 22 2n α+  ( )1 22 2n nα+ +  ― 

Relativistic Energy of  
Electron ab,nE , 2

ph, enE m c−  
2

em c−  2
nm c−  0 *3 2

nm c  *1 2
em c  *6 

Photon Energy ph,nE  0 ( ) 2
e nm m c−  2

em c  *4 ( ) 2
e nm m c+  *2 2

e2m c  *7 

Negative Energy 2
em c−  2

em c−  2
em c−  2

em c−  *5 2
em c−  2

em c−  *8 
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Also, according to the STR, an electron has a rest mass energy of 2
em c . 

However, in this paper, it is thought that an electron at rest has photonic energy 
2

e2m c  and negative energy 2
em c−  (the relationship of *6, *7, and *8 in Table 

2). If symmetry is taken into account, it is likely valid to think that the true na-
ture of this negative energy is a photon with negative mass. (However, that does 
not mean that in this paper it was possible to determine the amount of negative 
energy to be 2

em c− .) 
2) The author has previously derived the following formulas in ref. [21]. 

( )
( )

1 22 2
e

1 22 2
.

2n

nr
r

n n

α

α
+

+
=

+ −
                     (46) 

( )
( )

1 22 2
e

1 22 2
.

2n

nr
r

n n

α

α
−

+
=

+ +
                     (47) 

Equation (46) and Equation (47) can be written as follows. 

( )
e

1 22 2
1 .

2n
r nr

n nα
+

 
 = +
 + −  

                   (48) 

( )
e

1 22 2
1 .

2n
r nr

n nα
−

 
 = −
 + +  

                   (49) 

Also, the following equation holds if Equation (39) is taken into account. 

e e e

e e

1 .
2 2

n
n

n n

r m r m
r

m m m m
+  

= ⋅ = + − − 
                (50) 

-e e e e
e

e e

1 .
2 2 4

n
n

n n

r m r m r
r r

m m m m
−  

= ⋅ = − ,   < + + 
           (51) 

In addition, if the eccentricity of the ellipse is used,  

( )
e e

1 22 2
1 1 .

2 2 1
n

n
n

r rnr
n n

ε
εα

+
    = + = +   − + −  

           (52) 

( )
e e

1 22 2
1 1 .

2 2 1
n

n
n

r rnr
n n

ε
εα

−
    = − = −   + + +  

           (53) 

here, if Equation (48) and Equation (49), and Equation (50) and Equation (51) 
are respectively combined into single formulas, the results are as follows. 

( )
e

1 22 2
1 .

2n
r nr

n nα
±

 
 = ±
 +  

                 (54) 

e

e

1 .
2

n
n

n

r m
r

m m
±  

= ± 
 

                    (55) 
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The orbital radius of an electron is defined as the distance from the center of 
the atomic nucleus to the electron. However, according to Equation (54) and 
Equation (55), the sizes of nr

+  and nr
−  are determined taking e 2r r=  as a 

starting point. 
This is a discovery that has not been previously stated. nr

−  approaches the 
atomic nucleus (radius e 4r ) as n increases. In quantum mechanics, lower 
energy is regarded as more stable, but that is incorrect. Actually, the closer the 
relativistic energy of an electron is to zero, the greater the stability. Therefore, 
electrons with negative energy are never easily incorporated into the atomic 
nucleus.  

Next, let us investigate the relationship between nr
+  and the Bohr radius of 

the hydrogen atom. The Bohr radius is given by the following formula.  
2

2 2 2 2e
B 1 0 2 2

e

4 .
r

a n r n n n
m e

ε
α

= ⋅ ⋅ = ⋅π=


               (56) 

Next, Equation (46) is rewritten as follows. 

( )
( )

( )
( )

1 2 1 22 2 2 2
e

1 2 1 22 2 2 22n

n n nr
r

n n n n

α α

α α
+

+ + +
= ⋅ ⋅

+ − + +
             (57a) 

( )1 22 2 2 2 2
e

2

1
.

2

n n nr α α

α

+ + +
= ⋅                  (57b) 

when the part of the numerator in Equation (56b) that is in parentheses is de-
veloped as a Taylor expansion, 

1 22 2 4 6

2 2 4 61 1 .
2 8 16n n n n

α α α α 
+ ≈ + − + 

 
                 (58) 

If this is substituted into Equation (57b), 
2

2 2 2e e e
B2 2 2

3 .
2 2 8n

r r r
r n n a n

n
α

α α
+  

= ⋅ + − ≈ ⋅ = 
 

             (59) 

From this, it is evident that the Bohr radius is an approximate value for Equa-
tion (46). 

5. Conclusions 

1) In this paper, the mathematically derived Equation (15) was also derived 
from a discussion using an ellipse. This paper was also able to theoretically pre-
dict the existence of latent negative energy possessed by the electron. The rela-
tionship is unclear between this negative energy, and the negative energy (dark 
energy) whose true nature is unknown, and which is currently thought to exist 
in large quantities in the universe. Further research will be needed in the future 
to elucidate that point. 

2) The author has believed that the orbital radius of an electron forming a hy-
drogen atom is determined by the electron’s relativistic energy ab,nE . Even this is 
definitely not a mistake. However, this paper has shown more accurately that 
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what determines the orbital radius of the electron is the photon energy ph,nE  
possessed by the electron. 

Also, the orbital radius of the electron is given as the distance from the center 
of the atomic nucleus (proton) to the electron. However, this paper has shown 
that the size of the electron orbital will be determined taking e 2r r=  as the 
starting point. 

Acknowledgements 

I would like to express my thanks to the staff at ACN Translation Services for 
their translation assistance. Also, I wish to express my gratitude to Mr. Shimada, 
H. for drawing figures. 

Conflicts of Interest 

The author declares no conflicts of interest regarding the publication of this 
paper. 

References 
[1] Einstein, A. (1961) Relativity. Crown, New York, 43.  

[2] Einstein, A. (1946) Technical Journal, 5, 16.  

[3] French, A.P. (1968) Special Relativity. W.W. Norton & Company, New York, Lon-
don, 19.  

[4] French, A.P. (1968) Special Relativity. W.W. Norton & Company, New York, Lon-
don, 21.  

[5] Suto, K. (2011) Physics Essays, 24, 301-307. https://doi.org/10.4006/1.3583810 

[6] Suto, K. (2018) Applied Physics Research, 10, 93-101.  
https://doi.org/10.5539/apr.v10n4p93 

[7] Kraft, D.W. (1974) American Journal of Physics, 42, 837-839.  
https://doi.org/10.1119/1.1987875 

[8] Cushing, J.T. (1970) American Journal of Physics, 38, 1145.  
https://doi.org/10.1119/1.1976568 

[9] Von Baeyer, H.C. (1975) Physical Review D, 12, 3086.  
https://doi.org/10.1103/PhysRevD.12.3086 

[10] Terzis, A.F. (2008) European Journal of Physics, 29, 735-743.  
https://doi.org/10.1088/0143-0807/29/4/008 

[11] Suto, K. (2018) Applied Physics Research, 10, 102-108.  
https://doi.org/10.5539/apr.v10n6p102 

[12] Bohr, N. (1913) Philosophical Magazine, 26, 1.  
https://doi.org/10.1080/14786441308634955 

[13] Bohr, N. (1952) Collected Works Vol. 2. North-Holland, Amsterdam, 136.  

[14] Sommerfeld, A. (1923) Atomic Structure and Spectral Lines. Methuen & Co. Ltd., 
London, 528. 

[15] Suto, K. (2019) Applied Physics Research, 11, 19-34.  
https://doi.org/10.5539/apr.v11n1p19 

[16] Suto, K. (2012) Physics Essays, 25, 488-494.  

https://doi.org/10.4236/jmp.2020.115046
https://doi.org/10.4006/1.3583810
https://doi.org/10.5539/apr.v10n4p93
https://doi.org/10.1119/1.1987875
https://doi.org/10.1119/1.1976568
https://doi.org/10.1103/PhysRevD.12.3086
https://doi.org/10.1088/0143-0807/29/4/008
https://doi.org/10.5539/apr.v10n6p102
https://doi.org/10.1080/14786441308634955
https://doi.org/10.5539/apr.v11n1p19


K. Suto 
 

 

DOI: 10.4236/jmp.2020.115046 724 Journal of Modern Physics 
 

https://doi.org/10.4006/0836-1398-25.4.488 

[17] Dirac, P.A.M. (1978) Directions in Physics. Wiley, New York, 11.  
https://doi.org/10.1002/ev.1212 

[18] Suto, K. (2014) Applied Physics Research, 6, 64-73.  
https://doi.org/10.5539/apr.v6n6p64 

[19] Suto, K. (2015) Global Journal of Science Frontier Research A, 15, 1-6.  
https://journalofscience.org/index.php/GJSFR/article/view/1869  

[20] Suto, K. (2017) Applied Physics Research, 9, 70-76.  
https://doi.org/10.5539/apr.v9n1p70 

[21] Suto, K. (2017) Journal of Physical Mathematics, 8, 8. 

[22] Suto, K. (2020) Journal of High Energy Physics, Gravitation and Cosmology, 6, 
52-61. https://doi.org/10.4236/jhepgc.2020.61007 

 

https://doi.org/10.4236/jmp.2020.115046
https://doi.org/10.4006/0836-1398-25.4.488
https://doi.org/10.1002/ev.1212
https://doi.org/10.5539/apr.v6n6p64
https://journalofscience.org/index.php/GJSFR/article/view/1869
https://doi.org/10.5539/apr.v9n1p70
https://doi.org/10.4236/jhepgc.2020.61007


Journal of Modern Physics, 2020, 11, 725-740 
https://www.scirp.org/journal/jmp 

ISSN Online: 2153-120X 
ISSN Print: 2153-1196 

 

DOI: 10.4236/jmp.2020.115047  May 18, 2020 725 Journal of Modern Physics 
 

 
 
 

The Bell Inequalities: Identifying What Is 
Testable and What Is Not 

Louis Sica1,2 

1Institute for Quantum Studies, Chapman University, Orange, CA & Burtonsville, MD, USA 
2Inspire Institute Inc., Alexandria, VA, USA 

  
 
 

Abstract 
The Bell theorem and inequality were derived as consequences of seemingly 
reasonable physical and statistical hypotheses. Bell’s assumptions were used 
to deduce cross-correlations of three spin measurements on two entangled 
particles neglecting non-commutation. The assumed correlation functions, 
later confirmed for certain quantum measurements, violate the Bell inequali-
ty. The present paper reviews a more general derivation of the Bell inequality 
showing that it is identically satisfied by finite data sets whether deterministic 
or random, after assuming merely that they exist. It is thereafter concerned 
with the consequences of this result for interpretations of the inequality that 
result in its violation. A primary finding is that correlation functions have 
differing forms due to quantum commutation, non-commutation, and condi-
tions of measurement, and result in satisfaction of the Bell inequality used 
consistently with its derivation. A stochastic process having the same correla-
tion function for all variable pairs is shown to be inconsistent with experi-
mentally reported data. The logic of the three and four variable inequalities is 
shown to be similar. Finally the inequalities in probabilities are shown to fol-
low from those in correlations with quantum mechanical results satisfying 
either when properly implemented. 
 

Keywords 
Bell Theorem, Bell Inequality, Entanglement, Locality, Correlations,  
Hidden Variables, Non-Commutation, Commutation, Cross-Correlations, 
Non-Stationary 

 

1. Introduction 

The purpose of this paper is to identify an oversight and accompanying errors in 
the logic of the Bell theorem. Violation of Bell inequalities by experimental data 
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results from misunderstanding the nature and processing of the data to be used. 
While quantum mechanics as a whole is not understood, and therefore admits 
various interpretations, the Bell inequality rests on mathematical logic alone. 
This has been unrecognized due to Bell’s derivation, but is not a matter of inter-
pretation once pointed out.  

The Bell [1] inequality was originally derived as part of a theorem in statis-
tics (See Appendix). However, the same inequality is derivable as a purely al-
gebraic result that must be identically satisfied by three (or four) mutually 
cross-correlated data sets consisting of ±1’s, regardless of whether they are ran-
dom or deterministic [2]. The Bell inequality is thus independent of the statistic-
al assumptions that Bell used and that have been assumed to be necessary to its 
derivation. Violation of the Bell inequality results from its misuse based on ig-
norance of its purely mathematical basis, and most surprisingly, from ignoring 
the established quantum mechanical principle of non-commutation. 

When the inequality is applied to random processes, its basis in simultaneous 
cross-correlations limits the two-variable correlation functions that may occur in 
each triplet-of-variables or quadruplet-of-variables realization. From a mathe-
matical perspective, there is no reason why the correlation functions among the 
different variable pairs need all be the same, and it will be found below that there 
is a simple reason why some should be qualitatively different. 

Without even being aware of its name, the characteristics of a simple stochas-
tic process known as wide sense stationary [3] (WSS) have been mistakenly as-
sumed to characterize three measurements on two entangled particles involving 
non-commuting observables. That this error has not been recognized is possibly 
due to the stated belief that non-commutation is a purely quantum effect [4] that 
should not be considered in the context of possible hidden variables in quantum 
mechanics. In fact however, many classical processes are non-commutative and 
a major example of quantum non-commutation, the Pauli spin matrices, ori-
ginated in a classical representation of three dimensional rotations by two 
dimensional matrices [5]. This, and the non-commutation of sequences of 
classical light polarization measurements, indicate that non-commutation is a 
fact that cannot be neglected in either classical or quantum physics. Indeed, 
while non-commutation is common in the classical world, the author is not 
aware of any books that treat it in the context of random variables until the 
recent monograph by Khrennikov [6]. Finally, although encountered fre-
quently in everyday life, there is no commonly recognized English language 
term for non-commutation.  

Bell based his theorem on the use of predicted quantum measurements 
(counterfactuals) [1] which some believe to be inapplicable to quantum me-
chanics. However, quantum mechanics may be used to provide probabilistic 
predictions for physical processes. Measurements may then be carried out to 
confirm predicted correlations [7]. As a result, the Bell inequalities may be ap-
plied to quantum counterfactuals that are subsequently measured as will be illu-
strated below. 
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A common explanation for the violation of the Bell inequality is that due to 
non-locality, more than three variables (or four) are actually interacting to pro-
duce the Bell cosine correlation. Then, the inequality is judged to be intrinsically 
inapplicable to the real physical situation. However, due to the extreme general-
ity of the Bell inequality as derived below, simple procedures ensure the number 
of data sets necessary for inequality satisfaction, although alteration of the form 
of correlation functions may occur.  

Finally, it is quite common to consider a probability version of the Bell in-
equality that some seem to assume is logically independent of the correlation 
form that Bell derived. However, since correlations may be expressed in terms of 
the probabilities that yield them, it is not surprising to find that the probability 
form follows from the Bell inequality in correlations. Thus the probability or 
Wigner [8] form of the Bell inequality is not logically independent of the corre-
lational form and is satisfied by properly constructed quantum probabilities [9]. 

An earlier version of this paper was posted in the quant-ph archives [10]. 

2. Bell Inequality for Data Sets 

The Bell inequality for data sets will now be derived, since it is of critical impor-
tance to understanding the Bell theorem. Data sets as defined herein, exist if they 
can be written down. They may result from experimental observations, from 
theoretical predictions of experimental observations (counterfactuals), or from 
a combination of the two. The data may also be either random or deterministic. 
In constructing his theorem and inequality, Bell assumed three measurement 
readouts from two entangled particles in a Bell-correlation measurement ap-
paratus (Figure 1). There appear to be only two ways to obtain such data. One 
conceptually simple way is to add detectors (Figure 2) beyond the two needed 
to observe the correlated count pairs produced by the source. Such an ar-
rangement immediately implies different correlations among different variable 
pairs.  

Bell specifically rejected this approach [1]. He employed a second method us-
ing quantum probabilities to predict the result of an additional measurement at 
an alternative detector setting for a previously measured particle. However, only 
one measurement on each particle is commutative. In quantum mechanics, if 
two operators corresponding to measurement operations commute, they have a 
set of eigenstates or eigenfunctions in common. If they do not commute, their 
eigenfunctions are from different function sets with members of either set ex-
pressible as a linear combination of those of the other (see basic quantum me-
chanics texts, e.g., Mandl [11]). Thus, the probabilites for predicted correlations 
resulting from non-commuting alternative observables at different instrument 
settings should be different, and they are as will be shown below (See [7] for a 
suggested expermental test of this).  

The Bell inequality will now be shown to hold under far more general condi-
tions than is apparent from Bell’s derivation as part of a statistics theorem [2].  
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Figure 1. Schematic of Bell experiment in which a source sends two particles to two 
detectors having angular settings aθ  and bθ  and/or counterfactual settings aθ ′  and 

bθ ′ . While one measurement operation on the A-side, e.g. at setting aθ , commutes 
with one on the B-side at bθ , any additional measurements at either aθ ′  or bθ ′  are 
non-commutative with prior measurements at aθ  and bθ , respectively. 

 

 
Figure 2. Schematic of a Multiple Stern-Gerlach apparatus. Arrows a, a', b, b' indicate the 
magnetic field directions encountered by pairs of particles emitted in opposite directions 
by the source. At each encounter with a magnetic field, the particle is deflected in one of 
two directions depending on whether its spin is +1/2 or −1/2. Each sequence of ±1’s cor-
responds to a unique output position so that knowledge of two spin measurements is 
yielded retrospectively for each particle. 
 
Assume that three data sets, random or deterministic, labeled a, b, and c have 
been obtained. The data set items are denoted by ia , ib , and ic  with N items 
in each set. Each datum equals ±1. One may form the equation 

( )i i i i i i ia b a c a b c− = − ,                    (2.1) 

and sum this equation over the N data triplets from the data sets. After dividing 
by N, one obtains 

( )1
.

N N N
i i i i i i i ii i ia b a c a b b c

N N N
−

− =∑ ∑ ∑               (2.2) 

Taking absolute values of both sides, 

( ) ( )11 NN N N
i ii i i i i i i i ii i i
b ca b a c a b b c

N N N N
−−

− = ≤
∑∑ ∑ ∑ ,       (2.3) 

or  

1
N N N

i i i i i ii i ia b a c b c
N N N

− ≤ −∑ ∑ ∑ .               (2.4) 

Inequality (2.4) has the same form as the three variable inequality derived by 
Bell for correlations but is expressed in a form directly applicable to laboratory 
data. The algebraic steps used in it’s construction are the same as those applied 
by Bell to previously averaged correlation functions (See Appendix). 

The author unexpectedly discovered this result some time ago [2] by asking 
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the following question: If one performs a laboratory experiment for which the 
number of data items 3N is necessarily finite, to what extent do random fluctua-
tions of the correlation estimates result in violation of the Bell inequality (2.4)? 
Surprisingly, the answer as shown above, is that the inequality is precisely satis-
fied. No assumption has been made other than that the data can be written down. 
Further, as long as the data can be tagged with labels a, b, and c, the inequality is 
satisfied even if nonlocl pickup exists between detectors. In that event, the form 
of the correlations would be affected but not whether the inequalitiy is satisfied. 
Indeed, in an extreme case, the data averaged correlations might not converge to 
identifiable limits, but the Bell inequality would still be satisfied for any three 
identified data sets. No experimental loophole in this conclusion is apparent. 
The inequality still follows if some of the ±1’s are replaced by zeros. 

If, however, the data derive from a random process, and the correlation esti-
mates in inequality (2.4) converge to probabilistically computable correlations as 
N →∞ , the resulting correlations designated by ( ),C x y  must then satisfy an 
inequality of the same form as inequality (2.4): 

( ) ( ) ( ), , 1 ,C a b C a c C b c− ≤ − .             (2.5a) 

    where ( ), lim i i

N i

a bC a b
N→∞

= ∑ , 

and the limit is statistical.  
This is essentially the inequality derived by Bell [1] using a stochastic 

process model (see Appendix) in which detectors at the same settings on op-
posite sides of a source of entangled particle pairs produce results of opposite 
sign (Figure 1). In Bell’s stochastic process model, left-hand-side detectors of 
Figure 1 were designated ( ),A a λ  and right-hand-side detectors ( ),B b λ  
with ( ) ( ), ,A a B aλ λ= −  so as to automatically agree with results of entangle-
ment at equal settings. In deriving the right-hand side correlation, Bell 
represented the product of both outputs using one stochastic-model function, 
( ) ( ), ,A b A cλ λ . However, the final correlation on the right-hand side is pre-

ceded by a plus sign that arises due to measurements being taken on opposite 
sides of the apparatus.  

In some discussions below, measurement settings will be labeled to agree with 
the side on which the measurement occurs. That usage is consistent with Bell’s 
stated interpretation of the variables in the three variable inequality ([1] Chapter 
8) as predicted results: a measurement at setting a, followed by two alternative 
predictions of measurement results at b and b'. This will be treated in detail in 
Sec. 4. 

In the optical case two polarizations occur. Counts of one polarization are la-
beled +1 and those of the orthogonal polarization are labeled −1. Using b′  for 
the alternative measurement instead of c on the right-hand-side, the inequality is 
written  

( ) ( ) ( )1 2 3, , 1 ,C a b C a b C b b′ ′− ≤ − .             (2.5b) 
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Now, all a-measurements occur on one side of an apparatus such as shown in 
Figure 1 and b-measurements on the other.  

The subscripts on the correlations in inequality (2.5b) indicate that they do 
not all necessarily have the same functional form as follows from the lack of 
conditions used in deriving inequality (2.4). This is directly relevant to the 
quantum mechanics (QM) case to which inequality (2.5b) is applied, and for 
which the correlations are different as results from non–commutation of mea-
surements.  

It is obvious that the constant equal to 1 occurring in inequality (2.5b) results 
from the fact that the value ia  that multiplies ib  also multiplies ib′ , data 
triplet by data triplet. However, if data are obtained from an independent run for 
each correlated measurement pair as is common in practice, then six data sets 
instead of three are used, the condition under which the inequality was derived 
does not hold, and the inequality will in general be violated. Strangely, the use of 
independent runs has become accepted experimental practice. It is critically im-
portant to understand that while inequality (2.4) holds generally for any three 
arbitrary data sets, the Bell inequalities (2.5a, b) do not hold for arbitrary corre-
lations. Since correlations must result from the convergence of the correlation 
estimates that satisfy inequality (2.4), they must satisfy inequalities (2.5a, b) and 
their functional forms are mutually constrained thereby. Arbitrary correlations 
not derivable as limiting forms of correlations of three concurrently existing data 
sets will not necessarily satisfy inequalities (2.5a, b). If inequalities (2.5a, b) are 
violated by assumed limiting forms, no data sets of triplets can exist that produce 
them. 

Similar assumptions to those used to derive inequality (2.5a) from inequality 
(2.4) can also be used to derive a four variable Bell inequality. Assuming that 
there exist four data sets of size N with members , , ,i i i ia a b b′ ′  with each datum 
equal to ±1, then for each group of four data items from the four data sets, one 
has (by inspection)  

( ) ( )2 2i i i i i ia b b a b b′ ′ ′− ≤ + + − ≤ .                (2.6) 

(Inequality (2.6) also holds if zeros occur among the variables.) Summing over 
i from 1 to N in inequality (2.6), and dividing by N leads to 

2 2
N N N N

i i i i i i i ii i i ia b a b a b a b
N N N N

′ ′ ′ ′
− ≤ + + − ≤∑ ∑ ∑ ∑ .       (2.7a) 

Since all experimental data sets are intrinsically finite, four data sets must sa-
tisfy inequality (2.7a), as three must satisfy inequality (2.4). Again assuming sta-
tistical convergence to limits as N →∞ , a common form of Bell inequality used 
by experimentalists results: 

( ) ( ) ( ) ( )1 2 3 42 , , , , 2C a b C a b C a b C a b′ ′ ′ ′− ≤ + + − ≤ .       (2.7b) 

As in the case of inequality (2.5b), the correlations may have different func-
tional forms.  

The difficulty of applying the three variable inequality (2.4) to an entangled 
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pair of particles in which more than two measurements are non-commutative is 
amplified in the case of a four variable inequality. Note, as in the previous case, 
that while inequality (2.7a) must be identically satisfied by any four data sets that 
may be written down, inequality (2.7b) may be violated by assumed correlations. 
However, as in the three variables case, if it is violated it follows that no four data 
sets exist whose cross-correlations result in the assumed correlation functions.  

Note that the notion of experimentally “testing” the above inequalities, in ei-
ther three or four variables, involves a logical mischaracterization. Only the form 
of the several correlations that describe data from a given physical experiment 
may be tested, and not whether or not cross-correlations of the data satisfy the 
Bell inequalities. (In the laboratory counts are observed, and correlations com-
puted from them.) Further, if variables are obtained from random realizations 
that yield measurements on only one pair per realization among the four corre-
lated variables, the correlations will in general be different than if all four varia-
ble values are obtained per realization. A conceptually simple way to obtain four 
data outputs per realization is shown in Figure 2.  

3. How Independent Data-Pair Correlations May Violate Bell  
Inequalities 

3.1. Bell Operationally Assumed Correlations That Are  
Wide-Sense Stationary 

Inequalities in three and four variables were derived from Bell’s assumption of a 
stochastic process representation of quantum entanglement [1]. Bell represented 
detector readouts with a function ( ), 1A a λ = ± , where a is an instrument setting 
and λ  denotes one or more random variables determining the resulting ran-
dom values taken by ( ),A a λ . In Bell’s representation, there is no implication 
that accessing a readout at a affects the probability of accessing a readout at a′  
for a given realization. The multiple readouts of function ( ),A a λ  and their 
associated probabilities are analogous to a set of commuting observables in QM. 
Howeever, for the case of non-commuting QM observables that applies here, 
probabilities of specific readouts at successive instrument settings are condition-
ally dependent on readouts at prior settings [11]. The conditional probabilites at 
alternative instrument settings have different values, whereas they would be ex-
pected to be the same if commutative states were involved. 

Without stating it, Bell effectively and operationally assumed properties for 
the several quantum mechanical outputs with which he was concerned that 
correspond to a special, not universal, kind of random process defined as 
wide-sense-stationary [3] (WSS). Such a process is one in which the correlation 
of the readouts ( ),A a λ  at any two instrument settings ia  and ja  is given 
by a function of the form ( )i jf a a−  depending on the difference of coordinate 
settings for all setting pairs. Thus, in Bell’s notation  

( ) ( ) ( ) ( ), , di j i jf a a A a A aλ λ ρ λ λ
∞

−∞
− = ∫              (3.1) 
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where ( )ρ λ  is a probability distribution for λ , and ia  and ja  are any de-
tector settings.  

Bell used the correlation functional form computed from QM for commuting 
measurements on a pair of entangled spins that suggests a WSS process, 

( )cos a b− − . The measurements commute because they are carred out on two 
different particles and it does not matter which measurement occurs first. Bell 
computed QM correlations at a setting a for a first detector and two alternative 
settings b and b' for a second detector ([1], Chap 8). Predicted QM correlations 
( ),C a b  and ( ),C a b′  are both given by the negative cosine of detector angular 

differences (suggesting WSS). However, if the resulting correlation ( ),C b b′  at 
output settings b and b' is computed from the different QM probabilities that 
occur for each non-commuting variable and fixed value a (that Bell assumed), 
the result is ( ) ( ), ,C a b C a b′  as will be shown below.  

3.2. How Misinterpretation of the Bell Inequality Leads to Its  
Violation 

Inequalities (2.5b) and (2.7b) result from the cross-correlations of three and four 
data sets, respectively. A triplet or quadruplet of data values must occur in one 
realization of the associated random process. Whether three or four variables, 
each equal to ±1 are cross-correlated, determines the constant of the related in-
equality, 1 in the case of three variables, 2 in the case of four variables. However, 
if correlations are obtained from three or four variable pairs, with each pair ac-
quired in an independent experimental run, the correlations will in general be 
quantitatively different from those that result from cross-correlated data triplets 
or quadruplets acquired in one run (as could be accomplished with the setup of 
Figure 2). Different measurement scenarios for the random variables will in 
general affect both correlations between variables and their corresponding 
probabilities. 

Given measurement apparatus such as shown in Figure 1, two possible scena-
rios are identified for acquisition of three correlations. One may measure output 
pairs in independent runs at settings ( ),a b , ( ),a b′ , and ( ),b b′ , (the third pair 
of settings on opposite sides of the apparatus) producing separate realizations of 
each variable pair. In that case, the correlation of each variable pair is given by 
the same function in the quantum situation under consideration, but the condi-
tions that lead to Bell’s derivation of the inequality as well as inequality (2.4), are 
violated. 

A second scenario (that specified by Bell) is to predict the three outputs at set-
tings a, b, and b' (with b and b' both on the right-hand side) for each random 
realization and calculate resulting correlations ( ),C a b , ( ),C a b′ , and ( ),C b b′  
from QM probabilities for the variable pairs. Clearly the correlations and proba-
bilities should be different from those obtained in the first scenario. Given that 
probabilities ( ), ,x yP a b , ( ), 1x y∈±  are known from QM for measurements at 
( ),a b  and ( ),a b′  given setting a, one can immediately compute ( )|P b a  al-
lowing the evaluation of ( ) ( ) ( ), | | |P b b a P b a P b a′ ′= . Thus, the now con-
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nected correlations of outputs at setting pairs ( ),a b , ( ),a b′ , and ( ),b b′  may 
be determined. Hess has pointed out [12] that similar facts and inequalities re-
lated to those of Bell have been known to mathematicians since Boole. Pure ma-
thematics determines a third correlation when data for two correlations out of 
the three are specified. 

3.3. WSS Correlations Satisfy the Bell Inequality But They Are Not  
Co-Sinusoidal 

It is instructive to consider inequalities (2.7a, b) for a finite value of N in the 
special case of a WSS process and four data sets. The WSS properties have been 
assumed to represent entanglement by experimentalists and theoreticians alike, 
after Bell’s mistaken assumption of their universal applicability. One may write 
inequality (2.7a) in the form 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 , ,

, , 2
a b N a b N

a b N a b N

C a b C a b

C a b C a b

θ θ δ θ θ δ

θ θ δ θ θ δ
′

′ ′ ′

′− ≤ − + + − +

′ ′ ′+ − + − − − ≤
      (3.2) 

where the ( )C x y−  functions are assumed to represent the limiting forms for 
the correlation estimates as N →∞ . Since the inequality cannot be violated by 
data sets that are jointly present and cross-correlated, the Nδ ’s represent ran-
dom differences from the probability averaged correlation that lead to inequality 
satisfaction when the four variables’ values are present in each realization of the 
experiment.  

By contrast if the data are taken in four independent runs using the same in-
strument settings, inequality (3.2) for the same WSS process becomes 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 2 2

3 3 4 4

2? , ,

, , 2?
a b N a b N

a b N a b N

C a b C a b

C a b C a b

θ θ δ θ θ δ

θ θ δ θ θ δ
′

′ ′ ′

′− ≤ − + + − +

′ ′ ′+ − + − − − ≤
     (3.3) 

where the subscripts 1 … 4 indicate the experimental run number used to com-
pute the correlation statistical fluctuation, and the question marks indicate 
possible violation of the ±2 limits since the data are no longer cross-correlated.  

Note: the cross correlation of the data sets used in inequality (2.7a) is what 
causes that inequality to be identically satisfied and have a limiting magnitude of 
2. If eight data sets and not four are used, the Nδ ’s plus the limiting correlations 
need no longer satisfy the inequality, even though the limiting correlations are 
given by the same function for the WSS process assumed. Given that the esti-
mates statistically converge, the Nδ ’s are expected to become small as N be-
comes lager. Thus, although the inequality (3.3) would be violated, it would be 
violated by smaller and smaller values as N increases. 

3.4. Quantum Mechanical Bell Correlations Cannot Represent a  
WSS Process  

Bell effectively assumed [1] that the random process applicable to a triplet of po-
larization or spin measurement correlations is WSS, as is also widely done in the 
four variable case of inequality (2.7b) by those interpreting experimental data in 
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a way that violates inequality (2.7b). When the mathematical facts leading to in-
equalities (2.5) or (2.7b) are considered, however, it becomes clear that the mea-
surement results in QM experiments do not represent a WSS process. If they did, 
violation of the corresponding Bell inequality would be expected to be small, i.e., 
of the order of four standard deviations, rather than 102 standard deviations as 
has been reported [13]. Such inequality violations represent proof that the cor-
relations of the process under consideration cannot all be co-sinusoidal and in-
deed they are not, as will be shown below. In the case of QM entanglement, only 
the measurements that commute between two particles are of this form.  

4. The Wigner Inequality Results from a Bell Inequality If  
Probabilities Are Symhmetric 

A probability inequality known as the Wigner [8] inequality is intimately related 
to the Bell inequality constraint on correlations [9]. It relates the probabilites for 
pairs of +1 outcomes corresponding to Bell correlations at given instrument set-
tings. The result is 

( ) ( ) ( ), , ,P a b P a c P a b c++ ++ ++ ′≤ + = .             (4.1) 

where the first letter in each probability ( ),P a b++  indicates the angular setting 
for the random variable on the left side of the Bell apparatus in Figure 1, and the 
second letter indicates the angular setting for the random variable on the right 
side. The subscripts + and – indicate whether the variables at settings a and b 
have values of +1 or −1. Inequality. (4.1) follows from the Bell inequality 

( ) ( ) ( ), , 1 ,C a b C a c C b c− ≤ − .             (4.2a) 

If setting b of the right-hand-side correlation specifies instead the a-side set-
ting of a Bell apparatus, the same numerical output occurs with a reversed sign 
under Bell’s random process model where ( ) ( ), ,A b B bλ λ= − . Then inequality 
(4.2a) becomes 

( ) ( ) ( ), , 1 ,C a b C a c C b c− ≤ + .              (4.2b) 

A physical process is now considered with probabilities having the same 
symmetry of occurence for ±1’s as occurs in QM in the case of two entangled 
spins. The joint probabilites resulting from an entangled spin state are:  

( )

( )

2

2

11, 1 sin ;
2 2
11, 1 cos .
2 2

b a

b a

P b a

P b a

θ θ

θ θ

− = ± = ± =  
 

− = ± = =  
 



             (4.3) 

where a contracted notation indicates possible values of random variables b 
and a at settings bθ  and aθ . The probabilities conditional on a are easily ob-
tained since ( )1 1 2P a = ± = . The joint probabilities (4.3) thus have the follow-
ing symmetry for ±1 occurrence: 

( ) ( ) ( ) ( ), , , , ,P a b P a b P a b P a b++ −− +− −+= = .             (4.4) 

The normalization condition is 
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( ) ( )2 , 2 , 1P a b P a b++ +−+ = .                 (4.5a) 

so that ( ),C a b  is given by 

( ) ( ) ( ), 2 , 2 , .C a b P a b P a b++ +−= −               (4.5b) 

or 

( ) ( ), 4 , 1C a b P a b++= −                    (4.5c) 

after using Equation (4.5a). The results for ( ),C a c  and ( ),C b c  are obtained 
by renaming the variables in Equation (4.5c). The use of correlation (4.5c) in 
inequality (4.2b) with appropriate variables for different correlations produces:  

( ) ( )( ) ( )4 , 1 4 , 1 1 4 , 1,P a b P a c P b c++ ++− − − ≤ + −  

or the Wigner inequality: 

( ) ( ) ( ), , ,P a b P b c P a c++ ++ ++≤ +                 (4.6)

  As is well known, inequality (4.6) is violated when the same quantum 
Bell-state probability is used for all terms.  

To show that quantum mechanical probabilities are consistent with a proba-
bility form of the Bell inequality it is simpler to use inequality (2.5b) since that 
form directly represents the physical situation considered by Bell [1]. In Chapter 
8 of Bell’s book, Speakable and unspeakable in quantum mechanics, Bell indi-
cates that the result for the variable at b' is a predicted value on the same side of 
the apparatus as b. 

The computation of ( ),C b b′  in terms of ( ),P b b++ ′  (where both b-variables 
are now on the B-side of the apparatus) follows if the symmetry of Equations 
(4.4) holds for the probabilities of the observed and predicted variables: 

( ) ( ) ( ) ( )

( ) ( ) ( )

, , | , |

, | , | .
a

a

C b b P b b a P b b a P a

P b b a P b b a P a

++ −−

−+ +−

′ ′ ′ = + 

′ ′ − + 

∑

∑
          (4.7a) 

The joint probability ( ),P b b++ ′  computed from probabilities (4.3) is 

( )

( ) ( ) ( ) ( )

2 2 2 2

,
1 | 1 | 1 | 1 | 1 ,
2
1 sin sin cos cos .
2 2 2 2 2

b a b a b a b a

P b b

P b a P b a P b a P b a

θ θ θ θ θ θ θ θ

++

+ + + +

′ ′

′

′ ′ = = = + = − = − 

− − − − = +  

     (4.7b) 

A similar calculation for ( ),P b b−− ′  yields the same result. Similarly,  
( ) ( ), ,P b b P b b+− −+′ ′=  with result  

( ) 2 2 2 21, sin cos cos sin
2 2 2 2 2

b a b a b a b aP b b θ θ θ θ θ θ θ θ′ ′
+−

− − − − ′ = +  
  (4.7c) 

Since the probabilities leading to ( ),C b b′  have the same symmetries as those 
for ( ),C a b  and ( ),C a b′ , and the probabilities for variable pairs are equal, 
they are used to compute ( ),C b b′  from Equation (4.7a). However, although 
the specified symmetries are the same, the probabilities are very different from 
probabilities (4.3) that lead to the Bell correlation for the first measurement pair. 
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5. Quantum Counterfactual Probabilities and Correlations  
Satisfy the Bell Inequality 

5.1. Satisfying the Bell Inequality 

Inequality (4.6) is violated by quantum probabilities upon assuming that all cor-
responding correlations have the same form as those for the two commuting 
measurements. This occurs because the correlation on the right-hand-side of 
inequality (2.5a) is constrained by the left-hand correlations ( ),C a b  and 
( ),C a c  whose existence requires data that determines the right-hand side. 

(Note: ( )( )ab ac bc= .) The correlation ( ),C b c  thereby determined cannot 
have the same form as the previous correlations if the latter have the Bell cosine 
form. Repeating inequality (2.5b):  

( ) ( ) ( ), , 1 ,C a b C a b C b b′ ′− ≤ − .               (5.1a) 

Using the probabilities for ( ),P b b++ ′  and ( ),P b b+− ′  given above in Equa-
tions (4.7b) and (4.7c) the resulting correlation ( ),C b b′  may be computed as 
[7]

  ( ) ( ) ( )

( ) ( )

2 2 2 2

2 2 2 2

, 2 , 2 ,

sin sin cos cos
2 2 2 2

sin cos cos sin
2 2 2 2

cos cos .

b a b a b a b a

b a b a b a b a

b a b a

C b b P b b P b b

θ θ θ θ θ θ θ θ

θ θ θ θ θ θ θ θ

θ θ θ θ

++ +−

′ ′

′ ′

′

′ ′ ′= −

− − − − = +  
− − − − − +  

= − −

   (5.1c) 

The same result may also be computed by using conditional probabilites for 
data outputs at b and b' given outputs for a. This result could be tested experi-
mentally as suggested in Ref [7] where an analogous result is also given in the 
four variable case. Using the contracted notation ( ), b ab aθ θ θ≡ − , and the Bell 
cosine correlations, inequality (5.1a) becomes 

( ) ( )
( ) ( ) ( ) ( )

cos , cos ,

1 cos , cos , 1 cos , cos , ,

a b a b

b a b a a b a b

θ θ

θ θ θ θ

′− +

′ ′≤ − = −
      (5.1d)

 

from which 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )2 2

, , , ,
2sin sin

2 2

, , , ,
sin sin ,

2 2

a b a b a b a b

a b a b a b a b

θ θ θ θ

θ θ θ θ

′ ′+ −
−

′ ′+ −
≤ +

        (5.1e) 

after use of appropriate trigonometric identities. One may replace the difference 
of correlations on the left-hand-side of inequality (5.1d) by expressions in prob-
abilities P++  but the same result occurs in inequality (5.1e). Since  

( ) ( )
( )

22 2

2 2

2 0,

2 ,

a b a b a b

a b a b

+ − = − ≥

+ ≥
                (5.2) 
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the Bell inequality (5.1a) is satisfied. 
Thus, when correlations computed from probabilities resulting from QM are 

used, whether expressed in correlational or probability form, inequality (5.1a) is 
satisfied as demanded by basic mathematics. Deductions of non-locality or 
non-reality, if based on Bell inequality violation, no longer follow.  

5.2. Dealing with Possible Pickup between Detectors 

If measurements are made on two particles, one of the measurements occurs 
first, except in circumstances of infinite time precision. Assuming that A is 
measured before B or B’ by some time increment, any assumed pickup from 
other detectors by A is fixed when A is measured. If there is also pickup from 
detector A to B or A to B’, three data sets are still obtained. Thus the three varia-
ble inequality holds even for the corrupted data. Observed correlation functions 
could then be compared with QM predictions to determine if evidence of pickup 
in fact exists. The Bell inequality would still be satisfied by the data sets even if 
the correlation estimates failed to converge to identifiable functions. 

6. Conclusions 

The principle claim with which this article is concerned is that correlations of 
quantum mechanical laboratory data violate the Bell inequality. Since it has been 
shown that the same inequality holds identically for data sets as a fact of algebra 
without Bell’s assumptions, the notion that it is testable rests on a mathematical 
oversight. This has resulted in misuse of an inequality that must be identically 
satisfied when used correctly. What may be experimentally tested is not whether 
the Bell inequality is satisfied when correctly used, but the form of the multiple 
correlation functions realized from qualitatively different measurements. If cor-
rectly computed, correlations consistent with quantum mechanics do not all 
have the cosine form that Bell and others have assumed based on independent 
count-pair measurements. The Bell inequality constants result from data triplets 
and quadruplets obtained per realization, and not data pairs.  

Understanding of the Bell inequality follows simply in the absence of logical 
errors. The three and four variable inequalities are identically satisfied by 
cross-correlations of finite quantum mechanical data sets of ±1’s as a fact of al-
gebra. Their satisfaction by quantum measurements follows from a well-known 
quantum mechanical fact: performed measurements on spins or photons are 
non-commutative when more than one per particle of an entangled pair is in-
voked. When both facts are employed, the Bell inequality is satisfied without 
mysteries.  

The Bell theorem has been interpreted to imply that one cannot construct a 
local probability model that accounts for quantum correlations without entan-
glement. If the logic of the theorem is flawed, however, it does not follow thereby 
that the converse is true. The question that immediately arises is: how much of 
conventional quantum mechanics is to be accounted for. Since a local algorith-
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mic model for Bell correlations has been presented [14], the elimination of 
non-locality would seem to be an attainable goal. This is in agreement with the 
observation that the physical superposition of four waves that produce entan-
glement in a down-converter source no longer exists when the waves propagate 
to spatially separated detectors for count detection. In this case one may derive a 
local probability model resulting from the boundary conditions that exist at the 
source [15]. This model appears to be consistent with both quantum elec-
tro-dynamics and wave optics. 

The literature relevant to Bell’s theorem has grown to a large size. There are 
growing numbers of papers that disagree with the Bell consensus according to 
[16]. The author apologizes in advance to those not cited that agree with him, 
and to those not agreeing as well. However, this already quite long article is 
concerned with the logical components of this controversial topic, rather than a 
review of the literature. A more uniform coverage of recent contributions will 
have to wait until a later date.  
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Appendix 

It is useful to derive Bell’s version of his inequality by applying an explicit prob-
ability average to the left hand side of Equation (2.2): 

( ) ( ) ( )( ) ( )

1 1

1 d .

N N
i i i ii i

N
i i ii

Av a b a b
N N

a b b
N

λ λ λ ρ λ λ

 ′− 
 

′= −

∑ ∑

∑∫
             (A1) 

In (A1), ( )ρ λ  is a probability density for a collection of random variables 
λ  that determine the values of the data items ia , ib , and ib′ . Changing to 
Bell’s random process notation for which ( ), 1A a λ = ±  at setting a,  
( ), 1B b λ = ±  at setting b, and ( ) ( ), ,B a A aλ λ= − , each function determined by 

random variable λ , Equation (A1) becomes  

( ) ( ) ( )( ) ( )
( ) ( ) ( )( ) ( )

1 ( ) d

, , , d ,

N
i i iiN a b b

A a B b B b

λ λ λ ρ λ λ

λ λ λ ρ λ λ

′−

′= −

∑∫
∫

             (A2) 

where the probability averages are independent of subscript i since they are the 
same for each i. The three variables , ,A B B′  have random values determined by 
the collection of random parameters λ , and define a stochastic process. The 
right side of (A2) then becomes 

( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( )( ) ( )
, , , d

, , 1 , , d .

A a B b B b

A a B b B b B b

λ λ λ ρ λ λ

λ λ λ λ ρ λ λ

′ ′−

′ ′= −

∫
∫

         (A3)
 

Taking absolute values of both sides and bringing the absolute value inside the 
integral on the right leads to 

( ) ( )
( ) ( ) ( ) ( )( ) ( )

( ) ( )( ) ( )
( ) ( )( ) ( )

( )

, ,

, , 1 , , d

1 , , d

1 , , d

1

C a b C a b

A a B b B b B b

B b B b

B b B b

C bb

λ λ λ λ ρ λ λ

λ λ ρ λ λ

λ λ ρ λ λ

′−

′ ′≤ −

′ ′= −

′ ′= −

′= −

∫
∫
∫

         (A4) 

where ( ),C a b  indicates the probability average of ( ) ( ), ,A a B bλ λ  etc. Rela-
tions (A4) end in Bell’s inequality [1]. 

Bell’s notation suggests that any number of readouts may be obtained for a 
given realization λ  of the process. It is consistent with a WSS process as de-
scribed above. The interpretation used thus specifies a particularly simple ran-
dom process that is by no means universal. The result (2.4) proves that the same 
relation holds independently of Bell’s stated assumptions in proving version 
(A4), and even if the data are deterministic. 
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Abstract 
We propose a new description of a nucleon as a pair of pions. The baryon 
number of our description of nucleon is not 1 but 0. However, this is proba-
ble because the proton spin crisis shows that the baryon spin cannot tell the 
number of composing quarks anymore. Because we use the derived pion wave 
function to describe a nucleon, our description has automatically the pionic 
degree of freedom and can be compared to the constituent quark model. Us-
ing this description, we investigate the electric charge and magnetization 
density functions of protons and neutrons. The electric charge density func-
tion of neutron is quite similar to those of Galster model and Maints data ex-
cept the magnitude of singularity. The density functions of proton also show 
the similar behavior as those of Kelly’s except near origin. Taking the Fourier 
transform of the density functions, we obtain the Sachs electromagnetic form 
factors that can be compared to those in the parametrization derived by Ye et 
al. 
 

Keywords 
Density Function, Electromagnetic Form Factor 

 

1. Introduction 

The proton and neutron electromagnetic form factors (e.m. FFs) are key com-
ponents for understanding the charge and magnetization distributions within 
nucleons. In the past 20 years, a new generation of experiments, frequently uti-
lizing polarization of freedom, has provided new knowledge regarding our un-
derstanding of the form factors [1] [2]. The parametrization work proposed by 
Ye et al. [3] to analyze the form factors including uncertainties used the com-
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plete world data set for electron scattering and applied their best knowledge of 
two photon exchange (TPE) corrections. From the viewpoint of the charge and 
magnetization distributions within nucleons, which are principal reasons to in-
vestigate e.m. FFs, we need to investigate the wave functions (WFs) of nucleon 
directly. Under the constituent quark model (CQM), Chung and Coester [4] de-
veloped the light-front calculation of the nucleon FF using a Gaussian WF in the 
quark internal (transverse) momentum variables. This model yields good 
agreement with the observed [ ] [ ]P P

E MG G  ratio, but its nucleon FF decreases too 
quickly at larger 

2
Q


. Schlumpf [5] used the power law dependence of the 
quadratic internal momentum variables in the nucleon light-front WF and 
showed reasonable results for the power behavior of the FF at larger 

2
Q


. The 
WF of Schlumpf was used by Frank [6] and Millar [7]. Cardarell [8] used the 
rest-frame WF obtained by the Capstich-Isgur model [9] and found it to yield 
a significant content of high-momentum components, which are generated by 
the short range portion of quark-quark interactions. A comparable amount of 
high-momentum components in the nucleon WF was obtained in the Gold-
stone-boson-exchange quark model (GBE CQM), and this led to the nucleon 
e.m. FFs in point-like form [10] [11] [12] [13] [14]. The covariant CQM calcu-
lation yielding fairly good agreement with the nucleon FF was performed by 
Gross and Agbite [15]. For the pion cloud model, Miller [16] performed a 
light-front cloudy bag model calculation. This chiral quark model includes the 
perturbative pions, and is improved by Faessler [17]. A non-perturbative ap-
proach that combines both quark and pion degrees of freedom and interpolates 
between CQM and the SKyrum model (where the nucleon appears as a soliton 
solution of an effective nonlinear pion field) is the chiral soliton model (χQSM), 
in which the baryon density is not exactly Gaussian but is quite close to it. 
Another approach to the estimation of Sachs e.m. FFs results from the genera-
lized parton distribution scheme (GPD) [18] [19] [20]. In this scheme, the 
three-parameter modified Regge mode provides a good description in the range 
of low 

2
Q


 to large 
2

Q


, but the ratio of [ ] [ ]P P
E MG G  becomes negative 

beyond 8 (GeV2), which does not fit the data [21]. Because this analysis was 
conducted in momentum space, it was necessary to take the Fourier Transform 
to obtain the charge and magnetization density functions (distribution func-
tions). In this paper, we propose a new description of a nucleon, i.e., a pion pair, 
in configuration space (r-space) and show that the charge and magnetization 
density functions follow directly from this description. Taking the Fourier 
transform, we derive the Sachs e.m. FFs, which are comparable to those in Ye et 
al. [3]. This means that we can investigate the Sachs e.m. FFs and the charge and 
magnetization density functions with opposite ordering, in contrast to Kelly’s 
way [22]. 

To clarify, we list here the symbols and parameters. 
[ ] [ ],P P
ch mρ ρ : electric charge and magnetization density functions of proton.  
[ ] [ ],N N
ch mρ ρ : electric charge and magnetization density functions of neutron. 
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[ ] [ ],P P
ch mρ ρ  : proton intrinsic FFs that are Fourier transform of electric charge 

and magnetization density functions. 
[ ] [ ],N N
ch mρ ρ  : neutron intrinsic FFs that are Fourier transform of electric charge 

and magnetization density functions. 
,P Nn n : parameters of the power of exponentials of proton and neutron these 

are used for both density functions and Sachs e.m. FFs. 
,P Nm m : parameters of the coefficient of r or 

2
Q


. 
β : range parameter for density functions. 
p: parameter of the coefficient of logarithmic term of Sachs e.m. FFs. 

2. Derivation 
2.1. Basic Concept 

To date, there have been several proposed descriptions for a nucleon. One of 
these is the pion cloud model, which introduces an elementary, perturbative 
pion couple to the constituent quark model (CQM) such that chiral symmetry is 
restored. Noting the fact that the contribution of quark spins to the spin of a 
proton is small, i.e., the proton spin crisis [23], it is a fair consideration that 
nucleons are described only by the pion pair as far as the e.m. FFs are concerned. 
Baryon number of our case is not 1 but 0, however, proton crisis tells that the 
composing quark intrinsic spin does not contribute to that of baryon. This indi-
cates that the baryon spin cannot tell the number of the composing quarks. The 
reason is following. It is quite reasonable consideration that the spin of all ba-
ryons are not determined by their composing quark intrinsic spin because all 
baryons decay to proton as a final state. The baryon number 1 comes from the 
assumption that the number of quarks is three for all baryons, and this assump-
tion is based on the consideration that the composing quark intrinsic spin de-
termines that of baryon. Proton spin crisis shows that this assumption lost the 
experimental support. Then, it is probable to consider that baryon number is not 
1. Thus, we propose the description of nucleon as a pion pair even though ba-
ryon number is 0. Normally, the simplest description of a proton is uud (up, up, 
down) and that of a neutron is udd (up, down, down), while our description of 
proton is a 0π π+ −  pair composed of ( ) 2ud uu dd− + , and that of a neu-
tron is a π π+ −−  pair composed of ud ud− . The most important feature of 
the WFs is to describe the e.m. FFs because the electric charge and the magneti-
zation density functions (distribution functions) are directly connected to them, 
as shown by Kelly [22]. We derived the pion ( )( )π π+ −  WF based on the ha-
dronic operator proposed by Suura [24] [25] in a previous paper [26]. The de-
rived charged pion WF that we use in this paper is Gaussian/r in configuration  

space (r space) thus the density function is 23Gaussian 1, ;
2

F Q ×  
 

 in momen-

tum space as shown later section. 231, ;
2

F Q 
 
 

 is the one of Kummer’s conflu-

ent hyper geometric series. Therefore this is quite similar to the constituent  
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quark model (CQM) using with Schlumpf’s 2Q  polynomials momenta. There-
fore we can expect our e.m. FFs become similar to these of CQM except their 
behavior in larger 2Q  region because two pion moves independently in this re-
gion as we explain later section. Thus, as far as e.m. FFs are concerned, we con-
sider a proton and a neutron to be described as 0π π+ −  and π π+ −− , respec-
tively. 

2.2. Basic Concept of Evaluation 

The Bethe-Salpeter-like amplitude of the hadronic operator applied in this paper 
is defined as  

( ) ( )1,2 0 1,2q Pχ =                     (1) 

where 0  and P  denote a vacuum and the physical state, respectively.  
The gauge-invariant bi-local operator ( )1,2q  is defined in the non-Abelian 

gauge field as 

( ) ( ) ( ) ( )2

1
1, 2 2 exp d 1

2
c a a
rq T q P ig x A x qβ α

λ+  =  
 
∫




          (2) 

here α  and β  denote the Dirac indices, P denotes the path ordering, and the 

2
aλ  components are generators of the adjoint representation of the SU (N).  

color gauge group. The trace is calculated for color spin a. Suura first proposed 
this definition [24] [25], and later applied it to the case of the light meson mass 
spectra, the t’Hooft model, and the pion e.m. FF [26] [27] [28]. In the case of 
pions, quarks (and antiquarks) are specified as u ( u ) and d ( d ), however, as 
we previously described [26], we obtained the pion wave function with eigen-
values and eigen functions of the equation of motion for a ( )1, 2χ  system. 
Thus, we can describe the 0π π+ −  pair as ( )1,2χ  and ( )3,4χ . Here, we 
describe 0π  as just one Bethe-Salpeter-like amplitude even though 0π  is 
desdribed as ( ) 2uu dd+ . As mentioned in section 2, the derived pion WF 
in Ref. [26] is for a charged pion. We cannot expect the WF of 0π  to be the 
same as that of charged pion, but the mass of 0π  is very close to that of 
charged pion. Thus, we assume that 0π  is also described as the same form of 
the Bethe-Salpeter-like amplitude of the hadronic operator as that of the 
charged pion.  

2.3. Evaluation 

The basic concept of our evaluation is as follows. 
Because baryons are represented as initially binding meson pairs as described 

in subsection 5, at 
2

0Q =


 and for the small 
2

Q


 case, the 0π π+ −  pair has 

the same origin. For simplicity, both of quarks are in the same position. Howev-

er, when 
2

Q


 is large, both π +  and 0π  gradually move freely with respect to 

each other and both π +  and 0π  move totally independent of each other, 
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which is as the same concept as asymptotic freedom. 

2.3.1. Density Functions 

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

0

0

2†
1

3†
1

2†
1

3†
1

11;2,3 2 exp d 1
2 2

3 exp d 1
2

1 2 exp d 1
2 2

3 exp d 1
2

c a a
r

c a a
r

c a a
r

c a a
r

q T q P ig x A x q

T q P ig x A x q

T q P ig x A x q

T q P ig x A x q

π

π

π

π

λ

λ

λ

λ

+

+






  =      

  +   
  

  +      
   +       

∫

∫

∫

∫

















      (3) 

At first (
2

0Q =


), the 0π π+ −  pair is described as 
where ( ) ( )0,π π+  means that each described hadronic operator corresponds to 
π +  and 0π , respectively. 

Note that Equation (3) promises the evenly charged wave function and that 

the total factor 1
2

 keeps proton charge at +e, and that the positions of both π +  

and 0π  quarks are at the same point (
2

0Q =


). 

The latter 1
2

 part is essentially same as the former 1
2

 part when we do not 

consider the charge distribution. Because our concern is the wave function of the 
0π π+ −  system, the Bethe-Salpeter-like amplitude can be defined as 

( ) ( )1;2.3 0 1;2.3q Pχ =                     (4) 

where  

( ) ( ) ( )1;2,3 1,2 1,3q q q= +  

here, we dropped the factor 1
2

 for simplicity. When considering charge distri-

bution function, we consider this factor again. 
Then equation of motion of ( )1;2,3q  becomes 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

2

1
2

1
3 3

1 1

1;2,3 1,2 1,3

2 1,2 1,2 1 d 1,2;

d 1,2; 3 1,3 1,3 1

d 1,3; d 1,3;

E

B

E B

i q i q i q
t t t

i q q i g xq x

g x q x i q q i

g xq x g x q x

α α

α α α

α

∂ ∂ ∂
= +

∂ ∂ ∂

= − ⋅∇ − ⋅∇ +

+ ⋅ × − ⋅∇ − ⋅∇

+ + ⋅ ×

∫

∫

∫ ∫





 

 

 

 

 









 (5) 

( ) ( ) ( ) ( )1, ; , ,1
2

a a
oq s x q s U s x O U x

λ+=



 

where  
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( ) ( )
1

,1 exp d
2

s a aU s P ig x A x
λ ≡  

 
∫




 
0k kα γ γ=  

O is any operator, 2,3s =  and µγ  is γ  is matrices. 

We previously obtained the equation of ( )1,i q s
t
∂
∂

 [28].  

Because we consider every quark mass to be zero, the center of mass coordi-
nate and two relative coordinates can be written 

( ) ( )

1 2 3

1 2
2 1 3 1

3
,

r r r
G

r r r r r r

+ +
=

= − = −

  



     

                     (6) 

Then 

( ) ( )

( ) ( )

( ) ( )

1 2
1

1 2
2

1 2
3

1 1
3 3
2 1
3 3
1 2
3 3

r G r r

r G r r

r G r r

= − −

= + −

= − +



  



  



  

                      (7) 

Thus, the derivatives are  

( ) ( ) ( )

( ) ( )

( ) ( )

1 2
1

1

2

11
3

12
3
13
3

r G r r

G r

G r

∂ ∂ ∂ ∂
∇ = = − −

∂ ∂ ∂ ∂
∂ ∂

∇ = +
∂ ∂
∂ ∂

∇ = +
∂ ∂







 













                (8) 

Remembering that ( ) l
l
s

s
r

α α ∂
⋅∇ =

∂



  ( 1, 2,3s = ), the kinetic term becomes 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )1 2

2 1,2 1,2 1

, 1,2 , 1, 2 1,2
3

l l l
l l l

i q q i

i q i q q i
G r r

α α

α α α
+

− ⋅∇ − ⋅∇

∂ ∂ ∂  = − − +   ∂  ∂ ∂ 

 

 

     (9) 

Similarly 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )2 1

3 1,3 1,3 1

, 1,3 , 1,3 1,3
3

l l l
l l l

i q q i

i q i q q i
G r r

α α

α α α
+

− ⋅∇ − ⋅∇

∂ ∂ ∂  = − − +   ∂  ∂ ∂ 

 

 

    (10) 

We consider the gauge field string only for the straight line case. Thus, the 
hadronic operator ( )1,2q  is decomposed in the relative coordinate system as 

( ) ( )( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )1 1 1 1 1 1
0 1 2 3ˆ ˆ1, 2q q r i r q r q r i r q rα β β α= + ⋅ + + ⋅

      (11) 

where ( ) ( )1 1r r=
  

Because ( )( ) ( )( )1 1
0 10, 0q r q r= =  (as we previously showed [26]), only term 
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we have to deal with is ( )
( )( ) ( )( )( )1 1

32
ˆ

l
i i r q r
r

β α∂
⋅

∂



. 

( )

( )

( ) ( )

( )

( )

11

2 1 2 1
0

m
l m l m m

l
l

xxi i
r r x r

β α α βα α
 ∂ ∂

− = =  ∂ ∂  
           (12) 

( )
( )( ) ( )1

2
0 2,3sl

q r s
x
∂

= =
∂

                (13) 

here, we denote that ( ) ( )p l p
lr x=  ( 1,2p = ), so that ( ) ( ) ( ) ( )1 1 2 1 2 1 2

1 2 3r x x x= + +  

Thus,  

( ) ( )2
1, 2 0l

l
q i

r
α ∂

=
∂

                    (14) 

Similarly 

( ) ( )1
1,3 0l

l
q i

r
α ∂

=
∂

                    (15) 

Therefore, the kinetic terms in the relative coordinate system become  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )1 2

2 1,2 1,2 1 3 1,3 1,3 1

, 1,2l l
l l

i q q i i q q i

i q i
r r

α α α α

α α

− ⋅∇ − ⋅∇ − ⋅∇ − ⋅∇

∂ ∂   = − −   ∂ ∂   

   

   

  (16) 

The integral terms in relative coordinate system become 

( ) ( )( ) ( )( ) ( )
( )122 1 1

1 0
d 1, 2; d

2
r

E
gg xq x zq r z r z q z= − − −∫ ∫

         (17) 

( ) ( )( ) ( ) ( )( ) ( )
( )122 1 1

1 0
ˆd 1, 2; d d , ,

2
t r

B
gg x q x t r t t zq t r z q t zα α δ

−∞
′ ′ ′ ′⋅ × = ⋅ − −∫ ∫ ∫

   (18) 

( ) ( )( ) ( )( ) ( )
( )223 2 2

1 0
d 1,3; d

2
r

E
gg xq x zq r z r z q z= − − −∫ ∫

         (19) 

( ) ( )( ) ( ) ( )( ) ( )
( )223 2 2

1 0
ˆd 1,3; d d , ,

2
t r

B
gg x q x t r t t zq t r z q t zα α δ

−∞
′ ′ ′ ′⋅ × = ⋅ − −∫ ∫ ∫

   (20) 

We obtained these equations were obtained previously [26]. 
Thus, the equation of motion for ( )1;2,3q  is expressed by the following in-

dependent equations in the relative coordinate system. 

( )( ) ( )
( )( ) ( )( ) ( )( ) ( )

( )

( )( ) ( ) ( )( ) ( )
( )

1

1

1

2
1 1 1 1

0

2
1 1

0

, d
2

ˆd d , ,
2

r

r

t r

gi q r i q r zq r z r z q z
t

g t r t t zq t r z q t z

α

α δ
−∞

∂  = − ⋅∇ − − − ∂

′ ′ ′ ′+ ⋅ − −

∫

∫ ∫







    (21) 

( )( ) ( )
( )( ) ( )( ) ( )( ) ( )

( )

( )
( ) ( )( ) ( )

( )

2

2

2

2
2 2 2 2

0

22
2

0

, d
2

d d , ,
2

r

r

t r

gi q r i q r zq r z r z q z
t

g t r t t zq t r z q t z

α

α δ
−∞

∂  = − ⋅∇ − − − ∂
 
′ ′ ′ ′+ − −  
 

∫

∫ ∫








・
   (22) 

Thus, the WF of the ( )0  π π π+ −−  pair, pairχ , is described as 
( )( ) ( )( )1 2

1 2pair c r c rπ πχ χ χ= +                   (23) 
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where  

( )

2
21

8
 

g L
r

er const
rπχ

−

=                      (24) 

We obtained the pion WF (Equation (24)) in our prior analysis [26]. 
Therefore, the magnetization density function and the basis of the electric 

charge density function of a proton are described as 

[ ] ( )
( )( )

( )

( )( )
( )

2 22 21 21 1
2

8 82
1 1 2

e e
g L g L

r r
P
mag d m

r r
ρ

− − 
 

= + 
 
 

            (25) 

[ ] ( )
( )( )

( )

( )( )
( )

2 22 21 21 1
2

8 82
2 1 2

e eBasis

g L g L
r r

P
ch d e

r r
ρ

− − 
 

= + 
 
 

          (26) 

here, we combine the latter part of Equation (3) so that the correct magnetiza-
tion and charge of proton are obtained in Equation (25) and Equation (26). This 

is because we dropped the factor 1
2

 in the derivation. 

By definition, ( )1r  and ( )2r  have the same origin. Thus, considering the di-
rection of momentum Q



 to be the z-axis, ( )1r  and ( )2r  can be expressed by 
polar coordinates as 

( ) ( )( ) ( ) ( )( )1 1 2 2
1 1 2 2, , , , ,r r r rθ φ θ φ= =

                (27) 

Denoting the angle between ( )1r  and ( )2r  as θ  and ( )1r  to r , that is, 
considering ( )1r  as r , the magnetization density function of a proton is written 

[ ] ( )
( )

2 2
221 1

0

2
cos

8 82
1 01 1 1

e esin d d
cos

g L g L
r r

P
m d m

r r

θ

ρ θ θ φ
θ

− −
π 2π

 
 

= + 
 
 

∫ ∫      (28) 

where ( )2 1 2 1 2 1cos cos cos sin sin cosθ θ θ θ θ φ φ= + −  
Taking integration to eliminate the 2θ  and 2φ  dependence, the actual form 

of magρ  can be written as 
[ ]

( )
( )( ) ( )

22 2
2 222 11 11 cos cos

84 42
1 2 2 1 12 2 20 0 0 0

e e e4 d d sin d 2

P
m

g Lg L g Lrr r

d m
r r r

θ θ

ρ

θ φ θ φ
− +− −

π 2π π 2π

=

  
  
π + +  

  
  

∫ ∫ ∫ ∫
 (29) 

To obtain the electric charge density function of a proton [ ]P
chρ , we need more 

careful consideration because of the asymptotic freedom as mentioned in sec 2-3. 

As 
2

Q


 becomes larger, r is smaller, [ ]P
chρ  becomes the summation of two in-

dependent ( ) 2
rπχ  terms. 

To be precise, [ ]P
chρ  behaves as 
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1) as 0r→ , 

[ ] ( ) ( )

2
21

42
2 2

e2 4

g L
r

P
ch d e

r
ρ

−

π→                  (30) 

2) as r→∞ , 

[ ] ( )
( )( ) ( )

22 2
2 222 11 11 cos cos

84 42
1 2 2 1 12 2 20 0 0 0

e e e4 d d sin d 2

g Lg L g Lrr r
P
ch d m

r r r

θ θ

ρ θ φ θ φ
− +− −

π 2π π 2π

  
  

→ π + +  
  

  

∫ ∫ ∫ ∫  (31) 

The angular integrations become 

( )( )
2 2

22 21 11 cos
8 8

3
2 2 1 1 2 20 0 0 0

e ed d sin d 4
cos

g L g L
r r

r r

θ

θ φ θ φ
θ

− + −
π 2π π 2π

= π∫ ∫ ∫ ∫       (32) 

( )

( )

2 2
2 21 1cos

4 4
3

2 2 1 1 2 20 0 0 0

e ed d sin d 4
cos

g L g L
r r

rr

θ

θ φ θ φ
θ

− −
π 2π π 2π

= π∫ ∫ ∫ ∫         (33) 

where ( )2 1 2 1 2 1cos cos cos sin sin cosθ θ θ θ θ φ φ= + −  
Thus, the magnetization density function and the electric charge density func-

tion of a proton are represented by 

[ ] ( ) ( )
2

21
42 2

1 2

e4 1 3

g L
r

P
m d m

r
ρ

− 
 

= π + π 
 
 

               (34) 

[ ] ( )

( )
( )

( )

2
21

2
21

242
2 2

24
2

2

e4 2 exp

e1 3 1 exp

P

P

g L
r n

P
ch

P

g L
r n

P

rd e
mr

r
mr

β

ρ

β

−

− +


    = π −      


          + + π − −      +         

       (35) 

In Equation (35), the 
2

exp
Pn

P

r
m

   −    
 term shows at what radius asymptotic 

freedom begins and we treat the ,P Pm n  and β  values as parameters. 

For a neutron, we consider that it is constructed of a π π+ −−  pair as men-
tioned in sec. 2-1. Because π −  is an antiparticle of π + , the WF of π −  can be 
considered to be the same as that of π + . Therefore, the basis of the electric 
charge density function of a neutron is represented as 

[ ] ( )
( )( )

( ) ( )
( )( )

( )

( )
( )( )

( )

( )( )
( )

2 22 21 21 1

2 22 21 21 1

2

8 82
2 1 2

2

8 82
2 1 2

e eBasis

e e

g L g L
r r

N
ch

g L g L
r r

h e e
r r

h e
r r

ρ
− −

− −

 
 

= + − 
 
 

 
 

= − 
 
 

         (36) 
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Using the same consideration for the vectors ( )1r  and ( )2r  as that of a pro-
ton, the basis of the electric charge density function becomes 

[ ] ( )
( )( ) ( )

( )

( ) ( )

22 2
2 222 11 1

2
21

1 cos cos
84 42

2 2 2 1 12 2 20 0 0 0

42 2
2 2

e e eBasis 4 d d sin d 2
cos cos

e4 1

g Lg L g Lrr r
N
ch

g L
r

h e
r r r

h e
r

θ θ

ρ θ φ θ φ
θ θ

− +− −
π 2π π 2π

−

  
  

= π − −  
  

  
 
 

= π − π 
 
 

∫ ∫ ∫ ∫

 (37) 

For the magnetization density function of a neutron [ ]N
mρ , the form is the 

same as the basis of the electric charge density function, but positive. Then [ ]N
mρ  

is represented as 

[ ] ( ) ( )
2

21
42 2

1 2

e4 1

g L
r

N
m h m

r
ρ

− 
 

= π π − 
 
 

               (38) 

For the electric charge density function of neutron, we again consider asymp-

totic freedom. At large r (small 
2

Q


), they move with the same origin, but, at 

small r (large 
2

Q


), π +  and π −  move independently. 

To be precise,  
3) as 0r→ ,  

[ ] ( ) ( )

2
21

42
2 2

e4 2

g L
r

N
ch h e

r
ρ

−

→ π                   (39) 

4) as r→∞ ,  

[ ] ( ) ( )
2

21
42 2

2 2

e4 1

g L
r

N
ch h e

r
ρ

− 
 

→ π − π 
 
 

               (40) 

Using the same expression resulting from asymptotic freedom for the proton 
case, [ ]N

chρ  is represented by 

[ ] ( )

( )
( )

( )

2
21

2
21

242
2 2

24
2

2

e4 2 exp

e1 1 exp

N

N

g L
r n

N
ch

N

g L
r n

N

rh e
mr

r
mr

β

ρ

β

−

− +


    = π −      


          + − π − −      +         

        (41) 

where ,N Nm n  and β  are parameters. 

2.3.2. Form Factors 
To evaluate the Sachs e.m. FFs of protons and neutrons, i.e., [ ] [ ] [ ], ,P P N

E M EG G G  

and [ ]N
MG , we adopt the following relations proposed by Mitra and Kumari [29]. 
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Accordingly, intrinsic FFs ( )m kρ  and ( )ch kρ  are related to the Sachs e.m. 

FFs ( )2

MG Q


 and ( )2

EG Q


 as 

( ) ( ) ( )221ch Ek G Qρ τ= +


                    (42) 

( ) ( ) ( ) ( )221m Mi k G Qµ ρ τ= +


                  (43) 

where 
( )

2

22

Q

M
τ =



, i = P or N ( Pµ  and Nµ  are the magnetic moment of a 

proton and a neutron, respectively). 

and ( )kρ s are the Fourier transform of the electric charge and magnetization 
density functions of a nucleon.  

Under relativistic consideration, the relationship between 2k  and 
2

Q


 is 
2

22

1

Q
k q

τ
= →

+



  

and for the nonrelativistic case, the relationship between k q=


 and Q


 is 
k q Q= →



 . 
We derived the electric charge and magnetization density functions in sec 2-3 

(a) so that in principle, we only need to take the Fourier Transforms to obtain 
the Sachs e.m. FFs.  

For the magnetization density functions, we can use the Fourier transform di-
rectly. However, for the electric charge density functions, we cannot use the ex-
act transformations because that the rigorous Fourier transform cannot reflect 
the asymptotic freedom characteristics in momentum space. Thus, in the electric 
charge density function case, we take the Fourier transform of the basis of the 
electric charge density functions and express the asymptotic freedom in mo-
mentum space by adopting a description similar to that used in the configura-
tion space. We then use the relation of Equation (42) to obtain the Sachs FFs of 

EG . The electric charge density functions of protons and neutrons were given in 
sec. 2-3 (a) as 

[ ] ( )
( )( )

( )

( )( )
( )

2 22 21 21 1
2

8 82
2 1 2

e eBasis

g L g L
r r

P
ch d e

r r
ρ

− − 
 

= + 
 
 

           (44) 

[ ] ( )
( )( )

( )

( )( )
( )

2 22 21 21 1
2

8 82
2 1 2

e eBasis

g L g L
r r

N
ch h e

r r
ρ

− − 
 

= − 
 
 

           (45) 

Note that, other than the proportional constants, the only difference between 
Basis [ ]P

chρ  and Basis [ ]N
chρ  is the sign. 

Considering again the direction of longitudinal momentum Q


 to be the z 
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axis and considering the polar coordinates ( ) ( )( )1 1
1 1, ,r r θ φ=

  and  

( ) ( )( )2 2
2 2, ,r r θ φ=

 , and again considering ( )1r  as r , the Fourier transform of 

Basis [ ]P
chρ  and Basis [ ]N

chρ  can be expressed as 
[ ] ( )

( )( ) ( )

( )

1

22 2
2 222 11 1

,

cos2
1 10 0

1 cos cos
84 4

22 2 20 0

Basis

2 d sin d e

e e ed d 2
cos cos

P N
ch

i q r

g Lg L g Lrr r

q k

const r r

r r r

θ

θ θ

ρ

θ θ

θ φ
θ θ

∞ π −

− +− −
π 2π

=

= π

  
  

× +  
  

  

∫ ∫

∫ ∫







 

     (46) 

where ( )2 1 2 1 2 1cos cos cos sin sin cosθ θ θ θ θ φ φ= + − . 
For the second line, we take 2 1φ φ φ− = . 
The first term of Equation (46) becomes 

2
21

1
4

cos2
1 1 20 0

2 2

2 22
1 11

2
1

eFirst term 2 d sin d e

34 exp 1; ;
22

2

g L
r

i q rconst r r
r

q q
const F

g L g Lg L

const F
g L

θ

π

θ θ
−

∞ π −= π

   π    = π −
   
   

π
= π

∫ ∫




       (47) 

where ( ); ;F zα β  is the Kummer’s confluent hypergeometric series.  
We showed this integral result previously [26]. 
The second and third terms of Equation (46) become 

( )
( )( )

2
221 1 cos

8
2

2 1 1 1 20 0 0 0

22

22
11

Fourier cosine of the second term

e2 d d 2 d sin d cos cos
cos

22 exp

g L
r

const r r q r
r

q
const

g Lg L

θ

θ φ θ θ θ
θ

− +
π 2π ∞ π

= π

 π π  = π −
 
 

∫ ∫ ∫ ∫




 (48) 

( )
( )( )

2
221 1 cos

8
2

2 1 1 1 20 0 0 0

2 22
2

2 2 2
1 1 1

Fourier sine of second term

e2 d d 2 d sin d sin cos
cos

4 1 32 exp ; ;
2 2

g L
r

const r r q r
r

q q
cons q F

g L g L g L

θ

θ φ θ θ θ
θ

− +
π 2π ∞ π

= π

   π    = π −
   
   

∫ ∫ ∫ ∫


 



 (49) 

( )
( )

( )

2
221 cos

4
2

2 1 1 1 20 0 0 0

22

22
11

Fourier cosine of the third term

ed d 2 d sin d cos cos
cos

22 exp

g L
r

const r r q r
r

q
const

g Lg L

θ

θ φ θ θ θ
θ

−
π 2π ∞ π

= π

 π π  = π −
 
 

∫ ∫ ∫ ∫




   (50) 
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Fourier sine og third term 0=                   (51) 

Therefore, the Fourier transform of the basis of the electric charge density 
function of protons and neutrons becomes 

[ ] ( )
3

2 2
2 2

2 22 2
1 11 1

2 2 2

2 2 2
1 11 1 1

2
2

2
1

Basis

1 32 4 exp ; ;
2 2

2 2 21 1 1log exp
!

4 exp

P
ch

n
n

n r

q

q q
const F q F

g L g Lg L g L

q q q
p

n rg L g L g LQ

q
g L

π

ρ

∞

= =

    π π    = π + −    
   

         + − −            
 
 + π −

  

∑ ∑



 



  







   (52) 

[ ] ( )
3

2 2
2 2

2 22 2
1 11 1

2 2 2

2 2 2
1 11 1 1

2
2

2
1

Basis

1 32 4 exp ; ;
2 2

2 2 21 1 1log exp
!

4 exp

N
ch

n
n

n r

q

q q
const F q F

g L g Lg L g L

q q q
p
q n rg L g L g L

q
g L

π

ρ

∞

= =

   π π    = π − + −
   
   

         + − −            

 
 + π −
 
 

∑ ∑



 



  







   (53) 

Thus, 
[ ] ( ),

3
2 2

2 2
2 22 2

1 11 1

2 2 2

2 2 2
1 11 1 1

2
2

2
1

Basis

1 32 4 exp ; ;
2 2

2 2 21 1 1log exp
!

4 exp

P N
ch

n
n

n r

q

q q
const F q F

g L g Lg L g L

q q q
p
q n rg L g L g L

q
g L

π

ρ

∞

= =

    π π    = π + −    
   

         + − −            
 
 + π −

  

∑ ∑



 









 





  

 (54) 

where p is parameter. 
Ye et al. used relativistic considerations for their parametrization work [3]. 

However, in our case, we use nonrelativistic consideration, in which k q=


 
simply relates to Q



. According to Kelly [22], if one knew how to obtain an 
intrinsic form factor ( )kρ  from data for appropriate Sachs form factor, the 
intrinsic density could be obtained simply by inverting Fourier transform 
and the naïve nonrelativistic inversion method assumes that k Q→  and 
( ) ( )2k G Qρ →  where ( )2G Q  is the appropriate Sachs form factor. However, 
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the reason why the nonrelativistic inversion was abandoned is that it produces 
unsatisfactory results. The corresponding radial densities have an unphysical 
cusp at the origin and rather hard cores. However, even using relativistic inver-
sin method, this has unphysical failor. Again according to Kelly [22], it is that 
unique relativistic relationship between the Sachs form factors measured by 
electron scattering at finite 2Q  and the static charge magnetization densities in 
nucleon rest frame do not exsit. The basic problem is that electron scattering 
measures transition matrix elements between state of a composite system that 
have different momenta and the transition densities between such states are dif-
ferent from the static densities in the rest frame. Firthermore, the boost operator 
for a composite system depends upon the interaction among its constituents. On 
the other hand, for our case, we consider that a nuleon is described as a pair of 
pions which means that the WF has a singularity at the origin. The appearance 
of a cusp at the origin is rather satisfacotry and is our reason for choosing the 
nonrelativistic inversion. Thus, from now on, we simply replace q  with Q



. 
To construct the electric charge density functions of protons and neutrons in 
momentum space, we again consider the asymptotic freedom description, just as 
we did for configuration space. That is, for the small 

2
Q


 case, the pair of pions 
moves with respect to the same origin. However, as 

2
Q


 becomes larger, the 
two pions begin to move separately and finally move totally independent of each 
other.  

To be precise, this situation is described as 
[ ] ( )

( )( )
2

1 2 32
1

2

1 2 3

2 1 exp

1 exp

P

P

P
ch

n

P

n

P

Q

Q
const F z z z F

mg L

Q z z z
m F

π π

π

ρ

       π  = π + + + −           
       + + + − −              









    (55) 

[ ] ( )

( )

( )

3 2
2

1 2 3
32

1

2

1 2 3

2 1 1 exp

1 exp 1

N

N

N
ch

n

N

n

N

Q

Qz z z
const F z F

F mg L

Q z z z
m F

π π
π

π

ρ

      + +  π  = π − + − −               
      + +  + − − −                  









 (56) 

where 
3 2 2
2 2

1 2 22
1 11

1 34 exp ; ;
2 2

Q Q
z Q F

g L g Lg L

   
π    = −      

   

 



          (57) 
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2 2 2

2 2 2 22 1 11 1 1

2 2 21 1 1log exp
!

n

n

n r

Q Q Q
z p

n rg L g L g LQ

∞

= =

    
     

= − −     
     

     

∑ ∑
  



  (58) 

2

2
3 2

1

4 exp
Q

z
g L

 
 = π −  
 



                    (59) 

where p of 2z  is parameter. 
These expressions are not exactly Fourier transforms of the electric charge 

density functions. However, because the basis of ( )ch kρ  is exactly the Fourier 
transform of the basis of ( )ch rρ , we use the relationship between Sachs e.m. 
FFs and intrinsic FFs shown in Equation (42) and Equation (43) to obtain in the 
Sachs e.m. FFs as 

[ ]

( )
( )( )

2

1 2 32

2

1 2 3

1 1 exp
1

1 exp

P

P

n

P
E

P

n

P

Q
G F z z z F

m

Q z z z
m F

π π

π

τ

        = + + + −    +        
       + + + − −              





     (60) 

[ ]

( )
( )

( )

2

1 2 3
32

2

1 2 3

1 1 1 exp
1

1 exp 1

N

N

n

N
E

N

n

N

Qz z z
G F z F

F m

Q z z z
m F

π π
π

π

τ

      + +   = − + − −      +          
      + +  + − − −                  





 (61) 

where 1 2 3, ,z z z  are given in Equation (57) to Equation (59), and τ  is given as 

( )

2

22

Q

M
τ =



                          (62) 

here, M is the characteristic mass and it is taken as a parameter. 
The relationships between the magnetization density functions and the Sachs 

e.m. FFs, i.e., [ ] [ ],P N
M MG G , are exactly formulated by their Fourier transform using 

Equation (43). 
Then, we obtain 

[ ]

( )
( )( )1 2 32

1 1
1

P
MG F z z z Fπ π

τ
 = + + + +

               (63) 

[ ]

( )
( )1 2 32

1 1
1

N
MG F z z z Fπ π

τ
 = − + + + +

               (64) 

where τ  is the same as Equation (59) and 1 2,z z  and 3z  are given in Equa-
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tion (57), Equation (58), and Equation (59). 
Note that our Sachs e.m. FFs have normalization uncertainty. To compare our 

values with the parametrization results of Ye et al. [3], we have to normalize our 
[ ],P N
MG  and [ ],P N

EG  by dividing them by some constant values. These normali-
zation constants are chosen to be comparable to the above parametrization re-
sults. Then the normalized [ ]P

MG  and [ ]N
MG  correspond to the normal [ ]P

M PG µ  

and [ ]N
M NG µ , respectively. In section 3 and Figures 1-8 we use [ ]P

MG  and 
[ ]N
MG  to denote [ ]P

M PG µ  and [ ]N
M NG µ , respectively. 

 

 
Figure 1. Proton magnetization and electric charge density functions. 1) Blue 

line is proton magnetization density function (multiplied by 2r ) [ ]2 P
magr ρ  

(magnitude is 1
2

); 2) Orange line is proton electric charge density function 

(multiplied by 2r ) [ ]2 P
chr ρ . pn  = 4; pm  = 0.7; β  = 0.1. 

 

 
Figure 2. Neutron magnetization and electric charge density function. 1) 
Blue line is neutron magnetization density function (multiplied by 2r ) 

[ ]2 N
magr ρ ; 2) Orange line is neutron electric charge density function (multiplied 

by 2r ) [ ]2 N
chr ρ . Nn  = 4; Nm  = 0.8; β  = 0.05. 
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Figure 3. Electric charge density function of neutron [ ]N
chρ . Note that this 

becomes negative values (refer Figure 2) beyond 0.6 fm region as same as 
those of Galster model and Maints data beyond 0.7 fm region and that the 
factor of 1/5 is multiplied. 

 

 
Figure 4. Sachs proton magnetization form factor (divided by DG ) 

[ ]P
M DG G . Parameter p: p = 3.6284. 

 

 
Figure 5. Sachs proton electric charge form factor (divided by DG ) 

[ ]P
E DG G . [ ]P

En  = 4; [ ]P
Em  = 12; p = 3.6284. 
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Figure 6. Ratio of [ ] [ ]P P
E MG G . 

 

 

Figure 7. Sachs neutron magnetization form factor (divided by DG ) [ ]N
M DG G . 

Parameter p: p = 3.6284. 
 

 

Figure 8. Sachs neutron electric charge form factor (divided by DG ) [ ]N
E DG G . 

[ ]N
En  = 4; [ ]N

Em  = 12; p = 3.6284. 
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3. Results 

Using Equation (34), Equation (35), Equation (38) and Equation (41), we show 
the magnetization and electric charge density functions of protons and neutrons 
in Figure 1 and Figure 2, respectively. Note that the shown density functions are 

[ ] [ ] [ ]2 2 2, ,P P N
m ch mr r rρ ρ ρ  and [ ]2 N

chr ρ  instead of just density functions because of the 
existence of the singularity at the origin (at 0r = ) that results from our defini-
tion of the density functions. In addition, we show the electric charge density 
function of neutron [ ]N

chρ  in Figure 3.  
To confine the sizes of protons and neutrons less than 1.2 fm, we chose the 

Gaussian parameter to be 3.5 (GeV2). Using this value, we obtain the characte-

ristic mass 
2

1

2
g L

 of 1025 (MeV), which is similar to the φ  meson mass. 

This is different from the pion mass of 140 MeV that we use to evaluate Sachs’ 
proton and neutron e.m. FFs later in this paper. 

Figure 1 and Figure 2 show that our density functions (multiplied by r2) do 
not behave exactly like the density functions of Kelly [22], especially, behavior at 
near origin.  

However, Kelly’s density functions were obtained by using the relativistic 
inversion method, which is adopted for preventing them from showing the 
cusp at origin. To be clear this point, our electric charge density function of 
neutron in Figure 3 can be compared to those of Galster model [30] and 
Mainz data analysed by Schmieden [31]. Their results are shown in Figure 12 
of Kelly [22]. Note that their results were obtained using by the nonrelativistic 
inversion of Fourier transform which is same as our case. Both density func-
tions have singularity at origin although the magnitude of singularity is 
smaller than ours because their [ ]2 N

chr ρ  goes to 0 as r approach 0. Except the 
magnitude of singularity, their whole behaviors were quite similar to ours. 
The density functions of proton also have a similarity such that the proton 
electric density function overwhelms the proton magnetization density func-
tion beyond 0.8 fm. To notify this similarity, we compare our [ ] [ ]2 2,P P

ch mr rρ ρ  
with [ ] [ ],P P

ch mρ ρ  in Figure 5 and Figure 6 of Kelly’s [22] because we are fo-
cused in the behavior except in near origin region. This phenomena also ap-
pears in the proton electric charge and magnetization density functions of 
Kelly [22]. 

Using Equation (60) and Equation (63) with appropriate normalization, we 
show the results of [ ] [ ],P P

M D E DG G G G  and [ ] [ ]P P
E MG G  in Figures 4-6. Our 

evaluation forms for Sachs e.m. FFs are not appropriate to show the behavior 
of the form FFs in the region where 

2
Q


 is smaller than 10−1 (GeV2). How-
ever, they are sufficiently applicable in the region where 

2
Q


 is larger than 10−1 
(GeV2). Thus we can compare our results to the parametrization results in Ye et 
al. [3] in the region where 

2
Q


 is larger than 10−1 (GeV2). In particular, we ob-
tain a fairly good result for [ ] [ ]P P

E MG G  and also it is quite similar to that of 
CQM by Miller shown in Arrington [34] up to 4 (GeV2) as we expected.  
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Figure 9. Ratio of [ ] [ ]N N
E MG G . 

 

Using Equation (61) and Equation (64) with appropriate normalization, we 
show the results of [ ] [ ],N N

M D E DG G G G  and [ ] [ ]N N
E MG G  in Figures 7-9. The 

magnetization FFs for both protons and neutrons have very similar features to 
those resulting from parametrization. However, the values of [ ]N

E DG G  in the 
region of 10−1 to 100 (GeV2) are larger than those from the parametrization. Thus, 
our [ ] [ ]N N

E MG G  shows a faster rising form than it does in other studies [32] [33] 
[34]. However, the point where our [ ] [ ]N N

E MG G  is the most different is when it 
converges to zero. This behavior was proposed by Arrington [34], although a 
reason was not given. 

4. Conclusion 

We investigate the proton and neutron electromagnetic form factors where the 
consideration of that nucleon is described as a pion pair. We obtain a good 
agreement of the electric density function of neutron with Galster model and 
Maints data except the magnitude of singularity. The density functions of proton 
also show a similarity to those of Kelly’s except near origin. In the case of Sachs 
e.m. FFs, we obtain a fary good agreement with the parametrization results in Ye 
et al. Therefore, we consider that our description of a nucleon as a pion pair is 
one of the meaningful aspects. 

5. Discussion  

As mentioned in conclusion section, we obtain fairy good results in both den-
sity functions and Sachs e.m. FFs, however, there is an ambiguous point in our 
treatment. We do not exactly know the reason why the density functions and 
the form factors for the magnetization case do not change the form when two 
pions move independently each other with asymptotic freedom. This may oc-
cur because the magnetization arises not as a result of charge distribution, but 
because of current or spin. Thomas [35] suggests that nucleon spin comes 
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from the orbital angular momentum of u ( u ) and d ( d ) quarks (antiquarks). 
For our case, we describe the nucleon as a pion pair, so we can consider the 
orbital angular momentum of the u (d) quark and the d  ( u ) antiquark; in 
the case where the pair of pions has the same origin, angular momentum can 
arise from movement around the origin. For the independently moving case, 
the pair of pions move relatively around the center of mass so that the angular 
momentum can be considered from movement around the center of mass. The 
important point is that the nucleon spin has a decisive quantity of 1⁄2 even 
though the specific orbits of quarks (antiquarks) cannot be determined. Thus, 
for the case where the magnetization arises because of spin, the magnetization 
is not affected by the situation of the pair of pions. Conversely, for the case 
where the magnetization results from current, current arises from the move-
ment of charges, that is, movement of the u (d) quark and the d  ( u ) anti-
quark, i.e., movement of the pair of pions. Hence we can consider the same 
argument as the spin case because the magnetization is characterized by the 
derivative of magnetic energy with respect to the absolute value of the mag-
netic field at the origin or the center of mass. Either way, we can say that the 
situation regarding the pair of pions does not affect the magnetization density, 
but this is not confirmative. To elucidate this point, we need further investiga-
tion.  
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Appendix 

Here we show that Gell-mann Nishijima relation still holds under baryon num-
ber 0 case.  

For mesons, Isospin I, component of Isospin I3, strangeness S are given as Ta-
ble 1. 

Because Gell-mann Nishijima relation is ( )3
1
2

Q I B S= + +  (B is baryon 

number and S is strangeness), this relation holds for meson case because of B = 
0. 

Reminding the fact that field theory shows the duality, we have to add up neg-
ative charge of proton p− , +Ξ , ∗+Ξ , +Ω  to the baryon list. Then using values 
of Table 1, we can define Table 2 and Table 3 for baryons. 

Then it is easy to notice that Gell-mann Nishijima relation also holds for ba-
ryon case under the baryon number B = 0. This means that baryon number 1 is 
not necessary. 

The verification of the meson pair of each baryons shown in Table 2 and Ta-
ble 3 are given elsewhere by baryon mass spectra and decay modes. 

 
Table 1. Mesons.  

particle π +  0π  π −  0f  0η  k +  k −  

I 1 1 1 0 0 1
2

 
1
2

 

I3 1 0 −1 0 0 1
2

 
1
2

−  

strangeness 0 0 0 0 0 1 −1 

 
Table 2. Spin 1/2 baryons. 

particle antiparticle Meson pair I I3 Strangeness 

p+  p−  0π π+ +  1 1 0 

( )0 0n p  ( )0 0n p  π π+ −+  1 0 0 

p−  p+  0π π− +  1 −1 0 

0Λ  0Λ  
kπ + −+  

or kπ − ++  
0 0 0 

+Σ  −Σ  0π η+ +  1 1 0 

0Σ  0Σ  0 0π η+  1 0 0 

−Σ  +Σ  0π η− +  1 −1 0 

Ξ+  −Ξ  0 kπ ++  
1
2

 
1
2

 1 

−Ξ  Ξ+  0 kπ −+  
1
2

 
1
2

−  −1 

0Ξ  0Ξ  
kπ + −+  

or kπ − ++  
0 0 0 

Note that we use total sum for 0Λ  and 0Ξ  cases. 
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Table 3. Spin 3/2 baryons. 

particle antiparticle Meson pair I I3 strangeness 

+∆  −∆  0fπ + +  1 1 0 

0∆  0∆  0 0fπ +  1 0 0 

−∆  +∆  0fπ − +  1 −1 0 

∗+Σ  ∗−Σ  0π η+ +  1 1 0 

0∗Σ  0∗Σ  0 0π η+  1 0 0 

∗−Σ  ∗+Σ  0π η− +  1 −1 0 

∗+Ξ  ∗−Ξ  0 kη ++  1
2

 
1
2

 1 

∗−Ξ  ∗+Ξ  0 kη −+  1
2

 
1
2

−  −1 

0∗Ξ  0∗Ξ  k k+ −+  0 0 0 

+Ω  −Ω  0 kη ++  1
2

 
1
2

 1 

−Ω  +Ω  0 kη −+  1
2

 
1
2

−  −1 
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