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Abstract 
Regression Analysis of Ashaka Clay-Bonded Sand has been successfully carried out. The study data 
were generated at the National Metallurgical Development Centre, Jos Sand Testing Laboratory. 
The result of the regression analysis showed that both dry compression strength and dry shear 
strength have a very strong relationship with clay content and moisture content. The correlation 
coefficient, coefficient of determination and the coefficient of multiple determination in each rela-
tionship was very high. The coefficient of multiple determination for the relationship between dry 
compression strength, clay content and moisture content was 0.91, while that of dry shear 
strength, clay and moisture content was 0.97. Two mathematical models have been developed for 
the estimation of dry compression strength and dry shear strength on the shop floor. 
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1. Introduction 
According to Ihom, et al. [1] a model that incorporates several independent variables is known as multiple re-
gression model and in situations where linearity can be assumed, a linear multiple regression model can be used 
to investigate the possibility that movements in Y  the dependent variable are caused by several independent 
factors and not just one as in the basic model [1]. 

Recently, a better understanding of clay bonded sand system for foundry application has been found to be 
important with the fast development of high speed moulding. The available literature [1]-[6] points out that the 
shape and size of sand grains, nature and content of clays, moisture and efficiency of mulling the raw materials 
are important factors that decide the properties and behaviours of the sand moistures. Although classical me-
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thods of investigations were helpful in identifying the factors, the optimum formulations of the sand have re-
mained a critical problem for the foundry. It is also a fact that classical tests in themselves do not explain the 
extent of relationship between the dependent variable and the independent variables. Further, it was recognized 
that the mulling station is the central point in deciding the properties and behaviours of clay-bonded sands [7] 
[8]. For many years, sand control was through evaluation of the physical properties of sand mixtures in line with 
the recommendations made [9]. Later, such practice came under attack and it was felt that the physical proper-
ties would be supplemented by complete analysis of mixtures [10] subsequently, a new method of testing sands, 
and also some type of control were developed which were claimed to be the best sand control vis-à-vis analysis 
of the sand mixture [1]-[10]. A careful review of the literatures above clearly reveals that most of the methods 
attempt to establish some type of correlation between the physical properties and the factors of the sand mixtures 
for the purpose of attaining a satisfactory level of sand control. Several authors have pointed out that considering 
the number of variable factors involved, sand mixture control and analysis can best be handled through regres-
sion analysis and/or with the aid of a computer [1] [2] [10] in view of these observations, and the study of clay- 
bonded sands by application of statistical design of experiments using multiple regression models seems to be 
quite justified. Clay content and moisture content variations in clay-bonded sand mixtures play a vital role in 
determining the properties of the moulding mixtures and the extent and degree of the correlations can be estab-
lished using regression analysis. Properties can equally be estimated on the shop floor using mathematical mod-
els derived from regression analysis without necessary conducting instrumental tests on the moulding mixtures 
once the variable factors are known [1]-[10]. 

The objective of this work is to study Ashaka clay-bonded sand moulding mixture using regression analysis. 

2. Materials and Method  
2.1. Materials 
The equipment and machines used for this work were from National Metallurgical Development Centre, Jos, 
which has a standard sand research Laboratory, equipped with equipment like; sand mixers, digital weighing 
balance, universal strength testing machine, green compression testing machine, electric permmeter, mouldabil-
ity tester, speedy moisture tester, sand rammer, sieve shaker and many others. The materials used for the work 
included; sand from Ashaka sand deposit, bentonite from Baroid of Nigeria Ltd. Port-Harcourt and water from 
the laboratory. 

2.2. Method 
Seven (7) different moulding mixtures were prepared using standard test procedures. After mulling and mixing, 
the standard specimens of dimension 50 mm × 50 mm (DIN) were prepared using a sand rammer installed with 
bulk density tester. The numbers of ramming were kept constant at 3 rams. Then the foundry properties of the 
sand mixtures were determined and the results are given in Table 1. This result which was generated in the sand 
test laboratory of NMDC as explained above formed the basis of the regression analysis. 

Multiple Regression Model Development 
The basic two variable models (one dependent and one independent variable) is: 

Y a bX= +                                             (1) 
Which can be solved using the normal equations thus: 

 
Table 1. Determined foundry properties of the moulding mixtures at constant mulling time and number of rams.                  

Properties/moulding mixture ( )n  1 2 3 4 5 6 7 

Dry compression strength KN/m2 ( )1Y  0 517.13 844.64 861.88 896.35 1241.1 1447.9 

Dry shear strength KN/m2 ( )2Y  0 241.33 275.80 365.44 465.41 517.13 741.21 

Clay content variation % ( )1X  1.5 2 3 4 5 6 7 

Moisture content variation % ( )2X  2 3 4 5 6 7 8 
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Y an b X= +∑ ∑                                      (2) 

2XY a X b X= +∑ ∑ ∑                                  (3) 

From this can be developed models with more than two variables and this is illustrated below using a 3 varia-
ble model (one dependent and two independent variables, Y , 1X , and 2X ): 

1 21 2X XY a b b= + +                                    (4) 

This can be solved by the normal equations for a three variable model, as follows: 

1 1 2 2Y an b X b X= + +∑ ∑ ∑                               (5) 

2
1 1 1 1 2 1 2X Y a X b X b X X= + +∑ ∑ ∑ ∑                           (6) 

2
2 2 1 1 2 2 2X Y a X b X X b X= + +∑ ∑ ∑ ∑                          (7) 

The line of best fit gives way to a plane of best fit, 1b  is the slope of the plane along the 1X  axis, 2b  is the 
slope along the 2X  axis and the plane cuts the Y  axis at “ a ”. The aim of adding to the simple two variable 
models is to improve the fit of the data: 

( )22X

n XY X Y

n X X
b

−

−
= ∑ ∑ ∑

∑ ∑
                                (8) 

X
X

XbY
n

a
n
∑= −∑                                    (9) 

The coefficient of correlation between the variables is given by: 

( ) ( )222 2
X

n XY X Y
r

n X X n Y Y

−
=

− × −

∑ ∑ ∑
∑ ∑ ∑

                       (10) 

2
Xr  is Coefficient of determination for Y : X . 

The closeness of fit is measured by the coefficient of multiple determination 2R  for which the general for-
mula and a useful computational formula is given below: 
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2

2

2
Y b Y
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a Y b X X

n
Y
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Y
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++
=

−

−

∑∑ ∑ ∑

∑∑
                        (11) 

Table 2 gives the calculation of separate regressions with Dry compression strength as 1Y , clay content as 
1X  and moisture content as 2X . 

 
Table 2. Calculation of separate regressions with dry compression strength as 1Y .                                          

N  1Y  2
1Y  1X  2

1X  2X  2
2X  1 1X Y  2 1X Y  1 2X X  

1 0 0 1.5 2.25 2 4 0 0 3.0 

2 517.13 267423.44 2 4 3 9 1034.26 1551.39 6.0 

3 844.64 713416.73 3 9 4 16 2533.92 3378.56 12.0 

4 861.88 742837.13 4 16 5 25 3447.52 4309.40 20.0 
5 896.35 883443.32 5 25 6 36 4481.75 5378.10 30.0 

6 1241.1 1540329.21 6 36 7 49 7446.60 8687.70 42.0 

7 1447.9 2096414.41 7 49 8 64 10135.30 11583.20 56.0 

∑  5809 6243864.24 28.5 141.25 35 203 29079.35 34888.35 169.0 
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For Regression of Dry Compression Strength 1Y  on 1X  (% Clay Content Variation) 
From Equation (8): 

1
215.29Xb =  

From Equation (9): 

1
46.68Xa = −  

The regression equation for the relationship of dry compression strength of the moulding mixture with % clay 
content variation Equation (1) is: 

11 146.68 215.29XY X= − +                                  (12) 

The coefficient of correlation for this relationship in Equation (12) (from Equation (10)) is: 

1
0.91Xr =   

The coefficient of determination 2r  for regression 
11XY : 1X  is: 

1

2 0.82Xr =   

For Regression of Dry Compression Strength 1Y  on % Moisture Content Variation 2X  ( )1 2:Y X  
From Equation (8): 

2
208.69Xb =   

From Equation (9): 

2
213.60Xa = −   

The regression equation for the relationship of dry compression strength of the moulding mixture with % 
moisture content variation (from Equation (1)) is: 

21 2213.60 208.69XY X= − +                                 (13) 

The coefficient of correlation for this relationship in Equation (13) (from Equation (10)) is: 

2  0.93Xr =  

The coefficient of determination 2r  for regression 
21XY : 2X  is: 

2

2 0.86Xr =   

The Multiple Regression ( 1Y : 1X  and 2X ) 
The multiple regression calculations are carried out using the three variable normal equations (Equations (4)- 

(7)) and this gave rise to a multiple regression equation with best fit with 1X  and 2X  considered in the rela-
tionship: 

1 1 2693.90 726.92 896.67Y X X= − − +                            (14) 

Table 3 shows empirical values of dry compression strength alongside with calculated values using mathe-
matical model of Equation (14). 

Coefficient of Multiple Determination, 2R  for Dry Compression Strength 1Y . 
From Equation (11) the coefficient of Multiple Determination 2R  for the regression equation of Equation 

(14) is: 
2 0.91R =  

Table 4 gives the calculation of separate regressions with dry shear strength as Y2, clay content as X1 and 
moisture content as X2. 

For Regression of Dry Shear Strength ( )2Y  on % Clay Content Variation ( )1X  ( )2 1:Y X  
From Equation (8): 

1
110.20Xb =  

From Equation (9): 

1   76.34Xa = −  
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Table 3. Empirical values of dry compression strength alongside calculated values using Equation (14).                         

n  1X  2X  Empirical values of dry compression strength KN/m2 ( )1Y  
Calculated values of dry  

compression strength KN/m2 ( )1Y  

1 1.5 2 0 9.06 

2 2 3 517.13 542.27 

3 3 4 844.64 712.02 

4 4 5 861.88 881.77 

5 5 6 896.35 1051.52 

6 6 7 1241.10 1221.27 

7 7 8 1447.90 1391.02 

 
Table 4. Calculation of separate regressions with dry shear strength as 2Y .                                                 

n  2Y  2Y  1X  2
1X  2X  2

2X  1 2X Y  2 2X Y  1 2X X  

1 0 0 1.5 2.25 2 4 0 0 3 

2 241.33 58240.17 2.0 4.00 3 9 482.66 723.99 6 

3 275.80 76065.64 3.0 9.00 4 16 827.40 1103.20 12 

4 365.44 133546.39 4.0 16.00 5 25 1461.76 1827.20 20 

5 465.41 216606.47 5.0 25.00 6 36 2327.05 2792.46 30 

6 517.13 267423.44 6.0 36.00 7 49 3102.78 3619.91 42 

7 741.21 549392.26 7.0 49.00 8 64 5188.47 5929.68 56 

∑ 2606.32 1301274.37 28.5 141.25 35 203 13390.12 15996.44 169 

 
The regression equation for the relationship of dry shear strength of the moulding mixture with % clay content 

variation from Equation (1) is: 

1 176.34 110.20XY X= − +                                   (15) 

The coefficient of correlation for this relationship in Equation (15) (from Equation (10)) is: 

1
0.96Xr =   

The coefficient of determination 2r  for regression 
12 XY : 1X  is: 

1

2 0.93Xr =   

For Regression of Dry Shear Strength 2Y  on % Moisture Content Variation 2X  ( )2 2:Y X  
From Equation (8): 

2
105.89Xb =   

From Equation (9): 

2
157.11Xa = −   

The regression equation for the relationship of dry shear strength of the moulding mixture with % moisture 
content variation from Equation (1) is: 

22 2157.11 105.89XY X= − +                                  (16) 

The coefficient of correlation r  for this relationship in Equation (16) (from Equation (10)) is: 
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2
0.97Xr =  

The coefficient of determination 2r  for regression 
22 XY : 2X  is: 

2

2 0.95Xr =  

The Multiple Regression ( 2Y : 1X  and 2X ) 
The multiple regression calculations are carried out using the three variable normal equations (Equations 

(4)-(7)) and this gave rise to a multiple regression equation with best fit with 1X  and 2X  considered in the 
relationship: 

2 1 2284.75 193.18 288.72Y X X= − − +                           (17) 

Table 5 shows empirical values of dry shear strength alongside with calculated values using mathematical 
model of Equation (17): 

Coefficient of Multiple Determination, 2R  for Dry Shear Strength 2Y  
From Equation (11) the coefficient of Multiple Determination 2R  for the regression equation of Equation 

(17) is: 
2 0.97R =  

3. Results and Discussion 
3.1. Results 
The result of the regression analysis is here presented. 

Regression of dry compression strength 1Y  on % clay content variation 1X : 

1 146.68 215.29XY X= − +                                  (12) 

The coefficient of correlation r  and determination 2r  for 
11XY : 1X  are: 

1
0.91Xr =  and 

1

2 0.82Xr =  

Regression of dry compression strength 1Y  on % moisture content variation 2X  ( )11 2:XY X : 

21 2213.60 208.69XY X= − +                                 (13) 

The coefficients of correlation r  and determination 2r  for 
21XY : 2X  are 

2
0.93Xr =  and 

2

2 0.86Xr =  
The multiple regression of dry compression strength on 1X  and 2X  ( 1Y : 1X  and 2X ) is found to be: 

1 1 2693.90 726.92 896.67Y X X= − − +                             (14) 

The coefficient of multiple determination, 2R  for dry compression strength 1Y  is 2 0.91R = . 
Table 3 gives the empirical values of dry compression strength alongside calculated values using Equation 

(14). 
The results for regression study of dry shear strength are as follows: 

 
Table 5. Empirical values of dry shear strength alongside with calculated values using Equation (17).                          

n  1X  2X  Empirical values of dry shear strength KN/m2 ( )2Y  Calculated values of Dry shear strength KN/m2 ( )2Y  

1 1.5 2 0 2.92 

2 2 3 241.33 195.05 

3 3 4 275.80 290.59 

4 4 5 365.44 386.13 

5 5 6 465.41 481.67 

6 6 7 517.13 577.21 

7 7 8 741.21 672.75 
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Regression 2Y : 1X  is:  

12 176.34 110.20XY X= − +                                  (15) 

The coefficients of correlation r  and determination 2r  for Equation (15) are:  

1
0.96Xr =  and 

1

2 0.93Xr =  

Regression 2Y : 2X  is:  

22 2157.11 105.89XY X= − +                                 (16) 

The coefficients of correlation r  and determination, 2r  for Equation (16) are: 

2
0.97Xr =  and 

2

2 0.95Xr =  

The multiple regression ( 2Y : 1X  and 2X ) for dry shear strength on 1X  and 2X  is found to be: 

2 1 2284.75 193.18 288.72Y X X= − − +                             (17) 

Table 5 shows empirical values of dry shear strength alongside calculated values using Equation (17). 
The coefficient of multiple determination, 2R  for dry shear strength 2Y  is found to be: 

2 0.97R =  

3.2. Discussion 
The result above as obtained from the regression analysis is here discussed. Equations (12) and (13) reveal the 
individual effect of clay content and moisture content variation on dry compression strength of the sand mixture. 
The two equations can be used to predict the influence of the two variable factors individually on the dry com-
pression strength. The two equations are showing that as the independent variables increase dry compression 
strength also increases. This is supported by the high positive correlation coefficient and coefficient of determi-
nation. For Equation (12) the correlation coefficient for the relationship between dry compression strength and 
clay content variation is 0.91 while the coefficient of determination is 0.82 which means 82% in movements of 
dry compression strength is as a result of variations in clay content. For Equation (13) the correlation coefficient 
for the relationship between dry compression strength and moisture content variation is 0.93 while the coeffi-
cient of determination is 0.86, which means 86% in movement values of dry compression strength is as a result 
of variations in moisture content. This is assuming that there is no other influence from another variable. The 
above regression results fully agree with the results of several authors who have studied the influence of clay 
and moisture variations on dry compression strength. Moisture content and clay content increase, all give rise to 
increase in dry compression strength [11]-[13]. 

The multiple regression of dry compression strength on clay content and moisture content variation is given in 
Equation (14). This equation defines the relationship between the dry compression strength and the two va-
riables of clay content and moisture content. The relationship can be seen in Table 3 as the two variables in-
crease the dry compression strength also increases. This is supported by the strong positive coefficient of mul-
tiple determination 2R  for the regression equation of Equation (14). The coefficient of multiple determination 
is 0.91 which means that 91% of the changes in dry compression strength are brought about by variations in clay 
content and moisture content of the moulding mixture. The above observation has equally been made by several 
authors [6]-[14] who in their various works support the fact that increases in clay content and moisture content 
brings about increases in dry compression strength. Table 3 gives empirical values of dry compression strength 
alongside with calculated values of dry compression strength using Equation (14). The calculated dry compres-
sion strength for 1.5% clay content and 2% moisture content is 9.06 KN/m2 this is short of the 10.34 kN/m2 re-
quired for a mouldable mixture [12]-[15] this explains why the mixture could not even be moulded and so there 
was no empirical value for it. Looking at the empirical values and the calculated values of the dry compression 
strength they are not exactly the same, but we can say the calculated values are a good estimation of the empiri-
cal values. These types of mathematical models are normally valuable in estimating dry compression strength on 
the shop floor. 

The result of regression study of dry shear strength with clay and moisture content shows that the individual 
regression of dry shear strength on clay content and moisture content is given by Equations (15) and (16). They 
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reveal the individual effect of clay and moisture content on dry shear strength of the moulding mixture. The two 
equations can be used to predict the influence of the variable factors individually on the dry shear strength. The 
two equations are showing that as the two independent variables increase, dry shear strength also increases. This 
is supported by the strong positive correlation coefficients and coefficients of determination. For Equation (15) 
the correlation coefficient for the relationship between dry shear strength and clay content variation is 0.96 while 
the coefficient of determination is 0.93, which means 93% in changes of dry shear strength is as a result of vari-
ations in clay content assuming clay content is acting alone. For Equation (16) the correlation coefficient for the 
relationship between dry shear strength and moisture content variation is 0.97 while the coefficient of determi-
nation is 0.95, which means 95% in changes in values of dry shear strength is as a result of variations in mois-
ture content assuming it is acting alone. The regression results fully agree with previous works by several au-
thors [7]-[15] including Jain [16] who studied the influence of clay and moisture on dry shear strength. Clay and 
moisture content increase, both increase the dry shear strength of moulding mixtures. 

The multiple regression of dry shear strength on clay content and moisture content variation is given in Equa-
tion (17). This equation defines the relationship between the dry shear strength and the two variables of clay 
content and moisture content. The relationship can be seen in Table 5 as the two independent variables increase 
the dry shear strength also increase. This is supported by the strong positive coefficient of multiple determina-
tion 2R  for the regression equation of Equation (17). The coefficient of multiple determination is 0.97 which 
means that 97% of the changes in dry shear strength are brought about by variations in clay and moisture content 
of the moulding mixture. The above observation was equally made by several authors [12]-[16] who in their re-
spective works supported the observation. Table 5 is the empirical values of dry shear strength alongside with 
the calculated values of dry shear strength using Equation (17). The calculated dry shear strength for 1.5% clay 
content and 2% moisture content is 2.92 KN/m2; this is short of the 4.5 KN/m2 required for a mouldable mixture 
[10]-[15]. This explains why the mixture could not be moulded, and so there was no empirical value for it. 
Looking at the empirical values and the calculated values of the dry shear strength they are not exactly the same, 
but we can say the calculated values are a good estimation of the empirical values given the fact that they 
represented the best of fit for the empirical values [1]-[3] [16]. This type of mathematical model is valuable in 
estimating or predicting dry shear strength on the shop floor. This work have clearly presented the regression 
analysis of these two properties of moulding mixtures; dry compression strength and dry shear strength in rela-
tion to the independent variables of clay content and moisture content. 

4. Conclusions 
The study regression analysis of Ashaka clay-bonded sand has been extensively undertaken. The analysis has 
led to the following conclusions: 
1. Dry compression strength has strong positive relationship with clay content and moisture content. This has 

been shown in the strong positive correlation coefficient and coefficient of determination that exist between 
the individual relationship between dry compression strength and the two independent variables. 

2. The coefficient of multiple determination for the relationship between dry compression strength and the two 
variables of clay content and moisture content is a strong positive value of 0.91 which means that 91% of the 
changes in the value of the dry compression strength is brought about by the changes in the two independent 
variables. 

3. The developed mathematical model of Equation (14) can be used to predict dry compression strength values. 
4. Dry shear strength has a strong relationship with clay content and moisture content. This is shown in the 

strong positive coefficient of correlation and coefficient of determination. 
5. Dry shear strength has a strong coefficient of multiple determination in the relationship with clay content and 

moisture content. The combined influence of these two variables on dry shear strength is very strong.  
6. The multiple regression equation of dry shear strength with the two variables of clay content and moisture 

content can be used to predict dry shear strength values on the shop floor. 
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