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Abstract
The purpose of this paper is to examine whether the closing price guaranteed
execution is possible contract, and if possible, how an institutional investor
who affects the security price allocates execution volumes to both traditional
trading and off-exchange (over-the-counter, OTC) trading venues. With a
generalized price model at the traditional venue which considers the permanent impact effect explicitly, we derive an optimal execution strategy in the
traditional trading venue and the allocation of the order volume to both venues in the framework of dynamic programming. By proving that an optimal
execution strategy is in the static class, we further show that the closing price
guaranteed contract may be established and the trading volume at the time of
agreement of the contract can be controlled. Moreover, by some numerical
examples, we illustrate a possibility for the institutional investor to manipulate
the market in order to seek a profit under some trading situation.
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1. Introduction
In recent years, as the increase of trading opportunities as the stock trading “venue,” it has also been diversified the ways of trading for the institutional investors who execute a large amount of their order. An institutional investor, referred to as the large trader, has to take into account of market impacts because
of the liquidity of supply and demand at the stock exchange. That is to say, if the
large trader wants to purchase a large amount of her order of a specific stock at
the stock exchange, it is hard for her to find counter-sellers who satisfy her or*Ms. Shimizu, P. is now a housewife, and does not have any other occupation.
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ders from unspecified number of trading participants. Thus, she must consider
the risk of price shift up. On the contrary, if someone who wants to sell a large
amount, it is necessary to take into account the risk of price down. This type of
problem has been tackled by many researchers and practitioners so far. For examples, seminal papers [1] [2] and [3] derived optimal execution strategies only
in the stock exchange, which considered the trade-off between the market impact risk and the volatility (price change) risk. On the other hand, alternative
trading platforms at the off-exchange referred to dark pools and internal crossing have been attached the attention. For more details refer to [4]. Since the invisibility of liquidity at the off-exchange trading does not impact on the price,
that trading venues are popular platforms for the large trade. When the large
trader adopts her executions at an off-exchange trading venue, especially, internal crossing with a broker, it is necessary to obtain some consents with the
counter-party about the execution date (time), price, and volume. For example,
the large trader executes with the broker (counter party) α shares at noon on
specific day with the opening price of that day. Although it is also possible to
make a contract using the closing price, which we call “closing price guaranteed
execution”, as mentioned in [5], the closing price guaranteed execution is misalignment because the broker is able to accumulate his holdings at the stock exchange with changing the price to be desirable as possible. That is, the broker
could make a profit by round trip trade as in [6]. Thus, in theoretical and practical points of view, VWAP (Volume Weighted Average Price) is often used for
an execution price at the off-exchange trading venue as in [7]. But it is difficult
to treat the VWAP in a dynamic optimization problem. Thus, the VWAP guaranteed execution problem is often treated in a static framework.
In this paper, we derive an optimal execution strategy at the traditional trading and off-exchange trading venues where we adopt a closing price guaranteed
execution (more accurately called after-hour-trading like ToSTNeT at Tokyo
Stock Exchange). First of all, we establish the framework in which a single large
trader makes a contract with a broker to execute her holdings at the specific
intraday closing price before executing at the traditional stock exchange. That is,
after the large trader executes at the traditional stock exchange within the day,
she makes a trade of remaining volume with the broker at the closing price of
that traditional stock exchange based on the contract. In this situation, the contract about the trading volume does not reach an agreement. However, using the
approach of [8] that shows an optimal execution strategy making decisions dynamically is in the class of static ones, we derive the optimal allocations of both
traditional stock exchange trading volume and off-exchange trading volume at
the initial time. Therefore, we show that we can contain not only time and price
but also the execution volume in this contract (agreement) at the off-exchange
trading. However, since we cannot deny the possibility of the price manipulation, we will put the strong assumption about the broker.
This paper is organized as follows. A general stock price model is introduced
on the specific stock exchange and we give an assumption on off-exchange trad55

S. Kuno et al.

ing in Section 2. If we do not impose such an assumption then the large trader is
always defeated in the broker, accordingly no agreement in over-the-counter
trading would be reached. Section 3 presents the wealth process of a single large
trader and derives the optimal execution strategy in both trading venues. This
main idea enables the large trader to make a contract (agreement) with a broker
to trade predetermined volume at the closing price before the intraday trading in
the stock exchange. We also show that this problem has another explanation. In
Section 4, numerical examples are represented, and Section 5 concludes this paper.

2. Setup
In this section, we define the stock price model in the exchange which is partially
based on [8] and assume some conditions. We fix a probability space ( Ω,  , Ρ )
and assume that all stochastic processes are defined on this space with a filtration. In particular, the i.i.d. random sequence

effect and follows as ε t  N ( µε , σ ε ) .

{ε t }

represents the public news

2

2.1. Price Model in the Exchange Trading
Let pt denote the stock price at time t and pˆ t the execution price at time
t + . We assume that if the large trader submits the large volume, the stock price
is immediately sifted up and her submitted orders are always executed entirely.
That is, the order book with block shape is fully liquid for both the bid and ask
sides but we define the depth of the book of this stock to be always 1 λt for all
price at time t , where λt ∈  + represents the price change per unit execution.
Then, if we define qt as the submitted order volume of the large trader then
(1)
pˆ=
pt + λt qt .
t
Here, we define the price process as

{

}

pt +1 = pt + λt qt α t e − ρ + (1 − α t ) − St + ε t +1 ,

(2)

where α t ∈ [ 0,1] is the rate of immediate return to previous price level, ρ ∈  +
is the resilience speed, and

(

St : = e − ρ t 1 − e − ρ

)∑

t −1
k
k =1 k

λ e qk

(3)

represents the cumulative effects of the past large trades. On the other hand,
concerning pt , [8] did not consider the permanent price impact explicitly. The
reason why we explicitly define the permanent effect is that, within the intraday
large trading, we should consider the effect of the large trading continues all day
long to some degree.
When ρ → ∞ , since the stock price reverts to immediately, we have St → 0 .
Moreover, in another case when ρ → 0 , the stock price is not recovered to the
previous level at all. Therefore, it is equivalent to α t = 0 . Actually, if α t = 0 or
ρ → 0 then, from Equation (2), we have

pt +1 =pt + λt qt + ε t +1 .

(4)

Of course in this case, the pure price manipulation in the sense of [6] is ab56
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sence while the transaction-triggered-price manipulation in the sense of [9] may
appear. Notice that if we do not consider the permanent impact, that is to say, if

α t → 1 then
pt +1 = pt + λt qt e − ρ − St + ε t +1 ,

(5)

which is same as [3], and if ρ → ∞ then, since St → 0 , we have

pt +1 = pt + (1 − α t ) λt qt + ε t +1

(6)

which is same as [10].
Here, transience of price impact means that this price impact will decay over
time. One of the first models for transient impact was proposed by [3] for the
case of exponential decay of price impact. The decay of price impact is modeled
by means of a (typically non-increasing) function G, so called the decay kernel
or resilience function. For more detail refer to [3] and [11].

2.2. Assumptions in the Off-Exchange Trading
In general, the large trader often seeks her liquidity at the off-exchange before
executing in the stock exchange because of the market impact. In the case of
considering the off-exchange trading, there is at least the need to clarify the timing and price of trade.
In this paper, we consider the off-exchange trading after the intraday execution at the stock exchange. Although it is something like the after hour trading,
since we do not limit the exchange trading, we use the term off-exchange in a
broad sense. We denote T + 1 the closed time on the stock exchange and we
suppose that the large trader seeks the liquidity until time T at the stock exchange before the execution with a broker at the off-exchange. Although various
prices at the off-exchange trading are taken into account, for examples, intraday
VWAP, opening price, or closing price in that day, we consider the large trader
could agree with the broker to execute at the closing price of that day at time
T + 1 or later.

However, there would be some opportunities for both the large trader and the
broker to manipulate the price in such a trading without assuming any conditions. Therefore, we make the following assumption about the broker.
Assumption

At the off-exchange trading, the brokers can supply their holding infinitely.
Thus, they do not demand their liquidity at the stock exchange.
Although this assumption seems to be unrealistic, this can be implemented by
a legal regulation or a contractual restriction. If this assumption is absent, the
large traders are always defeated by the brokers because by accumulating the
holding of the brokers over the day while the stock price is sifted up, the broker
can palm off on the large trader at the off-exchange trading for a ridiculously
high price. For example, assume that a large trader made a contract with a broker to purchase 100,000 shares of the stock at the closing price after the stock
exchange trading period and this contract was agreed before the exchange trading time. If the broker did not hold the stock of 100,000 shares, he is also able to
57
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purchase in that stock exchange. Because of his massive purchasing, this stock
price is pulled up his desirable direction, especially the resilience of the price is
suppressed before the closing time of the stock exchange, and he can sell his
holding (100,000 shares) at a higher price. This is the pure price manipulation in
the sense of [6].
On the other hand, from the point of view of the large trader, she also manipulates the market if some off-exchange trading is possible. However, since the
purpose of this paper is focused on an analysis of the optimizing behavior of the
large trader, we do not impose any constraint to the large trader. We will illustrate in Section 4 that the large trader would manipulates the price by a level of
the cost at the off-exchange trading.
The problems without this assumption should be treated in the framework of
the contract theory which is a rather new applied field of non-cooperative game
theory. Since the studies on this perspective in which the trading strategy of the
large trader might be affected by the strategic behavior of the broker and vice
versa, is beyond the scope of this paper, we remain them for our future research
topics.

3. Optimal Execution Strategy
In this section, we derive optimal execution strategy in the stock exchange and
allocation to both trading venues. Therefore, we introduce more assumptions
and setting additionally to those in Section 2. Suppose that the large trader slices
her orders into T pieces with equidistant time intervals. After the execution at
the stock exchange, she trades her remaining volumes with the broker at the
off-exchange with the price at time T + 1 , that is to say, the closing price. We
assume that this off-exchange trading is guaranteed, but, for now, we do not
specify the execution volume of the off-exchange trading at the contract time.
Thus, the broker agrees with a counter-trade at the bidding of the volume of the
large trader. Although this assumption seems to be strong, however, the following Theorem of Section 3.2 enables us to reduce this setting.

3.1. Wealth Process and Objective Function of the Large Trader
We consider the optimization problem of dynamic execution strategy in which
the large trader maximizes her expected utility from the terminal wealth wT +1 .
We define the wealth at time T + 1 , that is, after the off-exchange trading as

wT +1 =
wT − pˆ T qT − pT +1QT +1 − CT +1QT2+1 ,

(7)

where CT +1QT2+1 is a cost term for trade with the broker which includes a transaction fee, costs of orders which have not been completely liquidated, and others
as in [12], and pT +1QT +1 represents the execution fee at the closing price.
At time t ( = 1, , T ) in the ordinary exchange trading, we have

wt +=
wt − pˆ t qt .
1

(8)

Now, we define the expected utility of the large trader under the trading
strategy π by a negative exponential (CARA type) von-Neumann and Mor58
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genstern (vN-M) utility function as in [8]:
Vtπ = Etπ  − exp {− RwT +1} wt , pt , Qt , St , qt 

(9)

where R is the risk aversion parameter and we utilize the fact that the 4-tuple
( wt , pt , Qt , St ) becomes a state or sufficient statistics of the decision process of
the trader.
Further, we define the optimal value function as
Vt : = esssup Vtπ .

(10)

π

By the principle of optimality, the optimality equation (Bellman equation)
becomes as

Vt ( wt , pt , Qt , St ) = sup E Vt +1 ( wt +1 , pt +1 , Qt +1 , St +1 ) wt , pt , Qt , St , qt  .
qt ∈

(11)

3.2. Main Results
Theorem

ε t ( t 1, , T + 1) follow normal distriSuppose that i.i.d. random variables =
butions and the risk-averse large trader has CARA type vN-M utility. If CT +1 is
deterministic then a static execution strategy becomes optimal.
Proof:
Using the inductive method, we derive the optimal execution volumes backwardly from time T + 1 . For simplicity, we set

α t e− ρ + (1 − α t ) =
: mt .

(12)

Firstly, at time T + 1 , since the remaining whole volumes of the large trader
are executed at the closing price, we set

qT +1 = QT +1 .

(13)

Secondly, at time T ,

VT ( wT , pT , QT , ST ) = sup E VT +1 ( wT +1 , pT +1 , QT +1 , ST +1 ) wT , pT , QT , ST , qT  . (14)
qT ∈

Since

E VT +1 ( wT +1 , pT +1 , QT +1 , ST +1 ) wT , pT , QT , ST , qT 

{

(

)

=
− exp − RwT + RpT QT + RAT1 qT2 − R AT2 QT − AT3 ST + AT4 qT

(15)

R  

− R ( ST − µε ) QT + R  CT +1 + σ ε2  QT2  ,
2

 
the optimal execution volume at time T is

AT2 QT − AT3 ST + AT4
=
q
=
2 AT1
*
T

( −λ m
T

T

)

+ 2CT +1 + Rσ ε2 QT − ST + µε

2λt (1 − mT ) + 2CT +1 + Rσ ε2

,

(16)

where

AT1 := λT (1 − mT ) + CT +1 +

R 2
σε ,
2

AT2 :=
−λT mT + 2CT +1 + Rσ ε2 ,
59
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AT3 := 1,
AT4 := µε .

(17)

Then, the optimal value function becomes

VT ( wT , pT , QT , ST )

(


AT2 QT − AT3 ST + AT4

=
− exp − RwT + RpT QT − R
4 AT1


{ (

)

2


R  

− R ( ST − µε ) QT + R  CT +1 + σ ε2  QT2  (18)
2

 


=
− exp {− RwT + RpT QT } exp R BT1 QT2 + BT2 QT + BT3 QT ST + BT4 ST2 + BT5 ST + BT6

)} ,

where

(A )
:=
−
2
T

1
T

B

2

+ CT +1 +

1
T

4A

R 2
σε ,
2

A2 A4
BT2 :=
− T 1T + µε ,
2 AT
=
BT3 :
4
T

B :=

BT5 :=
6
T

B :=

AT2 AT3
− 1,
2 AT1

(A )
−

3 2
T

4 AT1

,

AT3 AT4
,
2 AT1

(A )
−
4
T

2

4 AT1

(19)

.

Similarly, at time t, by calculating inductively, we get

qt* =

At2 Qt − At3 St + At4
,
2 At1

(20)

where

(

)

At1 := λt (1 − mt ) + Bt1+1 − lt Bt3+1 − Bt4+1lt +

R 2
σε ,
2

At2 :=
−λt mt + 2 Bt1+1 − Bt3+1lt + Rσ ε2 ,

At3 :=
− Bt3+1e− ρ + 2 Bt4+1lt e− ρ + 1,
At4 :=Bt2+1 − Bt5+1lt + µε .

(21)

Thus, the optimal value function is reduced to

Vt ( wt , pt , Qt , St )

{ (

)}

=
− exp {− Rwt + Rpt Qt } exp R Bt1Qt2 + Bt2 Qt + Bt3Qt St + Bt4 St2 + Bt5 St + Bt6 ,
where
1
t

B

60

(A )
:=
−

2 2
t
1
t

4A

+ Bt1+1 +

R 2
σε ,
2

(22)
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A2 A4
− t 1t + Bt2+1 + µε ,
Bt2 :=
2 At
A2 A3
Bt3 := t 1t + Bt3+1e − ρ − 1 ,
2 At
4
t

B

(A )
−
:=

3 2
t

4 At1

=
Bt5 :
6
t

B

+ Bt4+1e −2 ρ ,

At3 At4
+ Bt5+1e − ρ ,
2 At1

(A )
−
:=

4 2
t
1
t

4A

+ Bt6+1 .

(23)

Since At and Bt are both deterministic, we conclude that the strategy

π = {qt* } is a static strategy.■
According to the above theorem, it is possible for the large trader to control
the volume of the guaranteed execution at the closing price before her execution
at the stock exchange. Since this theorem guarantees the closing price guaranteed execution, the agreement that the large trader executes the predetermined
volume with the broker beforehand could be achieved under the condition of the
market and the level of CT +1 . But if the large trader can notice that the broker
attempt to manipulate the price at the stock exchange after the agreement, the
cost CT +1 becomes higher, then she may not be interested in the contract with
the broker.
Proposition
If CT +1 → ∞ then the large trader does not use the off-exchange trading.
Proof:
From Equation (16), if CT +1 → ∞ then
AT2 QT − AT3 ST + AT4
=
q
=
2 AT1
*
T

( −λ m
T

T

)

+ 2CT +1 + Rσ ε2 QT − ST + µε

2λt (1 − mT ) + 2CT +1 + Rσ ε2

→ QT . (24)

Therefore, QT +1 = QT − qT* → 0 . This means that the large trader completes
her execution only in the stock exchange.■

3.3. Other Perspectives: The Case of Only Exchange Trading
Here, we set that the large trader submits her orders only at the stock exchange
on the intraday trading. Also, we define that

′
C=
pT +1 + CT +1QT +1 .
T +1
In this case, we can regard CT′ +1 as the cost under which the large trader put
off her holding the next day or later. If the large trader is able to make an estimate of this latent cost, she can manage how much volumes she executes in the
exchange trading at that day and holds over next day or later. The optimization
problem from this point of view is an extension of [8] in which the large trader
must execute her whole holdings in the planning horizon. But in the real situation, such strong constraint seems to be rare, and the large trader would often
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hold over her executions if she expects the market condition of the next day is
better than that of today to some extent. The above proposition also indicates
that if CT +1 → ∞ , that is equivalently, if CT′ +1 → ∞ , then the large trader do not
leave her holdings to the next day or later.

4. Comparative Statics
In this section, we illustrate some numerical examples of execution volume in
both the stock exchange and off-exchange within the day. The large trader
makes a contract to execute the predetermined volume with the broker at the
off-exchange trading venue before she executes at the stock exchange. We set
T = 13 periods which indicates the trading at the stock exchange, and

T +1 =
14 at the off-exchange. For simplicity, we assume µε = 0 , then, from
4
2
5
6
B=
B=
B=
0 . Moreover, we fix the
Equation (21) & Equation (22), A=
t
t
t
t
parameters as λt = 0.001 , α t = 0.5 , ρ = 0.1 , σ ε2 = 0.02 , CT +1 = 0.01 ,

R = 0.001 , and Q = 100, 000 .

Figure 1 illustrates the risk aversion effects on the execution at both trading
venues. As the more risk averse the large trader is, the faster she executes at the
exchange and the smaller amounts she executes at the off-exchange. Table 1
shows the off-exchange trading (at t = T + 1 = 14 ) volume. This represents that
the risk averse large trader considers more price change (volatility) risk because
of closing price guaranteed execution.
Figure 2 shows that the large trader has a possibility to manipulate the market
by the level of CT +1 . If the level of the cost CT +1 is lower than the price (market)

Figure 1. Optimal execution in terms of risk aversion coefficient R.
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Table 1. Submission order volume at off-exchange trading venue.
Risk aversion

R = 0.001

R = 0.01

R = 0.1

R =1

Off-exchange trading volume

512

197

76

13

Figure 2. Optimal execution in terms of cost C.

impact term λt = 0.001 , the large trader leads the price to her desired direction
intentionally. In this numerical case, the sign of the off-exchange trading
changes within the range of 0.000269820 < CT +1 < 0.000269821 . If
CT +1 < 0.000269820 , the large trader would make a contract with the broker to
sell in spite of planning to purchase. Since she certainly sells her holdings at the
closing price based on the agreement, she purchases so that the closing price gets
higher considering the volatility risk.

5. Conclusion
In this paper we derived the optimal execution strategy for a large trader who
affects the stock price considering both the traditional stock exchange and
off-exchange trading venues. We set the large trader makes a contract with a
broker to be guaranteed her execution at the closing price on the intraday trading before she submits her order to the exchange. Then we showed that the large
trader could control her order volumes before executing at the traditional stock
exchange. However, without the requirement for the broker not to manipulate
the stock price, since the large trader can perceive to suffer a loss, she does not
make a contract with the broker at the off-exchange trading venue. On the other
hand, when the large trader can estimate that the cost of off-exchange trading is
lower than the market impact cost, she also manipulates the market. Moreover,
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we indicated another point of view whether to carry over the execution of the
large trader to the next day or not. Similarly, in this case, we showed that the
carryover of the execution depends on the market impact cost level at the trading day. Concerning more realistic but more complicated cases about the price
manipulation of the large trader, game theoretical analysis of the VWAP guaranteed execution and the effects of the broker’s strategic behavior is left for our
future research.
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