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Abstract 
In the renewal risk theory, the study of two sided jumps has been attracted by 
many researchers since its introduction. After the development of the distri-
bution of modified inter time claim occurrence, the explicit expressions for 
ruin theory components in the literature under some assumptions, in this 
work, we examine probability density of the time of ruin, surplus immediately 
before ruin and deficit at ruin respectively under two sided risk process using 
some basic assumptions. Explicit expressions for distribution of interest are 
being derived. 
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1. Introduction 

The ruin problems and its analysis have been studied extensively by many au-
thors ever since its inception. In the second half of 1900’s Dickson et.al, Gerber 
et al. etc. have made a remarkable contribution to risk process both renewal and 
classical as well. Recently more works have been carried down in somewhat new 
approach in risk renewal process, so-called two sided jump process. Gerber and 
Shiu [1] have studied the joint density of the time of ruin, the surplus imme-
diately before ruin and the deficit at ruin in the classical model of collective risk 
theory. Dufrence and Gerber [2] studied the joint density of function of the sur-
plus immediately prior to ruin and deficit at ruin, later on, by adding one more 
quantity, the time of ruin. Their results have triggered a widespread research on 
this topic. For recent results in this area, we refer to Dickson and Hipp [3] [4], 
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Cheng and Tang [5], Gerber and Shiu [6] [7] [8], Li and Garrido [9] [10], Pitts 
and Polis [11] that have generalized the results for phase type distributions and 
for sub exponential distributions. 

The success of an insurance company is not only due to earnings in its con-
ventional business but also due to intelligent investments of the money at its 
hand. Eventually risk invest can breed danger at the period when the market 
value of the assets is low and the company will not be able to recover from the 
loss because of market fluctuations. Therefore it is important to have a look on 
investments upon risk or risk free strategies. The investment of the money and 
settling down of the claim amount lead to a new branch of risk process called 
two sided risk process. More recently risk theory researches in two sided jumps 
field have got a remarkable attention. Substantial amount of works has been de-
voted to find the various ruin probability components under two sided risk 
model. For research on this kind of model, we refer to Perry, Stadje and Zacks 
[12], Cai and Yang [13], Yang and Zhimin [14], Jacobson [15], Xing, Zhang and 
Jiang [16], Zhang, Yang and Li [17], Albrecher, Gerber and Yang [18], Yang and 
Zhang [19], Dong and Liu [20] and Korolev, Chertok and Korchagin [21]. Al-
though many published works concern with the multi dimensional risk process, 
the study is still in developing stage. Many problems are still far from the solu-
tion. The main reason of this is the complexity of mathematics involved in the 
problem. 

The current paper aims at studying risk model with two sided jumps under 
some valid assumptions. In this paper we aim to derive a simple and unified ex-
pression for the densities of the time of ruin, the surplus immediately before ruin 
and deficit at ruin under two sided renewal risk process. The rest of the paper is 
organized as follows; In Section 2 we shall introduce some preliminary know-
ledge and focus on the main problem. In Section 3 we derive the densities under 
the condition suggested followed by the concluding remark. 

2. Model and Assumptions 
2.1. Risk Model with Two Sided Jumps 

Stochastic process with two sided jumps has captured a lot of attention in recent 
times. Various first crossing times, two sided passage problems, ascending/ de-
scending and some other related quantities have been studied under different 
model. The classical or Sparre Anderson renewal model consider only one sided 
rather the claim amount along with number of claims under some basic assump-
tions. The premium amount assumed to be constant and the respective random 
variables such as number of claims, claim size are also assumed to be independ-
ent to each other. In two sided jump problems we let the surplus amount at any 
point of time to be a function of more random variables. In other words we de-
posit or invest the surplus amount in some other profit making portfolio which 
breeds one more random variable preferably in positive direction. Apart from 
negatively moving claim size variable we thus having a one more positively 
moving random gain variable. This leads to a new kind of risk model termed as 
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risk model with two sided jumps. This model can be extended to risk model with 
multi dimensional moves by incorporating more significant variables.  

2.2. Model 

Following the idea of Dong and Liu [20] we consider the surplus process as  

( )
( )( )

1 1
, 0

M t N t

i j
i j

R t u pt X Y t
= =

= + + − ≥∑ ∑                  (1) 

where u ≥ 0,the initial surplus, p > 0, the constant premium rate, 
( )

1

M t

i
i

X
=
∑  Com- 

pound Poisson process with intensity λ representing the total random gain 
(premium income or investment or annuity) until time t. Xi’s are independent 
and identically distributed random variables with common density ψ  and 
mean μx. Here we assume that X follows an Erlangian (2, β) and Laplace trans- 

forms of ψ  be ( ) ( )
0

e dsxs x xψ ψ
∞

−= ∫
 . Therefore 

( ) 2 e , 0, 0xx x xβψ β β−= > >  

and ( )
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ψ
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+
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, whereas 
( )

1

N t

j
j

Y
=
∑  is accumulated claim process and {N(t)} 

is a Renewal process representing the number of claims up to time t with inter 
claim {Hi}. The Hi’s are i.i.d random variables with common density ξ  and 

Laplace transform ( ) ( )
0

e dshs h hξ ξ
∞

−= ∫


. The claim sizes {Yj} are positive ran-

dom variables with a common distribution function Q, density q and mean μy. 

Laplace transform ( ) ( )
0

ˆ e dsyq s q y y
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−= ∫ . Here we assume that Y follows Lindley 

distribution with parameter θ. Then, ( ) ( )
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, [22] and 
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Also we assume that { } { } ( ){ }, ,i jX Y M t  and ( ){ }N t  are mutually inde-
pendent. For ensuring a positive security loading condition, we take  
( ) ( )x yp E Hλµ µ+ ⋅ > .  

Let ( ){ }inf 0, 0T t R t= ≥ <  be the ruin time, R(T_) be the surplus immedi-
ately before ruin, namely undershoot and ( )R T  be the deficit at ruin, termed 
as overshoot, again we define the probability of ruin 

( ) ( ) ( )0 0 , 0.u P R T R u uψ = < = ≥    

For 0δ > , due to Gerber and Shiu [1] 

( ) ( ) ( ) ( )( ) ( ) ( )e , 0 , 0Tu E w R T R T I T R u uδ−
−

 Φ = < ∞ = ≥    

where ( ),w x y  is a non-negative measurable function on [ ) [ )0, 0,∞ × ∞  and 
( ).I  is an indicator function. When ( ), 1w x y =  and 0δ = , ( )uΦ  becomes 

the probability of ruin, 
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( ) ( ) ( ) ( )0 0 , 0u E I T R u P T R u uψ = < ∞ = = < ∞ = ≥       .  

Again, Let 
1

n

n i
i

T H
=

= ∑  be the time when nth claim occurs, T0 = 0. Since ruin 

only occurs at the epochs where claims occur, then we define the discrete time 

process { }, 0,1, 2,nR R n= = 

  and 0 0R =   

Again ( )n nR R T=  denotes the surplus immediately after the nth claim. 
Now, 

( )

1 1 1

nM T n n

n n i k n k
i k k

R u pT X Y u pT Y
= = =

= + + − = + −∑ ∑ ∑   

where 
( )

1

nM T

n n i
i

T T X p
=

= + ∑  with 0 0T =  which corresponds to the Sparre An-

derson risk model [23]. Thus  

( )
( )

1

N t

i
i

R t u pt Y
=

= + − ∑   

where the initial surplus u and the claim size Yi are exactly the same as those in 
model (1). The counting number process ( )N t  denotes the number of claims 
up to time t with the modified inter claim times 1i i iZ T T −= −  . Clearly Zi are i.i.d 
random variables with a common density k. (say) 

3. Derivation of the Density Functions 

In this model we assume the initial inter claim time, H ~ exp(α), the number of 
claims M(T) follows Poisson(λ), the random gain X ~ Erlang(2, β) and finally we 
propose the claim amount Y follows Lindley distribution with parameter θ. 

For u ≥ 0, let ( ), ,f x y t u  represents joint probability density function of 
R(T_), |R(T)| and T, then 

( ) ( )( ) ( )
0 0 0

, , d d d 0f x y t u x y t P T R u uψ
∞ ∞ ∞

= < ∞ = =∫ ∫ ∫  

taking T as time of ruin. 
We let that x u pt> + , ( ), , 0f x y t u = , or x u pt≤ + , ( ), , 1f x y t u =  and  

( ) ( ) ( ), , d d d 1 d df u pt y t u x y t k t f u pt y y t+ = ⋅ ⋅ + +  

where k(t) is the linear combination of exponential distribution (Rebello & 
Thampi, [24]). 

( ) 31 2
1 2 3e e e , 0R tR t R tk t a a a t−− −= + + >  

a1, a2, a3, R1, R2 and R3 are suitably chosen constants. 
It is known, using ( ) ( ) ( )P X Y P X P Y X= ⋅ , that ( ), ,f x y t u  is the jpdf 

of R(T_) and T at the point (x, t) multiplied by the conditional probability den-
sity function of |R(T)| at y given that R(T_) = x and T = t. 

Since the conditional probability |R(T_)| does not depend on t we have  

( )

( )

( )
( )

0

d

x y x y
xx y x

γ γ

γ
∞

+ +
=

ϒ
+∫

 (Gerber and Shiu, [1]) 
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hence 

( ) ( )( ) ( ) ( )( ), , _ _f x y t u P R T T P R T R T T= ∩ ⋅ ∩  
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where δ can be considered as a force of interest, as a dummy variable, and  
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Using the definition of martingale; upon the stochastic process ( ){ } 0t
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0
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≥
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(3) Implies ( )( )1 0pδ ξ λ χ ξ− + + − = .  
It tends to ∞  as ξ →∞  and takes the value δ−  at 0ξ = . thus it has a 

unique non-negative root, ρ  hence ( ){ }
0

e t R t

t
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≥
 is a martingale. 

For ( )0x u R> = , let ( ){ }infxT t R t x= =  be the first time when the surplus 
reaches the level x. 

Then ( ) ,0 xR t x t T≤ ≤ ≤  and using optimal stopping theorem to ( ){ }
0
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≥
, 

we have 
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( ) ( )( ) ( )( )e e 0 e e 0x x xT R T Tu xE R u E R uδ ρ δρ ρ− + −= = = ⋅ =  

Or  

( )( ) ( )e 0 ex x uTE R u ρδ − −− = =                    (4) 

Using the idea of Gerber and Shiu [1], 
For x > u, let ( ); , ; 0t u x tπ >  denote the pdf of the random variable T. 

Hence (4) implies ( ) ( )
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− −− =∫ . The differential ( ); , dt u x tπ  is 
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Using duality ( ) ( ); , ; ,t u x t u xπ π=  , Now the differential ( ), , d d df x y t u x y t  
can be interpreted as the probability of the event that ruin does not take place by 
the time t, that the surplus process meets the level x between (t, t + dt), but does 
not attain the level x + dx owing a claim within dx/p time units after Tx and that 
the size of this claim is x + y.  
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using (4), if we multiply (5) by e dt tδ−  and integrate from 0t =  to t = ∞  and 
apply(4), we have  
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Corollary 

By distinguishing whether or not ruin occurs at the first time when the surplus 
falls below the initial value u, we have  
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( ) ( ) ( ) ( )
0

, , d , 0 , 0
u

p x y u p x y u z g z z p x u y u u x= − ⋅ + − + < <∫    (7) 

Using (7) 
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where ( )I u x<  is an indicator function. Integrating (8) with respect to y, we 

have ( ) ( ) ( ) ( ) ( )
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d 0 e
u

ux u x u z g z z x I u xρχ χ χ= − ⋅ + ⋅ ⋅ <∫ , defining 

( ) ( ) ( ) ( )
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d e
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then 

( ) ( ) ( )0x u x uχ χ ς=  

4. Concluding Remarks 

This paper is prepared to learn the insurance process under two sided jump risk 
renewal processes. We investigated a reformulated insurance process in which 
random gain and claim amount are all uncertain renewal processes. This paper 
derives the distribution of time of ruin, deficit at ruin, surplus amount t before 
ruin under two sided risk theory setup. The explicit expressions for the same are 
being derived. The application of other feasible distributions may be considered 
as a scope of further study. 
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